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Abstract

We establish upper bounds for multiplicative character sums with
the function σg(n) which computes the sum of the digits of n in a fixed
base g ≥ 2. Our results may be viewed as analogues of some previously
known results for exponential sums with sum of g-ary digits function.
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1 Introduction

Arithmetic properties of integers characterized by their digits in various bases
have been studied in many papers; for instance, see [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 14, 15] and the references therein. In this paper, we consider the
problem of obtaining nontrivial bounds for multiplicative character sums
with the sum of g-ary digits function σg(n). Previously, results of this kind
have been obtained only for exponential sums (that is, for additive character
sums), and although both problems are somewhat related, the estimation
of multiplicative character sums requires the use of a very different set of
techniques.

Let g ≥ 2 be a fixed integer base. We consider the base g representation
of any arbitrary nonnegative integer n:

n =
∑
j≥0

aj(n)gj, 0 ≤ aj(n) ≤ g − 1,

and we denote by σg(n) the sum of the base-g digits of n; that is,

σg(n) =
∑
j≥0

aj(n).

In this paper, we obtain nontrivial upper bounds for the character sums

S(r, χ, f) =

gr−1∑
n=0

χ (f (σg(n))) ,

where χ is a non-principal multiplicative character for the finite field Fp with
p elements, and f(X) is an irreducible polynomial in Fp[X]. Our results are
based on the Weil bound for incomplete character sums; see [17].

Throughout the paper, the implied constants in the symbols “O” and “�”
may depend on g but are absolute otherwise. We recall that the expressions
A � B and A = O(B) are equivalent to the statement that |A| ≤ cB for
some constant c. As usual, log z denotes the natural logarithm of z.
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2 Preparations

Here we collect several auxiliary statements.
The following statement follows immediately from the Weil bound (cf. [17])

and is well-known; see also Theorem 2 of [16].

Lemma 1. For any multiplicative character χ modulo p of order m ≥ 2, any
integers M and K with 1 ≤ K ≤ p, and any polynomial F (X) ∈ Fp[X] with
at most d ≥ 1 distinct roots (of arbitrary multiplicity ) such that F (X) is not
the m-th power of a rational function, the following estimate holds:∣∣∣∣∣

M+K∑
n=M+1

χ (F (n))

∣∣∣∣∣ � dp1/2 log p.

We also need the following estimate, which is Corollary 2 of [15].

Lemma 2. For any integers K ≥ 1 and 0 ≤ S ≤ K(g − 1), let Φ(K, S) be
the number of integers n ∈ [0, gK − 1] with σg(n) = S. For K →∞ and

∆ = S − K(g − 1)

2
= o(K),

we have

Φ(K, S) =

√
6(gK − 1)2

πK(g2 − 1)
· exp

(
− 6∆2

K(g2 − 1)
+ O

(
∆3K−2 + K−1/2

))
.

3 Main Result

Theorem 3. For any integer r ≥ 2, any non-principal multiplicative charac-
ter χ modulo p of order m ≥ 2, and any irreducible polynomial f(X) ∈ Fp[X]
of degree 1 ≤ d < p1/2(log p)−1 such that f(X) is not the m-th power of a
rational function, the following estimate holds:∣∣S(r, χ, f)

∣∣ � d1/2gr
(
p−1/4 + p1/4r−1/4

)
log3/4 p

Proof. Let k and ` be positive integers such that k + ` = r.
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Since every integer n ∈ [0, gr−1] can be uniquely represented in the form
n = a + bgk with a ∈ [0, gk − 1] and b ∈ [0, g` − 1], we have

S(r, χ, f) =

gk−1∑
a=0

g`−1∑
b=0

χ
(
f

(
σg(a + bgk)

))
=

gk−1∑
a=0

g`−1∑
b=0

χ (f (σg(a) + σg(b)))

=

k(g−1)∑
s=0

`(g−1)∑
t=0

Φ(k, s)Φ(`, t) χ (f(s + t)) .

Put γ = k(g − 1)/2 and ∆ = g(k log k)1/2. We observe that Φk(s) = Φ(k, s)
is non-decreasing on the interval 0 ≤ s ≤ γ, and Φk(s) = Φk (k(g − 1)− s)
for 0 ≤ s ≤ k(g − 1). Consequently, if |s − γ| > ∆, Lemma 2 implies the
estimate

Φ(k, s) =

√
6(gk − 1)2

πk(g2 − 1)
· exp

(
−6g2 log k

(g2 − 1)
+ O

(
k−1/2 log3/2 k

))
� k−2gk.

Since
`(g−1)∑

t=0

Φ(`, t) = g`,

it follows that
|S(r, χ, f)− T | � k−1gr, (1)

where

T =
∑

|s−γ|≤∆

`(g−1)∑
t=0

Φ(k, s)Φ(`, t) χ (f(s + t)) .

Next, we turn to the estimation of T . By the Cauchy inequality, we have

|T |2 ≤
∑

|s−γ|≤∆

Φ(k, s)2 ·
∑

|s−γ|≤∆

∣∣∣∣∣∣
`(g−1)∑

t=0

Φ(`, t)χ (f(s + t))

∣∣∣∣∣∣
2

.

First of all, we remark that the simple combinatorial identity

k(g−1)∑
s=0

Φ(k, s)2 = Φ (2k, k(g − 1))
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together with Lemma 2 imply that

∑
|s−γ|≤∆

Φ(k, s)2 ≤
k(g−1)∑

s=0

Φ(k, s)2 = Φ (2k, k(g − 1)) � k−1/2g2k.

Consequently,

|T |2 � k−1/2g2k
∑

|s−γ|≤∆

`(g−1)∑
t,u=0

Φ(`, t)Φ(`, u) χ (f(s + t)) χ (f(s + u))

= k−1/2g2k

`(g−1)∑
t,u=0

Φ(`, t)Φ(`, u)
∑

|s−γ|≤∆

χ
(
f(s + t)f(s + u)p−2

)
.

If t 6= u, the polynomial

Ft,u(X) = f(X + t)f(X + u)p−2 (2)

cannot be the m-th power of a rational function since f(X) is irreducible
and not the m-th power of a rational function. Thus, for t 6= u, we can use
the bound provided by Lemma 1, while for t = u we use the trivial bound;
we obtain that

|T |2

� k−1/2g2k

∆

`(g−1)∑
t=0

Φ(`, t)2 +

(
∆

p
+ 1

)
dp1/2 log p

 `(g−1)∑
t=0

Φ(`, t)

2 
� g2k

(
`−1/2g2` log1/2 k + dp−1/2g2` log p log1/2 k + dp1/2k−1/2g2` log p

)
= g2r

(
`−1/2 log1/2 k + dp−1/2 log p log1/2 k + dp1/2k−1/2 log p

)
.

Let us choose k = min {br/2c , p2}. Then ` ≥ r/2 and we obtain

|T |2 � g2r
(
r−1/2 log1/2 p + dp−1/2 log3/2 p + dp1/2r−1/2 log p

)
� dg2r

(
p−1/2 + p1/2r−1/2

)
log3/2 p

and from (1) the result follows.
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4 Remarks

It is easy to see that, when d is fixed, Theorem 3 is nontrivial whenever p
and r satisfy p log3 p = o(r). This threshold is not very surprising due to
the inequality σg(n) ≤ r(g − 1) for 0 ≤ n ≤ gr − 1 and it seems to be very
hard to extend this bound to larger values of p. One the standard ways to
tackle this problem is to consider higher powers of the sum T and derive an
estimate using the Hölder inequality; unfortunately, this approach does not
appear to yield any improvement.

A more tractable problem would be to relax the irreducibility condition
on the polynomial f . This seems quite feasible but requires a more involved
analysis of the roots of the polynomial Ft,u(x) given by (2).
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