HEREDITY OF WHITTAKER MODELS
ON THE METAPLECTIC GROUP

William D. Banks

In this paper, Rodier’s theorem on the heredity of Whittaker models is generalized to
non-algebraic setting of the n-fold metaplectic cover of the general linear group GL,.(F),

where ' is nonarchimedean local field containing the n-th roots of unity.

§1. Introduction.

Let F be a nonarchimedean local field, let G be the general linear group GL, (F)
for some positive integer r, and let P be a standard parabolic subgroup of G with Levi
component M. Given an admissible representation 7,, of M, extend 7, to a representation
m, of P by letting the unipotent radical of P act trivially, and let m, be the normalized
full-induced representation Ind(P, G; 7., ). Then by a well-known result of F. Rodier, there
exists a correspondence between the Whittaker models of the induced representation
and the Whittaker models of the inducing representation m,, (cf. Theorem 2 of [4]).

In this paper, Rodier’s theorem on the “heredity” of Whittaker models is extended
to the non-algebraic setting of the n-fold metaplectic cover G of G, where n is a positive
integer such that F contains all of the n-th roots of unity. The main result is stated as a
theorem in §2. In order to illustrate the situation, consider the example of a representation
of G induced from the metaplectic preimage B of the standard Borel subgroup B of G.
Since the Levi component T" of B is a (maximal) torus in G, its metaplectic preimage Tisa
Heisenberg group. Consequently, the dimension of any irreducible representation 7, of T is
equal to the index [T T, %], where T, is an arbitrary maximal abelian subgroup of T. In this
example, every linear functional on the space of 7, is a Whittaker functional, hence the
inducing representation m, has precisely [T i] distinct Whittaker models. Now extend
7, to a representation m, of B (see §2 below), and let 7, be the normalized, full-induced
representation Ind(B, G; 7, ) of G. By Lemma 1.3.2 of [3], it follows that m, also has [T : T%]

distinct Whittaker models, thus Rodier’s theorem evidently extends to this example.
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While the main techniques of proof employed in this paper are contained in [4], it
is unclear a prior: that those techniques carry over to the metaplectic group. Here the
situation is clarified by a close examination of various aspects of Rodier’s proof.

The results of this paper will be relevant to the generalization of F. Shahidi’s theory
of local coefficients (cf. [5]) to the metaplectic setting, to the construction of certain
non-principal theta functions (cf. [3]), and to the eventual classification of metaplectic
representations.

The author would like to thank J. Cogdell for some valuable discussions on the theory
of distributions, and the Oklahoma State University for providing support during the

preparation of this paper.

§2. The Metaplectic Group, Whittaker Models, and Heredity.

Let n and r be fixed positive integers. Let F be a nonarchimedean local field, and let
Wn denote the group of n-th roots of unity in F. We will assume that p,, has cardinality n.

Let G denote the n-fold metaplectic cover of G := GL,(F) (cf. §0.1 of [3]). As a set,
G=0Gx tn, with multiplication defined by:

(9,0 - (¢, ¢) = (99", ¢Ca(9,9"), Vg,9€G, (€ pn.

Here 0 : G x G — p, is the Matsumoto 2-cocycle in H?(G; p,,). Let s : G — G be the
preferred section g — (g, 1), and let p : G — G be the canonical projection (9,()—g.

Let N be the unipotent radical of the standard Borel subgroup B of G, and let
N® :=s(N). Since J}NxN =1,s: N — N¥® is a group isomorphism. Once and for all, let
1 be a fixed principal character of N (Cf. §2 of [4]) Then for any positive simple root «
of G, the restriction of ¢ to the unipotent root group N, is nontrivial. Let ¢)* denote the
corresponding character ¥ op = 1 os~! of N3, and let 1)* be the character obtained from
1* by complex conjugation.

Let W be the Weyl group of permutation matrices in G, and let W := s(W). If the
n-th order Hilbert symbol (-, )p : F* x F* — pu,, satisfies the relation (—1,—1)r = 1, then

s: W — W?* is a group isomorphism, but we will proceed without this assumption.
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Let M C G be the Levi component of an arbitrary standard parabolic subgroup P of
G. Then P = MU, and M NU = {e}, where U C N is the unipotent radical of P, and e
is the identity of G. Let P, M, and U® denote the subgroups p~*(P), p~1(M), and s(U)
of é, respectively. Then P= MUS, and M NUS = {€}, where ¢ is the identity of G.

Let W,, ;=W N M. As in §1 of [2], let:
[W/W,,] := {w € W | w is of minimal length in wW,, € W/W,, },

and let w,, denote the longest element of [W/W,,]. Let N,, := NNM, and let N° :=s(N,,).

Since w,, N,,w ' € N, we can a define a character ¢ : NS — C* by:

¥ (n) == ¢ (w, p(n)w, '), VneN.

Let @ZA*J be the character obtained from 1* by complex conjugation. In particular, we have
that N3 = N®, and w, = e, hence ¢ = ¢*, and zﬁc"j = 9.

Let H;ﬁ denote the full-induced representation Ind(NAj,M ;) of M. The space fo
of H;ﬁ consists of the locally-constant functions f : M — C that satisfy f(ng) =¥ (n) f(g)
for all n € N° and g € M, and M acts on W;f by right translation. Similarly, let OH;V”[
denote the compactly-induced representation Ind® (N3, M ; zﬁ;) of M. The space OWXE of
OHA% consists of the locally-constant functions f : M — C that are compactly supported
modulo N? and satisfy f(ng) = @Eﬂj (n) f(g) for allnm € N° and g € M. Then M also acts
on OW;;’ by right translation. By Proposition 2.25(c) of [1], OHA’E is the contragredient of
the representation HA’/;.

Let m,, be a smooth representation of M. A subspace W of ijf is said to be a
Y -Whittaker model for m,, it W is M—invariant, and the restriction of HA’/; to W is a
representation that is equivalent to m,,. In other words, W is the image of an injective
element of Hom -~ (70, IL¥).

The following theorem is a generalization to the metaplectic group of Rodier’s theorem

on the heredity of Whittaker models (cf. Theorem 2 of [4]).
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Theorem. Let m,, be an admissible representation of M. Extend m, to a representation
7, of P by letting U® act trivially, and let m, be the normalized induced representation

Ind(P,G;7,) of G. Then Homg(, ) = HomM(WM,H;ﬁ).

Proof: A topological space X is an [-space if it is Hausdorff, locally-compact, and
zero-dimensional (cf. §1.1 of [1]) For any [-space X and any complex vector space V, let
S(X; V) denote the space of locally-constant, compactly-supported functions from X to V,
and let D(X; V) be the linear dual of S(X; V). When V = C, we will simply write S(X)
and D(X), respectively. Any element of D(X;V) [resp. D(X)] is called a V -distribution
[resp. distributian}.

Let V denote the space of 7,,. For any l-subspace X of G such that NSXP = X, let
D'(X) denote the space of V-distributions D € D(X; V) that satisfy:

DAL (n)pl(p)p) = 0" (n)d(p) 2 D(m.(p o), VneNS peP, peSX;V).

Here Al : N® — Aut(S(X;V)) and p! : P — Aut (S(X;V)) are the representations defined
in the usual way by left and right translation, respectively, and ¢ : P — C* is the modular
character of P.

By a theorem of F. Bruhat (Cf. Theorem 4 of [4]), Dl(é) is isomorphic to the space
Bila(oﬂg, ) of G-invariant bilinear forms on OWCZ/; xV (i.e., intertwining forms in the sense
of §1 of [4]) Here we have used the fact that G = PK for some compact, open subset K
of é, and that @E; = 1)*. Since OHg is the contragredient of the representation Hé/’, it can

also be shown that Hom (7, ) = Bila(oﬂg,wc). Hence, D(G) = Homz(m, I1¥), and

it remains to show that D'(G) = Hom ~ (,,, IT{,).
For every w € [W/W,,], let @ := s(w). Starting from the Bruhat decomposition for G,

one can show that G = [[ N5wP, where the disjoint union is taken over all w € [W/W,,]

(cf. §1 of [2]). In order to describe DY(G), it will suffice to study each space D(NSwP)
separately. Thus, let w be a fixed element of [W/W,,]. For every ¢ € S(NSxP;V), let
¢ € S(NSwP; V) be defined by:

H(nwp) := / o(nne, W tng tip) dn., VneN® pe ]5,

NsA@Po—1
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where dn, is a Haar measure for N N @Pw~!. The map ¢ +— ¢ is surjective, hence

by duality it follows that D(N SfJ)f’) is isomorphic to the space D? of V-distributions
D € D(N*xP;V) that satisfy:

D(X2(n)p2(p)p) = ¥*(n)d(p) V2D (m.(p ) o), VYneENS peP,

D(p? (no)¢) = D(N2 (0~ now)p), YV n, € NSNwPw,
for all ¢ € S(N sx P; V). Here A2 and A? are representations defined by left translation:
A2 NS = Aut(S(N®xP;V)),  A2: P — Aut(S(N®xP;V)),
and ,0]% and pg are representations defined by right translation:
p2 i N® — Aut(S(N*xP;V)),  p?: P — Aut(S(N*xP;V)).

Next, we identify S(NSxP;V) with S(N%) ® S(P;V) in the usual way, that is, for
every ¢, € S(N®) and ¢, € S(P; V), let ¢, Q¢, € S(N=xP;V) be defined by:

(o ®@9)(1,0) = 0y (n) p(p),  ¥nEN® peP.
Let )\f’, and )\g be the representations defined by left translation:

AN - Aut(S(N®), A3 P — Aut(S(P;V)),
and let pf’, and pﬁ be the representations defined by right translation:

p> i N® — Aut(S(N®)), P’ :f’%Aut(S(]S;V)).

For every D € D2 and ¢, € S(P;V), let Dy, € D(N°®) be the distribution defined by
Dy, (¢n) == D(py®p,) for all ¢, € S(N®). Then D, (A2 (n)py) = ¥*(n) Dy, (¢y) for
all p, € S(N®) and n € N%, since A2 (n)(py®p,) = A2 (n)p,@¢,. By the uniqueness
of left quasi-invariant distributions on N (cf. §1.18 of [1] — the proof for quasi-invariant

distributions is similar), it follows that D, is a constant multiple of the distribution

¥* dn € D(N?®) defined by:

o / oo ()P (n)dn, ¥ g, € S(N®).
g
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Hence, D, (P2 (no)py) = Y*(no) Dy, (py) for all o, € S(N®) and n, € N° N wPw,
and it follows that D? is isomorphic to the space D3 of V-distributions D € D(]S; V) that
satisfy:

D (X2 (po)p2 (p)g) = " (pew™ ") 8(p) "2 D (m.(p™) o)

for all p, € W INSGNP,pe P, and ¢ € 8(13; V).
Proceeding as above, we next identify S(P; V) with S(M; V)@ S(U*). Thus, for every
0, € S(M;V) and ¢, € S(US), ¢, @¢, € S(P;V) is defined by:

(pa @0, ) (mu) =@, (m) @y (w),  VmeM, ueU*
Let )‘;\14 and )\3 be the representations defined by left translation:

MM = Aut(S(M;V)), M US — Aut(S(U®)),
and let p;i and pé be the representations defined by right translation:

pt o M — Aut(S(M;V)), pl U — Aut(S(U®)).

If D e D3 and ¢, € S(M;V), let D, € D(U?) be defined by Dy, (¢,) = D(p,@¢,)

Pnr
for all ¢, € S(U?®). Since ¢ pe = L

s = Land m,

D, (pi(u)g,) = D(gy,®ps(u)e,) = D(p2(u) (0, ®0,)) = Dy, ®p,) = Dy, ()

for all ¢, € S(U®) and u € U®. Then by the uniqueness of right-invariant distributions
on U (cf. §1.18 of [1]), it follows that Dy~ is a constant multiple D'(¢,,) of the Haar

measure du € D(U®):

Digua) = D'(e) [etdu, Vo, € SULV) ¢, €SO7)
US
and D' is a V-distribution in D(M; V).
We will now show that if w # w,,, then DYNswP) = 0. Let D € D? be fixed, and
let D' € D(M;V) be as above. For every ¢ € S(P; V), let ¢’ € S(M;V) be defined by:

©'(m) = /so(mu) du, VmeM.
Us
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Then D'(¢') = D(y) for all ¢ € S(P;V). Indeed, this is easy to check when ¢ is of the
form ¢, ®¢,, and the general case follows by linearity. Since M normalizes U S, it follows

that ()\g(u)gp)/ = ¢ for all ¢ € S(P;V) and u € US. In particular:
D) = D'(¢') = D' (W (o)) ) = DN (uo)p) = ¥ (ueiv™") D)

for all uo, € W 1NS® N US. Since w is not the longest element in [W/W,,], there exists

a positive simple root o such that the root group N, is contained in wUw™!. Since 1

is principal, we have that ¢*|,, # 1. Moreover, from the definition of the Matsumoto
2-cocycle o, it follows that 12)_1;\};12) = s(w ! Nyw), and 0~ N3wNU® = s(w™ ! NwNU).
Hence there exists a u, € W 'NSw C @™ NSw N US such that ¥*(wu.w~!) # 1. This
shows that D = 0, and therefore D} (NSwP) =~ D2 =~ D3 = (.

Now suppose that w = w,,. Then GINSHNP = QD_INS@QM, and D? is isomorphic

to the space D* of V-distributions D € D(M; V) that satisfy:
D (X}, (mo)py, (m)py, ) = ¢* (wmow™") 8(m) "2 D(m, (m™") o p,,)

for all me € W NS® N M, m € M, and Oy € S(M; V). Here we have used the fact that:

Pa (M) (0, @) = py, (M), O (m ™) p; (M),

for all m € M, ¢, € S(M;V), and ¢, € S(US), which implies that:

(0% () (00 ©8,)) = 8(m) (0 (M), @60y, ) -

By another straightforward calculation with the 2-cocycle o, w1 NS N M = N3 . Thus,
from the definition of zﬁ]\’;, it follows that complex conjugation provides an isomorphism

between D* and the space D° of V-distributions D € D(]Tj ;1) that satisfy:

DAL (mo)pt (m)g) = 07 (o) 8(m) "2 D((67 @m,, ) (m ™ )op),  Vn,e NS, me M,

for all ¢ € S(M;V). By Bruhat’s theorem, D® = Bilﬁ(oﬂg,(S_l@WM), the space of
intertwining forms of OH}\ﬁ and 6~ '®m,,, which is isomorphic to Homﬁ[(é_l@wM,H}\ﬁ). Fi-

nally, since 4| ns = 1, the spaces Hom ]\71((5_1®7TM, I1¥) and Hom (s I1¥) are isomorphic
M



(although the representations 6~ '®m,, and m,, need not be). Thus, in the case w = w

M
we have that D'(N®@wP) = Hom - (m,,, IT¥)).

As G is a finite covering of G, we have that NS@DM]3 is open in é, since Nw,, P is

open in G. Similarly, X! := [[ N s@P is closed in é, and the sequence:

wEw,,

(%) 0 — DY(X") — DY(G) — DY (N%w, P) — 0

is exact (cf. §1.9 of [1]). We will now show that D'(X') = 0. Indeed, for i > 1, let
X+l .= X? — Y where:

Yii= ] std}f’, Wi .= {w eWw ‘ NSGP is an open subset of Xi}.
weWw?
Then W — {w,,} = [] W*, and X' = [] Y. As each Y is open in X*, and each X**! is
i>1 i>1
closed in X*, the sequence:

0 — DHX") — DHX") — DHY") — 0

is also exact. But NP is also an open subset of Y for every w € W*, hence it follows

that D1(Y?) =~ @ DY(NwP) = 0. Consequently, D*(X!) = DY(X?) for all i > 1, and
weWw?
since X* = () for i > 0, this shows that D*(X!) = 0. From the exact sequence (), it now

follows that D*(G) = DY (Nsw,, P) = HomM(WM,H}ﬁ), and this completes the proof. O
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