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15.1 In tro duction

As is w ell kno wn, the free-space Green function for the Laplace op erator

� =

P

n

j =1

@

2

j

in R

n

is giv en b y

�( x ) :=

8

>

<

>

:

1

2 �

ln j x j ; if n = 2 ;

c

n

j x j

n � 2

; if n � 3 ;

(15 : 1)

where c

n

= [(2 � n ) !

n

]

� 1

, and !

n

denotes the area of the unit sphere in

R

n

. This allo ws one to solv e the P oisson problem for the Laplacian in the

whole space in the in tegral form. More sp eci�cally , the Newtonian p oten tial

op erator

� f ( x ) :=

Z

R

n

�( x � y ) f ( y ) dy ; x 2 R

n

; (15 : 2)

satis�es

u := � f = ) � u = f in R

n

; (15 : 3)

at least if f is w ell b eha v ed. The mapping prop erties of � are w ell under-

sto o d. Essen tially , this is a smo othing op erator of order t w o on the scale

of L

p

-based Sob olev spaces H

s;p

and this readily translates in to mapping

prop erties for the solution op erator f 7! u = � f of the partial di�eren tial

equation (PDE) in question.

Next, tak e the case when the P oisson problem is considered in a b ounded

domain 
 � R

n

. This time, b oundary conditions m ust b e imp osed and w e

consider the homogeneous Diric hlet b oundary condition in whic h scenario

the PDE reads

(

� u = f in 
 ;

T r u = 0 on @ 
 ;

(15 : 4)

where T r stands for the op erator of trace on @ 
. P aralleling the setup

(15.2){(15.3) corresp onding to the en tire Euclidean space, the solution op-

erator for (15.4) ma y again b e expressed in in tegral form, namely ,

u ( x ) = G f ( x ) :=

Z




G ( x; y ) f ( y ) dy ; x 2 
 ;
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where G ( x; y ) is the Green function on 
, i.e. a v ersion of (15.1) suitably

adapted to the domain 
. F or eac h �xed (p ole) x 2 
, it satis�es

(

�

y

G ( x; y ) = �

x

( y ) ; y 2 
 ;

T r G ( x; � ) = 0 on @ 
 ;

where �

x

is the Dirac distribution with mass at x . The P oisson problem

(15.4) is in timately connected with the Diric hlet problem for the Laplacian

(

� u = 0 in 
 ;

T r u = g on @ 
 :

(15 : 5)

In terms of the Green function, the solution op erator of (15.5) is

u ( x ) =: PI( g ) =

Z

@ 


@

�

y

G ( x; y ) g ( y ) d�

y

; x 2 
 ; (15 : 6)

the so-called Poisson inte gr al , where � and d� are, resp ectiv ely , the unit

normal and the surface measure on @ 
. In particular,

G ( x; y ) = �( x � y ) � PI [T r �( x � � )]( y ) ; x; y 2 
 :

Let us also record an alternativ e expression for the P oisson in tegral op era-

tor, based on the so-called (harmonic) double la y er

D  ( x ) :=

Z

@ 


@

�

y

[�( x � y )]  ( y ) d�

y

; x 2 
 ;

and its b oundary trace

T r � D =

1

2

I + K ;

where \ I " is the iden tit y , and K is the principal-v alue op erator

K  ( x ) := p:v :

Z

@ 


@

�

y

[�( x � y )]  ( y ) d�

y

; for a.e. x 2 @ 
 :

The iden tit y referred to ab o v e then reads

PI = D �

�

1

2

I + K

�

� 1

; (15 : 7)

assuming that the in v erse op erator exists. Returning to the mainstream

discussion, recall that the Green function satis�es

G ( x; y ) � 0 and G ( x; y ) = G ( y ; x ) ; x; y 2 
 ; x 6= y :
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The mapping prop erties one can exp ect of the op erator G are inexorably

link ed to the nature of the singularit y in G ( x; y ) (lo cated on the diagonal).

In turn, the nature of this singularit y is, to a large exten t, dictated b y the

smo othness of the b oundary of the domain 
. It is folklore that (if, sa y ,

n � 3) G ( x; y ) satis�es

G ( x; y ) � C j x � y j

2 � n

; x; y 2 
 ;

and

@ 
 2 C

1

= ) jr

x

G ( x; y ) j � C j x � y j

1 � n

; x; y 2 
 ; (15 : 8)

though (15.8) ma y fail if @ 
 con tains irregularities.

Estimates suc h as (15.8) are imp ortan t for establishing mapping prop-

erties for the �rst-order deriv ativ es of the Green op erator and its adjoin t,

i.e.,

r G f ( x ) =

Z




r

x

G ( x; y ) f ( y ) dy ; x 2 
 ; (15 : 9)

( r G )

�

f ( x ) =

Z




r

y

G ( x; y ) f ( y ) dy ; x 2 
 : (15 : 10)

One w a y to ac hiev e this is b y in v oking the celebrated Hardy{Littlew o o d{

Sob olev fractional in tegration theorem (see, e.g., [1]). Recall that if

I

�

f ( x ) =

Z

R

n

f ( y )

j x � y j

n � �

dy ; x 2 R

n

; (15 : 11)

stands for the usual Riesz p oten tial op erator then, for 0 < � < n ,

I

�

: L

p

( R

n

) � ! L

q

( R

n

) ; 1 < p <

n

�

;

1

q

=

1

p

�

�

n

: (15 : 12)

It follo ws from (15.9){(15.12) that if @ 
 is su�cien tly smo oth (for example,

@ 
 2 C

1+ 


for some 
 > 0 will do), then

r G : L

p

(
) � ! L

q

(
) ; 1 < p < n;

1

q

=

1

p

�

1

n

; (15 : 13)

Observ e that, b y dualit y , (15.13) also yields

( r G )

�

: L

p

(
) � ! L

q

(
) ; 1 < p < n;

1

q

=

1

p

�

1

n

: (15 : 14)

It is p erhaps w orth noting that (15.13) translates in to the estimate

kr u k

L

q

(
)

� C k f k

L

p

(
)

; whenev er u solv es (15 : 4) ;
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whereas (15.14) corresp onds to

k u k

L

q

(
)

� C k

~

f k

L

p

(
)

;

whenev er u solv es

(

� u = div

~

f in 
 ;

T r u = 0 on @ 
 :

The exten t to whic h the classical estimate (15.13) con tin ues to hold for

domains with Lipschitz b oundaries has b een studied b y Dahlb erg in [2].

Recall that a Lipsc hitz domain is a domain whose b oundary is lo cally giv en

b y graphs of Lipsc hitz functions. Dahlb erg pro v ed that for an y b ounded

Lipsc hitz domain 
 � R

n

, there exists " = " (
) > 0 suc h that (15.13)

con tin ues to hold if

1 < p < p

n

+ "; 1 =q = 1 =p � 1 =n; p

n

=

(

4 = 3 ; n = 2,

3 n ( n + 3)

� 1

; n � 3.

Dahlb erg also pro v ed that the c hoice of p

n

is sharp in the class of Lipsc hitz

domains. The moral is that r G con tin ues to b eha v e lik e a fractional

in tegration op erator of order 1 but only for a more restricted range of

indices than what the classical theory w ould w arran t.

In this pap er w e pro vide a new pro of of Dahlb erg's result as w ell as an

extension. Our approac h is conceptually di�eren t from the one in [2] and

it has the adv an tage of b eing adaptable to Neumann b oundary conditions

and ev en systems of PDEs. T o state the more general problem w e study

here w e need one more piece of notation. Throughout the pap er, H

s;p

(
)

will stand for the usual scale of Sob olev spaces on 
 of smo othness s 2 R

and in tegrabilit y p 2 (1 ; 1 ). The issue w e ha v e in mind is the b oundedness

of the Green p oten tial op erator in the con text of Sob olev spaces

G : H

� s;p

(
) ! H

1 � s;q

(
) ; 1 < p < n;

1

q

=

1

p

�

1

n

; (15 : 15)

for a b ounded Lipsc hitz domain 
 in R

n

. The question is to determine the

range of indices p , s for whic h the op erator (15.15) is b ounded. In this new

form ulation, the problem solv ed b y Dahlb erg corresp onds to taking s = 0

in (15.15).

Let us describ e in greater detail the main idea b ehind our approac h.

The departure p oin t is an iden tit y relating the op erators G and PI to the

e�ect that

G f = �(

~

f )

�

�




� PI

�

T r �(

~

f )

�

; (15 : 16)

where

~

f is a compactly supp orted function in R

n

suc h that

~

f j




= f . As

discussed in the �rst part of this section, the mapping prop erties of the

assignmen t f 7! �(

~

f ) are w ell understo o d. Regarding the second op erator

app earing in (15.16), w e in tend to emplo y the factorization implicit in the

diagram
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(W) H    ,qa (W) B
q,q
a-1/q

(W)

H    ,qa (W)
(   )~P ]Tr[PI

1-s,p*H  (W)

(   )~P

PI

TrH  2-s,p(W)-s,pH  

(15.17)

where the ho ok-arro ws denote em b eddings and

1

p

�

=

1

p

�

1

n

. In order to

b e able to successfully carry out this program, w e m ust iden tify all pairs

of indices s; p for whic h there exist �; q suc h that all op erators in (15.17)

are w ell de�ned and b ounded. The em b edding results are, of course, w ell

understo o d. The trace op erator (for Lipsc hitz domains) has b een treated

in [3]. Finally , the mapping prop erties of the P oisson in tegral are handled

based on the iden tit y (15.7). F or this segmen t in our analysis w e rely on the

results pro v ed in [4] and [5] for la y er p oten tials acting on Sob olev{Beso v

spaces.

The plan of the pap er is as follo ws. In Section 15.2 w e state the main

result p ertaining to the b oundedness of (15.15) and in Section 15.3 w e

review a n um b er of preliminary results whic h are useful for us. Section 15.4

is dev oted to the pro of of our main result.

15.2 Statemen t of the Main Result

As men tioned b efore, w e denote b y H

s;p

the usual scale of Sob olev spaces

of smo othness s 2 R and in tegrabilit y p 2 (1 ; 1 ). These are de�ned in R

n

with the help of the F ourier transform and on 
 via restriction. Recall that

the Sob olev space with a negativ e smo othness index can also b e de�ned

b y dualit y . In particular, H

� s;p

(
) = ( H

s;p

0

0

(
))

�

, where

1

p

0

= 1 �

1

p

and

H

s;p

0

(
) is the space of distributions in H

s;p

( R

n

) with supp ort con tained

in

�


 (see [6]). In order to state the main result of our pap er w e need to

de�ne a family of regions Q ( n; " ) in R

2

, dep ending on n 2 N , n � 2, and a

parameter " > 0. These are as follo ws.

The region Q (2 ; " ) consists of p oin ts of the form ( s;

1

p

) in R

2

whose

co ordinates satisfy the inequalities

8

>

>

>

<

>

>

>

:

�

1

2

< s � �

1

2

+ ";

1

2

� s <

1

p

< 1 ;

�

1

2

+ " < s �

1

2

� "; �

s

2

+

3

4

�

"

2

<

1

p

< 1 ;

1

2

� " < s �

1

2

+ ";

1

2

<

1

p

< 1 ;

1

2

+ " < s < 1 ;

1

2

<

1

p

< �

s

2

+

5

4

+

"

2

:
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The region Q (2 ; " ) is the shaded region in Fig. 1. The quadrilateral with

v ertices ( �

1

2

; 1), (0 ;

1

2

), (1 ;

1

2

), and (1 ; 1) corresp onds to the case " = 1 = 2.

1/p

e

(1/2+  ,1)e

(1,3/4+  /2)e

(1/2-  ,1/2)e

(-1/2+  ,1-  )ee

����������
����������
����������
����������

����������
����������
����������
����������

(0,3/4-  /2)

1

1-1/2 1/2

(-1/2,1)

1/2 (1,1/2)

s

Fig. 1. The region Q (2 ; " ).

When n � 3, the region Q ( n; " ) consists of p oin ts ( s;

1

p

) in R

2

whose

co ordinates satisfy the inequalities

8

>

>

>

<

>

>

>

:

� 1 +

1

n

< s � �

1

2

+

"

2

; � s +

1

n

<

1

p

< 1 ;

�

1

2

+

"

2

< s � 0 ; �

s

3

+

1

n

+

1

3

�

"

3

<

1

p

< 1 ;

0 < s < "; max

�

1

n

; �

s

n

+

1

n

+

1

3

�

"

3

	

<

1

p

< 1 ;

" < s < 1 ; max

�

1

n

; �

s

n

+

1

n

+

1

3

�

"

3

	

<

1

p

< �

s

3

+ 1 +

"

3

:

The region Q ( n; " ) is the shaded region in Fig. 2. The quadrilateral with

v ertices ( � 1 +

1

n

; 1), (0 ;

1

n

), (1 ;

1

n

), and (1 ; 1) corresp onds to the case when

" = 1.

(-1/2+  /2,1/n+1/2-  /2)ee

(0,1/n+1/3-  /3)e������������
������������
������������
������������
������������
������������

������������
������������
������������
������������
������������
������������

s

1

1-1

(e,1)(-1+1/n,1)

(1,2/3+e/3)

(1,1/3-e/3)
1/n

1/p

Fig. 2. The region Q ( n; " ).

W e are no w ready to state our main theorem.
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Theorem 1 . F or e ach 
 b ounde d Lipschitz domain in R

n

, n � 2 , with

c onne cte d b oundary, ther e exists " = " (
) > 0 , " 2 (0 ;

1

2

] if n = 2 and

" 2 (0 ; 1] if n = 3 , such that the op er ator

G : H

� s;p

(
) ! H

1 � s;p

�

(
) (15 : 18)

is wel l de�ne d, line ar, and b ounde d whenever

�

s;

1

p

�

2 Q ( n; " ) and

1

p

�

=

1

p

�

1

n

:

Mor e over, when @ 
 2 C

1

one c an take " =

1

2

if n = 2 and " = 1 if n � 3 .

Remark 1. If w e set s = 0 in (15.18) w e reco v er the L

p

� L

q

estimates

pro v ed b y Dahlb erg in [2] (see the discussion in the In tro duction).

Remark 2. A result similar in concept is v alid for the case of (homoge-

neous) Neumann b oundary conditions.

The pro of of Theorem 1 is carried out in Section 15.4.

15.3 Prerequisites

In this section w e recall some basic de�nitions and summarize a n um b er of

tec hnical prerequisites whic h will b e used in what follo ws. W e shall retain

the notation and the con v en tions in tro duced so far.

Fix a b ounded Lipsc hitz domain 
 � R

n

and let L

p

( @ 
) stand for

the Leb esgue space of measurable, p th p o w er in tegrable functions on @ 
.

Also, let L

p

1

( @ 
) denote the Sob olev space of functions from L

p

( @ 
) whose

tangen tial gradien t has L

p

comp onen ts.

Next, for 0 < s < 1, 1 < p; q < 1 , denote b y B

p;q

s

( @ 
) the usual scale

of Beso v spaces o v er @ 
 with smo othness s . By real in terp olation,

( L

p

( @ 
) ; L

p

1

( @ 
))

� ;q

= B

p;q

�

( @ 
) ; 0 < � < 1 ; 1 < p; q < 1 :

Beso v spaces on @ 
 with a negativ e smo othness index can b e in tro duced

via dualit y . Sp eci�cally , if 0 < s < 1, 1 < p; q < 1 , 1 =p + 1 =p

0

= 1,

1 =q + 1 =q

0

= 1, then w e set

B

p;q

� s

( @ 
) :=

�

B

p

0

;q

0

s

( @ 
)

�

�

:

It is w ell kno wn that the trace op erator

T r : H

s;p

(
) � ! B

p;p

s �

1

p

( @ 
) ; 1 < p < 1 ;

1

p

< s <

1

p

+ 1 ;

is w ell de�ned and b ounded. See, e.g., [6] and [7] for references and more

details.
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F or " > 0, w e de�ne the follo wing t w o regions in R

2

:

R

1

"

:= the set of p oin ts inside the hexagon with v ertices at

(0 ; 0) ; (

1

2

+ "; 0) ; (1 ;

1

2

� " ) ; (1 ; 1) ; (

1

2

� "; 1) ; (0 ;

1

2

+ " ) ;

R

2

"

:= the set of p oin ts inside the hexagon with v ertices at

(0 ; 0) ; ( "; 0) ; (1 ;

1

2

�

1

2

" ) ; (1 ; 1) ; (1 � "; 1) ; (0 ;

1

2

+

1

2

" ) :

Recall the Newtonian p oten tial from (15.2) and the P oisson in tegral op er-

ator (15.6).

Theorem 2 . F or e ach b ounde d Lipschitz domain 
 in R

n

, n � 2 , whose

b oundary is c onne cte d, the fol lowing hold.

(1) The op er ator

� : H

� s;p

0

(
) ! H

2 � s;p

(
)

is b ounde d for e ach 1 < p < 1 , 0 � s � 2 .

(2) Ther e exists " = " ( @ 
) 2 (0 ;

1

2

] for n = 2 and " = " ( @ 
) 2 (0 ; 1] for

n � 3 such that the op er ator

PI : B

p;p

s

( @ 
) � ! H

s +

1

p

;p

(
)

is wel l de�ne d and b ounde d whenever ( s;

1

p

) 2 R

1

"

for n = 2 , and whenever

( s;

1

p

) 2 R

2

"

for n � 3 .

Pro of. The fact that the Newtonian p oten tial is a b ounded op erator in the

con text of (15.1) follo ws from classical Calder� on{Zygm und theory , dualit y

and in terp olation. The fact that the op erator in (15.2) is w ell de�ned and

b ounded has b een pro v ed in [5] for n = 2 and in [4] for n � 3, based on the

in tegral represen tation (15.7).

15.4 Pro of of Theorem 1

W e start with f 2 H

� s;p

(
), for some � 1 � s � 1, and 1 < p < n . Then,

the solution to (15.4) can b e formally written as

u = �(

~

f ) j




� PI

h

T r �(

~

f )

i

; (15 : 19)

where

~

f 2 H

� s;p

( R

n

), has compact supp ort and satis�es

~

f j




= f .

The goal is to sho w that there exists " > 0 suc h that the righ t-hand

side of (15.19) is w ell de�ned and con tained in H

1 � s;p

�

(
) for all ( s;

1

p

) 2

Q ( n; " ), where

1

p

�

=

1

p

�

1

n

. F rom Theorem 2 it follo ws that �(

~

f ) j




2

H

2 � s;p

(
) for all indices s and p as ab o v e.

The task at hand is to insp ect (15.17) and analyze eac h op erator in this

diagram. The �rst horizon tal arro w (essen tially the Newtonian p oten tial)
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has already b een discussed. The second horizon tal arro w in the diagram

(an inclusion) is w ell de�ned pro vided

2 � s � � and

1

q

�

�

n

=

1

p

�

2 � s

n

: (15 : 20)

The third arro w (a trace op erator) is w ell de�ned whenev er

1

q

< � < 1 +

1

q

: (15 : 21)

The �rst v ertical arro w is the op erator PI . By Theorem 2, there is " > 0

suc h that this is w ell de�ned and b ounded b et w een the giv en spaces if

�

� �

1

q

;

1

q

�

2 R

1

"

for n = 2 ; (15 : 22)

�

� �

1

q

;

1

q

�

2 R

2

"

for n � 3 : (15 : 23)

Finally , the last v ertical arro w (an inclusion) is w ell de�ned pro vided

� � 1 � s and

1

p

�

�

1 � s

n

=

1

q

�

�

n

: (15 : 24)

Let us com bine (15.20){(15.24) ab o v e, for " > 0 as in Theorem 2. F or eac h

pair ( s;

1

p

) with � 1 � s � 1, 1 < p < n , w e set t := 2 � s > 0 (this is done

in order to simplify the exp osition that follo ws). Then w e should ha v e

1 � t � 3 ; t � 1 � � � t; (15 : 25)

where the second set of inequalities in (15.25) is equiv alen t to the �rst

conditions in (15.20) and (15.24). The last condition in (15.24) is a conse-

quence of (15.20) and the de�nition of p

�

.

The condition (15.21) is equiv alen t with ( �;

1

q

) b elonging to the region

b et w een the lines y = x and y = x � 1, while based on Theorem 2, the

conditions (15.22){(15.23) hold if and only if ( �;

1

q

) b elongs to the hexagon

H

1

"

for n = 2 and to the hexagon H

2

"

for n � 3 (see Fig. 3 and 4).

0

(3/2-e,1/2-e)

1 2 x

(2,1)(3/2-e,1)

(1/2+e,1/2+e )

(1/2+e,0)

1

y

Fig. 3. The region H

1

"

.
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(2,1)1

1 2 x

(1/2+e/2,1/2+e/2)

(2-e,1)

(3/2-e/2,1/2-e/2)

(e,0)

y

Fig. 4. The region H

2

"

.

The last condition in (15.20) is equiv alen t to the requiremen t that

�

�;

1

q

�

b elongs to the line through the p oin t

�

t;

1

p

�

and of slop e

1

n

:

In particular, if for a �xed ( t;

1

p

), w e select a p oin t ( �;

1

q

) on the line of

slop e

1

n

and passing through the p oin t ( t;

1

p

), whic h lies to the left of ( t;

1

p

),

then the conditions in (15.20) are satis�ed.

Case 1: n = 2 :

y=x/2+1/4+   /2e

y=x

y=x/2-1/4-   /2

a

x

e

1 2

(3/2-e,1)

(1/2+e,1/2+e )

(1/2+e,0) 3

1/2

1
(2,1)

y

(3/2-e,1/2-e)

y=1/2

0

y=x-1

y=x-3/2(t,1/p)(   ,1/q)

Fig. 5.

If w e tak e a p oin t ( t;

1

p

) inside the region b ounded b y the lines y = 1,

y = x � 1, y =

1

2

, y =

1

2

x �

1

4

�

"

2

, and y = x �

3

2

(see Fig. 5), then clearly

1 < p < 2, 1 � t � 3. Also, there exists a p oin t ( �;

1

q

) on the line of slop e

1

2

through ( t;

1

p

) suc h that t � 1 � � � t and ( �;

1

q

) 2 H

1

"

. The same is true for

the p oin ts ( t;

1

p

) on the line y = x � 1 ha ving

1

2

<

1

p

< 1. Hence, for all these
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p oin ts ( t;

1

p

) w e can �nd ( �;

1

q

) satisfying (15.20){(15.24) with s = 2 � t .

On the other hand, if ( t;

1

p

) is tak en inside the region b ounded b y the lines

y = 1, y =

1

2

x +

1

4

+

"

2

, x = 1, y =

1

2

, and y = x � 1, w e can tak e � = t

and q = p and again (15.20){(15.24) are v eri�ed when s = 2 � t , and hence

the solution (15.19) is in H

1 � s;p

�

(
). No w if w e apply the transformation

( x; y ) 7! (2 � x; y ) to the region b ounded b y the lines y = 1, y =

1

2

x +

1

4

+

"

2

,

x = 1, y =

1

2

, y =

1

2

x �

1

4

�

"

2

, and y = x �

3

2

, the resulting region is Q (2 ; " ).

What w e ha v e pro v ed is that for ( s;

1

p

) 2 Q (2 ; " ), the op erator (15.18) is

b ounded.

Case 2: n � 3.

The main ideas of the pro of are similar to those in the case n = 2. This

time w e ha v e to analyze the region sho wn in Fig. 6.

y=x/3+1/n-1/3-  /3

y=x

x

y=x/3+1/3+  /3

(  ,1/q)a

ey=x/3-  /3

e
y=x/n-1/n+1/3-  /3e

e1

(e,0)
1 2 3

(2-e,1)

y=x-1

y=1/n

(1/2+e/2,1/2+e/2)

y=x-2+1/n(t,1/p)

y

Fig. 6.

Whereas the lines y =

1

n

and y =

1

n

x �

1

n

+

1

3

�

"

3

do not in tersect in

our Fig. 6, that migh t c hange dep ending on the v alues of n and " . If w e

tak e a p oin t ( t;

1

p

) inside the region b ounded b y the lines y = 1, y = x � 1,

y =

1

3

x �

"

3

, y =

1

n

x �

1

n

+

1

3

�

"

3

, y =

1

3

x +

1

n

�

1

3

�

"

3

, and y = x � 2 +

1

n

,

with 1 < p < n then clearly 1 � t � 3. Also, there exists a p oin t ( �;

1

q

)

on the line of slop e

1

n

passing through ( t;

1

p

) suc h that t � 1 � � � t and

( �;

1

q

) 2 H

2

"

. The same is true for the p oin ts ( t;

1

p

) on the line y = x � 1

ha ving

1

2

�

"

2

<

1

p

< 1 and for the p oin ts ( t;

1

p

) on the line y =

1

3

x �

"

3

ha ving

1

3

�

"

3

<

1

p

�

1

2

�

"

2

. Hence, for all these p oin ts ( t;

1

p

) w e can �nd ( �;

1

q

)

satisfying (15.20){(15.24) with s = 2 � t . On the other hand, if ( t;

1

p

) is

tak en inside the region b ounded b y the lines y = 1, y =

1

3

x +

1

3

+

"

3

, x = 1,

y =

1

3

x �

"

3

, and y = x � 1, w e can tak e � = t and q = p and again (15.20){

(15.24) are v eri�ed when s = 2 � t and, hence, the solution (15.19) is in

H

1 � s;p

�

(
). Applying the transformation ( x; y ) 7! (2 � x; y ) to the region

b ounded b y the lines y = 1, y =

1

3

x +

1

3

+

"

3

, x = 1, y =

1

n

x �

1

n

+

1

3

�

"

3

,
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y =

1

3

x +

1

n

�

1

3

�

"

3

, and y = x � 2 +

1

n

, the resulting region is Q ( n; " ).

What w e ha v e pro v ed is that for ( s;

1

p

) 2 Q ( n; " ), the op erator (15.18) is

b ounded.
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