PracticeMe7. Do these Problems Before HW7
If you discover any misprints, please tell your Instructor

PROBLEMS
Problem 1. Let S be the cone z = /22 + % 0 < z < 1. Compute [, z*dS.
Problem 2. Let S be the hemisphere %+y°+2° = 1 with z > 0. Evaluate [ (z*+y*—1)dS.

Problem 3. Evaluate [[c(2* + y*)dS where S is the portion of the plane z 4+ y + z = 10
that is inside the cylinder 2% + y? = 4.

Problem 4. Evaluate [[+/zdS where S is the surface defined by P(u,v) = (u* v + u,v)
0<u<1,0<wv<l.

In problems 5-7, apply the Divergence theorem to evaluate the surface integral [, s F-dS
(the flow of the vector field across the surface) for the given choice of F' and the boundary
surface of S. For each closed surface, assume n is the outward unit normal vector.

Problem 5. F = {z,y,2} and S is the sphere z2 + y* + 2? = a°.
Problem 6. F = {zy,yz,zz}; Sisthecube 0 <z <1;0<y<1;0< 2z < 1.

Problem 7. F = {e*’ cos(z),z%¢*’, 32} S is the surface bounded by the cylinder 2 +y% = 16
and the planes z =0 and z = 7.

In problems 8-9, use Stokes’ Theorem to evaluate [/, g curlF - dS.

Problem 8. F = {z,y,e” z}; S is the surface z = 4 — 22 — y?;
0<2<4

Problem 9. F' = {zy, zz,x}; S is the surface consisting of the all faces of the cube 0 < z < 1;
0<y<1;0<2<1 except the face lying in the zy-plane.

In problems 10-11, use Stokes’ Theorem to evaluate the circulation of F' along C'. In each
case C' is oriented counterclockwise as viewed from above.

Problem 10. F' = {zz,2zy, 3zy}. C is the boundary of the part of the plane 3z +y+2 =3
in the first octant.

Problem 11. F = {z,y, —10z}; C is the curve intersection of the plane z =5 — x — y and
the cylinder 22 + 3% = 1.



SOLUTIONS
Solution 1. Here is a parametrization of this cone.

P(r,t) = {rcos(t),rsin(t),r} 0<r<1, 0<t<2m.

Notice z = /72 cos?(t) + r2sin®(t) = V72 = r.

S(r,t) = SA[P[r, 1], {r,t}] = Hap aPH
(?9—1: = {cos(t),sin(t), 1}
oP .
= = {—rsin(t),r cos(t),0}
6P 8P

— = {—rcos(t), —rsin(t),r}

Hap 3PH VEE R =13

27 1
// 2%dS = / / r? cos®(t)S(r, t)dr dt
s o Jo

- \/5/0% /01 r? cos”(t)dr dt
) g /02” cos?(1)dt = % [% + s [215]}?r
Wf

4
Solution 2. A parametrization of S is given in spherical coordinates by

s,t] = {sin(s) cos(t),sin(s) sin(t),cos(s)} 0<s<w/2; 0<t<2rm
.-

= sin(s).
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Solution 3. Let us parametrize this surface S.

P[r,t] = {rcos(t),rsin(t), 10 — r cos(t) — rsin(t)},

%—f = {cos(t),sin(t), — cos(t) — sin(t)}
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Solution 4.

oP
7~ {2u,1
ou {2u,1,0}
oP
—_— = 1,1
LA ORRY
i ok
8P ZP 20 1 0| ={1,—2u,2u}
“ 0 11

]
//S\/;Edsz/o /0 w1 + 8udv du

1
=/u\/1+8u2du
0
2 1 L
2w (14 8u2)32 ==
=3 X 8| =5

Solution 5.

[[-as= [ [ vt

= /// 3dx dy dz = 3(volume of the sphere)
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Solution 6.

flow across = // F-dS =
s
:/// div(F)dz dy dz
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Solution 7.

//SF.dS:///div(F)dxdydz
/ / / 3dz dy dz = 3(volume)

= 3(m4?) - 7 = 3367

Solution 8. The boundary of that surface is the circle C having the equation 2%+ 1% = 4 in
the xy-plane. We parametize the boundary of this circle by x = 2 cos(t); y = 2sin(t), z = 0.
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- / 2 sin(t)2 cos(t)dt = 2 / sin(2t)dt
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= — cos(2t)]2" = 0.

Solution 9. The boundary of this surface is the square C; 0 < z < 1; 0 < y < 1 in the
xy-plane.

I:%xydx-l—xzdy-l—xdz
c

= % zy dz + 0dy + (x)0
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where C1, Cy, C3, Cy are the four sides of the square.
On Cy, y=0and on Cy, z = 0.
On Cy der =0and on C3, y = 1.
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Solution 10. A parametrization of surface (triangle) inside C' in the plane 3z +y + 2z =3
can be obtained as {z,y, g(z,y)} where g(z,y) =3 -3z —y. 0<2<1;0<y <3 - 3z.
The outward normal is {3,1,1}.

F(z,y,9(z,y)) = {23 - 3z —y), 2zy, 3zy}

. CurlF(zy z) = {3z, =3y + z, 2y}.
Hence CurlF(z,y, g(x,y)) = {3z, -3y + z, 2y}.
The flow along C is equal to the flow across the surface of CurlF which is:
1 (3-3z
I ls curlF(z,y, g(z,y)).normal(z, y)dy dzx

fo 3= 3z z, =3y + z,2y}.{3,1,1}dy dz
—fo fo (10x — )dydx:%

Solution 11. A parametrization of the surface inside the curve is given by.
Plr,t] = {rcos(t),rsin(t),5 —rcos(t) —rsin(t)} 0<r<1; 0<t<27

The outward normal (r,t) = 22 x 22 = {r r r}.
The curl of F' is = {0, 10, 0}
CurlF . normal (r,t) = {0,10,0} - {r,r,r} = 10r

The ﬂow along C' is equal to the flow across the surface of Curl(F) which is
fo " CurlF.normal(r, t)dt dr

fo 107"dt dr = 207 fo rdr = 10m.



