The Casselman-Shalika Formula for a Distinguished Model

by William D. Banks

Abstract.  Unrami ed Whittaker functions and their analogues occur

naturally in number theory as terms in the Fourier expansiors of auto-

morphic forms. Precise information about these functions § useful in

many aspects of study, such as in the construction of L-funans. In

this paper, the method of Casselman-Shalika is used to deeivexplicit

values for the analogue of the unrami ed Whittaker functionin a dis-

tinguished model that arises in connection with quadratic &se change.

x1. Introduction
The unrami ed Whittaker functions and their analogues play an important role in

modern number theory, arising naturally as terms in the Fourier expansions of automor-
phic forms. It is generally desirable (whenever possible)d calculate explicit values for
these functions, as the information proves useful in many gsects of study related to the
automorphic form (for example, in the construction of asso@ted L-functions). When an
automorphic representation possesses a Whittaker model another suitable unique model,
the method described in [3] may be used to compute an expliciformula (the Casselman-
Shalika formula) for the values of the unrami ed Whittaker function (or the a nalogous
function).

In this paper, we consider the followingdistinguished modelthat arises in connection
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with quadratic base change and the theory of the Asal_-function (see [1], [5], and [6]). The
existence and uniqueness of this model was established by ke in [4]. Let F be a nonar-
chimedean local eld of characteristic zero and with odd reglue characteristic, and let q.
denote the cardinality of the residue eld. Let E/F be an unrami ed quadratic extension
of F. Let Og denote the ring of integers inE. Put Gg = GL(2,E), G = GL(2,F),
and Kg = GL(2,0g). If (m,V) is an irreducible, admissible, unrami ed principal series
representation of Gg that is trivial on the center Zg of Gg, it is known that:
(i) There exists a nonzero spherical vectorg® 2 V, unique up to complex constant,
such that (k)° = ¢° for all k 2 Kg.
(i) There exists a nonzero linear functional T : V ¥ C, unique up to complex
constant, such that T I%I(g)(pD: T(p)forall g2 G and @ 2V (see [4]).
As 1 is in the principal series, ¢° may be regarded as complex-valued function oiGe. In
X6, it is shown that T(¢°) 6 0. Thus, we can normalize the constants in (i) and (i) so
that ° =1 on Kg, and T(¢°) = 1. Now let Q be the vector space of all locally-constant
complex-valued functions onGg that satisfy f(ggy = f(g") for all g 2 G and g™2 Gg.
The group Gg acts on Q by right translation. Let Q(m) denote the invariant subspace of
Q spanned by functionsQ of the form Qy(g) = T(m(g9)9). The map ¢ A Q, yields an
isomorphism of Ge-modulesV = Q(mn), and Q(m) is called the distinguished modelfor V.
For the above model, the correct analogue of the unrami ed Whttaker function is
the function Qg = Qgo given by Qo(9) = T (n(g)@°) for all g 2 Ge. Observe that Qq is a

well-de ned function on the double cosets ofGe nGe/Kg, hence it su ces to compute Qg
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] ]
on the complete set of double coset representativesMy : k=0,1,2,... described inx3.
The main result of this paper (proved in x6) is the following:
Theorem. Let t, 2 GL(2,C) be the Satake parameter oft, and let _* be thek-th

symmetric tensor representation ofGL(2, C) for eachk 0. Then:

Qo(Mp) =1,

L] L]
QO(Ml) = q,:_l(qp l)_l 0= Tr(tx) (q,: + l) J

and if k 2

1 1
Qo(M) = q-¥(g. )" g Tr(_Fty) (g +DTr( M)+ Tr( <72t .

The author would like to thank Daniel Bump for many valuable discussions and helpful

suggestions, and the referee for his careful review and irggitful comments on the text.
X2. Some Notation

Let v be a xed valuation of E (which restricts to a valuation of F), and x once
and for all a prime element [Cinl F such that v( )3 1 (this is possible since E/F is
unrami ed).

Let Og denote the ring of integers ofE, [_Its unique maximal ideal, and OF its group
of units. Let g. be the (odd) cardinality of the residue eld Og/[_land let) j. = qE_V(')
be the absolute value symbol forE corresponding tov. We similarly de ne Og, [JJOF,
0, andj j. = q V0. Theng. = o2, andj jo = j j2.

As E/F is quadratic, E = F(p) for somep 2 Of OF with y> 2 OF. Then
E=F pF andOg = O MOg. By Hensel's lemma, the image oft = p? in the residue

eld Og/ [ s a quadratic nonresidue.



For G = GL(2), let P be the standard Borel subgroup ofG, let N be the unipotent
radical of P, and let Z be the center of G. The Weyl group W of G consists of the elements

I%I 1 1 1 1 I?I 1
fe, wpg, wheree = and wg = H 2 Gg.

1 1 . Once and for all, x & = 1
An additive Haar measure dx on F is said to be normalized if vol(Og) = 1. A
multiplicative Haar measure d*y on F™ is said to be normalized if d*y = jij‘ldy for

some normalized additive Haar measuraly on F. By the Bruhat decomposition, Gg =

Pe [ PEwWoPg. Then ZgnPg has measure 0 inZgnGg, and the matrices:

Lrri1 L 11 [ L1

1 X, X2F andy2F™

|
y X X
1 Wo 1

form a complete set of distinct representatives forZg nPewoPg. A left Haar measure dg

is said to benormalized if:

1 [ 1 ||1| ”oild"
_ y X X x d>y
®(g) dg = () 1 Wo 1 Vi dx
Z-\Gg FF>xF

for all @ integrable on ZgnGg, where dx and dx are normalized additive Haar measures
for F, and d™y is a normalized multiplicative Haar measure forF .
x3. Double Coset Decomposition

The function Qg described inx1 is well-de ned on G nGeg/Kg, since:

Qo(99'K) = T((gg'K)9°) = T(m(g)m(gYn(k)e°) = T(m(gY9°) = Qo(g"

for all g 2 Ge, g2 Gg and k 2 Kg. Hence, it su ces to determine Qg on a complete set

of double coset representatives foGgnGg/Keg.
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By the Iwasawa decomposition, a complete set of double cosetpresentatives for
D:%I L1 L1

NenGe/KEg is given by the matrices A = - 'k,12Z . Then NgA is a

complete set of representatives foGe/Kg. As NeA = ANg and A Gg, it follows that

Ng is a complete set of representatives foGenGeg/Kg. To reduce the set further, note

that each z 2 E may be written in the form z = x + u <y, wherex 2 F, u 2 OF, and

k2Z. Then:
C1 C 101 111 —1
1 z _ ul=M x %u u-?t
1 1 1 1
1 1 1 1 L1
. ul=R x u-?t . I
with 2 Gg and 2 Keg. Moreover, smce 2 GeEKg
1 1 1 —

= e,
) . p
wheneverk 0, it follows that the matrices My = k2Z,k 0 forma
complete set of double coset representatives fd6rnGe/Kg. Moreover, it may be shown

that these matrices representdistinct cosets.

x4. The Linear Functional T

As a principal series representation, the space/ = Vy of m is the vector space
IndSEE(é%x) consisting of all locally-constant complex-valued functons on Gg that sat-
isfy @(pgY = (3z2x)(p)e(gY for all p 2 Pg and g&'2 Ge. Here X and & are characters of

PE:
1 L1

x = Xa(Y1)X2(Y2),

5 yl %E — qV(Y2) v(y1)

for all y;, y, 2 E™ and 2 E, where X1, Xz are characters ofE™. Sincem is unrami ed,

X is unrami ed, and we can assume thatxi(y) = a¥®, x,(y) = BY® for someaq,p 2 C*
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and all y 2 E™. Moreover, the condition that 1 is trivial on Zg implies o = 1. Thus:

I 1 I I

o Tt 0 =(Bg) 07T Vg()

forall y;,y, 2E™, 2E,g2G, and¢ 2 Vy.
An unrami ed character x of Pg as above is said todominant if j3j > 1.
Proposition 1. Suppose thatx is a dominant character anddg is a normalized left

Haar measure onZgnGg. Then the integral:

1]
) = ®(Wokg) dg

Zr\Gg

is well-de ned and absolutely convergent for allp 2 V4, and therefore de nes a linear
functional TV, ¥ C such that T{H(g)e) = T{g) for all g 2 G and ¢ 2 Vy.
Proof: The only issue here is that of convergence. By uniqueness ofadr measure,

the integral T¢d) is a nonzero multiple of the integral:

S e e s
y X x d*y

Wo¢& k —

¢ Wo 1 i¥ie

dk,

Kre F>~ F

where dk is a left Haar measure onKg = GL(2,Og), dx is a normalized additive Haar
measure forF, and d*y is a normalized multiplicative Haar measure forF .

For eachk 2 Kg and @ 2 Vy, let:

-
_ y X dx d>y

Go(k) = Wo¢ k —,

ol v 1 Vi

F= F
Then eachG,, is locally-constant on Kg (sinceq is locally-constant). As Kg is compact, the
absolute convergence oft{g) follows from the absolute convergence of the integral§, (k).
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Moreover, there is no loss of generality in assuming thak = e, since Gy(K) = Gy(kye(e)-

Thus: 1 .1 1
Go®)= ¢ weE Y X o a7y
! . 1 i
o i O O 11

=1
X .. g
= 9wt YT v dxd¥y
o0 b, oo

o wg Y dxady

i N - - [T

- 1 +
(Bo-) 9 wo — VI YHaxdy

i N - - [T

T - - 1

F F—{0}

by Fubini's theorem. Since X is dominant (jB3j > 1), we can add the pointy = 0 to each

inner integral to obtain:

LT L 1L 1 11 L1 O 4l IIlI 11

Gop(€) = BVMe wy ! X+;|_yH dydx= BV M@ ¢ wy dz,

F F E

where Im(z) = y if z= x+ yy, and dz = dy dx is a normalized additive Haar measure for
L1 1 1l

E. Sinceq is locally constant, we can choosd. 0 so that @ wg 1 i = @(wp) if
I:I1 1
v(z) L,ando ;1 1 = o(e) if v(z) L. Also wheneverz 6 0 we have:
[ ||1| 1 ||1|| g I B |||1| o |:|1 1
Z _ z z - 2v(z)
® Wo 1 () 1 z Z—l 1 (BqF) @ Z—l 1

It follows that Gg(e) can be expressed as a sum of three integrals:

L1 O O 1 [ O
o (Wo) B_V Im(z) dz + o(e) B_V Im(z) (BqF)Zv(z) dz
E E
v(z)=L v(z)=—L



| [ Y I A
+ B_V Im(z) ® Wo dz.

E
—L<v(z)<L

The rst two integrals converge absolutely (by a straightforward calculation) whenever
jBj = 1, and the last integral converges absolutely for all since it is the integral of a
continuous function over a compact region. O

For dominant characters X, the lemma in x6 shows that T¢)°) 6 0, and we can de ne:

1(4)
T4°)

for9 2 Vy. ThenT :Vy ¥ Cis the unique linear functional that satis es T (1(g)®) = T(®)

T(9) =

forall g 2 Gg, @ 2 Vy, and T(¢°) = 1.
. - S N H

A at section is a collection @y 2 IndgE(d2X) : X unramied such that @y Ke 1S
independent of x. It follows from the lwasawa decomposition that every at section f@yg
is equicontinuous that is, there exists an open neighborhoodK, of the identity, which
independent of x, such that @y is Ky- xed for every .

Proposition 2. Let g"be a xed element ofGg, and let fo,g be a at section. Then

- LIL L1 : :

the function 1 (Bg.)™2 T m(gYgy , initially de ned for dominant characters X (i.e.

JBj > 1), extends to an entire function of 3 2 C.

Proof: From the proof of Proposition 1 (when X is dominant):

] O O ] 0 O
Grgox (K) = @x(Wokg') B M@ dz + gy(kgh B M@ (Bg.)2'® dz
E E
v(2)=L (k) O O OO Iv(z)ls—ITxl(k)I
* B M g wp 7 kg dz, (1)
—'-x(k)<l\E/(Z)<Lx(k)



for each unrami ed character x and k 2 Kg, where Ly (k) 0 is chosen so that:
C1C 1 [C10C1

1l z
V(@) Lx(K=Dgx wo ~ 7 Kg" = @x(wokg),
IS
Zio kg = ox(kgh).

V@) =D oy

As foyg is equicontinuous, we can choosé (k) = L(k) independent of x and locally-

constant on Kg. As Kg is compact, we can choosé (k) = L independent ofk.

The rst two integrals in (1) may be directly computed for dom inant x:

L] (I

ook B O a2 = gluokg)y ) @
(E) ) 0=
1 v|:Z|2 ] _ N _
e vy B (1 oY) 1 (BgH)™
Oy (kg"y BV '™® (Bg. )@ dz = @y(kgY 2 F LI EL 0 (3)
- I (o)t (@ BY
v(z)=<—L

As before, the last integral in (1) converges absolutely forall unrami ed characters x and
all k 2 Kg and consequently de nes anentire function of 3.
1 (I .
It follows that for each k 2 Kg, 1 (Bg.)™ (1 B71)Grguye, (k) continues to an
: : : L] L] 1& L] :

entire function of B, and asKg is compact, 1 (Bg.)"* (1 B~ HTA(gYe, has this
continuation as well. For each unrami ed character ¥, let cpg’( be the unique Kg- xed
vector in Ind EEE(S%)() such that @3 =1 on Kg. Then the collection f(pg’(g is a at section.

The lemma in x6 shows that:

L] L]
(1 q?) I+(Bg)™
@ B

=

for dominant X, hence:

C]
(Bg-)~t (@ B_l)T@(g%x)'

@ (Ba=)"A)T(n(gYox) = @ o2



This equation implies the proposition. O
x5. lwahori Fixed Vectors
: L1 : :
Let Bg be the Iwahori subgroupof Gg i.e. the inverse image of the standard Borel
1]
subgroup under the natural homomorphismKg ¥ GL(2,0g/ L) . Let VXBE be the space

of lwahori xed vectors:
V,2E = fp 2 Vy 1 m(b)g = ¢ for all b 2 Beg.

By the Iwahori factorization, each elementg™2 Ge may be expressed in the formy™= pwgyh
where p 2 Pg, wgn2 W, and b 2 Be. Moreover, wgois uniquely determined by g~ For

eachw 2 W, let:

(02x)(p) if g&= pwgch and wgo= w,
Qw,x (97 =
0 otherwise.

By a theorem of Casselman (see [2]), the vectorbp,, x9w ran form a basis (the Casselman
basig for V,2=.
Let N(Og) = Ng \ Kg, and let dn be a left Haar measure onNg such that

(| 1 .
vol N(Og) =1. Foreachk 0,g"2 Gg, the integral:

1 L1 L] 1l
L
Fi(g) = ox gn , dn
N(Oe)

converges absolutely for all unrami ed X. Note that Fq = (pg’(. It is known that the fFyg
are lwahori xed vectors given explicitly by:

1
i
Fk = cw(X) 02X 1 Pw,x (4)
w W1
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] L] . .
wherece(X) =1, cw,(X)= 1 (Bg.)"2 (1 B~2)7%, and W is the character given by:

1 1 1 [1 C 11
w Y1 _ -1 Y1
= w w
X Y2 X Y2

forall y;,y2 2 E* and 2E.

Proposition 3. For dominant X, Qo(Mp) = T(Fp), and if k 1:
QM) =1 o) T(Fk o7 Fk—1).

Proof: We compute:

1]
TRy = Fr(Wo&g)dg
Gl o B O 1
= Oy Woégn 1 dndg
2 NCRS |1| A 11 1
_ y XU
= Oy  Woéd 1 1 . dydxdg
Gt i i A [T
X
= 0% Wolg 1” dx dg (5)
Ze\Gg Of
1
since { 2 Gg for all y 2 O and vol (Og) = 1.
1 1 1 1
B . x ul™ ut
If x = ul™With u2 OZ, n 2 Z, then 1 2 G, 1 2 Kg, and
therefore:
1 1 % 1
0 XU d
Oy  Woéd 1 g
ZrGr o R I [T 11
B 0 woig U AN D:%F Ho ou? q
- (px (114¢ 1 1 1 g
¥ [T
= 9% wolg L dg
Ze\GE

L1
_ ﬂl:%‘ K |:0| L C3EH9) Qo(Mo) if n Kk,

" 1 % 0 .
) Qo(Mk—n) if n<k.
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Thus, applying Fubini's theorem to (5), it follows that:
1 1

TR = 9% Wolg T dg dx
nzov(x)=n
1 k

| S |
vol ([0 [1Y) Hg0)Qo(Mo) +  vol ([FT [1) 9 ) Qo(Mk—n)
k 0

n= n=

N ES |

oG Q(Mo) +(1 ¢ H T  4-"Qo(Mi—n)
n=0

The proposition now follows from this by a simple inductive argument.

x6. Calculation of T( @w.x) and Qo(M k)

Lemma. For dominant X, we have:

] ]
(1 q?) I+(Bg)™

O):
X @ B
Proof: The left Haar measuredg is normalized (seex2) so that:
1 ||||||||||||||||||
0y _ 0 dq = 0 y X 1 x xd"yd
x) = 0y (Wo&g) dg = Py Wol 1 Wo 1 yi X.
Ze\GE FF>F
L1 [ 1
If x 2 O, then wy )1( 2 Kg, and:
i1 L1 [ III1I Ildlldx i1 L1 L1 Ildlldx
0 y X X Xxavy _ 0 y X xavy
R R M A e R 7
I:ll 1
On the other hand, if x O, then 1 1 2 Kg, and
e L .
0 y X X X Yy
. Px Wob T oo g o TRy
i1 L1 1 [l [T 11 (L1l
_ 0wt Y X 1 x? x1 1 gx d>y
- Px  Wo 1 1 x x1t 1 iYie
F>E
i1 L1 [
_ 00 wet ¥ 2 x+yx1t ax d>y
= 0 —
o 1 Vi
FF||||||||||(J|dX
g2 0 y X xavy
= X @y Wof 1 i-
F<F



Thus:

[ R Cl o .4 Ca O ||
0\ _ min 2v(X),0 0 y X dey
WYl

F F=< F

= (1+ g-*) Ggg (e).

Sincecpg’( is Kg- xed, it follows from equation (1) of x4 that:

L] O O ] 0 O
G(pg)((e) = B_V Im(z) (qu)ZV(Z) dz + B—v Im(z) dz.
E E
v(z)=—1 v(z)=0

To evaluate these integrals, takeL = 0, @ = @5 in equation (2) of x4, andL = 1, ¢ = @3
in equation (3) of x4. The lemma follows. O

We now turn to the calculation of 'I@W,X) for w 2 W. For this, it will be necessary
L1 C1C 1 [ 1

to determine those g”= wgé y )1( Wo 1 )1( in G such that wygo= wp. Thus, let

A=y Ix+ ), n= AT+ x=y(x WHX* 1)1+ X, wheret = p?. Then:

L1 [ ||1| [ ||1| LT 11 [T 11 L1

Yy X X

Wog Wo 17 y A1 1
1° o

1 1 A1 .

- y 1 A0

1

It follows that wgo= Wy if and only if n 2 Og, hence if and only ify(x* T)™! 2 O and

X+ yx(x? 1)7! 2 Of. Consequently (if wygo= wo):

L1 — [
min 2v(x),0 —v(y)

Owo.x(0 = (Ba )™ = (Bg,.)

Proposition 4. For dominant x, we have:

(Bg)™* B2 1

T(Qe,x) = 1 B2 and T(Qw,x) = W

Proof: In this proof, Fubini's theorem will be applied frequently without mention.
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We compute:

=== =
T _ X x dx d*y
o) FE<F Prox Mok ' 1 "o 1 Yie i
T g o B

min 2v(x),0 —v(y) d*y dx

— dx.
JYIe

= (Ba:)
F F FE>
y(X—p)(x2—1)"1+X [Ok

We apply a change of variablesy @ (x> 1)y,, d*y @ d*y,, wherey, 2 O fO0g.
Because the image of in O/ [1s a quadratic nonresidue (se&?2), it follows that v(y) =

oL 1
min 2v(x),0 + v(Yy,), and thus:

CT 1 [ 1 1
= Vel — ———d™y, dx dx.
-I@Wo.X) e o (qu) JXZ TJ,: JyoJF yO
XYO"';EO}

Next, we apply a change of variablesx B y;1(xo X), dX A jyoj. dXo, Where X, 2 Of:

[ Y N I . .
@wmx) = (BqF)—v(yo) l_rl—._1 =t % - dx, dxyo dx
F O —{0} OF %7!) (X0 X) 1 Yolz
1 F 1
1 [ ] |
= B—V(yo)q\F/(yo) qﬁ_l X = . v
Or —{0} Or F o (Xo X) TE

F

To compute the inner integral, we apply a change of variablex A yoXo+ Xo, dX A jyoj. dXo:

= dx — dx — IEI(*)OI:I
. . . . min V(Xo), . . _
H & ﬁ = Wole T = Wole G dXo = jYojr (1+0°1).

F E]:) (Xo  X) e . %o Ue -
Then:

T =(1+ q! - —v(¥o)gx. d*v. = 1 o

wo.x) = ( Q- ) B Xo 0" Yo = m,
Or —{0} OF

and therefore:

—_ @Wc, ) —_ 1
T((pW01X)_ 1@9(;( - 1+(Bq':)—1.
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From x4, we know that Fg = cpg’(, thus using equation (4) we can write:

(P?( = Ce(X)Pex *+ Cwo(X)Owo x-

Applying the linear functional T, we obtain:

1=ce(X)T(Pe,x) + Cwo(X)T (Owo.x)
_ 1+(Bg-)
= T(Qex) * 1—[3':_2,
whence the proposition follows. O

Proof of Theorem: By Proposition 2, each Qo(My) (regarded as a function of3)
continues meromorphically to the entire complex plane, wit possible (simple) poles only
at gt

Applying the linear functional T to equation (4), we have by Proposition 4:

1 oy

T(Fw) = cw(X) 02X 1 T(Qw,x)
w W1
ko (PBG)Tt P21 (Bg) T 1
A A S T

Substituting o = B, this simpli es to:

1 _ P
—k kCx qFl BkB qFl

Y T AT a B
x I%+1 Bk+1 1 C(k Bk

- a B - a B
—k [ -1 L1
q,: Sk(a, B) q,: Sk_]_(a, B) )

where Si(a, B) is de ned for k 2 Z by:
1

= ifk 0,
Sk(a,B) = =

0 otherwise.

T(Fk)
1

Note that each Si(a, ) is an entire function of (.
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Now, by Proposition 3 (when X is dominant), Qo(Mp) = T(Fp) =1, and when k  1:

1] 1]
QM) =1 ) T(Fx o' F—) =0 o H P T(F) - T (Fen)

_k 1 1 1
= q,: (qF 1) O Sk(a, B) (qF + 1) Sk_]_(a, B) + Sk_z(C(, B) :

Thus, Qo(My) continues to an entire function of 3 for each k. Bearing in mind that the
1 1

Satake parameter form is the matrix ty = o B 2 GL(2,C), then Tr( _*ty) = Sk(a,B)
for eachk 0, whence the theorem is established. O
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