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by William D. Banks

Abstract. Unrami�ed Whittaker functions and their analogues occur

naturally in number theory as terms in the Fourier expansions of auto-

morphic forms. Precise information about these functions is useful in

many aspects of study, such as in the construction of L-functions. In

this paper, the method of Casselman-Shalika is used to derive explicit

values for the analogue of the unrami�ed Whittaker function in a dis-

tinguished model that arises in connection with quadratic base change.

§1. Introduction

The unrami�ed Whittaker functions and their analogues play an important role in

modern number theory, arising naturally as terms in the Fourier expansions of automor-

phic forms. It is generally desirable (whenever possible) to calculate explicit values for

these functions, as the information proves useful in many aspects of study related to the

automorphic form (for example, in the construction of associated L-functions). When an

automorphic representation possesses a Whittaker model oranother suitable unique model,

the method described in [3] may be used to compute an explicitformula (the Casselman-

Shalika formula) for the values of the unrami�ed Whittaker function (or the a nalogous

function).

In this paper, we consider the followingdistinguished modelthat arises in connection
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with quadratic base change and the theory of the AsaiL-function (see [1], [5], and [6]). The

existence and uniqueness of this model was established by Hakim in [4]. Let F be a nonar-

chimedean local �eld of characteristic zero and with odd residue characteristic, and let qF

denote the cardinality of the residue �eld. Let E/F be an unrami�ed quadratic extension

of F . Let OE denote the ring of integers in E. Put GE = GL(2, E), GF = GL(2, F ),

and KE = GL(2, OE). If ( π, V ) is an irreducible, admissible, unrami�ed principal series

representation of GE that is trivial on the center ZE of GE , it is known that:

(i) There exists a nonzero spherical vectorφ0 ∈ V , unique up to complex constant,

such that π(k)φ0 = φ0 for all k ∈ KE .

(ii) There exists a nonzero linear functional T : V → C, unique up to complex

constant, such that T
(
π(g)φ

)
= T (φ) for all g ∈ GF and φ ∈ V (see [4]).

As π is in the principal series, φ0 may be regarded as complex-valued function onGE . In

§6, it is shown that T (φ0) 6= 0. Thus, we can normalize the constants in (i) and (ii) so

that φ0 = 1 on KE , and T (φ0) = 1. Now let Q be the vector space of all locally-constant

complex-valued functions onGE that satisfy f (gg′) = f (g′) for all g ∈ GF and g′ ∈ GE .

The group GE acts on Q by right translation. Let Q(π) denote the invariant subspace of

Q spanned by functionsQφ of the form Qφ(g) = T (π(g)φ). The map φ 7→ Qφ yields an

isomorphism of GE-modulesV ∼= Q(π), and Q(π) is called the distinguished modelfor V .

For the above model, the correct analogue of the unrami�ed Whittaker function is

the function Q0 = Qφ0 given by Q0(g) = T (π(g)φ0) for all g ∈ GE . Observe that Q0 is a

well-de�ned function on the double cosets ofGF \GE/KE , hence it su�ces to compute Q0
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on the complete set of double coset representatives
{

Mk : k = 0 , 1, 2, . . .
}

described in§3.

The main result of this paper (proved in §6) is the following:

Theorem. Let tχ ∈ GL(2, C) be the Satake parameter ofπ, and let ∨k be thek-th

symmetric tensor representation ofGL(2, C) for each k ≥ 0. Then:

Q0(M0) = 1 ,

Q0(M1) = q−1
F

(qF − 1)−1
(

qF Tr ( tχ) − (qF + 1)
)

,

and if k ≥ 2:

Q0(Mk) = q−k
F

(qF − 1)−1
(

qF Tr ( ∨ktχ) − (qF + 1) Tr ( ∨k−1tχ) + Tr ( ∨k−2tχ)
)

.

The author would like to thank Daniel Bump for many valuable d iscussions and helpful

suggestions, and the referee for his careful review and insightful comments on the text.

§2. Some Notation

Let v be a �xed valuation of E (which restricts to a valuation of F ), and �x once

and for all a prime element ̟ in F such that v(̟) = 1 (this is possible since E/F is

unrami�ed).

Let OE denote the ring of integers ofE, ℘E its unique maximal ideal, andO×
E its group

of units. Let qE be the (odd) cardinality of the residue �eld OE/℘E , and let | � |E = q−v(·)
E

be the absolute value symbol forE corresponding tov. We similarly de�ne OF , ℘F , O×
F ,

qF , and | � |F = q−v(·)
F

. Then qE = q2
F

, and | � |E = | � |2
F

.

As E/F is quadratic, E = F (µ) for some µ ∈ O×
E − O×

F with µ2 ∈ O×
F . Then

E = F ⊕µF and OE = OF ⊕µOF . By Hensel's lemma, the image ofτ = µ2 in the residue

�eld OF /℘F is a quadratic nonresidue.
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For G = GL(2), let P be the standard Borel subgroup ofG, let N be the unipotent

radical of P , and let Z be the center ofG. The Weyl group W of G consists of the elements

{e, w0}, where e =
(

1
1

)
and w0 =

(
1

1

)
. Once and for all, �x ξ =

(
1 µ

1

)
∈ GE .

An additive Haar measure dx on F is said to be normalized if vol ( OF ) = 1. A

multiplicative Haar measure d×y on F × is said to be normalized if d×y = |y|−1
F

dy for

some normalized additive Haar measuredy on F . By the Bruhat decomposition, GF =

PF ∪ PF w0PF . Then ZF \PF has measure 0 inZF \GF , and the matrices:

{(
y x

1

)
w0

(
1 �x

1

)
: x, �x ∈ F and y ∈ F ×

}

form a complete set of distinct representatives forZF \PF w0PF . A left Haar measure dg

is said to benormalized if:

∫

ZF \GF

φ(g) dg =
∫

F

∫

F ×

∫

F

φ
((

y x
1

)
w0

(
1 �x

1

))
dx d×y

|y|F

d�x

for all φ integrable on ZF \GF , where dx and d�x are normalized additive Haar measures

for F , and d×y is a normalized multiplicative Haar measure forF ×.

§3. Double Coset Decomposition

The function Q0 described in§1 is well-de�ned on GF \GE/KE , since:

Q0(gg′k) = T (π(gg′k)φ0) = T (π(g)π(g′)π(k)φ0) = T (π(g′)φ0) = Q0(g′)

for all g ∈ GF , g′ ∈ GE and k ∈ KE . Hence, it su�ces to determine Q0 on a complete set

of double coset representatives forGF \GE/KE .
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By the Iwasawa decomposition, a complete set of double cosetrepresentatives for

NE\GE/KE is given by the matrices A =
{(

̟k

̟l

)
: k, l ∈ Z

}
. Then NEA is a

complete set of representatives forGE/KE . As NEA = ANE and A ⊂ GF , it follows that

NE is a complete set of representatives forGF \GE/KE . To reduce the set further, note

that each z ∈ E may be written in the form z = x + u̟−kµ, where x ∈ F , u ∈ O×
F , and

k ∈ Z. Then:

(
1 z

1

)
=

(
u̟−k x

1

)(
̟k µ

1

)(
u−1

1

)
,

with
(

u̟−k x
1

)
∈ GF and

(
u−1

1

)
∈ KE . Moreover, since

(
̟k µ

1

)
∈ GF KE

whenever k ≤ 0, it follows that the matrices
{

Mk =
(

̟k µ
1

)
: k ∈ Z, k ≥ 0

}
form a

complete set of double coset representatives forGF \GE/KE. Moreover, it may be shown

that these matrices representdistinct cosets.

§4. The Linear Functional T

As a principal series representation, the spaceV = Vχ of π is the vector space

IndGE
PE

(δ 1
2 χ) consisting of all locally-constant complex-valued functions on GE that sat-

isfy φ(pg′) = ( δ 1
2 χ)(p)φ(g′) for all p ∈ PE and g′ ∈ GE . Here χ and δ are characters of

PE :

χ
(

y1 ∗
y2

)
= χ1(y1)χ2(y2),

δ
(

y1 ∗
y2

)
=

∣∣∣∣
y1

y2

∣∣∣∣
E

= qv(y2)−v(y1)
E

for all y1, y2 ∈ E× and ∗ ∈ E, where χ1, χ2 are characters ofE×. Sinceπ is unrami�ed,

χ is unrami�ed, and we can assume thatχ1(y) = αv(y), χ2(y) = βv(y) for someα, β ∈ C×
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and all y ∈ E×. Moreover, the condition that π is trivial on ZE implies αβ = 1. Thus:

φ
((

y1 ∗
y2

)
g
)

= ( βqF )v(y2)−v(y1)φ(g)

for all y1, y2 ∈ E×, ∗ ∈ E, g ∈ G, and φ ∈ Vχ.

An unrami�ed character χ of PE as above is said todominant if |β| > 1.

Proposition 1. Suppose thatχ is a dominant character and dg is a normalized left

Haar measure onZF \GF . Then the integral:

T̃ (φ) =
∫

ZF \GF

φ(w0ξg) dg

is well-de�ned and absolutely convergent for allφ ∈ Vχ, and therefore de�nes a linear

functional T̃ : Vχ → C such that T̃ (π(g)φ) = T̃ (φ) for all g ∈ GF and φ ∈ Vχ.

Proof: The only issue here is that of convergence. By uniqueness of Haar measure,

the integral T̃ (φ) is a nonzero multiple of the integral:

∫

KF

∫

F ×

∫

F

φ
(

w0ξ
(

y x
1

)
k
)

dx d×y
|y|F

dk,

where dk is a left Haar measure onKF = GL(2, OF ), dx is a normalized additive Haar

measure forF , and d×y is a normalized multiplicative Haar measure forF ×.

For each k ∈ KF and φ ∈ Vχ, let:

Gφ(k) =
∫

F ×

∫

F

φ
(

w0ξ
(

y x
1

)
k
)

dx d×y
|y|F

.

Then eachGφ is locally-constant onKF (sinceφ is locally-constant). As KF is compact, the

absolute convergence of̃T (φ) follows from the absolute convergence of the integralsGφ(k).
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Moreover, there is no loss of generality in assuming thatk = e, since Gφ(k) = Gπ(k)φ(e).

Thus:

Gφ(e) =
∫

F ×

∫

F

φ
(

w0ξ
(

y x
1

))
dx d×y

|y|F

=
∫

F ×

∫

F

φ
(

w0ξ
(

y−1 x
1

))
|y|F dx d×y

=
∫

F −{0}

∫

F

φ
(

w0ξ
(

y−1 x
1

))
dx dy

=
∫

F −{0}

∫

F

(βqF )−v(y)φ
(

w0

(
1 xy + yµ

1

))
dx dy

=
∫

F −{0}

∫

F

β−v(y)φ
(

w0

(
1 x + yµ

1

))
dx dy

=
∫

F

∫

F −{0}

β−v(y)φ
(

w0

(
1 x + yµ

1

))
dy dx

by Fubini's theorem. Since χ is dominant (|β| > 1), we can add the point y = 0 to each

inner integral to obtain:

Gφ(e) =
∫

F

∫

F

β−v(y)φ
(

w0

(
1 x + yµ

1

))
dy dx =

∫

E

β−v
(

Im(z)
)
φ

(
w0

(
1 z

1

))
dz,

where Im(z) = y if z = x + yµ, and dz = dy dx is a normalized additive Haar measure for

E. Since φ is locally constant, we can chooseL ≫ 0 so that φ
(

w0

(
1 z

1

))
= φ(w0) if

v(z) ≥ L, and φ
(

1
z−1 1

)
= φ(e) if v(z) ≤ −L. Also wheneverz 6= 0 we have:

φ
(

w0

(
1 z

1

))
= φ

((
1 z−1

1

)(
−z−1

z

)(
1

z−1 1

))
= ( βqF )2v(z)φ

(
1

z−1 1

)
.

It follows that Gφ(e) can be expressed as a sum of three integrals:

φ(w0)
∫

E
v(z)≥L

β−v
(

Im(z)
)

dz + φ(e)
∫

E
v(z)≤−L

β−v
(

Im(z)
)
(βqF )2v(z) dz
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+
∫

E
−L<v(z)<L

β−v
(

Im(z)
)
φ

(
w0

(
1 z

1

))
dz.

The �rst two integrals converge absolutely (by a straightforward calculation) whenever

|β| > 1, and the last integral converges absolutely for allβ since it is the integral of a

continuous function over a compact region.

For dominant characters χ, the lemma in §6 shows that T̃ (φ0) 6= 0, and we can de�ne:

T (φ) =
T̃ (φ)

T̃ (φ0)

for φ ∈ Vχ. Then T : Vχ → C is the unique linear functional that satis�es T (π(g)φ) = T (φ)

for all g ∈ GF , φ ∈ Vχ, and T (φ0) = 1.

A 
at section is a collection
{

φχ ∈ IndGE
PE

(δ 1
2 χ) : χ unrami�ed

}
such that φχ

∣∣
KE

is

independent ofχ. It follows from the Iwasawa decomposition that every 
at section {φχ}

is equicontinuous; that is, there exists an open neighborhoodKφ of the identity, which

independent ofχ, such that φχ is Kφ-�xed for every χ.

Proposition 2. Let g′ be a �xed element ofGE , and let {φχ} be a 
at section. Then

the function
(
1 − (βqF )−2)

T
(
π(g′)φχ

)
, initially de�ned for dominant characters χ (i.e.

|β| > 1), extends to an entire function of β ∈ C.

Proof: From the proof of Proposition 1 (when χ is dominant):

Gπ(g′)φχ(k) = φχ(w0kg′)
∫

E
v(z)≥Lχ(k)

β−v
(

Im(z)
)

dz + φχ(kg′)
∫

E
v(z)≤−Lχ(k)

β−v
(

Im(z)
)
(βqF )2v(z) dz

+
∫

E
−Lχ(k)<v(z)<Lχ(k)

β−v
(

Im(z)
)
φχ

(
w0

(
1 z

1

)
kg′

)
dz, (1)
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for each unrami�ed character χ and k ∈ KF , where Lχ(k) ≫ 0 is chosen so that:

v(z) ≥ Lχ(k) =⇒ φχ

(
w0

(
1 z

1

)
kg′

)
= φχ(w0kg′),

v(z) ≤ −Lχ(k) =⇒ φχ

((
1

z−1 1

)
kg′

)
= φχ(kg′).

As {φχ} is equicontinuous, we can chooseLχ(k) = L(k) independent of χ and locally-

constant on KF . As KF is compact, we can chooseL(k) = L independent ofk.

The �rst two integrals in (1) may be directly computed for dom inant χ:

φ(w0kg′)
∫

E
v(z)≥L

β−v
(

Im(z)
)

dz = φ(w0kg′)
(βq2

F
)−L

1 − (βqF )−1 , (2)

φχ(kg′)
∫

E
v(z)≤−L

β−v
(

Im(z)
)
(βqF )2v(z) dz = φχ(kg′)

β−L(1 − q−1
F

)
(
1 − (βq2

F
)−1)

(
1 − (βqF )−1

)
(1 − β−1)

. (3)

As before, the last integral in (1) converges absolutely forall unrami�ed characters χ and

all k ∈ KF and consequently de�nes anentire function of β.

It follows that for each k ∈ KF ,
(
1 − (βqF )−1

)
(1 − β−1)Gπ(g′)φχ(k) continues to an

entire function of β, and as KF is compact,
(
1 − (βqF )−1

)
(1 − β−1)T̃

(
π(g′)φχ

)
has this

continuation as well. For each unrami�ed character χ, let φ0
χ be the unique KE-�xed

vector in IndGE
PE

(δ 1
2 χ) such that φ0

χ = 1 on KE. Then the collection {φ0
χ} is a 
at section.

The lemma in §6 shows that:

T̃ (φ0
χ) =

(1 − q−2
F

)
(
1 + ( βqF )−1)

(1 − β−1)

for dominant χ, hence:

(1 − (βqF )−2)T (π(g′)φχ) =

(
1 − (βqF )−1

)
(1 − β−1)T̃ (π(g′)φχ)

(1 − q−2
F

)
.
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This equation implies the proposition.

§5. Iwahori Fixed Vectors

Let BE be the Iwahori subgroupof GE
(
i.e. the inverse image of the standard Borel

subgroup under the natural homomorphismKE → GL(2, OE/℘E )
)
. Let V BE

χ be the space

of Iwahori �xed vectors:

V BE
χ = {φ ∈ Vχ : π(b)φ = φ for all b ∈ BE}.

By the Iwahori factorization, each elementg′ ∈ GE may be expressed in the formg′ = p �wg′b

where p ∈ PE , �wg′ ∈ W , and b ∈ BE. Moreover, �wg′ is uniquely determined by g′. For

eachw ∈ W , let:

φw,χ(g′) =

{
(δ 1

2 χ)(p) if g′ = p �wg′b and �wg′ = w,

0 otherwise.

By a theorem of Casselman (see [2]), the vectors{φw,χ}w∈W form a basis (theCasselman

basis) for V BE
χ .

Let N (OE) = NE ∩ KE , and let dn be a left Haar measure onNE such that

vol
(
N (OE)

)
= 1. For each k ≥ 0, g′ ∈ GE , the integral:

Fk(g′) =
∫

N(OE )

φ0
χ

(
g′n

(
̟k

1

))
dn

converges absolutely for all unrami�ed χ. Note that F0 = φ0
χ. It is known that the {Fk}

are Iwahori �xed vectors given explicitly by:

Fk =
∑

w∈W

cw(χ)
(
δ

1
2 wχ

)( ̟k

1

)
φw,χ (4)
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where ce(χ) = 1, cw0 (χ) =
(
1 − (βqF )−2)

(1 − β−2)−1, and wχ is the character given by:

wχ
(

y1 ∗
y2

)
= χ

(
w−1

(
y1

y2

)
w

)

for all y1, y2 ∈ E× and ∗ ∈ E.

Proposition 3. For dominant χ, Q0(M0) = T (F0), and if k ≥ 1:

Q0(Mk) = (1 − q−1
F

)−1T (Fk − q−1
F

Fk−1).

Proof: We compute:

T̃ (Fk) =
∫

ZF \GF

Fk(w0ξg)dg

=
∫

ZF \GF

∫

N(OE)

φ0
χ

(
w0ξgn

(
̟k

1

))
dn dg

=
∫

ZF \GF

∫

OF

∫

OF

φ0
χ

(
w0ξg

(
1 y

1

)(
1 xµ

1

)(
̟k

1

))
dy dx dg

=
∫

ZF \GF

∫

OF

φ0
χ

(
w0ξg

(
̟k xµ

1

))
dx dg (5)

since
(

1 y
1

)
∈ GF for all y ∈ OF and vol (OF ) = 1.

If x = u̟n with u ∈ O×
F , n ∈ Z, then

(
u̟n

1

)
∈ GF ,

(
u−1

1

)
∈ KE, and

therefore: ∫

ZF \GF

φ0
χ

(
w0ξg

(
̟k xµ

1

))
dg

=
∫

ZF \GF

φ0
χ

(
w0ξg

(
u̟n

1

)(
̟k−n µ

1

)(
u−1

1

))
dg

=
∫

ZF \GF

φ0
χ

(
w0ξg

(
̟k−n µ

1

))
dg

= T̃
(

π
(

̟k−n µ
1

)
φ0

χ

)
=






T̃ (φ0
χ)Q0(M0) if n ≥ k,

T̃ (φ0
χ)Q0(Mk−n) if n < k.
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Thus, applying Fubini's theorem to (5), it follows that:

T̃ (Fk) =
∑

n≥0

∫

v(x)=n

φ0
χ

(
w0ξg

(
̟k−n xµ

1

))
dg dx

=
∑

n≥k

vol (℘n
F

− ℘n+1
F

)T̃ (φ0
χ)Q0(M0) +

k−1∑

n=0

vol (℘n
F

− ℘n+1
F

)T̃ (φ0
χ)Q0(Mk−n)

= q−k
F

T̃ (φ0
χ)Q0(M0) + (1 − q−1

F
)T̃ (φ0

χ)
k−1∑

n=0

q−n
F

Q0(Mk−n)

The proposition now follows from this by a simple inductive argument.

§6. Calculation of T( φw,χ) and Q0(M k)

Lemma. For dominant χ, we have:

T̃ (φ0
χ) =

(1 − q−2
F

)
(
1 + ( βqF )−1)

(1 − β−1)
.

Proof: The left Haar measuredg is normalized (see§2) so that:

T̃ (φ0
χ) =

∫

ZF \GF

φ0
χ(w0ξg) dg =

∫

F

∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

)
w0

(
1 �x

1

))
dx d×y

|y|F

d�x.

If �x ∈ OF , then w0

(
1 �x

1

)
∈ KF , and:

∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

)
w0

(
1 �x

1

))
dx d×y

|y|F

=
∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

))
dx d×y

|y|F

.

On the other hand, if �x 6∈ OF , then
(

1
�x−1 1

)
∈ KF , and:

∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

)
w0

(
1 �x

1

))
dx d×y

|y|F

=
∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

)(
1 �x−1

1

)(
−�x−1

�x

)(
1

�x−1 1

))
dx d×y

|y|F

=
∫

F ×

∫

F

φ0
χ

(
w0ξ

(
−y �x−2 x + y �x−1

1

))
dx d×y

|y|F

= |�x|−2
F

∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

))
dx d×y

|y|F

.
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Thus:

T̃ (φ0
χ) =

∫

F

q
min

(
2v(x̄),0

)

F d�x
∫

F ×

∫

F

φ0
χ

(
w0ξ

(
y x

1

))
dx d×y

|y|F

= (1 + q−1
F

) Gφ0
χ
(e).

Sinceφ0
χ is KE-�xed, it follows from equation (1) of §4 that:

Gφ0
χ
(e) =

∫

E
v(z)≤−1

β−v
(

Im(z)
)
(βqF )2v(z) dz +

∫

E
v(z)≥0

β−v
(

Im(z)
)

dz.

To evaluate these integrals, takeL = 0, φ = φ0
χ in equation (2) of §4, and L = 1, φ = φ0

χ

in equation (3) of §4. The lemma follows.

We now turn to the calculation of T̃ (φw,χ) for w ∈ W . For this, it will be necessary

to determine those g′ = w0ξ
(

y x
1

)
w0

(
1 �x

1

)
in G such that �wg′ = w0. Thus, let

λ = y−1(x + µ), η = λ−1 + �x = y(x − µ)(x2 − τ )−1 + �x, where τ = µ2. Then:

w0ξ
(

y x
1

)
w0

(
1 �x

1

)
=

(
1

y

)(
1
λ 1

)(
1 �x

1

)

=
(

1
y

)(
1 λ−1

1

)(
−λ−1

λ

)
w0

(
1 η

1

)
.

It follows that �wg′ = w0 if and only if η ∈ OE , hence if and only if y(x2 − τ )−1 ∈ OF and

�x + yx(x2 − τ )−1 ∈ OF . Consequently (if �wg′ = w0):

φw0,χ(g′) = ( βqF )v(yλ2) = ( βqF )

(
min

(
2v(x),0

)
−v(y)

)

.

Proposition 4. For dominant χ, we have:

T (φe,χ) =
(βqF )−1 − β−2

1 − β−2 , and T (φw0,χ) =
1

1 + ( βqF )−1 .

Proof: In this proof, Fubini's theorem will be applied frequently w ithout mention.
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We compute:

T̃ (φw0,χ) =
∫

F

∫

F ×

∫

F

φw0,χ

(
w0ξ

(
y x

1

)
w0

(
1 �x

1

))
dx d×y

|y|F

d�x

=
∫

F

∫

F

∫

F ×

y(x−µ)(x2−τ)−1+x̄∈OE

(βqF )

(
min

(
2v(x),0

)
−v(y)

)
d×y dx

|y|F

d�x.

We apply a change of variablesy 7→ (x2 − τ )yo, d×y 7→ d×yo, where yo ∈ OF − {0}.

Because the image ofτ in OF /℘F is a quadratic nonresidue (see§2), it follows that v(y) =

min
(
2v(x), 0

)
+ v(yo), and thus:

T̃ (φw0,χ) =
∫

F

∫

F

∫

OF −{0}
xyo+x̄∈OF

(βqF )−v(yo) 1
|x2 − τ |F

1
|yo|F

d×yo dx d�x.

Next, we apply a change of variablesx 7→ y−1
o (xo − �x), dx 7→ |yo|F dxo, where xo ∈ OF :

T̃ (φw0,χ) =
∫

F

∫

OF −{0}

∫

OF

(βqF )−v(yo) 1∣∣∣
(
y−1

o (xo − �x)
)2 − τ

∣∣∣
F

1
|yo|2

F

dxo d×yo d�x

=
∫

OF −{0}

∫

OF

β−v(yo)qv(yo)
F






∫

F

d�x∣∣∣
(
y−1

o (xo − �x)
)2 − τ

∣∣∣
F




 dxo d×yo

To compute the inner integral, we apply a change of variables�x 7→ yo �xo+ xo, d�x 7→ |yo|F d�xo:

∫

F

d�x∣∣∣
(
y−1

o (xo − �x)
)2 − τ

∣∣∣
F

= |yo|F

∫

F

d�xo

|�x2
o − τ |F

= |yo|F

∫

F

q
min

(
2v(x̄o),0

)

F d�xo = |yo|F (1+ q−1
F

).

Then:

T̃ (φw0,χ) = (1 + q−1
F

)
∫

OF −{0}

∫

OF

β−v(yo)dxo d×yo =
(1 − q−2

F
)

(1 − β−1)
,

and therefore:

T (φw0,χ) =
T̃ (φw0,χ)

T̃ (φ0
χ)

=
1

1 + ( βqF )−1 .
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From §4, we know that F0 = φ0
χ, thus using equation (4) we can write:

φ0
χ = ce(χ)φe,χ + cw0(χ)φw0,χ.

Applying the linear functional T , we obtain:

1 = ce(χ)T (φe,χ) + cw0 (χ)T (φw0,χ)

= T (φe,χ) +
1 + ( βqF )−1

1 − β−2 ,

whence the proposition follows.

Proof of Theorem: By Proposition 2, each Q0(Mk) (regarded as a function ofβ)

continues meromorphically to the entire complex plane, with possible (simple) poles only

at ±q−1
F

.

Applying the linear functional T to equation (4), we have by Proposition 4:

T (Fk) =
∑

w∈W

cw(χ)
(
δ

1
2 wχ

)( ̟k

1

)
T (φw,χ)

= q−k
F

β−k (βqF )−1 − β−2

1 − β−2 +
1 − (βqF )−2

1 − β−2 q−k
F

βk 1
1 + ( βqF )−1 .

Substituting α = β−1, this simpli�es to:

T (Fk) = q−k
F

(
αk α − q−1

F

α − β
− βk β − q−1

F

α − β

)

= q−k
F

(
αk+1 − βk+1

α − β
− q−1

F

αk − βk

α − β

)

= q−k
F

(
Sk(α, β) − q−1

F
Sk−1(α, β)

)
,

where Sk(α, β) is de�ned for k ∈ Z by:

Sk(α, β) =






k∑

i=0
αiβk−i if k ≥ 0,

0 otherwise.

Note that each Sk(α, β) is an entire function of β.
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Now, by Proposition 3 (when χ is dominant), Q0(M0) = T (F0) = 1, and when k ≥ 1:

Q0(Mk) = (1 − q−1
F

)−1T (Fk − q−1
F

Fk−1) = (1 − q−1
F

)−1(
T (Fk) − q−1

F
T (Fk−1)

)

= q−k
F

(qF − 1)−1(
qF Sk(α, β) − (qF + 1) Sk−1(α, β) + Sk−2(α, β)

)
.

Thus, Q0(Mk) continues to an entire function of β for each k. Bearing in mind that the

Satake parameter forπ is the matrix tχ =
(

α
β

)
∈ GL(2, C), then Tr ( ∨ktχ) = Sk(α, β)

for each k ≥ 0, whence the theorem is established.
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