
Qualifying Examination #2 April 24, 1995

If you have any di�culty with the wording of the following problems please

contact the supervisor immediately. All persons responsible for these problems,

in principle, will be accessible during the entire duration of the exam.

Complex Analysis

1. (a) (2 points) Find the residue of the following function at �=3,

1� cos z

2 sin z �
p
3
:

(b) (2 points) Is the residue of f + g at z = a equal to the residue of f plus the residue

of g?

(c) (2 points) Is the residue of fg at z = a equal to the product of the residues of f and

g?

(d) (2 points) Compare the residue of f at a simple pole z = a 6= 0 with the residue of

zf(z2) at z = a1=2, where a1=2 is the principal square root of a.

(e) (2 points) Show that if f is analytic at all points of the extended plane, then f is a

constant.

2. (a) (2 points) Find the radius of convergence of the following power series

1 + 3z + 2z2 + 9z3 + � � � + 2nz2n + 3n+1z2n+1 + � � � :

(b) (2 points) Find a formula for the coe�cient of zn in the Taylor series expansion of

ez=(1 � z) about the origin.

(c) (3 points) Show that the Taylor series expansion of 1=(z2 + 1) about the point 1 is

given by
1

z2 + 1
=

1X
n=1

(�1)n�12n=2 sin(n�=4)(z � 1)n�1;

and state what you know about the region of validity of this representation.

(d) (3 points) Show that if
1X
n=0

anz
n has radius of convergence 1, if an � 0, and if

1X
n=0

an

diverges, then f(x)!1 as x! 1 along the radius (0; 1).



Advanced Calculus I

3. (a) (4 points) Show that for each n � 1,
Z n

1

ln(x) dx �
nX

k=2

ln(k) �
Z n

1

ln(x) dx + ln(n):

(b) (2 point) Evaluate

Z n

1

ln(x) dx for each n � 1.

(c) (4 points) Deduce from (a) and (b) that for each n � 1,

e

�
n

e

�n
� n! � e

�
n

e

�n
n:

4. Let g : [a; b]! R be a di�erentiable function on [a; b], where the di�erentiability of g at

the end points a and b is such that

g0(a) = lim
x!a
x>a

g(x)� g(a)

x� a
; g0(b) = lim

x!b
x<b

g(x)� g(b)

x� b
:

(a) (2 points) Show that if g0(a) > 0, then there exists a � > 0 such that

g(a) < g(x) for all a < x < a+ �:

(b) (2 points) Show that if g0(b) < 0, then there exists a � > 0 such that

g(b) < g(x) for all b� � < x < b:

(c) (4 points) Let f : [a; b]! R be a di�erentiable function on [a; b], and let

f 0(a) < k < f 0(b). Show that there is at least one point c in (a; b) such that f 0(c) = k.

(Hint: Consider the function g(x) = k(x � a) � f(x), and argue that g attains a

maximum value on [a; b] that occurs at some point c in (a; b).)

(d) (2 points) Let h : [�1; 1]! R be de�ned by

h(x) := 1 for x > 0;

h(x) := 0 for x = 0;

h(x) := �1 for x < 0:

Show that h is not the derivative on [�1; 1] of any function on the interval [�1; 1].



Advanced Calculus II

5. (a) (6 points) Let h: ; :i denote the usual inner product on Rn, let A denote a real n�n

symmetric matrix, and de�ne f : Rn ! R by f(x) = hAx; xi. Use the de�nition

of the derivative to show that the derivative of f at x 2 Rn is given by the linear

transformation y 7! 2hAx; yi.
(b) (4 points) Suppose g : Rn ! R

n is di�erentiable, that g(x0) = y0, and that the

derivative of g at x0 is given by the linear transformation y 7! By, where B denotes

an n� n matrix. With f as in part (a), determine the derivative of f � g at x0.

6. (a) (5 points) State the Implicit Function Theorem for functions f : Rn�Rk ! R
n.

(b) (5 points) Suppose g : Rn ! R
n is continuously di�erentiable, g(0) = 0, and that

the derivative of g at 0 2 Rn is nonsingular. Using your statement of the Implicit

Function Theorem, show there is an open neighborhood U of the origin in Rn and a

di�erentiable function h : U ! R
n such that g � h is the identity on U .


