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Abstract. The Busemann-Petty problem asks whether origin-
symmetric convex bodies in R" with smaller central hyperplane
sections necessarily have smallen-dimensional volume. It is known
that the answer is armative if n 4 and negative ifn 5. In this
article we modify the assumptions of the original Busemann- Petty
problem to guarantee the a rmative answer in all dimensions .

1. Introduction

The Busemann-Petty problem asks the following. Given two covex
origin-symmetric bodiesK and L in R" such that

volp 1(K\ H) wvol, 1(L\ H)
for every central hyperplaneH in R", does it follow that
vol,(K)  wvol,(L)?

The answer to this problem is known to be armative if n 4 and
negative if n 5. The solution appeared as the result of work of many
mathematicians (see GKS ] or [Z] for the solution in all dimensions and
historical details).

Since the answer is negative in most dimensions, it is natudao ask
what does one need to know about the volumes of central sectis of
two bodies to be able to compare their volumes in all dimensins. Our
main result answers this question.

For an origin-symmetric convex bodyK in R", consider the function

Sk()=vol, 1(K\ ?); 28" L

where ? is the central hyperplane inR" orthogonal to . We extend Sk
from the sphere to the wholeR" as a homogeneous function of degree
1.
Let be the Laplace operator on R". Fractional powers of the
Laplacian can be de ned as

() 72 =(jxj )"
where the Fourier transform is considered in the sense of disbutions.

If is an even integer we get the usual Laplacian applied times.
In this article we prove the following

Theorem 1.1 Letq2 ( 1;2], K and L be origin-symmetric in n-
itely smooth convex bodies irR", n 4, so that for every 2 S" 1

() ®a22s() () I () (1)
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Then
vol,(K) volp(L):
On the other hand, for any q 2 (2;3] there are convex symmet-

ric bodies K;L 2 R"; n 5 that satisfy (1) for every 2 S" ! but
vol, (L) < vol, (K):

The negative part is formulated only for q 2 (2;3], because we
wanted this to work for n = 5. In fact, for bigger n one can take
bigger values ofg. Also the condition (1) can be written in terms of the
Fourier transforms so that no smoothness of the bodies is regred.

Putting n = 4 and g = 2 in the latter theorem one can see that
the theorem represents a generalization of the a rmative part of the
solution to the Busemann-Petty problem, and the casen = 5 with
g = 3 gives the negative part of the Busemann-Petty problem.

Another generalization of the Busemann-Petty problem was @ven
in [K2 ], where the condition (1) was replaced by an inequality for he
derivatives of parallel sections functions at zero. This geeralization still
involves volumes of non-central sections so it does not acowplish our
goal - to use only central sections to compare volumes. For ber gen-
eralizations of the Busemann-Petty problem and related opa questions
see BZ], [K3], [K4], [K5], [RZ], [MP ]. In the case whereq = 2 and
n is an even integer the result of Theorem 1.1 was proved irkl6 ] using
an induction argument. The proof from [K6] can not be extended to
other values ofg and n and does not produce any results in the negative
direction.

Let K be a convex origin-symmetric body inR": Our de nition of
a body assumes that the origin is an interior point of K . The radial
function of K is given by

k(X)=maxfa>0:ax2 Kg, x2R"nf0g
The Minkowski norm of K is de ned as
IIXjjk =maxfa> 0:ax 2 Kg;

clearly « (x) = jixjic®.
Writing the volume of K in polar coordinates, one can express the
volume in terms of the Minkows%i norm;

1 N
voln(K) = = o i jic"d: 2)

We say that a body K is in nitely smooth if its radial function
belongs to the spaceC! (S" 1) of in nitely di erentiable functions on
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the unit sphere. Note that a simple approximation argument reduces the
original Busemann-Petty problem (as well as all generalizéons men-
tioned in the introduction) to the case where the bodiesK and L are
in nitely smooth.

Throughout the paper we use the Fourier transform of distribu-
tions. The Fourier transform of a distribution f is de ned by WY M=
(2 )"H; i for every test function from the spaceS of rapidly de-
creasing in nitely di erentiable functions on R".

A distribution is called positive-de nite if for every test function

H; ( x)i O
By L.Schwartz's generalization of Bochner's theorem, a digibution is
positive de nite if and only if its Fourier transform is a pos itive distri-
bution (in the sense that W i 0Ofor every non-negative test function
; see, for example, GV ],p.152).
Let f be an integrable continuous function onR, m-times continu-
ously di erentiable in some neighborhood of zerom 2 N: For a number

g2 (m 1;m) the fractional derivative of the order g of the function f
at zero is de ned as follows.

Zl
t19f@) fO) tf%0)

tml

f (@ (0) =

(m 1) .
m D 1)!f (0) dt:

Note that without dividing by ( ) the expression for the frac-
tional derivative represents an analytic function in the domain fq 2
C; 1< Req<mgnotincluding integers and has simple poles at inte-
gers. The function ( @) is analytic in the same domain and also has
simple poles at non-negative integers. Therefore, after dision we get
an analytic function on the whole domainfg2 C; 1< Req < mg,
which also de nes fractional derivatives of integer orders Moreover,
computing the limit as q! Kk, where k is a non-negative integer and
k <m, we see that the fractional derivatives of integer orders cimcide
with usual derivatives up to a sign:

dk

K) () = k T

FO0)=( 1) gix | (D=0’

For 2 S" 1; consider a functionAk.., on R de ned by
z

Ak;p (1) = jxjPdx;
K\hx; i=t
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where n+1 <p.

In this section we establish some regularity properties of lhe func-
tion Ak, and express its fractional derivatives in terms of the Fourer
transform. We assumeK to be an in nitely di erentiable body. In
fact this assumption can be weakened if we require only the éstence of
nitely many derivatives, as can be seen from the proof of thefollowing
Lemma.

Lemma 2.1 let 2 S" 1 k2 N, n+k+1<p 0 Then
the function Ag; ., is k-times continuously di erentiable in some neigh-
borhood of zero. Also, ifg > 1 is not an integer than the fractional
derivative A (0) exists ifp> n+[q]+2.

If g2 C then Afg);p (0) is an analytic function of g in the domain
fg2C:Re g> 1, [Re( gQ]<n+p 1g.

Proof.

First let us prove that Ag.., (t) is continuously di erentiable in a
neighborhood of zero ifp > n+ 2. Consider a ball of small radius s
centered at zero, that lies entirely inK . If t is strictly less than s, then
the projection of the origin onto the plane H; = fx 2 R" : hx; i = tg
lies inside of the bodyK \ H;. Take this point as the origin on the plane
H: and pass to spherical coordinates. In this coordinate systa we get

!
Z Z KyH ()

Ak;p (1) = " 2(r?+ t)P%dr d

st o0

where k\ p,( ) is the radial function of the body K \ H{ and S/’ 2is
the unit sphere in H;. For xed and ; we denote by (t) = «\n,( ).

Now let us show that (t) is di erentiable in a neighborhood of zero
and then di erentiate with respect to t under the integral. Note that
at t = 0 we can have a problem since the integral may not converge
at 0. Actually, this problem does not exist if p = 0, and in this case
Ak: p (t) coincides with the function used in [GKS ] which is in nitely
di erentiable in a neighborhood of zero.

First let us prove the di erentiability of  (t) with respect to t. Con-
sider the two dimensional plane passing through the origin ad spanned
by and . Let D be the section ofK by this plane, and p be the
radial function of D dened on [0;2 ]. SinceK is in nitely smooth,

p is C1 on the unit circle. Let us get the implicit formula for  (t) in
terms of p. The point on the boundary corresponding to (t) is at the



t . .
angle arctan 0] to . Therefore, from the right triangle,

S

t
(t) = 2 arctan ——~ t2:

(t)

By implicit di erentiation  (t) is in nitely di erentiable because K is
in nitely smooth and contains a neighborhood of the origin so that the
denominator in the formula
%) = p(arctan(t=)) 3 (arctan(t= ))(L1=( >+ t?) t
~ + plarctan(t=)) 3 (arctan(t=))(1=( 2+ t))t

is bounded away from O uniformly in , if t is small enough.
Now that we pr%ved di erentiability of  (t) let us di erentiate un-
t

der the integral in r" 2(r? + t?)P¥dr. When t = 0 the integral

0
becomes improper and we need to nd the conditions orp to guarantee
its convergence.
After di erentiation under the integral we get:
Z )
p r" 2t(r? + t2)P2 ldr:
0

: . . _ _ r
The integrand achieves its maximum int when t? = 1 . Hence

the integral above can be estimated as follows
Z Z
r" 2t(r?+ t2)P2 dr C r*P 2dr;
0 0
the latter being convergent ifp> n+2.

Hence we proved the statement of the Lemma, ik = 1. Analogously
one can showAy: ;, (t) is twice continuously di erentiable if p> n+3
and, in general, Ag; ;, (t) is k-times continuously di erentiable if p >

n+ k+1.

Now let us consider fractional derivatives ofAg; ., (t) at zero. Sup-
pose it is k-times continuously di erentiable in some small interval
( ;). Ifk 1<gqg <k, its fractional derivative at zero is de ned
as

1 Z1 0
AQ(0)= e lLaa(@) A@© tA°0)
0

tk 1
k1)

Ak D) dt;
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There may be a problem with convergence of this integral att = O.
But in fact if we consider t 2 (0; ), by Taylor's formula,

z 0 b«
t19 A@) A(@© tA(0) AY Y) dt=
0 (k _ 1)
= tagAl Ot

where 2 (0; ) depends ont. The latter integral converges sinceq < k.

Now taking k = [q] + 1 and recalling that Ag. . (t) 2 ck( ;) if
p> n+ k+1, one can see that in order to guarantee the existence of
fractional derivatives we need to require thatp> n+[qg]+2.

Note that both integer and non-integer cases can be written a:
p> n [ q+1

Iffg2 C:Re q> 1, [Re( g]<n+ p 1gdierentiating the
formula for fractional derivatives with respect to g, one can see that
Afg);p (0) is an analytic function of q.

g.e.d.
The following formula is a generalization of Theorem 2 from (GKS .

Lemma 2.2, Let K be an in nitely smooth origin-symmetric convex
body inR";g> 1,g6n+p land n+[g+2<p 0. Then for
every 2 S" 1

@ ()= cos o orar oAy
Al (0)= prq :
k:-p (0) m+p g 1)(JJXJJ ixiz) ()
7z Proof. Suppose rstthat 1<q < 0. The function Ag;;p (t) =
jxjPdx = (jixji)jxjPdx is even. Applying Fubini's the-
K\hx; i=t h; i=t
orem and passing to spherical coordinates, we get
1 ‘1
AQ 0 = =t 9 Ak, (Dt
" (9 9
1 o
L zY z
= jtj 9t (iixii)ixjPdxdt
2( 9 Z1 he i=t
= : i i 9t (lixi)ixiPdx
2( 9 e
1 z Z,
— ih- i 91 q 1l ioaiyrPpen 1
200 o lJh, ij . r (rjj jprPr™ “drd



- 1 ’ jh; j qlzﬁj
2( ) g1 2 0
1
20 9n+p g D o s d:
Now we extend A(Kq;);p (0) to R" as a homogeneous function of of

degree 1 @. Then for every even test function 2 S,
1
2( dn+p q 3

jg et ghy i 91 ()dd:
1 RN

r"*P a4 2q4rq

M, 0 ()i =

SI’]
Using Lemma 5 from [GKS ]
1
4( g1+ q)(nirp q 1)sinq?Z
1
ittt e )dd
1 1

Sn
sin(_q)
2 (n+p g 1sind:

hGixii ™ PR gxis)" (); ()i

The latter follows from the factthat ( g (g+1)= = sin(q ) and
the calculation

B " P xS () ()i
jixij ™ P x5 (x)dx
i zZ,
” ” n p+qg+l t " p+q+1tptn l/\(t )dtd
1 Zol
/R S (D CICK
0

ad

SI"I
We have proved that

cos1 o A i
2 hGixip ™ PR xiB) () ()i

(a) . PR
PA ., (0); ()i = m+p q 1)

for 1<q< 0.
To prove the theorem for other values ofg we use the fact that for
every even test function the functions

a7t hAd, (0 ()i
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and
q

| co ? e p+q+1 . .p/\ . .

a7 —msp g D ixiz) (); ()i
are analytic in the domain fq2 C: Req > 1, [Re( 9] <n +
p 1g. The result of the Lemma follows, since these analytic fundbns
coincide forg2 ( 1;0); is arbitrary and, by Lemma 2.1, the fractional

derivative is a continuous function of outside of the origin.

g.e.d.

Remark 2.3. It follows from Lemma 2.2 that () (" 9 2725y isa

real valued function since up to a coe cient it is equal to AL ¢ 2q) ,(0).
This explains why can one compare the Laplacians in the stateent of

Theorem 1.1 .

Lemma 2.4. Let K be an origin-symmetric convex body inR". As-
sumeq2 ( L;2Jand n [ g+1<p O thenjjxj " P*a*1 jxjbis
a positive-de nite distribution on R".

Proof. First we prove that
Ac.p (1) Ag. p(0); forallt O 3)

If p =0 this follows directly from Brunn's theorem (see [S]) stating that
the central hyperplane section of a convex body has maximal dume
among all hyperplane sections orthogonal to a given directin. If p< 0
one can see that

Z,
xiP=p (zixj)z P tdz;
0
therefore
Z
Ag.p () = o i jxjPdx
Ex, i=t 7 .
= p (zjxj)z P ldzdx
ZKl\h X; i=t i)
= p zP!? (zjxj)dxdz
Z0l ZK\h X; i=t
= p zP!? dxdz
Z0l ZBZ\ K\h x; i=t
p zP!? dxdz
0 B;\ K\h x; i=0

Ak p (0)
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by Brunn's theorem applied to the convex origin-symmetric body B, \
K, where B, is a ball of radius z.
Now considerq 2 (1;2). Here cosq7 is negative, therefore we need to

prove thatAfg);p (0) 0. Using inequality (3), the formula for fractional

derivatives for g2 (1;2) and the fact that AY0) = 0 we get
Z,
A (0 = —I  taYA® A tAYO)d
n ( 9 70
1 1
= - t 9 1(A@) A@©)dt O
T 9 . (A(t) A)
since ( Q) is positive.
If g2 (0;1) then cos%: is positive and
Z,
(a) _ 1 g1
AY (0= —— t A(t AO)dt O
k: -p () T 9 o (A(t) A(0)
since ( ) < O for these values ofg.
Finally if g2 ( 1;0) then cosq7 is positive, ( Q) is also positive
and 7
@ 0=-1  t{atama o
ALY =
Ko ( 9 o
We still have to prove the Lemma forg=0;1;2:
When q=0, cos3 =1 and

AQ©0)=( 1)°%Akp (0) O
When q=2, cos4 = 1and
2
AE(;);p ©=( 1Y’AL, 0 O

sinceAg; ;p (t) has maximum at O.
When g = 1, take small " > 0. By what we just proved for non-
integer g, for any non-negative test function

hixiBiixii " P2 0o
Sincejixjjk  Cjxj» for someC, it follows that
jixii" P Cixj M Cjxj ™
the latter being a locally-integrable function on R".
Setg(x) = Cjxj "*1j"(x)jforjxj < 1andg(x) = Cj"(x)j for jxj > 1.
The function g(x) is integrable on R" and for small * we have that

ixii" P2 x5 N(x)  g(x). Therefore by the Lebesgue dominated
convergence theorem,
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VA
il PR T = i P i oodx =
Z
=lim, i P g o0 = lim Rk P )" i 0

g.e.d.

3. Proof of Theorem 1.1.

In this section we prove Theorem 1.1 stated in the introducton.
Let Sk ()=vol, 1(K\ ?), 2S" 1 the central section function
de ned in the Introduction. Then, as proved in [K1]

Sc( )= ﬁ(jjxij“”)“( ) @)

Extending Sk ( ) to R" as a homogeneous function of degreel and
using the de nition of fractional powers of the Laplacian we get

_ 1

(n q 2)=2 :7..nq2.. S+l i
() SL() G l)(JXJz ixiig ") ()
therefore

@) jixii  Hixii " dx =

Sn 1Z

)" (i " i Gxip * Zixi " dx

Z gn 1

(ixi;

sn Z
=0 D 66" G O ) © D28 ()d
Here we used Parseval's formula on the sphere (see Lemma 31ndK2 ])
and (4).

By Lemma 2.4 with p= n+ g+ 2, (jXj, jjxijl)A is a non-
negative function on S" 1, therefore using the condition of the theorem
and repeating the above calculation in the opposite order, & get

VA Z
Jixii ¢ Hixii " dx jixii tixii " dx
gn 1 gn 1

n+q+2

jixii D" O)ixiz @ 2, ") ()d

n+ q+2

Then by Helder's inequality and the polar formula for the vo lume

),
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Z 1=n Z (n 1)=n
n vol,(K) i ijnd Ji ijnd =
gn 1 gn 1

n(voln(K))*™"(voln (L) D"

which yields the statement of the positive part of the theoram.
Now let us prove the negative part, that is construct two convex
symmetric bodiesK;L 2 R"; n 5 such that for every

() @a22s() () MIDPs ()

but
vol, (L) < vol,(K):
First assume that q 2 (2;3). Again, let p= n+ gq+2. Our rst
goal is to construct a bodyL so that there is a 2 S" 1 satisfying
Z1 1 00 t?
. t ALp () ALp ) AL, (O)E dt< O: (5)
Consider the function

1
f()= 1 t2 Nt* 1
Let ay be the positive real root of the equationf (t) = 0. De ne
the body L 2 R" as follows.
g K 1 D= =
L=_ (X1;:5%0) 2R :1x, 2 [ an;an] and xiz f(Xn).
) i=1 ’

9

which is a strictly convex in nitely di erentiable body.
Take to be the unit vector in the direction of the xy-axis. Then

ALp(t) = (t*+ r?)P=r" 2drd
sl oo
f (1)
= C, (t% + r?)P=2¢" 2gr
0
whereC,, = jS" 1j.
One can compute:
Cn
A (0= ——
L, ,p( ) n+ p l!

and
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p 2

AY (©0)=cC
Lop (0= Co n+p 3 n+p 1

Now consider those values of for which t <f (t). Then we can split
the integral:

Z s
(t2+ r2)P2" 2dr = 11+ |,

0
into two parts, where the rst one can be estimated as follows
z t _ Z t ~ tntp 1
= (t2+ r)P2r" 2gr (rd)P=2r" 2dr= —
0 0 n+p 1

and for the second one we will use the inequality:

(1+x) 1+ x +%x2; for < OandO<x< 1
Then
Z i) )
l, = (t% + r?)P=r" 2gr
t
Z ¢ 2 p=2
= 1+ 10 e 2g
t rz
Z 1) 2 pp 4 .
t
pntp 1 ptzrn+p 3 p F_z) 1 térn+p 5#f(t)
= + =
n+p 1 2n+p 3 2 n+p 5t
n+p 1 2n+p 3
p p 1 t4
+2 22 - 5.I:n+p 5(t)+ Ctn+p 1
fn+p 1(t) P t2
n+tp 1 2n+p 3 )+ ctmP t
1 t2 Nt* P t? 2 gy b2 n+tp 1
= Thn+p 1 2n+p gl Nt)meE e Ct "

for some constantC.



14

Now we use the inequality:

1 x) 1 x@ x) % for0< < landO<x< 1:

Therefore,
1 t?2 Nt* p t?
I + =
n+p 1 2n+p 3
7212 i(l 2 NtHAh 1 Y2+ NtY) + Ctne L

1 t?2 Nt* p t?
+ = +
n+p 1 2n+p 3
4 6
+Cy t* + Nt 2 + Cth+p 1
(1 t2 Nt4n+p 1

For the caset f (t) we have the following estimate:

Z 1 Z 1 n o1 n+p 1
(t2+r3)P=2" 2gr P i 2gr= T W L
0 0 n 1 n 1

In order to estimate the fractional derivative A(L‘?);p (0) we split the
integral (5) into two parts: over [0;by] and [by;an], where by is the
positive real root of the equation 1 t2 Nt*4 = t9*1, For the rst
interval we use the estimates obtained above for the case<f (t)

Zy, 2
1 00 t
Z
mtqll 2 Nt* p 7 i C t4+ Nt©
0 n+p 1 2n+p 3 1(1 t2 Nt4)n+2ﬁ
+Ct"P 1 ! b 2 t2 dt
n+p 1 n+p 3 n+p 1 2 |
Z .
b Nt? t4+ Nt
= t d L +71+ C]_ > + Ctn+p 1 dt
0 n p (1 t2 Nt4)n+p 1

Now one can estimate each term of the last integral separatgl Since
b N ¥, we get that
z
b Nt? -
t 9l __—— _dt C,N 97
0 n+p 1
for a positive constant C,.
For the second term, we change the variable of integration:u =

1 t2 Nt* Thent L4 =t N 1=44(1d$. Therefore
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z
oy t4+ Nt8
t a1 —dt
0 (1 t2 Nt4)n+p 1

C3N 1=4 N(q 3):4+ N N(q 5):4

CsN (@ D=4

And nally the integral of the last term is small for large val ues of
N, sincen+ p 1= qg+1. From what we have obtained one can see
that the integral over [0; by ] will be negative for large values ofN since
the leading term is C,N 97,

Now the integral over [by Z ay ] can be estimated from above by

ay by
(by)a+t

an an
C t 9dt C (by) 9 dt=cC
b by

Recalling that ay and by satisfy the equations
1 a4 Naj =0 and 1 B Nbf=4"
we conclude that

7 =(ak )@+ N@&+ R):
Therefore
cpzraNt 9 ldt c CN

N (an + by )L+ N (& + )

Combining all the integrals we can see that forN large enough the
desired integral (5) is negative. This means that for some dection

2 S" 1 the function (jixji,_ * jxj,""*?)"( ) is negative, if q 2 (2;3).

If g = 3 both sides of the equality in the statement of Lemma 2.2
vanish, therefore we need to apply the argument from GKS ] (see the
proof of Theorem 1). Then

(ixii, * i ") () =
Z 1 t2
=C t ALpM ALp0 AX (O)E dt
0
for a positive constant C. Considering the same body as before, we get
that (jixji_ * jxi,"*)" () is also negative at some point .

From Lemma 2.2 the function (jxjj, * jxj,"* %?)"( ) is continuous,
hence there is a neighborhood of where it is negative.

Let

= f 28" T:(ixjj, ! jxj," %) () < Og:
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Choose a non-positive in nitely-smooth even functionv supported on .
Extend v to a homogeneous functiorr "*9*1y( ) of degree n+ gq+1
on R". By Lemma 5 from [K2 ] we know that the Fourier transform of

r "™atly( )isequaltor 9 1g( ) for some in nitely smooth function g
onsS" 1

De ne a body K by
X"t = gixji, "+ Mg()
for some small” so that the body K is convex. Multiply both sides by
ivin q 2
JX(Jnil) and apply the Fourier transform:
_ - r ntatly()

() MaP2se = () M IARg 4ot

(n 1)
() (ma2=g,

sincev is non-positive.
On the other hand,

z
ixii t ixip ") (O ) 9 BPscd =

= Gixii, * xip ") () ) 0 92254 +

Sn
1 I . 2\A, \m
+W . i X ™) O T )d >
>t PO ) 0 #Psd:
Repeating the argument from the proof of the positive part weget:
vol, (L) < vol,(K):
g.e.d.
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