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Abstract

We estimate exponential sums with the function (n) de ned as
the average of the prime divisors of an integem 2 (we also put
(1) = 0). Our bound implies that the fractional parts of the nu mbers
f (n) : n 1g are uniformly distributed over the unit interval. We
also estimate the discrepancy of the distribution, and we d&ermine
the precise order of the counting function of the set of thosepositive
integer n such that (n) is an integer.

AMS Subject Classi cation: 11L07, 11N37, 11N60

1 Introduction

In this note, we study some distributional properties of theaverage prime
divisor function (n), de ned for each integern 2 as follows:

1 X

MN=1—7=5 P
I'(n) in

where, as usual,! (n) denotes the number of distinct prime divisorsp of

n, and the summation runs over all such primes. We also put(1) = O.

We obtain nontrivial bounds for exponential sums with (n) and use these

estimates to show that the fractional parts of the number§ (n) : n 19

are uniformly distributed over the closed unit interval [Q1].

In particular, this result implies that (n) 62Z for almost alln 1. Be-
low, we determine the precise order of magnitude of the coumty function of
those integersn 1 for which (n) 2 Z. Problems with a similar avor have
been treated previously in [8, 17, 22, 23], in which the auti®investigate the
counting function of those positive integers for which n=f (n) is an integer,
wheref (n) = (n) (the divisor function), or more generallyf (n) = «(n)
(the k-th divisor function which can also be de ned as the coe ciehof n ®
in the Dirichlet series for (s)¢, where (s) is the Riemann zeta function),
orf(n)= "' (for a xed positive integer *). We remark that the distribu-
tional properties of (n) are rather di erent from those of the average divisor
function #(n), de ned for each integern 1 as follows:

(n_ 1 X
n

W= T W

djn



Indeed, it is known that #(n) 2 Z for almost alln  1; see [2] and [16].

Throughout this paper, for any real numberx > 0 and any integer 1,
we write log x for the function de ned inductively by log, x = maxflogx; 1g
(where logx is the natural logarithm of x), and log x = maxflog(log ,Xx); 19
for ° > 1. When = 1, we omit the subscript in order to simplify the
notation; however, we continue to assume that log 1 for anyx > 0.

In what follows, we use the Landau symbaD, as well as the Vinogradov
symbols , and with their usual meanings, with the understanding that
any implied constants areabsolute We recall that the notations A B,
B A and A = O(B) are equivalent, and that A B is equivalent to
A B A. We always use the lettergp and g to denote prime numbers,
while m and n always denote positive integers.

Acknowledgements. During the preparation of this paper, W. B. was
supported in part by NSF grant DMS-0070628, F. L. was suppaet in part
by grants SEP-CONACYT 37259-E and 37260-E, and I. S. was supped in
part by ARC grant DP0211459.

2 Preliminary Results

Here, we collect some known results that are used in this papeand we
obtain some new auxiliary estimates which may be of indepeewt interest.
We start by recalling the Mertens formula (see Theorem 4.12 in [1], or
Theorem 427 in [9]), which asserts that the relation
X 1 1

px—=logzx+ + 0 logx (1)

holds for allx 2, where is an absolute constant.
We also use a result of Landau that there exist absolute coastts and
such that the estimate
X 1 logx

nx,(n): logx+ + O ~ (2)

holds for allx 1 (in fact, the error term can be sharpened; see [20]). It is
also useful to recall that the Euler function' (k) satis es the inequality

k.
log, k-

" (k) 3)
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We use (x) to denote the number of primegp X, and we use (X;c;d)
to denote the number of primesp  x in the xed arithmetic progression
p c (modd). By the classicalPage bound(see Chapter 20 of [5]), and
using partial summation (see the remark in Chapter 22 of [5]jt follows that
for some absolute constanf > 0, the estimate

X

W+ O xexp Ap logx (4)

(x;c;d) =
holds provided that 1 d P logx and gcd(; d) = 1.
We denote by (x) the number of positive integersn  x with ! (n) =
A particular case of the version of the classicallardy and Ramanujan
inequality given in [19] and [21] implies that the estimate

(%) x(log,x) *

( 1)!logx )

holds uniformly for 0:5log, x 2log, x (see also [10] for a more general
statement).
We also need the following technical result.

Lemma 1. Letx 3andx¥™ 'y x. Then,

X (n)  ylogx.

X n x+yI (n) X
Proof. We have
X n X 1 X X 1 X
I( ) — . 1 2 . 1
X nh Xty (n) X n Xty n) djn X n Xty (n) djn
d x1=2
X X 1
= 2 —
d x1=2 X n Xty (n)
n 0 (mod d)

We now setw = x*2=logx and split the above sum into two pieces according
to whetherd <w ord w.



For d < w, we use the inequality’ (dm) ' (d)' (m) together with the
estimate (2), getting

X X 1 X 1 X 1
d<sw X n X+y I (n) d<w I (d) x=d m (><+y):dI (m)
n 0 (mod d)
X 1 + dlogx
= q |Og y + 0 9
d<w (d) X X
yX 1 ylogx
X ew (d) X
For the larger values ofd, we only need (3) to obtain that
X X 1 I X X
; 0Q; X —
w d x¥2 X n x+y (n) i w d x¥2 X n x+y
n 0 (mod d) n 0 (mod d)
X 1 X 1
= log,x d —
w d x¥2  x=d m (x+y)=d
1
log, x log(1 + y=X) d
w d x1=2
y log, X 1=2_ ylogsx
—— log(X~""=w —
. log( ) »
which completes the proof. O

For integers 1 anda, we write U( ;a) for the number of solutions to
the congruence

ui+ u,+a 0 (mod ); 1 upux 5 ged(uup; )=1:

Lemma 2. The following inequality holds:

Y 2
U( ;a) 1 -
pj P
Proof. Let = pf':::p%® be the prime number factorization of . By the
Chinese Remainder Theoremwe have
YS
U(ia)= U@ a):

i=1
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For a prime powerp®, it is easy to see thatU(p®;a) = p® U(p;a). Indeed,
all solutions to

up+ u+a 0 (modp®); 1 uj;ux  p% geduugp =1
are of the formu; vy + wp (mod p®), u, v, wp (mod p°), where
w=0;:::;p° 1, and (v¢;Vv,) is a solution to

vi+Vv,+a 0 (modp); 1 vV p; gedviva;p) =1
Clearly, the last congruence has at leagp 2 solutions because for each
vi=1;::5;p 1,vp 6 a (mod p), the value of v, is uniquely determined
with v, 6 0 (modp). Hence, U(p%;a) p® Y(p 2), which nishes the
proof. O

Lemma 3. For some absolute constant> O,

X Y 2
1 = = x + O(log®x):
1 X pj p
Proof. We have
Yo,z Y e X @O
pj P pj P dj d

where (d) denotes the Mebius function; we recall that (1) =1, (d)=0
if d 2 is not square-free, and (d) = ( 1)' @ otherwise. Therefore,

x Y2 XX @ X @@ X
1 X pj P 1 X dj d 1d x d Ol(xdd)
mo
X (d) (d) x
1dx I
X X '
1dx 1dx

Using the well-known fact that



(see Theorem 3.3 in [1], or see Theorem 320 in [9] for a much m@recise
statement), and using partial summation, we have the estintes

X X
% = O(log?x)  and () _ O(x tlogx):

2
1 d x d>x d
The latter estimate implies

X (d) (d_* (d (d)
d? d?

1d x d=1

+ O(x tlogx)= + O(x !logx);

where is the constant

Y 2
= 1 — =0:3226:::;
o Y
and the product is taken over all primes. The result follows. O

3 Exponential Sums with (n)

Let e(x) =exp(2 ix ) for all x 2 R. For any integersa; and N with N 1,
let S;(N) be the exponential sum given by

X
Sa(N) = e(a (n)):

n=1
Theorem 1. For every integera 6 0, the following inequality holds:
jaN

Sa(N) log, N’
2

Proof. Let P(n) denote the largest prime divisor oh 2, and putP (1) = 1.
As usual, we say that an integen 1 isy-smoothif and only if P(n) v,
and we put

(x;y)=#f1 n x:nisy-smoothy:

We now choose&Q = N where

_ 2log;N
~ log,N
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and we denote byE, the set ofQ-smooth positive integersm N . According
to Corollary 1.3 of [11] (see also [3]), we have the bound

N

#E = (N; Nu “o ——

Next, we denote byE, the set of the positive integersm N not in E
such that P(n)2jn. Clearly,

X N

log, N :

#E N=Q

]|z

p>Q
Now let
k=Db1 )log,Nc and K =Db1l+ )log,Nc;

where > 0 is a su ciently small absolute constant to be chosen laterand
let Es denote the set of positive integerea N such that either! (n) <k or
I (n) > K . By the Tuan-Kubilius inequality (see [14, 24]), it follows that

N .
log, N -

Es

Let E; denote the set of positive integers  N=log, N. Of course,

N

#E IogzN:

Now letn N be a positive integer not in[ , E. This integer n has a
unique representation of the forrm = mp, wherem is such thatm < N=Q
and P(m)m > N=log, N, and p = P(n) is a prime number in the half-open
interval p2 L ,,, where

Ln = max Q;P(m);ml(l)\lm and Lm =(Lm;N=m]:
2

Let E5 be the set of thosen such that L, = Q. In this case,

N
- <m< —:
Qlog, N Q



When m is xed, p N=m can take at most (N=m) values. Thus, the
number of elementan 2 Es is

#Es * N
N=(Q log, N )<m<N=Q
N

N=(Q log, N)<m<N=Q m IOg(N:m)

N X 1
Iog Q N=(Q log, N)<m<N=Q

Nu log N log _N
logN Q Qlog, N
Nulog; N N logi N N

logN logN log, N log, N’

Finally, let E; be the set of those positive integera N which are not
in [ >, & and such thatL,, = P(m). In this case,

N .
mlog, N’
so we see immediately thap = P(n) P (m)log, N. Thus, E; is contained in
the set of all those positive integers N which are divisible by two primes
g <p, such thatp qlog,N and p > Q. In particular, g Q=log,N >
Q¥2. Fix qand p. The number of suchn N is O(N=pg). Hence, using (1),
we derive that for eachq the total number T4(N) of suchn N with some
prime p in the interval (qg; glog, N] can be estimated from above as

N X 1 N

P (m)

Ty(N) — — = —(logy(qlog, N) log,q) + O
9 4<p qlog, N q qlogq
= EIog 1+|093N +0 N M;
q logq qlogq qlogq
Summing the above inequality over alfj > Q'*2, we get that
X X 1 N log; N
#Es To(N)  NlogsN 3
M) %Y glogg  logQ
a>Q a>Q
Nulog; N N logi N N
logN logN log, N log, N’



N 0
log, N’

#E (6)

We now let N be the set of positive integer® N which do not belong

N

S00=" e@ M)+ 0

n2N

(7)

Eachn 2 N admits a unique representation of the forrm = pm, where
p > P (m). Moreover, in this casep 2 L , = (N=(mlog, N); N=m]. Let M
be the set of permissible values fan.

Let N be the subset oin 2 N with ! (n) = . Note that each suchn is
of the formn = pm, wherem 2 M has! (m) = landp2L . We write
M ; for the set of thosem 2 M with ! (m) = 1. Note that

X
#N = (Lm);
m2M
and for k K, we have
X
#N = (Lm); (8)
m2M 1

where we have used(L ,) to denote the number of primes in the interval .
With the above notations, we can write

X X X X
e(a (n) = e(a (mp))
n2N =k m2M 1P2L m
X X X
= e(a (m( 1)=) e(ap=):
=k m2M p2L m

Therefore, by the B’age bound (4), for any integefisand d with gcd(b; d =1,
andwithl d logx, we have

X X X p
e(bp=d = ———— e(bc=g+ O xdexp A logx
(d) logx
p x 1 cd
gcd(c;d)=1
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The sum overc is the classicalRamanujan sumand (since gcdb; d = 1) is
equal to (d), where, as before, (d) denotes the Mebius function (see, for

example, Theorem 272 of [9]). Consequently, writing, = = gcd(@; ), and
noting that
a 2|ngN < Iog Q < Iog -
log, N mlog, N
holds for allm 2 M and all su ciently large N, we derive that
|
X X X 1 N ’
e(a (n)) —— (Lm)+ e
n2N —kmom . Ca) mexp 0:5A" logQ
We have
X X N o N log; N X 1
AP T —— — P — -
—xmam , Mexp 0:5A logQ exp 0:5A" logQ M
N logN log, N N

exp 05A" TogQ  log,N’
In particular, by (8),

ey N ©)
e(a (n : #N + ;
n2N =k (a) log, N
We now substitute the inequality
(o= O 0
: ged(;a)  ged(;a)
in (9), and use the trivial inequality # N (N) in combination with (5),
to get that
X iain X 1
jaN (log, N) N .
e m N LTOC D TogyN (10)

It is easy to show that the Stirling formula implies that for any positive
real numberx and any positive integer , the following inequality holds:

_ 1
X—I x PPexp x 1 §2+O( 3
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where = jl1 =xj. In particular, we see that if is su ciently small, then

(log,N) * logN j log,Nj?
p ex _ 11
( 1 " Tog, N P 3log, N (11)
For an integer’, let | - be the interval de ned by
h L o
|- = log,N + P log, N;log, N + (° +1)p log, N :
Using (11), we derive that
X (log,N) *
L OC
X X
ngNN exp( ?=3) (1):
PRT Pogw 1 Pigia 2
Furthermore, by (2), we have
I
X 1 log, N +(‘+1)plogzN log; N
——= o P +0 —/—
5 ) log,N + " log, N log, N 12)
1
o
log, N
Combining the preceding two estimates and substituting irdt (10), the proof
is completed. O
4 Uniformity of Distribution of (n)

For a sequence oN points in the half-open interval [Q 1), the discrepancy
of the sequence is de ned as

A(u)
= su 7
0 rI)J< 1 N
where A(u) is the number of points of the sequence in the interval {Q).
Let \ denote the discrepancy of the sequence consisting of thectranal

parts of the numbers (n) for n =1;:::;N. In this section, we give an upper
bound for .

12



Theorem 2. For N !'1 | the following bound holds:

logiN |

N log,N”

Proof. According to the well-known Erd)s-Tuin relation between the dis-
crepancy and the appropriate exponential sums (see [6, 15))¢ nd that for

anyH 1:
1017 L
N H N aJ a(IN )

1 a H

We now chooseu, Q, k and K as in the proof of Theorem 1. Using the
bound (9), we derive

1 X 1 X X N logH
N —JSa(N)j - , #N + i ogN :
1aHa 1aHa:k(a) 00

Changing the order of summation and then collecting togetihehe values of
a with the same value of gcdq; ) = d for each divisord of , and making
use of the inequality’ ( 2) ' ( )=gcd(;a), we deduce that

X X X X X
} : - #N ,1 #N d }
1aHak(a) k() dj 1an @
ged(a; )=d
X X X
IL#N d i
=k () d 1 b H=d
X
logH ,(—)#N
O

We now proceed as in the proof of Theorem 1, and using Lemma ktead
of (12), we obtain

X0 N logsN |
—#N —_
K () log, N
Therefore, X
1 1 . logz N logH
— ZiSa(N —=s " 9 .
N 71 Sa(N)] log, N

13



Putting everything together, gives the estimate

1 log;N logH
N gt
H log, N

ChoosingH = dog, N e, we obtain the stated result. O

5 Integrality of (n)

Let R(N) denote the number of positive integerss N with (n) 2 Z.

Theorem 3. The following bound holds

N
R(N :
(N) log, N
Proof. For an integerm, we denote
X
am)= q
gm

The proof of theupper boundfollows easily from the proof of Theorem 1.
Indeed, with the notations of Theorem 1, we may assume that2 N , since
the number ofn N notin N is at most O(N=log, N). Write n = mp and
X m. Then, in order for (n) to be an integer it is necessary that the prime
p2L, satisesp a(m) (mod ), where =1 (m)+1. Sincel, is large
enough with respect to = O(log, N), we can apply the Page bound (4) as
in the proof of Theorem 1, and we see that the numbe®,, of such choices
for p is bounded by

1 N P——
Sm 0 (Lm)+ O Hexp 0:5A logQ
(in fact, there are no such primes when gcd(m); ) > 1). Summing up the
above bound up over all the possible choices of 2 M , and using (8), we
nd that the estimate

X X
#R(N) Sm %#N § N
m2M =k

log, N

14



holds, and this leads to the desired upper bound using argums towards
the end of the proof of Theorem 1.

We now turn to the proof of the lower bound

Suppose thatN is suciently large. Letus x 2 J wherelJ is the
interval  0:5log,(N ¥4); 2log,(N ) .

Choose a positive integem N ¥ with ! (m) = 2.

Now take a solution {1; uy) to the congruence

up+ u+alm) 0 (mod ) 1 ugux; ; ged(uuup; )=1: (13)

We now select a primep, in the interval N¥™ < p; < N ¥ such that
pr  Uu; (mod )and aprimep, inthe interval N2 < p, < N=mp such that
pr Ui (mod ). We remark that N=mp; > N 1 ¥ 1= = N512 > N 133, jn
particular, p, > p;.

It is clear from the above construction thatn = p;p,m is in R(N), and
that di erent choices of m; p;; p, lead to di erent values forn 2 R(N).

It remains to count how many numbersh can be obtained by this process.
Assume thatm;uy; uy; pp are xed. Because = ! (m)+2= O(log,N), the
Page bound (4) applies. Therefore, there are

|
(N=mpy) (N9 N N
() mp; exp 0:5A" TogN mp; logN

possible values fop, (here we have used the trivial estimate ( ) ).
Therefore, ifm;uy; u; are xed the above construction giveRm.y,:u,(N)
integersn 2 R(N), where

N X 1
m logN Nty N1 P1
pr ur (mod )

Rm;ul;UZ(N)

Using the Page bound (4) again and partial summation, we deg that

123) 124) N

R u, (N :
m,ULUZ( ) ' m |OgN|ngN

m log,(N

log,(N

Here we have used the estimate( ) log, N. Recalling Lemma 2, we see

15



that the contribution to R(N) from each xed value ofm is

X N
Rm-uyu, (N u( ;
RuueN) oo U AM)
ua;uz
N Y L 2.
mlogN log, N " p '

where the sum is taken over all solutionsug;u,) to (13). Thus, we nally
obtain that

R(N) N XY L 2 X 1
logN log, N 2J pj 1 meN 174
(m= 2

We now apply (5) which, combined with the Stirling formula, yelds

1=4 2 1=4
gfm N (my= 29 N (0%N) N logN

( 2)logN " Tog, N
Hence, by partial summation and for an appropriate constant > 0, we have
X 1 X 1
- il
1 m<N 1=4 N1=4(1 clog N=(log, N)172) m<N 1=4
I'(m)= 2 |
clogN 1 logN
= log 1+p——— +O P~
J log, N logN " Tog, N
Therefore,
N X Y 2
RIN) s 1 =
(log;N) 0:5log,(N1=4)  2logy(N 1=4) pi P
Applying Lemma 3, we complete the proof. O

6 Remarks

Clearly, using the bound of Theorem 1 directly in the proof oTheorem 2
leads to a weaker bound (about the square root of the presenbiind). On

16



the other hand, in the proof of Theorem 1 itself we can probapwork much
more carefully with , and obtain a better dependence oa.

It is easy to see that the results of Theorems 1, 2 and 3 also #dbr the
function X

1
en)= — pordyn;
(N

where ( n) is the number of prime divisorsp of n, each one counted with
multiplicity ord ,n (one recalls that the Tulan-Kubilius inequality [14, 24]
applies to ( n) as well). In particular,

JaN

e(ag(n)) og, N

n=1

Similar but weaker results can be obtained for
1 X

—_ S . —_ 1 X .
s(n) = W . p and (f;n)= W . f(p);

wheres is an arbitrary positive integer, andf is an arbitrary polynomial with
integer coe cients and positive degree. Indeed, such regsiican be achieved
by following closely the present proofs of Theorem 1 and Themn 2, replacing
bounds on Ramanujan sums by bounds on sums of the form

X
e(bc=d) and e(bf (¢)=d);
1 cd lcd
gcd(c;d)=1 ged(c;d)=1

which can be easily derived from the bounds on Gauss sums (e to the
bound d¥?*°® for former sums) and bounds on sums with general polyno-
mials (leading to the boundd! =de97+ol) for the latter sums). See [4, 12, 13]
for more details.

The same arguments can also be used to study exponential suamsl the
distribution of fractional parts of the functions f (n)=! (n), f (n)=( n) and
f (n)= (n), wheref is a polynomial with integer coe cients. We remark that
it has been shown in [16] that almost all of these values do nt¢ in Z.

The methods used in the proof of Theorem 3 can be modi ed to thetudy
of the counting function of those integersy 1 for whichm (n) 2 Z, where
m 1is a xed integer.

17



It is shown in [18] that only O(x log ?x log; X) pairs consecutive integers
(n;n+1), 1 n X, may have the same sum of prime divisors. This
naturally leads to a question how often (n) = (n +1).

Finally, we remark that it would be very interesting to study the prop-
erties of (n) on some special sequences of integers, in particular, orifteil
primes, (p 1), or on the values of an integer valued polynomial,(F (n)).
These questions appear to be very dicult. On the other hand,t is likely
that our methods can be used to study the values(* (n)), though one rst
needs to modify the results of [7] in order to have explicit hds for the
number of positive integersn  x with atypically small or large values of

L(C (n))
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