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LIPSCHITZ DOMAINS, DOMAINS WITH CORNERS,

AND THE HODGE LAPLACIAN 1

Marius Mitrea, Michael Taylor, and Andr as Vasy

Abstract . We de ne self-adjoint extensions of the Hodge Laplacian orLipschitz

domains in Riemannian manifolds, corresponding to either he absolute or the rel-
ative boundary condition, and examine regularity properties of these operators'
domains and form domains. We obtain results valid for generbLipschitz domains,

and stronger results for a special class of \almost convex" dmains, which apply to

domains with corners.

1. Introduction

Let be an open Lipschitz domain in a smooth, compact Riemannian manifold
M, equipped with a metric tensor g, which we will assume is of clas€C?. As is
customary, let d, stand, respectively, for the operator of exterior di erentiation
and its adjoint. We use the Friedrichs method to de ne a selfadjoint extension

of the Hodge Laplacian = (d + d), with the absolute boundary condition
(respectively, the relative boundary condition) on di ere ntial forms on , which
we denote H = Ha or Hg. We want to establish regularity properties of

its domain D(H) and of its form domain (which coincides with D(H%2)). We
obtain a circle of results valid for general Lipschitz domans, and then some stronger
results valid for certain special classes of Lipschitz domas, including domains with
corners. These results extend some of the work in [MMT] and [N2].

To set things up, we de ne

Xa()= fu2Ll?(; ):iduu2L? ; ); _ue =0g;

Xr()= fu2L?(; ):duyu2Ll? ; ); "ue =0g i
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Here = | K, with ¥ denoting the k-th exterior exterior power of the tangent
bundle of M, and is the unit conormal to @, a Lipschitz section of Mjg ;

__uis an interior product and ” u an exterior product. An important ingredient
in the proof that XA () and Xg() are well de ned is the following result:

(1.2)

upu2L%( ;)
)

) _u2H T*@; );
u;du2 L?( ; )

"u2H P@; );

established in (11.9) of [MMT]. Hereafter, H S will stand for the L2-based Sobolev
space of smoothness 2 R, considered either on or on @. Also, H3( ; ):=
H3() , and so on, although in the sequel we shall occasionally drophe
dependence of this, and other spaces, on the vector bundle.

If ( ; )L2() stands for the natural L 2-inner product of forms in (again, the
subscript may be dropped in subsequent occurrences) theK () and Xg() are
Hilbert spaces, with the inner product

(du;dv) 2 +(u; v )2+ (uv)e = Quv) +(U; V) 2; (1.3)

where the last equality de nes the sesqui-linear formQ. The Friedrichs extension
method then yields self-adjoint operatorsH, and Hg = on L2( ; ), with

D(Ha)= fu2 Xa(): Xa() 3Vv7! Q(u;v) is L?-bounded;

(1.4)
(Hau;v) 2 = Q(u;v);

and D(Hr) Xgr() similarly de ned. As part of the standard theory, one has
D(HA?) = Xa() i D(HR ™) = Xgr() : (1.5)
In some casesX a () coincides with
HA(; )=fu2H(; ): _uje =0g; (1.6)

with a similar result for Xg(). This holds when @ is of class C2, by a classical
result of M. Ga ney [G] and K. Friedrichs [F]. Also, if we writ e
M k M k
Xa()= Xa() s Xr()= Xr() ; (1.7)
k k

where X X () (respectively, X&()) consists of k-forms in X () (respectively, in
Xr()), then standard regularity results for the Dirichlet an d Neumann problems
yield

XAO= HAC: %) XKO= HA(: %) (1.8)



for k = 0 and k = n, wheren = dim . However, for general Lipschitz and
k2 [1;n 1], this identity fails.

Example . Takek=1; u=d. Thendu=0; u = f,and _u= @f, so
Xa() fd:f2HY(); f2L%) ;@f =0g

Now the regularity result
f2HY); f2L%);@f =0=) f2H?*)

is true if is convex, or more generally satis es a strong exterior ball condition,
but it fails for general Lipschitz .

It was shown in [MMT] that, for general Lipschitz ,

Xr() 5 Xa()  HY2(; ) (1.9)

A closer study of the example above shows that the exponent=2 cannot be im-
proved in general. Furthermore, for a non-Lipschitz domain , elements in X a (),
Xr() may fail to exhibit this critical amount of regularity. A n example of a do-
main between two cones with the same vertex and axis (thus notocally simply
connected) is discussed in [CD2].

Various conditions ensuring the validity of (1.8) were given in [M2]. These include
a \convexity" hypothesis on M, and a strong exterior ball hypothesis, in case

R". One of our main goals here is to extend that analysis, to inailde a broader

class of Lipschitz domains for which (1.8) is valid. We de nea class of \almost
convex" Lipschitz domains in a compact Riemannian manifold M. We show
that this class contains the class of Lipschitz domains M satisfying a uniform
exterior ball condition, which in turn contains the class of compact manifolds with
corners. Furthermore we show that (1.8) holds for such almasconvex domains.
Part of the interest in obtaining such a result is the potential to extend the analysis
of propagation of singularities in [Va] to the setting of the wave equation @ ) u =
0 when is the Hodge Laplacian and u = u(t; x) a di erential form, on a manifold
with corners, satisfying the absolute or relative boundarycondition. The regularity
result (1.8) is also important in the variational treatment of the Maxwell system
in the class of forms of nite L2-energy. Cf., e.g., [CD2], [MM1], [MM2] for a
discussion and references.

The rest of the paper is structured as follows. Inx2 we present results orD (H 172)
and on D(H) valid for general Lipschitz domains. Some of these resultare from
[MMT], [MM1], and [MM2], and are collected here for convenience. Other results



4

are new. Inx3 we introduce the notion of almost convexity, and show that t holds
whenever the uniform exterior ball condition holds, and in particular that domains
with corners are almost convex. Inx4 we show that (1.8) holds for almost convex
domains, and establish further results onD(H) in this case.

Acknowledgments. The third author is grateful to Richard Melrose for helpful
discussions, and in particular for bringing the issue of prpagation of singularities
for di erential forms to his attention.

2. The Hodge Laplacian on Lipschitz domains

In this section we give further results onX () and on D(H,) valid for general
compact Lipschitz domains. Note that since the Hodge star oprator is its own
inverse, up to sign, satises = and has the mapping properties

Xa() ' Xr() :D(HA) !'D  (HRr); (2.1)

(plus a similar set with the roles of the subscriptsA, R reversed), it would su ce to
investigate the absolute boundary condition. We also consler some other spaces:

XX()= fu2L? ; :du;u2L?) g

Xp()= fu2zX*(): _u "u2l¥@ g (2.2)

Recall that the result (1.2) makesX £() well de ned. We have the following trivial
but occasionally useful observation:

Lemma 2.1. The spacesX £() ;X&() ;X¥() , and X§() are all modules over
Lip() .

The following result was established in Theorem 11.2 of [MMT.
Proposition 2.2. We have

XAO  XEQO (2.3)
with an estimate
kuk?> g ~ C kduko(, + kukfz, +kuklo, ; 8u2X4() : (2.4)

In fact, XX () is a closed subspace of () .

This result leads to the inclusion (1.9), when coupled with the following, estab-
lished in (11.20) of [MMT]:



Lemma 2.3. Givenu2 X¥() , we have, on

u= d g 1(u) k+1 (du) k(VU Q k 1(u) R k41 (du)

+ S ( Mu) dSe 1( _ W+ Rt (MU Ry () (2.5)

Here ;Qg, and Ry are integral operators on forms on (or even on M), and
Sk and Ry are layer potentials. AlsoV 2 L! (M). Precise de nitions of these
operators can be found in [MMT], particularly in (6.1){(6.6 ) and (11.11). We will
state some of their mapping properties, for which we have fuher use below. We
have

«LEM) 1T H2 M), QR :L*(M) ! HY(M); (2.6)

and
Sc:L¥@ ! H¥(); R:L2@ ! HYZ(): (2.7)

Furthermore, for p2 (1;1 ),
P2LP(@; )=)N (dSk' ) N( Sk');N(Rk' )2 L@ ; (2.8)

whereN () denotes the nontangential maximal function associated taa function or
form on . At every boundary point x 2 @, the latter is dened by N ( )(x) =
supfi (y)j:y2 ;dist(x;y)< dist(y;@ gfor some xed, su ciently large

It should be mentioned that while (2.6) and the results onRy are fairly straight-
forward, the results (2.7){(2.8) on Sx require the fundamental results of [Ca] and
[CMM], and their extension to the setting of potentials for variable coe cient op-
erators, initiated in [MT] and carried out in the context nee ded here in Chapter 6
of [MMT]. It follows from (2.5){(2.7) that

XEQ)  HTP(; ), (2.9)

which together with (2.3) implies (1.9). Furthermore, we have the following:

Corollary 2.4.  Givenu 2 X{() , we haveu = Tyu + T,u, with

T2 HY( 5 %) Tau2CE( 5 %) N(Tu) 2 L¥(@ (2.10)

Proof. Take Tiu to be the sum of the rst 5 terms on the right side of (2.5), and
take T,u to be the sum of the last 4 terms. The operators in (2.7) also mp L?(@)
to CI%C( )

We will improve (2.4) and also (2.10) (foru 2 X ()) later in this section, but
for now we turn to other matters. The following denseness radt generalizes work
in [CD1], done there in the at, three-dimensional Euclidean setting.
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Proposition 2.5.  For eachk 2 f 0;:::;ng, the spaceC?(" ; ¥)is dense inX{() .

Proof. ViaLemma 2.1, we can assume is a domain inR", starlike about the origin
(though with a variable coe cient, C?2 metric tensor). Then, given u 2 X (),
write u = T,u + T,u as in Corollary 2.4. Certainly T,u is approximable in the
H-norm, and a fortiori in the X X-norm, by elements ofC?(" ; *). Furthermore,
the dilates w, (x) = w(rx) for r < 1 of w = T,u belong to C?( ; *) and we have
w, ! widw, ! dw,and w,! winL?()as r % 1, and alsow,;jg ! Wjg in
L2(@); hence w, ! win X£().

Proposition 2.5 is convenient for establishing some usefuhtegration by parts
formulas. Throughout the paper, we let dS denote the canonical surface measure
on @. Also, h; i stands for the pointwise inner product of forms.

Proposition 2.6. Given v 2 Xk() with v 2 X§ () ; dv 2 X () , and
' 2 X¥() , we have
Z
(dv;d' )+(v; " )= ( v;')+ h _dv;'i h v, _'"i dS: (2.11)
@

In particular, if v2 H?2( ; %),' 2XX(),

Z
(dv;d')+(v; " )= ( v;")+ h _dv;'idsS: (2.12)
@
Proof. The identity (2.11) follows by adding up
Z
(dv;d')=( dv;' )+ h _dv;"idS;
G
(v;'" )=(dv;") hv, _'idS:
@

These identities, in turn, are easily justi ed by virtue of P roposition 2.5 and stan-
dard integration by parts formulas.

For applications below, it will be useful to complement Proposition 2.6 with the
following result.

Lemma 2.7. Given' 2 X{() andw2 C3.( ; %), satisfying

w=f2L% ;%) N(w); N(dw); N(w) 2 L¥@) ; (2.13)



with the boundary values taken inL?(@) , we have

z z
(dw;d' ) +(w; " )= (f;") h dw;'"idS+ hw;, _'idS: (2.14)
@ @
Proof. Take a sequence - such that - % in a nice fashion and denote

by -, dS, respectively, the unit conormal and surface measure or@ -. Then
wj . 2C2(; ¥and'j.2HY -5 ) X&), so (2.12) applies, to give
z
(dw;d" )z y+ (W " )z = (B ez h-_dw;"idS
% (2.15)
+ hw; - _'"idS:
@ .
It is elementary that the left side of (2.15) converges to theleft side of (2.14) as
" 1'1 . Now the boundary behaviors of' and w given by hypothesis also yield

convergence of the right side of (2.15) to the right side of (24)as™ '1 , so we
have the lemma.

It is of interest to look at the Dirac-type operator
Da=d+ ; D(Da)= Xa() ; (2.16)

and its counterpart Dg = d+ ; D(Dgr) = Xgr(). The Friedrichs construction of
Ha and Hr entails
Ha = DADA; Hr = DRDR: (217)

In light of this, it is valuable to have the following, which f ollows from Proposition
6.1 and Theorem 6.2 of [MM2]:

Proposition 2.8. The operatorsD, and Dy are self-adjoint.

Hence we have
Ha = Di; Hg = D3; (2.18)

and consequently
DHA)=fu2 Xa():( d+ )u2 Xa() @ (2.19)

Note that H, takes k-forms to k-forms, and we can write

M
Ha = Hak; D(Hax)= D(Ha)\ L2( ; ¥): (2.20)
K
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We see that
D(Hak)= fu2 XK(): du2 X" () ; u2xs () g (2.21)

In particular,
U2D(Hak)=) _du=0 on @: (2.22)

Membership ofu to D(Hax ) also entails _ u =0 on @, though this is automatic
from _ u=0 and (6.15) of [MMT]. Another consequence of (2.21) is that

U2D(Hax)=) du;du 2L2%( ; %) (2.23)

The following result gives important additional informati on onD(H,). Related
work, in the more general context ofLP with p close to 2, is given inx5 of [MML1];
cf. also [M1]. Let us also note here that, as far as the optimaty of the range of
possiblep's is concerned, the case of three-dimensional manifolds st understood
at the moment. In this context, sharp estimates on Sobolev-Esov spaces for the
Hodge Laplacian on Lipschitz domains have been recently preed in [M3].

Proposition 2.9. There existsp = p() > 2 with the following property. Let
u2D(Hak). Assumel Kk n 1 (since otherwise stronger results hold). Then
u=v wwith

V2H?(); w2Ci(): ( 1w=0;

(2.24)
N (w); N(dw); N(w) 2 LP(@) :

Also, the boundary values ofv, dw and w exist in LP(@) .

Proof. Let O be an open neighborhood of. Given F 2 L?( ; X), extend F to O
and solve forv:
(  1Lv=F, v2HZ(0): (2.25)

Then
f= _v;g= _dv2LP(@ (2.26)

for somep > 2 depending only onn = dim . Furthermore, by (6.15) of [MMT],
we have
f2L2 (@; % 1T™M); (2.27)

a space de ned by (5.2) of [MMT]. Hence, by (a simple variant d) Theorem 5.1 of
[MMT], there exists w2 C2.( ; *) such that (possibly with smaller p > 2)

N (w); N(dw); N(w)2LP@) ; (2.28)



and
( 1w =0; _w=f; dw = g: (2.29)

Setu=v w. We see that

du=dv dw2L?();: u=v w2L?):; (2.30)
and that
_u= v ~w=f f =0; (2.31)
SO
u2 Xg() : (2.32)
Furthermore, given' 2 X X(), we have from (2.12) and (2.14) that
z
(dv;d' )+(v;' )= (F+v;") hg;" i dS; (2.33)
7 @
(dw;d )+(w; " )= (w;') hg;'idS; (2.34)
@

so that subtracting (2.34) from (2.33) yields
(du;d )+(u;' )= (F+u'); 8' 2XL() : (2.35)

Thusu2D(Hak) and Haxu+u= F.
Since this works for arbitrary F 2 L?( ; X) and since 1+Hax has a bounded
inverse onL?( ; X), this proves the proposition.

We are now ready for the advertised improvements on (2.4) and2.10). First,
recall the operators T, T, introduced in Corollary 2.4.

Proposition 2.10.  There existsp= p() > 2 such that

U2Xa()=) Uy 2LP(@ : (2.36)

Furthermore, we haveu = T;u+ Tpu with Tou 2 HY( ;5 ); Tou 2 C3.( 5 ),
and

N (Tou) 2 LP(@) : (2.37)

Proof. From Proposition 2.8 and (2.18) we see that anyu 2 X 5 () can be written

u=(d+ )v+w; v2D(Ha); w2 KerHa: (2.38)
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In fact, this is a manifestation of the fact that L2-Hodge decompositions of forms
are valid in any Lipschitz domain; cf. [MMT] and [MM1]. Thus ( 2.36) follows from
(2.24). Then (2.37) follows from another application of (28), given the formula for
Tou.

Theorem 7.4 of [MT2] provides the following complement to (27):

Sc:LP(@ ! BN, 1<p<1; (2.39)

where the target space is a Besov space amgf := max fp;2g. One has a corre-
sponding result for Ry on LP(@). Hence (2.37) can be complemented by

Tou 2 Bf?j;() : (2.40)

for somep > 2. Consequently, we have the following.

Corollary 2.11. There existsp= p() > 2 such that

Xa() i Xr()  BER( ;) (2.41)

Let us remark that this regularity result is in the nature of b est possible in the
class of Lipschitz domains. Indeed, fof 2 (0; )we let |, be the two-dimensional
domain which coincide with the sectorfz 2 C : jargzj <! g near the origin,
w(z) = Re(z~?"), and nally set u = dw, suitably truncated near the origin.
Thenu2 Xg( ) and

2!
2

u2BE( 1 N0 p<

) (2.42)

Note that ! %  forces Z,L & 2, justifying the claim about the sharpness of
(2.41). This example can be modied to work in higher dimensons by adding
extra dummy variables.

Closer inspection of the situation described above revealthat, nonetheless,u 2
H( ,; 1) whenever 0<! < », in which case , is geometrically convex This
type of phenomenon is examined in the greater detail in Seatins 3-4.

3. Almost convex domains and domains with corners

To set up our rst de nitions, we assume we have a nested famy of C? domains
- % . We take a neighborhood U of @ and assume @ - U for all . We
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assume each - has aC? de ning function -, de ned on U, strictly negative on
-\ U and vanishing on @ -, satisfying

C,' kd-(x)k Ci; 8x2@ ; (3.1)

for some C; 2 (0;1 ). This ensures that each - is Lipschitz, with Lipschitz
constant independent of . The norm in (3.1) is de ned by the metric tensor, but
of course the condition (3.1) is independent of choice of meit tensor. The Hessian
of - isdenedbyHess(-)=rd -, wherer isthe Levi-Civita connection of g. In

local coordinatesx this takes the form
|

X @ - X k@‘.

Hess(") = @x@x I @x

dx; dx; ; (3.2)
i k
where Ij are the Christo el symbols of g. Note that by (3.1), the second term
is uniformly bounded in ° over compact subsets of the coordinate patch, while the
rst term is the Hessian, Hess ( -), of - with respect to the Euclidean metric on
the coordinate patch.

Our hypothesis of almost convexity is:

Hess( ) C.g0; (3.3)

as quadratic forms onT@ -, for someC, 2 (0;1 ), independent of . In view of
(3.2) and (3.1), an equivalent formulation is the followin& Cover U by a nite
number of coordinate systems Q'; x'), let O' O satisfy O'  O',and[;O' U,
and assume that in each of these local coordinates, over O',
X @ - X X @-
- C 2. whenever - =0 and —_ ,=0: 3.4
@X@}( i 2 i @X i ( )

isj

for some (perhaps dierent) C, 2 (0;1 ), independent of ".

This notion is independent of the choice of metric tensor, sice for two Riemann-
ian metrics g and g% by (3.2),r g r 4o is a zeroth order di erential operator from
TMtoTM T M,soHesg - Hesgo - is uniformly bounded (from above as
well as below) as a quadratic form by (3.1).

Alternatively, if we take the equivalent de nition (3.4), w hich is clearly metric,
but not coordinate, independent, then we can see directly tlat almost convexity is
independent of the coordinate systems chosen. In fact, takivo coordinate systems

X @y @ @Qy@ @x@x
@x@y @x@y @y @w

Hess( *) = dyx dym =1+ + Il +; (3.5

ijins;mik
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where the terms | and Il arise by the derivative @=@alling on @y=@x or
@ =@y, respectively. By (3.1), the coe cient of each term dyx dyy, in |- is uni-
formly bounded in °, so we have C3g |- Cjzg for a suitable constant C3. On
the other hand, «

@y@w

dyk dym = Hessy( -); (3.6)

k;m

so the coordinate independence of the de nition of almost covexity is established.
We state another characterization of almost convexity. Letl- : T@ - T@- ! R
denote the real-valued second fundamental form o@ -. Recall that |- depends on
the choice of a unit normal vector eld at @ -; we normalize it using the outward
pointing normal vector n- to @ . Then |- is given by |- (u;v) = g(r yn-;v), u;v 2
Tp,@ -, wherer is the covariant derivative in M. This can be rephrased in terms
of the outward pointing conormal, -. Namely, using g(n-;v) = 0 = - (v) for
v2 T@-, we deduce thatl-(u;v) = (r y *)(v). Then - = k‘j—k and I+ =

ercfsﬁ - Thus, almost convexity is equivalent to requiring that |- be bounded below,
uniformly in °
We can compare the notion of almost convexity with that of k-convexity in the

sense of [M2], which requires

X
()i bwi ~uywj~ui 0 (3.7)
isj

on @ -, wherefw; : 1 i ngis alocal orthonormal frame eld for T U, uis an
k-form (1 k n)satisfying ~u =0, and h; i is the (pointwise) inner product
on Kt 1T U induceg by the metric tensorg. Also, ( -); stands for the expression

3 @%@‘ + gagw + Wheref @=@g form the (local) orthonormal basis of TM

dual to fw'g;. The proof of Proposition 3.2 of [M2] shows that if is almost convex,
then one has, in place of (3.7),

X
( \)ij hw; ~ u;w; A ui Chu; ui; (3.8)
i

for someC 2 (0;1 ), for such u as above, and for allk n.

We now discuss some important special classes of almost cawvdomains.

We say that a Lipschitz domain M satis es a local exterior ball condition,
henceforth referred to as LEBC, if for every boundary point xg 2 @ there ex-
ists a coordinate patch O which contains Xy and which satis es the following two
conditions.
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First, there exists a Lipschitz function ' : R" 11 R with ' (0) = 0 and such
if D is the domain above the graph of' then D satis es the standard Euclidean
uniform exterior ball condition (UEBC). Second, it is assumed that there exists
a dieomorphism mapping O onto the unit ball B;(0) in R" and such that
( X0)=0, ( O\ )= By(0)\ D, (On)= B1(0)nD.

Proposition 3.1. If the Lipschitz domain M satises a LEBC then it is
almost convex.

Proof. We need to construct a nested sequence of approximating donres - of
bounded Lipschitz character, which haveC? de ning functions - with the proper-
ties described above.

The construction is local in nature and, given that the original domain satis es a
LEBC, there is no loss of generality in assuming that a systenof local coordinates
fXigi has been selected for whichkxg = 0, g is the Euclidean metric in this system
of coordinates, and is the domain above the graph of a Lipschtz function *
R" 11 R with ' (0) = 0 satisfying the following property. There exists Co > 0
such that fora.e.a2 R" Tand8v2 R" 1, jvj Cy, there holds

2(a '(a+v) '(a Vv) Cojvj* (3.9

That the latter condition can be assumed is a consequence ofiode nition of LEBC
and Lemma 6.3 in [M2]. In this scenario, following the constuction in x6 of [M2],
we take, for each™ 1,

X)) =" (XY X x = (x%xn) 2 R": (3.10)

Above, for eachx®2 R" 1
Z

C
INCY R () (x° Y9 dys (3.11)
Rn 1
whereC > 0 is a xgg constant (to be speci ed below), 2 C*' (R" 1),0 1,
0forjx§>1, 5, . dx°=1and, asis customary, -(x9:= """ *( x9. If
we now set
= fx: (X)) < 0g= F(x%xn): (XY <xng; (3.12)
it follows that @ - 2 C! . Furthermore, if the constant C in (3.11) is su ciently
large, then the family (3.12) is nested, - and [1<<1 - = . More speci-
cally, if C > kr ' k.1 then
qh i z
g "= (X9 =cC (292° (r " Y(X° z9df>0 (3.13)

Rn 1
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which ensures that mapping™ 7! ' - (x9 is decreasing. Thus,' -(x%) & ' (x9 as
"% 1 . In addition, by virtue of (3.9) {a feature also inherited by each' - { the
domain - satis es a UEBC with a constant independent of * 2 (1;1 ). Thanks to
Lemma 6.3 in [M2], this last property further entails the existence of someC > 0
such that

Hess( +) C (3.14)

uniformly in ~ 2 (1;1 ). Here Hess( ‘) is the Hessian of' - in the coordinates
fXig1 i n 1, viewed as asymmetric@ 1) (n 1) matrix.
It follows that for all vectorst = (t%t,) 2 R",

Hess( )t t=Hess( -)t° t°  Cjt4? Cjtj?; (3.15)

uniformly in ". This is one of the two conditions we set to check (recall that
we have choserg to be the Euclidean metric in the system of coordinatesf x;g;)

The remaining one, (3.1), is easily seen from (3.11). Indeedkd -(x)k (1 +

jir '~ (x)jd¥% andjr ' ~(x)j jr ' (x)j, uniformly in °

Remark . What (3.9) says is that, in the approximation scheme - % we have
constructed for a domain satisfying a LEBC, the Hessians ofthe de ning functions

- for - are bounded from below on theentire tangent space toM , uniformly in
°, rather than just on T@ - as required for almost convex domains. (In fact, if -
satisfy the almost convexity hypotheses (3.1) and (3.3), tley can be replaced by
some ~= F( ‘) so that for ~, (3.1) still holds, and the lower bound (3.3) holds
on the entire tangent space.) This gives a heuristic explan@gon as to why domains
with LEBC happen to be almost convex.

A Lipschitz domain M is said to be a domain with corners provided that
eachp 2 @ has a neighborhood O on which there are coordinatesxs;:::; X, such
that \O is de ned by

X 0 for 1 j m (3.16)
for somem 2 f 1;:::;ng. The following is apparent.

Proposition 3.2.  Every domain with corners satis es a LEBC, and hence is al-
most convex.

Remark . It is an interesting exercise to prove directly that any domain with
corners is almost convex. This can be shown locally, in partular in some local
coordinate system (1;:::;Xn) where it may be assumed that is given by the
system of inequalities (3.16) plus the requirement that allx; 's are bounded. Then
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one can de ne the family - asf - < Ogwhere - = ~\:kd~kandp~ = X1 Xm.
Thus, clearly, (3.1) holds. To verify (3.4) note that the condition _ (@-=@¥ ;i =0

P |
entails i=X; = 0. On the other hand, the semi-boundedness condition on the
i
Hessian amounts to checking that
X _1 -

- Cj j?kd~k
Xi Xj

i6]
P :
whenever the vector | (@=@Jis tangent to the zero set of -. However, for such

a vector,
X . X X o X 2 X .
0= i L= L= s+ 1L (3.16)
. i Xi Xj X o Xi X
J i | I@] J

As the rst term in the rightmost expression is non-negative, the Hessian condition
follows (with C = 0).

4. The Hodge Laplacian on almost convex domains

We aim to prove the following.

Theorem 4.1. If is an almost convex domain, then
DHY)=HA( ; )= u2HY(; ): _u_ =0 ; (4.1)

and

DHF )= H&( ; )= u2H(; ): "ug =0: (4.2)

From this and Proposition 3.2 we may therefore readily conalde the following.
Corollary 4.2. The identities (4.1)-(4.2) hold for any domain  with corners.

A quick sketch of the proof of Theorem 4.1 is as follows. For aigen form u,
we follow the proof of Theorem 5.1 in [M2], noting that the only place where a
modi cation is needed is equation (5.9). There, the bounday term

Z
( ‘)ij hNi N V‘;Wj Ny dS
iij @ -
(in [M2], the index " is actually denoted by ) can be dropped from a subsequent
estimate since it is non-negative by the convexity assumptin (3.7). However, it
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su ces if one can estimate this term from below by Ckv-ky1( .ykv-k_ 2( .y for
someC > 0, for then the e ect on (5.11) in [M2] is the same as the remainler term
(5.10), which is already controlled. But this follows from (3.8) combined with

kV‘kEz(@‘) COKV‘kHl( ‘)kV‘kLZ( ‘); (43)

with C%independent of* (which holds as the domains - are uniformly Lipschitz).
This allows one to get (4.2) from the arguments used to prove hieorem 5.1 of [M2],
and then (4.1) follows by applying the Hodge star operator.

For the convenience of the reader, we describe in more detalow the Hessian
shows up in the proof of this theorem. The key point is to relae kdkaz( gt

kv kfz( 4 to the H1-norm of v for v satisfying ~v =0, where = .. By density
{cf., e.g., Proposition 2.5{ it su ces to do this analysis for v 2 C?( -; ). We
assume that this is the case andhenceforth drop the subscript. More precisely,
let © be any rst order di erential operator on di erential forms with the same
principal symbol as the Levi-Civita connection r . (The only reason for not simply
taking r is to make the nal estimate depend only on at most the rst derivatives

ofg) Thend + d = diersfrom € € bya rst order operator, so
(dv;v)z2+(dv;v)i2 (€ Bv;V) 2 = R(V;V); (4.4)

with jR(v;Vv)] Ckvk,2kvky:. Now, for any rst-order di erential operator P on
a smooth compact manifold with boundary X,

Z
(Puiv)Lz =(u;P V)2 + % he(x )u;vids: (4.5)
@X

As (1=i) q(x; Ju= ~u; (=) (x; J)u= _u,and (1=i) ( (X; J)u= u, we
deduce that

(dv;v)2+( dv;v) 2 (€ Iev;%)Lz

= kvk?; + kdvk?, k €vk?,+ h 2 v;vi h _dv;vi+ h® v;vi dS:
@
(4.6)
Note that h _ dv;vi = hdv; ~ vi =0 since ” v =0, so the middle term in the
boundary integral can be dropped.
To proceed further, extend to a 1-form on a neighborhood of@, so "~ v
is a form de ned on a neighborhood of @ as well. Since ” v vanishes on@,
Nv = v Moreover,
fw="Ff v d _w 4.7)
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so on @ we have h( ¥);vi = hwd "vi =0, sipce d is a multiple of and
A v =0 on @ by hypothesis. Thus we can add @ h ( ~ v);vidS to the right
side of (4.6), to obtain

z
kVKZz + kdvkZ. = kEVkE,  h( Av)+ A v+ @ vvidS+ R(v;v); (4.8)
@

with R(v;v) as above.
To examine the integrand in (4.8), consider

Pv= ( "v)+ ~v+E€ v (4.9)
This is ostensibly a rst-order di erential operator, buti ts principal symbol satis es
ip (X )v= _( "Vv)+ ~( _Vv) h; iv=0: (4.10)

Hence P is actually a zero-order operator. Moreover, the only term n P that
depends on derivatives Bf is the rst one. Since (4.7) holds for functionsf and
forms w if we write = f; dx;, then in fact
X
v7I P v+ i _ (dxj " v) (4.11)

is not only zero order, but its norm is uniformly bounded as lang as the functionsf;
are uniformly bounded on@, i.e., as long as is uniformly bounded. Consequently,
using

X . X . X @ .
hf;  (dxi A v);vi= hdx v, dfAvi = @x@?(hjxi Avidx Mg (4.12)

i i ij
we deduce that

Z y @

k vkZ, + kdvk?, = kievk?, +
L2 L2 L2 @x@?(

hdx; ~ v; dx; ~ vi dS+ RYv;v); (4.13)

ihj

with jRYv;v)j Ckvk z2kvky1. For the estimates of the theorem, one wants the
integral on the right to be positive, modulo terms that can be absorbed into R°,
This is certainly satis ed for almost convex domains, and indeed this motivates our
de nition. If we add a large multiple of kvk?Z, to both sides of (4.13),RYv;v) can

be absorbed by reducing the constants in front ofk€vkZ, and kvk?Z,, giving the
desired uniform estimate for (which, we recall, stands for - here).
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Parenthetically, we wote that for (n  1)-forms v,
hdx; ~ v;dx; A vi = (dx; _ v)(dx; _ V), (4.14)

so the quadratic form on normal forms is equivalent toP (@ =@x@x) dx; dx; on
the space of vectors tangent to@.

The nal ingredient in the proof of Theorem 4.1, as describedin the proof of
Theorem 5.1 in [M2], is an approximation argument. Consideran approximating
sequence - % as in the proof of Lemma 2.7 and, for u2 D (H:™) = Xg(), let
u- be the solution of

( u-=0; wu-=0; ~"u= -~uon @ ; (4.15)

satisfying
u du 2 L3( ~; ): (4.16)

Letting v» = uj . u-, one shows, using (4.13), thatv- converges to somev 2
H( ; ) weaklyin H!. On the other hand, a direct argument using the solution
of the auxiliary problem shows that u- ! 0 weakly in L?; this is quite natural
since u- solves a homogeneous problem with boundary data going to 0 as! 1
Combined, these two show thatu = v, sou2 HY( ; ). We refer to [M2] for more
details on this sort of argument.

Remark . Known results on the Dirichlet and Neumann boundary problems imply
that, when satis es the LEBC,

D(Hak); D(Hrxk) H2( ; ¥); for k=0 or n:

However, there is no > 0 for which one can sayD(Ha;1) H? (; 1) for all
such . One can see this by considering the example introducd in x1. We have

D(Ha1) f o :f2H?(); f2HY) ;@f =0g

Simple counterexamples show that suchf need not belong toH?* () for any
> 0.
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