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Abstract This article is based on the series of lectures on the interadion of Fourier
analysis and geometric combinatorics delivered by the author in Padova
at the Minicorsi di Analisi Matematica in June, 2002.

This paper is based on the lectures the author gave in Padovatahe
Minicorsi di Analisi Matematica in June, 2002. The author wishes to
thank the organizers, the participants, and the fellow lecturers for many
interesting and useful remarks. The author also wishes to thnk Georgiy
Arutyunyants, Leonardo Colzani, Julia Garibaldi, Derrick Hart, and Bill
McClain for many useful comments and suggestions about theantent
and style of the paper.

The main theme of this paper is an old and beautiful subject ofge-
ometric combinatorics. We will not even attempt to cover anything re-
sembling a signi cant slice of this broad and in uential dis cipline. See,
for example, [22] for a thorough description of this subject The pur-
pose of this article is to describe Szekely's [28] beautifudnd elementary
proof of the Szemeredi-Trotter incidence theorem ([26]), aresult that
found a tremendous number of applications in combinatorics analysis,
and analytic number theory. We shall describe some of the caequences
of this seminal result and its interaction with problems and techniques
of Fourier analysis and additive number theory.

De nition 0.1.  Anincidence of a point and a line is a pair (p; ), where
p is a point, | is a line, and p lies on .
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Theorem 0.2 (Szemeredi-Trotter). Let | denote the number of in-
cidences of a set ofn points and m lines (or m strictly convex closed
curves). Then

Il . n+ m+(nm)%; (0.2)

where here and throughout the paperA . B means that there exists a
positive constantC such thatA CB.

Quite often in applications, one uses the following "weighed" version
the the Szemeredi-Trotter theorem due to L. Szekely ([28]).

Theorem 0.2'. Given a set ofn points and m simple (no self-intersec-
tions) curves in the plane, such that any two curves inters¢dn at most
points and any two points belong to at most curves, the number of

incidences is at mostC( )%(nm)% +m+5n.

The probabilistic proof of Theorem 0.2 (due to Szekely) give below,
can be modied (as it is done in [28], Theorem 8) to yield Theoem
0.2'. We outline these modi cations at the end of Section | bdow where
we also brie y describe some of the applications of weightedncidence
theory to the theory of diophantine equations.

Corollary 0.3. Let S be a subset oR? of cardinality n. Let ( S) =
fix vyj:x;y 2 Sg, wherej j denotes the Euclidean norm. Then

#( S)&ns: (0.2)

This estimate is not sharp. It is conjectured to hold with the exponent
1 in place of%. For the best known exponents to date (around:86), see
[23] and [24]. However, Corollary 0.3 is still quite useful a we shall see
in the nal section of this paper.

Corollary 0.4. Let A be a subset oR of cardinality n. Then either
A+A=fa+a’: aa’2 Agor A A= faa’: a;a’2 Ag has cardinality
& ni.

This estimate has been recently improved in a number of ways Y
several authors. See, for example, [3] and references comiad therein.

1. Proof of Theorem 0.2, Corollary 0.3 and
Corollary 0.4

We shall deduce Theorem 0.2 from the following graph theorét result
due to Ajtai et al ([1]), and, independently, to Leighton. Note that for
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the purposes of this paper, a pair of vertices in a graph can beonnected
by at most one edge.

De nition 1.1.  The crossing number of a graphcr(G), is the minimal
number of crossings over all the possible drawings of thisaph in the
plane. A crossing is an intersection of two edges not at a veek.

De nition 1.2.  We say that a graphG is planar if there exists a draw-
ing of G in the plane without any crossings.

Theorem 1.3. Let G be a graph withn vertices and e edges. Suppose
that e 4n. Then

cr(G) & s—z: (1.2)

Before proving Theorem 1.3, we show how it implies Theorem Q.
Take the points in the statement of the Theorem as vertices ofa graph.
Connect two vertices with an edge if the two corresponding pimts are
consecutive on some line. It follows that

e=1 m (1.2)

If e < 4n we getl < 4n + m, which is ne with us. If e 4n, we
invoke Theorem 1.3 to see that

e (I m)?d
Cr(G) & p = T

(1.3)

Combining (1:3) with the obvious estimate cr(G) m?, we complete
the proof of Theorem 0.2. Observe that strictly speaking, wehave only
proved Theorem 0.2 for lines and points. In order to extend tke argument
to translates of the same strictly convex curve, one needs teeplace (12)
with an (easy) estimatee & | .

We now turn our attention to the proof of Theorem 1.3. Let G be
a planar graph with n vertices, e edges, andf faces. Euler's formula
(proved by induction) says that

n e+f=2: (1.4)

Combined with the observation that 3f 2e, we see that in such a
planar graph

e 3n 6 (1.5)
It follows that if G is any graph, then
cr(G) e 3n: (1.6)



We now convert this linear estimate into the estimate we want by
randomization. More precisely, letG be as in the statement of Theorem
1.3 and letH be a random subgraph ofG formed by choosing each vertex
with probability p to be chosen later. Naturally, we keep an edge if and
only if both vertices survive the random selection. LetE() denote the
usual expected value. An easy computation yields

E(vertices) = np; a.7)
E(edged = ep’; (1.8)
E(crossing number of H)  p*cr(G): (2.9)

Observe that the inequality in (1:9) is due to the fact that the number
of avoidable crossings inG may decrease once a smaller random subset
is extracted.

It follows by linearity of expectation that

e 3n
cr(G) 2 E: (1.10)
Choosingp = %” we complete the proof of Theorem 1.3, and conse-
guently of Theorem 0.2. Theorem 0.2' can be proved in a similafashion.
First one shows that under the assumption that any two vertices are
connected by at most edges, the conclusion of Theorem 1.3 becomes

cr(G) & niz Then, in the application of this estimate to incidences,
the upper bound oncr(G) is no longerm?, but rather m? . Combining
this with the trivial estimates yields the conclusion of Theorem 0.2'.

Further developments in weighted incidence theory have reently led
to the following result proved in the cased = 2 by S. Konyagin ([20]),
and by losevich, Rudnev and Ten ([18]) ford > 2.

Theorem 1.4. Let flqgj'\'=1 denote a strictly convex sequence of real

numbers (in the sense that vectorgj; b;) lie on a strictly convex curve).
Then the number of solutions of the equation

b+ +b,=h,+ +1h, (1.11)

N2d 2+2 ° (1.12)

Taking b = j2, for example, shows thaN 2@ 2*2 “ in (1:12) cannot be
replaced by anything smaller tharN 29 2. We conjecture that O(N 24 2)
is the right estimate, up to logarithms, for any strictly corvex sequence

figo.
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2. Proof of Corollary 0.3

Draw a circle of xed radius around each point in S. By Theorem
0.2, the number of incidences is n%. This means that a single distance
cannot repeat more than n3 times. It follows that there must be at
least n3 distinct distances since the total nugnber of distances is nZ2.
In other words, we just proved that ( S) & n3 as promised.

2.1 Proof of Corollary 0.4

The choice of lines and points is less obvious here. L& = (A+ A)
(A A). Let L be the set of lines of the formf (ax;a%+ x) : a;a%2 Ag.
We have

#P=#( A+ A) #(A A); (2.1)
#L=n? (2.2)
while the number of incidences is clearlyn  n? = n3. It follows that
n®. (#P)3ns: (2.3)
which means that
#P &n3: (2.4)
It follows that either #( A+ A) or #( A A) exceeds a constant multiple

of n. This completes the proof of Corollary 0.4.

3. Application to Fourier analysis

De nition 3.1.  We say that a domain RY is spectral if L2() has
an orthogonal basis of the formfe?* ag_, ,.

The following result is due to Fuglede ([8]). It was also proed in
higher dimensions by losevich, Katz and Pedersen ([12]).

Theorem 3.2. Adisc, D = fx 2 R?:jxj rg, is not spectral.

Proof of Theorem 3.2. Let A denote a putative spectrum. We need the
following basic lemmas:

Lemma 3.3. A is separated in the sense that there exists > 0 such
thatja aj cforall a;a2 A.

Lemma 3.4. There existss > 0 such that any square of side-lengtls
contains at least one element ofA.



For a sharper version of Lemma 3.4 see [16].
The proof of Lemma 3.3 is straightforward. Orthogonality implies

that
z

e2ix (@ gy = 0; (3.1)
D
R R ..
whenevera 6 a’2 A. Since ; dx =2 r and the function ;€™ dxis
continuous, the left hand side of (31) would have to be strictly positive
if ja aJ were small enough. This implies thatja aJ can never be
smaller than a positive constant depending orr.
The proof of Lemma 3.4 is a bit more interesting. By Bessel'sriequal-
ity we have
X
ibo( +a)j® j Dj* (32)
A

for almost every 2 RY, since the left hand side is a sum of squares of
Fourier coe cients of the exponential with the frequency  with respect
to the putative orthogonal basis fe?* 2g_,,. We have

) X X
jbo(a)j” = + =1+l (3.3)
A A\Qs A \QS
whereA = A and Qs is a square of side-lengths centered at the
origin.
We invoke the following basic fact. See, for example, [25]. ¥ have
. . .. 3
jibo()i. j] 2 (3.4)
It follows that
X 3
1. jaj . s % (3.5)
A\ Qg

Choosings big enough so thats ! << jDj2, we see thatl 6 0, and,
consequently, that A \ Qs is not empty. This completes the proof of
Lemma 3.4.

We are now ready to complete the proof of Theorem 3.2. Intersg A
with a large disc of radiusR. By Lemma 3.3 and Lemma 3.4, this disc
contains  R? points of A. We need another basic fact aboutbp ( ),
that it is radial, and in fact equals, up to a constant, to j j 1\]1(2 i,
where J; is the Bessel function of order 1. We also need to know that
zeros of Bessel functions are separated in the sense of Lemi38. This
fact is contained in any text on special functions. See alsa2P].
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With this information in tow, recall that orthogonality imp lies that
ja aJis a zero ofJ;. Since the largest distance in the disc of radius
R is 2R and zeros ofJ; are separated, we see that the total humber
of distinct distances between the elements oA in the disc or radius R
is at most R. This is a contradiction since Corollary 0.3 says that
R2 points determine at least R5 distinct distances. This completes the
proof of Theorem 3.2. O

It turns out that not only does L2(D) not possess an orthogonal basis
of exponentials, the numbers of exponentials orthogonal wvih respect
to D is in fact nite. This is a theorem due to Fuglede ([9]) which
was extended to all su ciently smooth well-curved symmetric convex
domains by losevich and Rudnev ([17]). The latter paper is baed on
the generalization of the following beautiful geometric piinciple due to
Erdos ([5]).

Theorem 3.5 (Erdos integer distance principle). Let S be an in-
nite subset of RY such that the distance between any pair of points in
S is an integer. Then S is a subset of a line.

4. Applications to convex geometry

The following result is due to Andrews ([2]).

Theorem 4.1. Let Q be a convex polygon withn integer vertices. Then
1
n. jQjs.

4.1 Proof of Theorem 4.1

Let C denote a strictly convex curve running through the vertices of
Q. Let denote the convex domain bounded by C. Let L denote the set
of strictly convex curves obtained by translating C by every lattice point
inside . Let P denote the set of lattice points contained in the union of
all those translates. By Theorem 0.2 the number incidences &tween the

elements ofP and elements ofL is. j j3 since#L #P j |. Since
each translate of C contains exactly the same number of lattice points,

| owls

ji
i

Wl

#C\ Z2.

=] e (4.1)

This completes the proof of Theorem 4.1. Observe that proofmplies
the following (easier) estimate.
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Lemma 4.2. Let be a closed strictly convex curve in the plane. Then
#fR \ z%g. R3: (4.2)

What sort of an incidence theorem would be required to prove anore
general version of this result?

De nition 4.3. We say that A RY is well-distributed if the conclu-
sions of Lemma 3.3 and Lemma 3.4 hold foA.

Let A be a well-distributed set, and let Ag denote the intersection
of A and the ball of radius R centered at the origin. Observe that
#Ar RY. Let U be a strictly convex hyper-surface contained in the
unit ball. Suppose we had a theorem which said that the numberof
incidences betweerAsr and a family of hyper-surfacesf RU + xg,, . is

RY . Repeating the argument above, we would arrive at the conclaion
that if P is a convex polyhedron with N lattice vertices, then

jPj& N~ (4.3)

However, a higher dimensional version of the aforementiortetheorem
of Andrews says that

jPj& NI (4.4)

This leads us to conjecture that the putative incidence thegem de-
scribed above should hold with =2 ﬁ which was recently proved
in [15] under additional smoothness assumptions. This reduis sharp in
view of (3:3) and the following result due to Barany and Larman ([4]).

Theorem 4.4. The number of vertices of Pg, the convex hull of the
lattice points contained in the ball of radius R >> 1 centered at the
d 1

origin is RYTT

5. Higher dimensions

Theorem 5.1. If R> 0 is su ciently large, then
#(( A\ [ R:R]% & R? a: (5.1)

This result was recently proved in a more general setting, usg dif-
ferent methods, by Solymosi and Vu ([27]).

Corollary 5.2. The ball By = fx : jXj 1g is not spectral in any
dimension greater than1.
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Corollary 4.2 follows from Theorem 5.1 in the same way as Theem
3.2 follows from Corollary 0.3. Lemma 3.3 and Lemma 3.4 go though
without change except that in RY,

d+1

jbg, ()i 11 7 (5.2)

bg,( ) is a constant multiple of
..d -
1 23a2 ) (5.3)

and the zeroes oﬂ% are still separated.

See [25], [29] and/or any text on special functions for the diils.

We are left to prove Theorem 5.1. SincéA is well-distributed, there is
s > 0 such that every cube of side-lengtts contains at least one point of
A. Without loss of generality let s = 1. Since A is well-distributed, we
can nd points P1;Po;:::;Pg, such that jP; P;j 10 and such that for
any sequenceRy;Ro; i Rqg >> 1 with jR; R;j 10, the intersection
of d spheres centered at eachP; or radius R; is transverse. LetO be
the center of mass of the polyhedron with vertices given by tle points

the rst annulus of radius R. Construct R such annuli.
It follows from the assumption that A is well distributed that each
constructed annulusA has RY ! points of A. Let

[ fix Pij:x2Ag = fdy;:::;deg: (5.4)
Let
Al = fx2A\ A:jx  Pj=dg (5.5)
It is not hard to see that
Al =110 k[51 A,!\loslA!(;I (5.6)
Taking unions of both sides inj and counting, we see that
RY 1. k9 (5.7)

This follows from the fact, which follows by a direct calculation, that
the intersection of d spheres in question consists of at most two points.
Taking d'th roots and using the fact that we have R annuli with

RY 1 point of A, we conclude that

1

#( A\ [ R:R]Y & R¥ % = R2 1, (5.8)
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as desired.

Observe that while the intersection claim made above is not dcult
to verify for spheres, the situation becomes much more compated for
boundaries of general convex bodies, even under smoothnessd curva-
ture assumptions. This issue is partially addressed in [10]

Another point of view on distance set problems was recently prsued
by losevich and Laba ([13]) and, independently, by Kolountakis ([21]).

Theorem 5.3. ([13] for d = 2 and [21] for d > 2). Let A be a well-
distributed subset ofRY, d 2. Let K be a symmetric bounded convex
set. Then ((A) is separated only ifK is a polyhedron with nitely
many vertices.

The more di cult question of which polyhedra can result in se parated
distance sets is partially addressed in both aforementiore papers, but
the question is, in general, unresolved.

6. Some comments on nite elds

In this section we consider incidence theorems in the contéof nite
elds. More precisely, let Fy denote the nite eld of g elements. Let
F& denote the d-dimensional vector space oveFg. A line in F{ is a set

Aixq + + Agxqg = D, whereAy;:::;Aq;D 2 Fq and not all Aj's are
0.

It is clear that without further assumptions, the number of i ncidences
between n hyper-planes andn points is n? and no better, since we
can take all n planes to be rotates of the same plane about a line where
all the points are located. We shall remove this "di culty" b y operating
under the following non-degeneracy assumption.

De nition 6.1. We say that a family of hyperplanes inF(;j iS non-
degenerate if the intersection of anyd (or fewer) of the hyper-planes
in the family contains at most one point.

The main result of this section is the following:

Theorem 6.2. Suppose that a familyF of n hyper-planes ian is non-

degenerate. LetP denote a family ofn points in Fg. The the number of

2

incidences between the elements & and P is. n %. Moreover, this

estimate is sharp.

We prove sharpness rst. LetF denote the set of all the hyper-planes
in F& and P denote the set of all the points in F. It is clear that
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#F P g®. On the other hand, the number of incidences is simply
the number of hyper-planes times the number of points on eacthyper-

planes, which is ¢ 1. Sinceq® ! = (¢f)? %, the sharpness of the
Theorem 6.2 is proved.

We now prove the positive result. Consider ann by n matrix whose
(i;] ) entry if 1 if i'th point lies on j's line, and O otherwise. The non-
degeneracy condition implies that this matrix does not congin a d by 2
sub-matrix consisting of 1's. Using Holder's inequality wesee that the
number of incidences,

X i X ° X Lo
=" B @ AR % 6.1)
i i i
0 1 L
X X
=@ i, g, A ne.on nT=n2d; (6.2)
i juinid
because wheny's are distinct, 1, :::1j , can be non-zero for at most one

value ofi due to the non-degeneracy assumption. Ify's are not distinct,
we win for the same reason. This completes the proof of Theone 6.2.
Why should the nite eld case be di erent from the Euclidean case?
The proof of Szemeredi-Trotter theorem given above suggestthat main
di erence may be the notion of order. In the proof of SzemeredTrotter
we used the fact that points on a line may be ordered. Howevemo such
notion exists in a nite eld. Nevertheless, Tom Wol conjec tured that
if gis a prime, then there exists > 0 such that the number of incidences

betweenn points and n lines in qu should not exceedns  for n .
This fact has recently been proved by Bourgain, Katz, and Tao([3]).

7. A Fourier approach

In this sections we brie y outline how some results in geomeatic com-
binatorics can be obtained using Fourier analysis. For a mog complete
description, see, for example, [11], [14], and [15].

We could take a more direct approach, but we take advantage othis
opportunity to introduce the following beautiful problem i n geometric
measure theory.

Falconer Distance Conjecture. Let E [0 1]d, d 2. Suppose that
the Hausdor dimension of E is greater than % Then ( E)=fix vyj:
X;y 2 Eg has positive Lebesgue measure.
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We shall not discuss the history and other particulars of theFalconer
Distance Problem in this paper. See, for example, [30] and ferences
contained therein for a thorough description of the problemand related
machinery. The main thrust of this section is to show that any non-trivial
theorem about the Falconer Distance Conjecture can be usedotdeduce
a corresponding "discrete” result about distance sets of wkdistributed
subsets ofRY.

Theorem 7.1. Let K be a bounded convex set iR, d 2, symmetric
with respect to the origin. Suppose that the Lebesgue measuwof g (E)
is positive whenever the Hausdor dimension ofE [O; 1]d is greater
than sg, with 0<sg <d. Let A be a well-distributed subset oRY. Then

# k(A [ RiRY)" R,
The following result is essentially proved in [7].

Theorem 7.2. Let E [0 1]d, d 2, of Hausdor dimension greater
than "*Tl Suppose thatK is a bounded convex set, symmetric with re-
spect to the origin, with a smooth boundary and everywhere mevanishing
Gaussian curvature. Then the Lebesgue measure ofk (E) is positive.

Theorem 7.1 and 7.2 combine to yield the following "discreté theo-
rem.

Theorem 7.3. Let A be a well-distributed subset oRY, d 2. Suppose
that K is a bounded convex set, symmetric with respect to the origimvith
a smooth boundary and everywhere non-vanishing Gaussian rmature.

.p1dy 2 2
Then# k(A\[ R;R]")" R® @I,

Observe that while this result is not as strong as the one give by
Theorem 5.1, it is more exible since it does not requireK to be the
Euclidean ball.

Proof of Theorem 7.1. Let g1 = 2 and choose integersgj+1 > q,' Let

d

Ei=fx2[01":jxk p=aj ¢q ° (7.1)

Let E = \ E;. It follows from the proof of Theorem 8.15 in [6] that
the Hausdor dimension of E is s. Suppose that there exists an in nite
subsequence ofys such that # g (A\ [O;q]d) . ¢ for some > O.

d
Then we can cover g (Ej) by . g intervals of length g °. If < g

j k(E))j! Oasi'!l . Itfollowsthat «(E) has Lebesgue measure
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0. However, by assumption, g (E) is positive if s > sg. The conclusion
follows. O

The proof of Theorem 7.1 suggests that one may be able to make
further progress on the Erdos Distance Conjecture for welHistributed
sets using Fourier methods by studying the Falconer Distane Conjecture
for special sets constructed in the previous paragraph.

References

(1]
(2]
(3]
[4]
(5]
(6]
[7]
(8]

9]
[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17)

(18]

M. Ajtai, V. Chvatal, M. Newborn, and E. Szemeredi Crossi ng-free subgraphs
North-Holland Math Studies 60 1986

G. Andrews A lower bound for the volume of strictly convex bodies with many
boundary lattice points Trans. Amer. Math. Soc. 106 270-279

J. Bourgain, N. Katz, and T. Tao A sum-product estimate in  nite elds, and
applications (preprint) 2003

I. Barany and D. Larman The convex hull of the integer poin ts in a large ball
1999 Math. Ann. 312 167-181

P. Erdos Integral distances Bull. Amer. Math. Soc. 51 996 1945
K. J. Falconer The geometry of fractal sets Cambridge Uni versity Press 1985

K. J. Falconer On the Hausdor dimensions of distance sets Mathematika 32
206-212 1986

B. Fuglede ;Commuting self-adjoint partial di erentia | operators and a group
theoretic problem J. Func. Anal. 16 1974 101-121

B. Fuglede Orthogonal exponentials on the ball Expo. Mat h. 19 267-272 2001
M. Ganichev, A. losevich, and |. Laba Generic intersections of boundaries of
convex bodies and Fourier analysis (in preparation) 2004

S. Hofmann and A. losevich Circular averages and Falcorer/Erdos distance con-
jecture in the plane for random metrics 2003 Proc. Amer. Math . Soc. (accepted
for publication)

A. losevich, N. Katz, and S. Pedersen Fourier bases and adistance problem of
Erdos Math. Res. Lett. 6 1999 251-255

A. losevich and |. Laba Distance sets of well-distribut ed planar sets (accepted
for publication by the Journal of Discrete and Computationa | Geometry) 2003

A. losevich and I. Laba K-distance, Falconer conjectur e, and discrete analogs
2003 (submitted for publication)

A. losevich, I. Laba, and M. Rudnev Incidence theorems via Fourier analysis (in
preparation) 2004

A. losevich and S. Pedersen How large are the spectral gps? Paci ¢ J. Math.
192 2000

A. losevich and M. Rudnev Combinatorial approach to ort hogonal exponentials
Inter. Math. Res. Notices 2003 49 1-12

A. losevich, M. Rudnev and V. Ten Combinatorial complex ity of convex se-
quences (submitted for publication) 2003



14
[19]
[20]
[21]
[22]
23]
[24]

[25]
[26]

[27]
(28]
[29]

[30]

A. losevich, E. Sawyer, and A. Seeger Bounds for the meansquare lattice point
discrepancy. II: Convex domains in the plane (preprint) 200 3

S. Konyagin An estimate of the L*-norm of an exponential sum (in Russian)
The theory of approximation of functions and operators 2000 88-89

M. Kolountzakis Distance sets corresponding to convex bodies GAFA (to ap-
pear) 2003

P. Agarwal and J. Pach Combinatorial geometry A Wiley-I nterscience publica-
tion 1995

J. Solymosi and Cs. D. Toth Distinct distances in the pla ne Discrete Comp.
Geom. (Misha Sharir birthday issue) 25 2001 629-634

J. Solymosi, G. Tardos, and C. D. Toth Distinct distance s in the plane 25 2001
629-634

E. M. Stein Harmonic Analysis 1993 Princeton Universit y Press

E. Szemeredi and W. Trotter Extremal problems in discre te geometry Combi-
natorica 3 1983 381-392

J. Solymosi and V. Vu Distinct Distances in High Dimensi onal Homogeneous
Set Contemporary Mathematics Series of the AMS (to appear) 2 003

L. Szekely Crossing numbers and hard Erdos problems in dscrete geometry 1997
6 353-358 Combinatorics, probability and computing

E. M. Stein and G. Weiss Introduction to Fourier analysi s on Euclidean spaces
1971 Princeton University Press

T. Wol Lectures in Harmonic Analysis AMS University Le cture Series 29 2003



