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Abstract. This is a set of notes on the Besicovitch/Kakeya conjecture wri  tten for the summer
school for mathematically talented high-school students t o be held in August 2004. The notes
are dedicated to Tom Wol whose legacy continues to tower over the study of the Besicov-
itch/Kakeya conjecture and many other important problems in ma  thematics to this day.

Introduction

This is a set of notes written for the summer program in combiratorial mathematics to be
held at the University of Missouri-Columbia in August 2004. The program will last a total
of ve days, with approximately 1.5 hours of lectures and 1.5hours of problem solving each
day. The purpose of this program and these notes is to introdae a motivated high-school
students to one of the most far-reaching and beautiful probéms of modern mathematics-
the Besicovitch/Kakeya conjecture which related the size & sets in the Euclidean space
with the number unit line segments in di erent directions. D ue to the technical nature of
the full- edged Besicovitch/Kakeya conjecture and its connection to problems in analysis,
partial di erential equations and analytic number theory, no e ort is made to present an
exhaustive and rigorous view of the subject. Instead, the stdents are given a glimpse of
this sophisticated problem in a simple "discrete" setting, where the most salient features of
the Kakeya conjecture can already be seen.

The program was initially designed for two weeks and conse@ntly, these notes contain
way too much material to be covered in one week. It is my hope tht the participants will
choose to continue reading and exploring these notes in padular and the subject matter
in general after the program is over. | also plan to reintrodwce some of the material in
these notes in the process of teaching Math 395, the ProblemdB/ing class, during the Fall
semester.

The work was partly supported by a grant from the National Science F  oundation
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In the rst part of these notes we present the basics of the Begovitch/Kakeya prob-
lem that does not require anything beyond the Cauchy-Schwaiz in equality (described and
illustrated in Section 2 below) and basic counting. In the seond part of the notes slic-
ing arguments, discrete Fourier transform, discrete restiction theory, and more advanced
arithmetic arguments are introduced.

The student is expected to work hard on these notes. This is nobed time reading, nor
is it a fantasy novel. You must have a pen and plenty of paper hady, and expect to |
up about ten pages of calculations for every page you read. Maematics is not a spectator
sport, so create in addition to reading and computing. Everytime you see a theorem or a
calculation, try to formulate a new one. Every time you see a poof, try to nd a better
one. And most importantly, have fun!

Acknowledgements.  Much of the material in these notes is either inspired by or t&en
directly from a set of notes, entitled "On Besicovitch sets”, by Ben Green, a survey article by
Tom Wol , entitled "Recent work connected with the Kakeya pr oblem” (JW99]), class notes
by Terry Tao on the Besicovitch/Kakeya that can be found at ht tp://www.math.ucla.edu/

~ tao, a survey of the Besicovitch/Kakeya problem by Izabeld Laba, which can be found
on her website at http://www.math.ubc.ca/ ~ ilaba, and a semi-expository article by A.

losevich, entitled "Geometric measure theory and Fourier aalysis" ([I04]).

Basic setup

Let q be a positive integer, prime in the sense that an integera divides q if and only
ifa=1or a= g Dene Fqto be the setf0;1,2;:::;q9 1g with the rule that addition
and multiplication is taken modulo g. What this means is that if a2 Fq and b2 Fy, a+ b
(in the world of Fg) is obtained by adding a and b in the standard way and computing
the remainder after division by g. Similarly, to compute a b, we multiply a and b in the
standard way and again compute the remainder after the divigon by q.

Example 1.1. Let q=5. Then Fs = f0;1;2;3;4g. Suppose that we want to multiply2
and 4 in the world of Fs. Well, 2 4 =8 in the sense of regular multiplication. If we divide
8 by 5, the remainder is 3. Thus 2 4 =3 in the world of Fs.

Now let's compute2 + 4. In the sense of regular addition, this equal$s. The remainder
of division of 6 by 5is 1. Thus 2+4 =1 in the world of Fs.

After this point, we shall stop saying "in the world of Fy". We shall simply perform our
addition and multiplication according to the rules we just described and illustrated.

is an element ofF.
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Example 1.2. The setF3 consists of9 pairs: (0;0), (0; 1), (0;2), (1;0), (1;1), (1;2), (2;0),
(2;1), and (2; 2).

The setF3 consists of 27 triples. Write them out!

Exercise 1.1. Show that Fg, d a positive integer, consists ofg? elements.

We now introduce the notion of a line in Fg. Let x 2 Fg and letv 2 Fg with the additional
restriction that v6 (0;0;:::;0). Let

(1.2) L(x;v)=fx+tv:t=0;1:::;q9 1g

Example 1.3. Let x = (0;1) and v = (1;1) and let q = 3. Then L(x;v) is the
“line" consisting of points (0;1), (1;2), and (2;0). Why is that? Well, by de nition,
L((0;1);(1;1) = f(0;1)+ t(2;1) : t =0;1;,29. If t =0, we get(0;1) easily enough. If
t=1, we get(1;2), no problem. Ift=2, we get(0+2 1;1+2 1)=(2;0)sincel+2 1=3
which is 0 in the world of Fs.
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A line in F3:

Exercise 1.2. Let q=3. Show thatL((0;1);(1;1)) is the same line asL((0; 1);(2;2)) and
L((1;2);(1;1)). What is going on here?

Exercise 1.3. We have seen in the previous exercise that givex 2 Fg, there may exist
v 6 vP6 (0;:::;0) such thatL(x;v) and L(x;v% are the same line. You probably observed
that this problem takes place if and only ifv = v °for some 2 F4. (If you did not observe
this, please verify it right away). Let V be a subset oFgI with the following properties:

(2) If v2 V and v°2 V, there does not exist 2 Fq such thatv = v °

Suppose thatV is maximal in the sense that it is impossible to add even morelament
to V without violating one of the properties stated above. (Not¢hat without this restriction
we may simply takeV to consist of a single point, say,(1;0;:::;0)).

Compute # V, the number of elements oiV.

In the standard (Euclidean) space, two di erent lines either do not intersect at all, or
intersect at a single point. We shall now verify that the sameis true of lines in Fg.

Exercise 1.4. Two dierent lines L(x;v) and L(x%VvY in Fg either do not intersect at all
or intersect at a single point. If d =2 prove that two distinct lines L(x;v) and L(x%v9 do
not intersect if and only if there exists 2 Fq4 such thatv = v °

We are now ready to state the main problem to be studied in thes notes.

Besicovitch/Kakeya conjecture. Let K Fg, d 2, such that for everyv 2 Fg with

v 6 (0;:::;0), there existsx 2 Fg sothatL(x;v) K. Then there existsC > 0, independent
of g, such that

(1.2) #K  Co:
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To put it simply, the Besicovitch/Kakeya conjecture says that if K contains a line with
every possible slope, then this set occupies a positive proption of the points in Fg. In
short,

(1.3) MANY SLOPES ! MANY POINTS

The Besicovitch/Kakeya conjecture is solved in two dimensons. However, in higher di-
mensions, it far from being resolved. For example, the bestikown result in three dimensions
(see [KLTOOQ] is that

(1.4) #K Ccgitlo .

One of the motivations behind this set of notes is to convinceyou to dive head rst into
this mysterious problem which is not terribly likely to be completely solved any time soon.

Before we start proving results pertaining to the Besicovitch/Kakeya conjecture, we shall
develop some preliminary concepts that will serve to build y the necessary technique and
intuition for the results that come later.

Cauchy-Schwartz inequality and some simple consequences 1

In this section we shall follow a procedure often considereaasty, but the one | hope to
convince you to appreciate. We shall work backwards, discaring concepts as we go along,
instead of stating them ahead of time. Leta and b denote two real numbers. Then

(2.1) (a b? o

This statement is so vacuous, you are probably wondering whyl am telling you this.
Nevertheless, expand the left hand side of (). We get

(2.2) a2 2ab+ I 0

which implies that

2
a’+ 1
(2.3) ab
2
Now consider

X X
(2.4) Av =  a=a+ +ay;By= b=b+  +hby;

k=1 k=1
1some people call this inequality the Cauchy-Schwartz-Bunia kowski inequality. | have a suspicion
that this inequality was known and relatively widely used lon g before any of the three individuals
in question was born. | decided to stick with the "Cauchy-Schw artz" usage primarily out of habit.
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(2.5) XN = a2 Yy = ke

akh« = XnYn x—k Vo
k=1 k=1 N N
" #
A | 2 1 2
(2.6) X Yn oa ", 1 b
2 Xn 2 Yy

Exercise 2.1. Explain using complete English sentences ho{2:6) follows from (2:3).

P
Exercise 2.2. Explain why if C is a constant, then E‘Zl Ca=C E‘Zl a.
PN
=1 B

We now use Exercise 2.2 and 2.3 to rewrite (B) in the form

P P
Exercise 2.3. Explain why ', (ax+ b)= o, a +

(2.7) = %XNYN + :_ZLXNYN = XN\

Putting everything together, we have shown that

(2.8) ax by a2 03

This is known as the Cauchy-Schwartz inequality.
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Exercise 2.4. (quite dicult if you do not know calculus) Let 1<p < 1 and de ne the

exponentp® by the equation% + # =1. Then

(2.9) ax b jajP jbj?

0
Observe that(2:9) reduces to(2:8) if p=2. Hint: prove that ab %+ % and proceed as

in the casep = 2. One way to prove this inequality is to se” = & andb?" = & (why are we
allowed to do that?). Let% = t and observe that0 t 1. We are then reduced to showing

that for any real valuedx;y andt 2 [0; 1], eX*@ VY teX+(1 t)e'. Let f (t)= ex* by
and g(t) = te* +(1 t)e¥. Observe thatf (0) = g(0) = & andf (1) = g(1) = €. Can you
complete the argument?

Box inequality.  Let's now try to see what Cauchy-Schwartz (C-S) inequality is good for.
Let Sy be a nite set of N points in R = f(xq;X2;X3) : X;j is a real numbeg, the three-
dimensional Euclidean space. Lex = ( X1;X2;X3) 2 R® and de ne

(2.10) 1(X) = (X2;X3);  2(x) = (x1;%3); and 3(x) = ( X1;X2):

The question we ask is the following. We are assuming that &y = N. What can
we say about the size of 1(Sy); 2(Sn), and 3(Sy)? Before we do anything remotely
complicated, let's make up some silly looking examples ande® what we can learn from
them.

Let Sy = f(0;0;k) : k integer k = 0;1;:::;N 1g. This set clearly hasN elements.
What is 3(Sy) in this case. It is precisely the setf (0; 0)g, a set consisting of one element.
However, ,(Sy) and 1(Sy) are both f(0;k) : k =0;1;:::;N 1g, sets consisting ofN
elements. In summary, one of the projections is really smaland the others are as large as
they can be.
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Let's be a bit more even handed. LetSy = f(k;l; 0) : k;| integers 1  k pW 1 |

Ng, where N is an integer. Again #Sy = N. What do projections |80k like? WeH SN
is already in the (x1; X2)-plane, so 3(Sny) = f(k;l): k;l integers1 k N;1 |

Ellows that # 3(Sy) = N. On the other I&ald 2(Sn) = f(k; O)p._k integer 1 k

Ng, and 1(Sy)= f(l;0): I integer 1 | N g, both containing N elements. Again
we see that it is di cult for all the projections to be small.

A

Let's think about our examples so far from a geometric point d view. The rst example is
"one-dimensional” since the points all lie on a line. The seand example is "two-dimensional”
since the points lie on a plane. Let's now build a truly "three-dimensional” example with
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as much symmetry as possible. LetSy = f(k;I;m) : k;I;m integers 1  k;I;m N %g,
where N 3 is an integer. Again, #Sy = N, as required. The projections this time all look
the same. We have 1(Sy) = f(l;m):I;m integers1 I;m N %g, a set of sizeN 3, and
the same is true of # ,(Sy) and # 3(Sn).

A

Let's summarize what happened. In the case when all the projetions have the same size,
each projection hasN 3 elements. We will see in a moment that for anySy , one of the
projections must of size at leastN 5. We will see here and later in these notes that C-S
inequality is very useful in showing that the "symmetric" case is "optimal”, whatever that
means in a given instance.

Before starting a more detailed investigation, consider tle two dimensional case. Take
a set of N points in R? and consider projections ontoxi-axis and x,-axis, respectively.
Can we prove by a simple geometric argument that one of theserpjections must contain
at least C N points? Well, let Sy be the set in question. Obserye that s, (X1;X2)
= (s ) (X2) ,(sy ) (X1) (see Exergse 2.5 below). Bfollows that | ., sy (X1;X2) =

X1:X2  1(Sw )(XZ) 2(Sn )(Xl) = x1  2(Sw )(Xl) X,  1(Sw )(XZ) (why?). It follows
that N = # Sy 1(Sn) # 2(Sn)  (maxj=1.2# (SN ))2. We conclude that indeed
maxj=1:2 j(Sn) N as promised.

The point of considering the two-dimensional case is that wie it does not entail any
of the interesting complexities of the higher dimensional guation, it is based on the same
intuition. Indeed, let us think about the two-dimensional c ase fer_a slightly di erent point
of view. Suppose for a moment that # 1(Sy) is smaller than ¢ N, where c is a constant.
Then Sy must consist of at mostc N columns, by de nition of ;. On the other hand,
the total number of points in all of those columns is N, by assumption. It follows that
one of these columns has more thanf'— points. We conclude, by settingc = 1, that

. P — : : .
either # 1(Sn) N, or # ,(Sn) N, since the latter is precisely what it means
9



for a column to have more than P N points. This gives an "alternate” argument for the
two-dimensional case. Observe that the argument given in te previous paragraph is at leat
super cially mechanical, while the argument we just went over is visual and conceptual.
Are the arguments really di erent, however? As an informal exercise, cut through the
mechanical non-sense of the rst argument and explain why itis the same as the second
one.

The three dimensional case is not going to fall quite so easil To see this, let us try to
run the argument of the previous paragraph. Suppose that # 1(Sy) < N 5. This means
that Sy consists of fewer thanN 5 columns of points over the §»; x3)-axis. Since the total
number of points is N, this tells us that one of the columns has more thanN 3 points. This
is not enough, however, and more careful analysis is needed.he proof can be completed
this way with some work and | urge you to try! We will take a slightly di erent road below
in order to illustrate what a beautiful bookkeeping tool the C-S inequality often is.

To start our analysis of the three dimensional case we need thfollowing basic de nition.
Let S be any set. Dene s(x)=1if x 2 S and 0 otherwise.

Exercise 2.5. Let Sy be as above. Then
(2.11) sy (X) (s ) (X2:X3) sy ) (X1iX3)  4(sh ) (X215 X2):

With Exercise 2.5 in tow, we write

X X
N =# Sy = sy (X) Lsn) (X25X3)  esh ) (X1iX3) 5 sy ) (X215 X2)
X X
X X
= a(sy ) (X213 X2) L(sn)(X23X3) sy ) (X1 X3)
X1:X2 X3
! 10 Tt
X 5 2 X X T2
S(SN)(Xl;XZ) @ Lsn ) (X2:X3) sy ) (X213 X3) A
X1:X2 X1X2 X3
(2.12) =1 I
Now,
I 1 [
X 2 - X 2 1
(213) 1= Js(xiix2) = Js)(X1ix2) = (# s(Sn))7:
X1:X2 X1;X2

On the other hand,

2= (sn) (X2 X3) sy ) (X1 X3)

X1:X2 X3
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X X X
= Lsn) (X2iX3) sy (X15X3)  y(sy)(X23X3) (s ) (X2 X3)
X1:X2 X3 x$
X X X
sy (X2iX3) sy (X1 x9)
X1:X2 Xz X3

X X
(2.14) = sy ) (X2, X3) Lo (XX =# 1(Sn) # 2(Sn):

X2;X3 X1;x9
Putting everything together, we have proved that

p p p
(2.15) # Sy # 1(Sn) # 20Sn) # 3(Sn):

Exercise 2.6. Verify each step above. Where was C-S inequality used? Why &b
2j (Sn )(X) = i (Sn )(X)?

The product of three positive numbers certainly does not exeed the largest of these
numbers raised to the power of three. It follows from this and(2:15) that

(2.16) N=#Sy max (# 1(Sn))?:
j=1;2;3
We conclude by raising both sides to the power o% that
(2.17) # jr:nla;>2<;3 i(Sv) N3

as claimed.

Exercise 2.7. Let be a convex set irR3. This means that for any pair of points x;y 2

, the line segraent connectingﬁ)( and y is entirely contained in . Prove that vol()

area( 1()) area( »()) area( 3()) .

If you can't prove this exactly, can you at least prove using2:15) and its proof that

2

max; =1 ;2.3 area( j()) (vol()) *? This would say that a convex object of large volume
has at least one large coordinate shadow. Using politicalljncorrect language this can be
restated as saying that if an elephant is overweight, there nst be a way to place a mirror
to make this obvious...

Exercise 2.8. (Project question) Generalize (2:15). What do | mean, you ask... Replace
three dimensions byd dimensions. Replace projections onto two-dimensional cadinate
planes by projections ontok-dimensional coordinate planes, withl k d 1. Finally,
replace the right hand side of(2:15) by what it should be...
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Incidences and matrices.  Consider a set ofn lines andn points in the plane. De ne an
incidence to be a pair {;1), where p is one of the points in our point set, | is one of the
lines in our set of lines, andp lies onl. Let | (n) denote the total number of incidences
determined by a given set ofn points and a given set ofn lines. In order to avoid needless
headaches we assume that every point in our point set lies ontdeast one line in our set of
lines, and every line in our line set contains at least one pait in our point set.

How large canl (n) be? Well, it is clear that 1 (n) n2. This observation is not terribly
valuable, however, sincel (n) cannot possibly be this large! | mean, how can every line
contain every point, and every point lie on every line?! You mght retort that maybe, just
maybe, it is possible for aboutn=10 lines to contain aboutn=100 points each, and for each
of those points to be contain in aboutn=1000 of those lines. We shall see that nothing like
that can happen.

Our main tools in this endeavor are matrices and the C-S ineqality. Recall that a N
by N matrix A is an array with n rows and n columns. The elements ofA are designated
by a;j , wherei determines the row andj determines the column. Let's de ne A as follows.
Enumerate the n points in our point set from 1 to n, and do the same for lines in our set of
lines. Let a; = 1 if the i'th point lies on the j'th line, and O otherwise. Observe that if j
and j%are xed, with j 6 j©,

(218) aj Qjo= 1

for at most one value ofi. This is becausea; a0 =1 if and only if a; =1 and ajo= 1.
This means that the i'th point is on the j'th lines and also on thej %h line. Intersection of
two distinct lines is either empty or consists of exactly onepoint. It follows that indeed the
equality in (2:18) can hold for at most onei.
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We are now ready for action. What is| (n)? It is nothing more than the total number of
1s in A! SinceA consists of only 1s and 0s,

0 1
XX X X
I (n) = aqj = @ ajj A1
i=1 j=1 i=1  j=1
| ;O 0 1 21 1 0 0 1 21 1
X X X X X
(2.19) 1 %) @ aj A g = pﬁ %) @ ajj A g :
i=1 =1 j=1 i=1  j=1
Now, 0 1,
X X XX x
@ ajj A = a; ajj o
i=1  j=1 i=1 j=1jO°=1
X X XX
(2.20) = aj ajo+ aﬁ = apple+ orange:
i=1 1 j;j9 n;j6jo i=1 j=1

To estimate apple we use (218). Indeed, sincea; a;o =1 for at most one i,
(2.21) apple #f(;j%:1 [j° n;j6j%9g=n* n

Exercise 2.9. Write out the details of the equality on the right hand side o{2:21).
On the other hand,

(2.22) orange #f(i;j):1 i;j ng=n?%

Putting everything together and using the fact that n> n  n?, we see that
XX p_

(2.23) I (n) = aj 2 nz:
i=1 j=1

Njw

We conclude that the number of incidences betweem points and n lines in the plane
is at most  2nz. Can this estimate be improved? Sure it can... The sharp anser is
I (n) Cn3, whereC is a xed positive constant. This is the celebrated SzemeredTrotter
incidence theorem ([ST83]) and it is sharp in the sense that we can construct a set ofn
lines andn points such that the number of incidences is approximatelyn%, up to a constant.
The proof of this result will appear in the second part of thee notes.
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Exercise 2.10. Show that the estimatel (n) Cnz we just obtained for points and lines
in the plane is best possible for points and lines ian. Hint: Take as your point set all the
points in Fg and take as your line set all the lines inFg.

Eefercise 2.11. Let Sy be a subset of the plane witiN elements. Dene ( Sy) =
f(xa Y1)2+(x y2)2 DX = (X1;X2) 2 SNy = (Y1;y2) 2 Svg. Use (2:23) to show

that #( Sy) C N for some constantC independent ofN .

Can you do better? The conjectured answer is thatt ( Sy ) C%. The best

known result to date, due to Katz and Tardos (KT04]), based on the previous result due to
Solymosi and Toth ([SoTO1l) is #( Sy) CN , where :86. (See [KT04]).

What about higher dimensions? IfSy RY of size N, prove that#( Sy) CN T
Can you do better? The conjectured answer here ig ( Sy) CN @ in dimensions three
and higher. Do you see where the exponerﬁ is coming from? Hint: Let Sy = fn =

(ng;:ing)inp 22721 g N%g.

Exercise 2.12. Show that the number of incidences betweanpoints and n two-dimensional
planes in R® can ben?. Suppose that we further insist that the intersection of anythree
pIaneE in our collection contains at most one point. Prove tlat the number of incidences is

Cns.

More generally, prove that if we haven points and n d  1-dimensional planes in RY,
then the number of incidences can b@2. Show that the number of incidences is Cn? @
if we further insist that the intersection of any d planes from our collection intersect at at
most one point.

Exercise 2.13. Prove that n points and n spheres of the same radius ilRY, d 4, can have
n? incidences. Use the techniques of the chapter that wheh= 2 the number of incidences
is Cnz. What can you say about the casel = 3?

Besicovitch/Kakeya conjecture in two dimensions

In this section we verify (1:2) in the cased = 2. What you should be asking yourselves
at every step, is where are we using the peculiarities of thewto-dimensional space, and why
this approach should be harder in higher dimensions.

We have a setk Fg which contains a line in every direction. This means that there exist

these lines intersects at exactly one point. How do we know tis? An obnoxious answer
is that you veri ed exactly this in Exercise 1.3 and 1.4. Let's discuss it again, however.
Consider L (x;Vv) in two dimensions. How many choices are there fov? Well, v = (v1; V),
so there areq® 1 choices, sincev = (0;0) is forbidden. On the other hand, multiplying v
by 2 F4 leads to the same line. How many s are there? Since it makes no sense to use

=0, there areq 1 relevant s. It follows that K indeed contains% = q+1 lines with
14



di erent "slopes". By Exercise 1.4 (not very di cult) each p air of such lines intersects at
exactly one point.

Before we get on with the precise calculations, let's try to inderstand why the Besicov-
itch/Kakeya conjecture should be true in two-dimensions. As we have just seenK contains
g+ 1 lines of di erent "slopes”. Choose one of these lines and all it the stem. The other
g lines intersect this stem forming a sort of a hairbrush. Sine two of these lines intersect
at exactly one point, it is pretty clear that the total number of points in K is at least
(g+1) % = % Of course, we need to make this argument precise, which is valh we
are about to do.

All the tools are now in place. LetK %= [ ©*L;. SinceK® K, it su ces to prove that
#KO% Cc? Let [, (x)=1if x2 L; and O otherwise. We must somehow take advantage
of the fact that we have g+ 1 lines with each pair intersecting at exactly one point. How
do we "encode" intersections? Well,

X
(3.1) LX) LX) =#fx2K%x2Ljandx 2 Ljg=#( Li\ Lj);
x2K©0

sinceL; KP%andL; KO%by assumption.
With this observation in tow, consider

X . X xix
[ Ll(x)+ ' Lga (X)]° = Li(X) L; (x)
x2K O x2K0i=1 j=1
)1l
(3.2) = #(Li\ Lj)=20q(q+1);
i=1 j=1

where to obtain the rst line we used (3:1) and to compute the second line we used the fact
that# Li\ L; =1if i 6 j.

All this is very nice, but we need to somehow get a hold on # ° This is where Section
2 comes in handy. The left hand side of the rst line of (32) is a sum of something squared.
This immediately :) reminds us of the Cauchy-Schwartz ineqality! Indeed, C-S tells us
that

Ly

X 0 X 5
(3.3) [ L)+ + L, (X)] 1 #K [ L)+ + L, (O]
x2K?©0 x2K©0
Plugging in (3:2) we see that
X 2
(3.4) [ LG+ + g (X)] #K° 2q(q+1);
x2K O
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or, equivalently,
x2K°[ Ll(x)+ + L g+ (X)] 2.
2q(q+1) '

We seem to be getting somewhere provided we can evaluate theimerator of (3:5). We
have

(3.5) #KO

X X %t %1 X
(3.6) [ L)+ + L, (X)]= L, (X) = L; (X):
X2K O X2K0j=1 j=1 x2K©
SinceL; K¢
X
(3.7 L) =# 1L =q
X2 KO

We conclude that |

‘2
X
(38) [0+ + L. (] =d@+D™
X2 K0
Plugging this into (3:5) yields

aq+1) .
5

(3.9) #KO

as promised.

The result we just presented was rst proved in R? (whatever that means :)) by R. Davies
in 1971 ([D71]), though the proof above is much closer to the we given for a related problem
by A. Cordoba ([C77]).

This seems to be the end of the story in two dimensions. Unfordnately, (or rather
fortunately) mathematicians always nd a way to complicate things. The following exercises
give a taste of things to come in Part Il of these notes where tk level of fun (and pain) will
get wretched up another notch.

Exercise 3.1. Find the smallest possible Besicovitch/Kakeya subset ch-g. We know that

it contains at least @ elements. Get as close to this number as you can. Hint: consd
S=f(x1;x2) 2 Fg 1 X1+ X3 is a square inFqg. (A number s is a square inFq if there exists
u 2 Fq such thats = u? in the world of Fg).

Exercise 3.2. Let 0< < 1. Suppose that we only assume tha{ is a subset ong with
the property that for everyv 6 (0;0), v 2 Fé, there exists anx 2 Fg such that more than
g points of L(x;v) are contained in K° What can you say about# K ? Once you obtain
an answer, try to determine whether your estimate is "reasoable". More precisely, for
various values of < 1, experiment with constructions of subset oFgI satisfying the required
properties. This type of a formulation of the Kakeya problemis due to Hillel Furstenberg.

See [KTO01] and the references contained therein.
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A gentle entry into higher dimensions: bushes and hairbrushe S

Higher dimensional space is very annoying. It is no longer we that two lines are either
"parallel” or intersect at a single point. It is quite easy for two lines to simply be in "parallel”
planes which makes the structure of Besicovitch/Kakeya set much harder to understand.

Bourgain's bush argument (late 80s). In this section we abandon our policy of sys-
tematically referencing the results we present. Instead, w refer the reader to Tom Wol 's
beautiful survey article (JW99]) where all the relevant references are present.

Let's start with the following simple observation. Let K be a Besicovitch/Kakeya set in
Fg. How many lines must this set contain? Well, if have completel Exercise 1.3, we know
that the answer is @® * (I am being obnoxious again...). Let's see why that is. Consier
a line L(x;v). We have ¢ 1 choices forv sincev = (0;:::;0) is not allowed. As before,

vandv’= v, 2F, 60, lead tothe same line. It follows that the number of distinct
lines in K is at least q:—ll qdz :

Bourgain's bush

d+1

Suppose that #K 4 42 . Then at least one point of K must lie on at least

d 1
gz
2

(4.1) L =

lines entirely contained in K. To see this rst observe the numbers of pairs p;1), where
d d
p2 K, lisaline contained inK , and p lies onl, is at least q % = % by the argument in

d+1

the previous paragraph. By assumption, the number of pointsin K is ?. Then (4:1)
17



follows since
qd qd;l
(4.2) > #[p[if(ps):p2lg nglx#f(p;l):pﬂg;

wherep is a point in K and | is a line in K. It follows that

d 1
(4.3) max#f(p:l): p2 g gﬁFﬁ

as advertised. What we just proved is that there exists a poim pp 2 K which belongs to at
d 1

least q4T lines in K. Since each of these lines containg 1 points aside frompy,

d+1

(4.4) BK  1+L(q 1) 254
Thus we have shown that a Besicovitch/Kakeya sets ian are d+71 "dimensional”. This is

horribly unsatisfactory since our goal isd, not 9L, and we can already do better than“'*T1

whend = 2. We did take an important step in the right direction, thou gh, as the techniques
we just developed will come in handy in a moment.

Wol 's hairbrush argument (mid 90s). What was the essence of the bush argument?
If lines do not intersect much, we win because there are poist all over the place. If lines
do intersect, we look for places where lots of lines interséin the same place. We call such
a happy meeting place a bush. What we did above is rst argued hat there must exist a
fairly large bush. We then estimated the number of points in this bush and obtained the
estimate (4:41). As cute as this argument is, it is hopelessly naive if we r@ to get anywhere
close to the full Besicovitch/Kakeya conjecture.

Wol 's hairbrush
18



Our next step in the direction of fame and glory (don't get too excited) is the hairbrush
construction. Let K be a Besicovitch/Kakeya set and suppose that #K qd+Tz. We repeat
the argument we used in the rst line of (3:2). We know by above that K contains at least
dal lines with distinct "slopes". Let K °be the union of these lines. Reusing the proof of
the two-dimensional Besicovitch/Kakeya conjecture, we hae

o

21,2 X . 0 X 2
q°k® = [ L)+ + L (X)] #K [ L)+ + L, (X)]
x2K?O0 x2K 0

X XX XX
(4.5) =# K° L (%) L () =# K° #Li\ Ly);
x2KO0i=1 j=1 i=1 j=1

where k is the number of lines (which by above is dal).

Exercise 4.1. Why is the rst line in (4:5) true? Did we use an inequality with a name in
the second line? Which one?

Since we have assumed that K qd+Tz, we also have # °© qd+Tz. Plugging this into
(4:5) we get

X( X( 3d2 2
(4.6) #L\ L) O —
i=1 j=1
It follows that there exists i = ig such that
3d 2
X q_2 q%
(4.7) ML\ L) o 4
1] kij6io 2

Exercise 4.2. How did we go from(4:6) to (4:7)?

We just proved that there exists a line L;,, called the base of the hairbrush, such that
d

at least m = % other lines contained in K © intersect it. We call this collection of these m
lines the hairbrush, denoted byH .

Let ; denote the two-plane determined byL;, andL;. Suppose that ; containsn; 1
lines from the hairbrush. We want to estimate #( ; \ H) from below. Since ; is a two-
dimensional plane, we should be able to use Section 3. Unfamately, in that section we
only learned to deal with sets containing approximatelyq lines with di erent slopes. In this
case we haven; lines, which may be smaller thanqg. This predicament forces us to rewrite

19



hairbrush (after possibly doing some relabelling) that arecontained in j \ H. We have

0 1,
X
F(n +1)*= @ [ OO+ + 1, (A
x2 j\H
X 2
#( j\ H) [ L)+ + o, ()]
x2 j\H
1 N+l
=#( ;\ H) #(Li\ Lio)=#( ;\ H) ((nj+1)g+(n; +1)(ny))
i=1 jo=1
(4.8) 2 # ;\VH) (nj+1)q:
It follows that
(4.9) HOj\H) Sy +Da T

Exercise 4.3. Why doesn; +1 appear all over the place in(4:8) instead ofn; ? Hint: Don't
forget the base of the hairbrush...

We are almost done since

(4.10) #K  #H % n, = 90

d+2

We just proved that if K is a Besicovitch/Kakeya set in Fg, then # K 9 82 . This is
not quite the Besicovitch/Kakeya conjecture, but we are geting closer!

We conclude these notes with an exercise which may well be a gavay to further progress
on the Besicovitch/Kakeya conjecture.

Exercise 4.4. Does a hairbrush in the argument above need to contain a linef every
"slope"? Given an explicit examples proving that it does not Now suppose that you have a
Besicovitch/Kakeya set containing a hairbrush containinga line with every possible "slope".
Prove that # K Cq®. Prove that same conclusion follows if instead of assuminghat the
hairbrush contains a line with every possible "slope", it ofy contains cdf ! lines with
di erent "slopes".

Can you construct and example of a Besicovitch/Kakeya seK such that no hairbrush
contains cd ! lines with di erent "slopes"?
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