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1 Introduction

We will consider asymptotic phase for periodic orbits of smooth planar vector
fields (cf. [4, 5, 9, 10, 12]). Our main result is that, for most nonhyperbolic
limit cycles, the only points in phase with points on the limit cycle are points
on the limit cycle itself. More precisely, suppose that I' is a nonhyperbolic
limit cycle of a C? planar system, ¥ is a transverse section at p € I, 7 is the
time of first return to X, and P is the corresponding Poincaré map. Since
I is not hyperbolic, P'(p) = 1. Under the assumption that I' is a generic
nonhyperbolic limit cycle (that is, P”(p) # 0), we will show that 7/(p) = 0 is
a necessary and sufficient condition for every point in some neighborhood of
I" to be in phase with a point on I'. The C? requirement on the corresponding
planar system is crucial. In fact, for each a € (0, 1), we will give an example
(Example 1 in Section 3) of a C1*® planar system with a nonhyperbolic limit
cycle I" such that 7/(p) # 0 but every point in some neighborhood of I' is in
phase with a point on I'. We remark that, if m > 2 and the Poincaré map P
is given by
P(o) =0+ co™ + o(c™) for some ¢ # 0

then I' is isochronous if and only if

T(p)=7"(p)=--=7"""(p) = 0.
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To complete the picture for the nongeneric case, we will construct two C*
planar systems each with a nonhyperbolic limit cycle I' such that 7™ (p) = 0
for all n > 1 and P™(p) = 0 for all n > 2. In one of these systems I is
nonisochronous (Example 2); in the other, I' is isochronous (Example 3).

For the case of hyperbolic periodic orbits, the existence of invariant folia-
tions and asymptotic phase is well known. These results have also be gener-
alized to normally hyperbolic invariant manifolds [6, 7, 8, 11] (see also [2, 3]).
We will give a new proof to show that hyperbolic limit cycles have invari-
ant foliations (cf. [9]); hence, every point in some neighborhood of every
hyperbolic limit cycle has asymptotic phase with respect to the limit cycle.

Finally, we mention that some of our results can be generalized to periodic
orbits of smooth vector fields in R™.

2 Isochronous Planar Limit Cycles

Let T' be a periodic orbit of a flow ¢; defined on R™. A point ¢ € R"
has asymptotic phase with respect to I' if there is a point p € I' such that
limy o0 |0:(q) — &e(p)| = 0 or limy—, o |¢:(q) — ¢+(p)| = 0. In this case, ¢ is
also said to be in phase with p. We will call a limit cycle I' isochronous if
there is an (open) neighborhood containing I' such that every point in the
neighborhood is in phase with a point on I'.

In this section, I' is a periodic orbit of the ODE

i = f(u) (1)

Y is a transverse section at p € I', 7 : ¥ — R is the return-time function
defined on a subsection ¥ that contains p, and 7" := 7(p) is the period of I'.
Rather than repeat this context each time it is needed, we will often refer to
the return-time function or its derivatives “at I'” when we mean “at a point
p € I' along a transverse section ”. This language will only be used when
the corresponding statement about 7" does not depend on the choice of the
section or the point on T

We begin with the linear structure of the flow at I'. The main result here
is the existence of a linear space NN, at p that is ¢p-invariant and transverse
to the one-dimensional vector space spanned by f(p). In the hyperbolic
case, the proof of the existence of N, follows from the structure of the linear
map D¢r(p) by linear algebra. All that is needed is the observation that
f(p) is the generator of a one-dimensional eigenspace corresponding to the
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eigenvalue one. In the planar case, we will obtain an explicit formula for
the generator (if it exists) of the one-dimensional invariant complementary
space.

Let f : R? — R? with f(z,y) = (fi(z

), f2(:c y)) be smooth. Define
f+ = Rf, where R is the rotation matrix (9 3

1): the Euclidean divergence

and curl
div floy) = )+ G )
curl f(a,y) = F2w9) = Do)
and the scalar curvature function along the smooth curve t — (z(t),y(t)) by
#ij — i

k= (@2 + )32

Theorem 2.1 (Diliberto’s Theorem). Let ¢; denote the flow of the dif-

ferential equation (1). If f(¢) # 0, then the principal fundamental matriz
solution t — D¢y(C) at t =0 of the homogeneous variational equation

W = Df(@(C))W

18 such that

Dou(Q)f(Q) = f(#:(C)),  Dpe(Q)fH(C) = a(t, ) f(:(C)) + bt C).f (¢ (C)),

where

_ P rdiv £(64(¢)) ds
N G ’

a(t,¢) = /0(QH(S,C)U(@(C))\—curlf(@(C)))b(S,C)dS- (3)

Proposition 2.2. The functions a and b satisfy the identities

a(s+t,¢) = als, () +b(s, Qalt, ¢s(C)),  bls+t,¢) = bls, ()b(t, d4(C)) (4)

for allt € R and ( € I'. The periodic orbit I' is hyperbolic if and only if
b(T,p) # 1. In case ' is not hyperbolic, the derivative of T at p is a nonzero
scalar multiple of a(T,p). In addition, suppose that h(p) is the positive di-
rection vector which is tangent to X at p with respect to the local coordinate
on Y. If the ordered set of vectors {f(p),h(p)} is positively oriented with
respect to the usual orientation of the plane, then the derivative of T at p is
a positive scalar multiple of a(T, p).

(2)



The proofs of Diliberto’s theorem and the latter three statements of
Proposition 2.2 are in [5]. The identities (4) are proved by applying ap-
propriate changes of variables in the integrals that appear in the definitions
of a and b.

Using (4), it is easy to prove the additional identities

alt+T,¢) = a(T,¢) +b(T,¢)alt, (), (5)
bt +T,¢) = b(t, Ob(T, (), (6)
b(t, Q)a(T, ¢(C)) = a(T,¢) + (b(T,¢) = Dalt, C), (7)
(T, ¢u(C)) = (T, (). (8)

Proposition 2.3 (Invariant Normal Bundle). Suppose that I' is a peri-
odic orbit of the ODE (1). If T is hyperbolic, then T' has a unique invariant
normal bundle generated by the vector field given by

a(T,¢)
(b(T,¢) — 1)

In case T' is not hyperbolic, it has an invariant normal bundle if and only if
the derivative of the return-time map vanishes on I'; that is, 7'(p) = 0. In
this case there are infinitely many distinct normal bundles each generated by

9(¢) = A(Of(Q) + Q) (10)

wherep € T', ¢ is a real number, and (for ¢ = ¢(p)) A(C) := (c+a(t, p))/b(t, p).
In both cases, Dor(p)g(p) = b(T,p)g(p).

9(¢) = FO) + Q). (9)

Proof. 1t suffices to find functions A and B defined on I' so that B does not
vanish and the vector field g defined on T' by g(¢) = A(C)f(¢)+B() f(¢) is
such that Doy(¢)g(¢) = A(t, () g(¢+(C)) for some nonvanishing scalar function
AR xI'— R. Using Diliberto’s theorem, appropriate A and B exist if and
only if, for all { € T, they satisfy the equations

A(Q) + B(Qa(t, ¢) = A(t, Q)A(¢(¢)),  B(Q)b(t, ¢) = Alt, Q)B(¢x(()), (11)
the nondegeneracy condition B(C) # 0, and the compatibility condition
(b(T', ¢) — 1A(C) = B(Q)a(T, ()
(because ¢r(C) = ().



In case I is hyperbolic, equivalently b(T, p) # 1 for some p € I', we define
B((¢) :=1, A(t,¢) :=b(t,(), and A(C) := a(T,C)/(b(T,() — 1). The compati-
bility condition is satisfied; and, using the identities (7) and (8), we find that
A, B and X satisfy the system of equations (11), as required. Also, we note
that the compatibility condition requires that A(¢) = B(¢)a(T,¢)/(b(T, () —
1). While we take B(() = 1 to obtain equation (9), other choices of B only
serve to change the lengths of the vectors g({), not their directions. Hence,
the invariant normal bundle is unique.

If T is not hyperbolic, then b(7', ¢) = 1. To satisfy the nondegeneracy and
compatibility conditions, we must have a(7', () = 0. Conversely, suppose that
a(T,¢) =0. Fix p € I' and let ¢ be a real number. Take B(p) =1, A(p) = ¢,
and define A(¢y(p)) := (c + a(t,p))/b(t,p). The compatibility condition is
satisfied. The first equation of display (11) is equivalent to

c+a(s,p) c+a(s+t,p)
SR L alt, u(p)) = blt, LN S N
o5, p) alt, ¢s(p)) = b(t, ¢(p)) s 1t p)
This identity is verified by substituting for a(t, ¢s(p)) and b(t, ¢,(p)) using
the identities (4). O

Proposition 2.4. If the transverse section X at p is contained in the section
¥ at p and ¢p(X) C X/, then T’ has a smooth invariant normal foliation
whose leaves are given by ¢(X) fort € [0,T). Moreover, ifI' has an invariant
normal foliation and I" is a limit cycle, then T" is isochronous. In particular,
every point on each leaf of the foliation is in phase with its base point (that
is, the intersection of the leaf with T').

Proof. The proof is an application of the semigroup property of the flow
0. O

Theorem 2.5. IfT' is hyperbolic, then I has a smooth ¢p-invariant normal
foliation whose leaves are tangent to the invariant normal bundle generated
by g in equation (9). In particular, T is isochronous.

Proof. By Proposition 2.4 it suffices to show that there is a section ¥’ at
p € I' and a subsection X at p such that ¢p(X) C 3. Also, by reversing
the direction of time, there is no loss of generality if we assume that I" is
attracting, that is o(7,p) < 1. Also, without loss of generality, we will
assume that f is defined on R? and @ = f(u) is complete.



We will prove the foliation is class C'; the proof for class C" is similar. Let
C'([-1,1],R) denote the usual Banach space of continuously differentiable
functions with the usual (sum) C'-norm and define £ := {h € C*([-1,1],R) :
h(0) = 0 and A'(0) = 0}. The set £ is a Banach space with respect to the
norm |[|hlle = sup, |h'(s)|. To prove this fact, note first that [|||¢ is a
norm. In particular, if ||kl = 0 then h'(s) = 0; therefore h is constant.
The function h is zero because h(0) = 0. Secondly, suppose that {h, }°, is
&-Cauchy and use the mean value theorem to obtain the estimate
[ (8) = ()] 411y (8) = Doy ()] < [ sup |7, (£) = h (8) |+ Ba (5) — B ().

t

€[-1,1]

It follows that [|A, — byt < 2|[Am — hulle. Hence, {h,}2, is C*-Cauchy.
Let h denote its limit in C'([—1,1],R). Since |h(0)] + |W'(0)] < ||h — hyl1,
we have that h(0) = 2/(0) = 0, as required.

For h € £ and 6 > 0, we have a curve L in the plane given by s +—
p + 0h(s)f(p) + dsg(p), where g is defined in display (9) and s € [—1,1].
This curve is transverse to I at p. Also, let ¢t — wu(t,s,h,d) denote the
solution of @ = f(u) with the initial condition u(0, s, h,d) = p+ dh(s)f(p) +
dsg(p). Using the linear independence of f(p) and g(p), the vector u(T', s, h, §)
can be uniquely expressed in the form u(7T, s, h,0) = p+ (T, s,h,d)f(p) +
(T, s, h,d)g(p) for scalar valued functions Z and §. Thus, the section given
by L is ¢p-invariant if and only if

6h(%i(T, 5.1, 8)) = §(T, 5. h, 5) (12)

whenever s € [—1, 1].
To take advantage of the invariant normal bundle defined in Proposi-
tion 2.3, let us linearize at I'. By Taylor’s theorem

F(C+n) = F(Q) + Df(COn+ R n)n,

where R((,n) := fol(Df(§+ sn) — Df(¢))ds. This formula is valid for ¢ € T’
and 7 in some open neighborhood of I'. Moreover, R((,0) = 0. Using this
fact and the definition w(¢, s, h,d) := (u(t, s, h,d) — ¢(p))/d we have that

W = D [f(¢:(p))w + R(dr(p), dw)w (13)

with the initial condition w(0, s, h, §) = h(s)f(p)+sg(p). Also, with x := 2/
and y := ¢/d, we have the equality

w(T,s,h,0) =y(T,s,h,0)f(p)+ (T, s,h,)g(p).
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Thus, the curve L is invariant if and only if h(z(T), s, h,0)) = y(T, s, h, ).

Using the independence of f(p) and g(p), let us define a new norm on R?
given by |C|gy := max{|(s], |Cgl}, where ¢ = (pf(p) + o9 (p)-

By the usual existence theory for ODEs, w is as smooth as the function
f. Let B denote the ball of radius 1/2 centered at the origin in £. There is a
number M > 0 such that |w(t, s, h, 5)\fg < M whenever t € [0,7T], s € [-1,1],
h € B, and § € [—1, 1]. This follows because the time interval is compact and
the initial data is contained in a compact set. For this result, we note that
|h(s)| < ||h|le]s| < 1/2. Thus, the initial data lies in a compact neighborhood
of the origin in R?. Using the usual semilinear Gronwall estimate applied to
the ODE (13) (that is, by using the variation of constants formula, making
a fg-norm estimate, and then applying Gronwall’s lemma), we obtain the
inequality

(T, 5,h,0)|gy < elo XT9m09| Do (p) () f(p) + 59(p)) g
< el TToah®do o fn(s)], [s|b(T, p)} (14)

where Y(T,s,0,h,08) := |[[Dér(p)(Doy(p))  R(ds(p), Sw(a, s, h, 5))||fg and
the matrix norm is associated with the fg-norm. By restricting J to a suffi-
ciently small open interval J C [—1, 1] containing the origin, T can be made
sufficiently small so that

T
1
E::/ T(T,s,0,h,0)doc < min{2, ——}.
- ’ L

Thus, using the estimate (14), we have
mac{[2(T, 5, b, )|, (T, 5, b, )|} < B max{ ()], |s[o(T p)}.

With 6 € J and h € B, it follows that |z(T,s,h,d)| < 1; in particular,
x(T,s,h,d) is in the domain of h € £. Therefore, there is a function F' :
B x J— & given by

F(h,8)(s) = y(T, s, h,8) — h(x(T, s, h, 5)).

Since ODEs depend smoothly on their parameters, even for parameters in
Banach spaces (see [1, 5]), the functions given by Y'(h,d)(s) := y(T, s, h,d)
and X (h,d)(s) := x(T,s,h,d) are as smooth as the function f. Also, the
operator (composition on the left) given by ®(h)(s) = h(g(s)), where g is

7



some fixed function, is linear, hence class C*°. It follows that F' is as smooth
as the function f.

We will apply the implicit function theorem to F'. Note first that F'(0,0)(s) =
y(T,s,0,0). For (h,0) = (0,0), w = Df(¢(p))w and w(0,s,0,0) = sg(p).
Hence, we have w(T,s,0,0) = sb(T,p)g(p); that is, z(T,s,0,0) = sb(T,p)
and y(7,s,0,0) = 0. So, F(0,0) = 0. Next, we compute F},(0,0). For
this, we set 6 = 0 and differentiate the function F : B — &£ given by
F(h)(s) =y(T,s,h,0)— h(x(T,s,h,0)) at h =0. In this case, we have that
w = Df(¢(p))w and w(0, s, h,0) = h(s)f(p) + sg(p). Hence, w(T,s,h,0) =
h(s)f(p) + sb(T,p)g(p); that is, =(T,s,0,0) = sb(T,p), y(T,s,0,0) = h(s),
and

F(h)(s) = h(s) = h(b(T,p)s).

Because F is linear, we have that F}(0,0) : & — & is given by F}(0,0) =
I — U, where [ is the identity transformation and U : £ — & is the linear
transformation given by U(k)(s) = k(b(T,p)s). For ||k|l¢ = 1 and s # 0, we
have

(U (k) (s)] = (T, p)|K'(b(T', p)s)|.

It follows that ||Ul|le = o(T,p) < 1 and I — U is invertible ((I — U)™! =
> oo o U™). By the implicit function theorem, there is an open subinterval K
of J with 0 € K and a smooth function 5 : K — B such that K(0) = 0 and
F(K(6),0) =0. For 0 € K and § > 0, K(9) € £ is a function whose graph,
the image of the curve s +— 0K (§)(s)f(p) + dsg(p) defined for s € (—1,1), is
the desired ¢p-invariant transverse section at p € I'. O

Note that a ¢p-invariant normal foliation is necessarily tangent to an in-
variant normal bundle at I'. For hyperbolic limit cycles, there is no ambiguity
due to the uniqueness of the invariant normal bundle. But, for nonhyperbolic
limit cycles with (7, p) = 0, there are infinitely many invariant normal bun-
dles (see Proposition 2.3). By our main result in this section (Theorem 2.8),
if " is a nonhyperbolic limit cycle and a(T, p) = 0, then there is a unique ¢-
invariant normal foliation under some generic conditions. Therefore, only one
invariant normal bundle can be realized by a ¢p-invariant normal foliation.

We will define a function Q : I' — R2, which depends on the second
derivative of the underlying vector field along I'; it is used to identify the
unique invariant normal bundle whose fibers are tangent to the leaves of the
¢r-invariant normal foliation at I". Indeed, let us denote the usual inner



product of u,v € R? by (u,v) and define

Qp) = / Do (64(p) D2 (04(0)) (Dén(p) F+ (). Du(p) f*(p) . (15)

Proposition 2.6. Suppose that v and w are real numbers, p € I', and
u(t,C) = ¢¢(C) for ¢ € R%. If T is not hyperbolic and the derivative of
the return-time map vanishes at I', then

uee(T,p)(f(p) +wf(p), vf(p) + wfH(p) = wuce (T, p)(f(p), f~(p))

and

Q(p) = uee(T,p)(fH(p), f(p))- (16)

Proof. Since ¢(p) € T, a(T,¢:(p)) = 0 and b(T, ¢:(p)) = 1, we have the
identity u¢ (7', ¢¢(p)) = I. Hence, if J C R is a sufficiently small open interval
containing the origin and ~y : J — R? is a smooth function such that (0) = 0,
then uc (T, ¢s(p))v(s) = v(s). By differentiating with respect to s at s = 0,
it follows that ucc (7, p)(f(p),¥(0)) = (uc(T,p) — I)¥(0) = 0. In particular
uee(T,p) (F(9), £(p)) = 0 and tee(T, p) (F(p), f-(p)) = 0. On the other hand,
since u(0,¢) = ¢, uw = f(u), uc(0,¢) = I, and @ = D f(u)uc. The solution
of the second-order variational equation ¢ = D f(u)uce + D*f(u)(ue, uc)
yields

uce(T,p) = /0 Do—o(¢(p) D f(6e(p))(Dr(p)(-), De(p)(-)) dt.

The desired result follows from the bilinearity of second derivatives and the
definition of Q. O

Let J C R be an open interval containing the origin and o : J — R?a
C? function such that o(0) = p and o is transverse to I' at p. There is a
subinterval J C J containing the origin such that the image ¥ of ¢ restricted
to J is a Poincaré section with Poincaré map P. Using the coordinate along
Y} given by its parameterization, the local coordinate representation of P,
which we again denote by P, is given by

a(P(s)) = u(T(a(s)),0(s)), (17)

where u(t, () := ¢4((). Of course, in these coordinates P(0) = 0. Also, if I'
is not hyperbolic, then P'(0) = 1.



Proposition 2.7. Suppose that ¥ is a Poincaré section at p € ' with
Poincaré map P, and a coordinate on ¥ is defined by o : J — R? such
that J C R is an open interval containing the origin and o(0) = p. If T is
not hyperbolic and the derivative of the return-time map vanishes at I, then
(in the local coordinate given by o)

(6(0), f(p)
£ (p)I*

Proof. By differentiation in equation (17), we find that
o(P(s))P'(s) = f(u(T(a(s)),0(s)))(dT(0(s))o(s)) + uc(T(o(s)), o(s))o(s).

By using the hypotheses, differentiating again with respect to s at s = 0 and
rearranging the resulting equation, we have that

(0)P"(0) = d*T(p)(6(0), 5(0)) f(p) + ucc(T, )(6(0),5(0)).

Finally, by taking the inner product of both sides of the last equation with
respect to f*(p), using the identity

P"(0) = (Q(p), [+ (p))- (18)

o(0) = %(@(0), F@))f(p) +(6(0), f+(p)).S " (0)),
|/ (p)]
and using Proposition 2.6, we obtain formula (18). O

Theorem 2.8. Suppose that f is C? and p € I'. If T is not hyperbolic, the
derivative of the return-time map vanishes at I', and the second derivative
of the Poincaré map P at ' is not zero, then I' has a ¢p-invariant normal
foliation whose leaves are tangent to the leaves of the normal bundle given
by Déy(p)g(p) fort € [0,T), where g(p) = A(p)f(p) + f*(p) and A(p) =
(Q(p), f(p))/{Q(p), fH(p)). In particular, T is isochronous.

Proof. Under the hypotheses of the theorem, if 3 is a Poincaré section with
coordinate s such that s = 0 is the coordinate of p = ¥ NI, then P(s) =
s+ (P"(0)/21)s* + O(s*) with P”(0) # 0; therefore, I is semistable.

We will consider the stable and unstable ‘sides’ of I' separately. In each
case there is an invariant normal foliation and these foliations match to first-
order at their base points.

Let C denote the Banach space consisting of functions h € C(][0,1],R)
such that h(0) = 0 and [|hll¢ := sup,e (o [2(s)]/|s]* < oo. Also, let £ denote
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the Banach space consisting of functions h € C'([0, 1], R) such that h(0) = 0,
R(0) = 0, and ||h|le := supgeq |1 (s)]/]s] < oo. Here, h'(0) is the right-
hand derivative. Also, let g(p) denote the vector defined in the statement of
the theorem.

We will consider the stable side of I'. For simplicity, let us assume that
f*(p) is in the direction of the stable side; that is, the curve o(s) := p+sft(p)
has image in the stable set of I' for sufficiently small s > 0. Moreover, with
respect to the corresponding Poincaré section given by the (restricted) image
of o, the corresponding Poincaré map P is such that P”(0) < 0.

As in the proof of Theorem 2.5, we will show that there is a smooth
function F' : B x J — C, with suitable B and J, given by F(h,d) =
y(T,s,h,0) — h(x(T,s,h,d)), where x and y are defined as before, but here
s € [0,1]. To show that for suitable B and J, z(T, s, h,d) is in the domain
of h, we will expand w(T, s, h,d) with respect to § at 6 = 0.

Using the variational initial value problem (at § = 0)

ws = Df(¢t(p))w5 + sz(¢t(p))(w(t)7 w(t))v w5(t7 s, h, O) =0,

where w(t, s, h,0) = Do(p)(h(s)f(p) + sg(p)) (see equation (13)). Since
a(T,p) = 0 and b(T,p) = 1, we have that D¢r(p) = I, where I is the
identity on R?; hence, the variation of parameters formula yields the solution

'LU(;(T, S, ha O) = /0 D¢—t(¢t(p))D2f(¢t(p))(w(ta S, ha 0)7 'LU(t, S, h> 0)) dt.

By Proposition 2.6 and the representation of w(t, s, h,0) relative to f(p) and
g(p), and the representation of g(p) relative to f(p) and f+(p), we find that

ws(T, 5,h,0) = s* /0 Do—i(¢:(p)D* f(6:(p))(D&u(p) £ (p), Déu(p) £ (p)) dt.

By resolving ws into components and using equation (18), we have the equal-
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ities

ws(T,5,h,0) = SW(<Q(p),f(p)>f(p)+(Q(p),fl(p)ﬁL(p))
, 1 _ I
= s |f(p)|2[(<62(p),f(p)> (Q(p), f~(p))Alp)
+(Q(p), fH(p))Ap)) f(p)
+ <Q1(p), S ) (p)]
= s \f(p)\2<Q(p>’f (p))9(p)
= s°P"(0)g(p);

therefore, if we restrict h to a bounded subset of £, then
w(T, s,h,0) = h(s)f(p) + sg(p) + 65° P"(0)g(p) + O(6*)
and
x(T,s,h,0) = s+ 6P"(0)s* + O(6%),  y(T,s,h,0) =h(s) +O(6*). (19)

For sufficiently small §, we have that 0 < z(T, s, h,0) < 1, as required. Also,
using these estimates it follows that the range of F' is in C.

To complete the proof, it suffices to show (as in the proof of Theorem 2.5)
that there is some h € £ and 6 > 0 such that F'(h,¢d) = 0.

Since Do (p) = I, it follows immediately that F'(h,0) = 0. By Taylor’s
theorem (with the integral form of the remainder) there is a C?-function
R : B x J — C such that R(h,0) = 0 and F'(h,d) = d(Fs(h,0) + R(h,0)).
(Here, we may have to take open subsets of the original sets B and J. Also,
we are identifying L(R, &) with £.) Thus, it suffices to find k£ and v > 0 such
that F(k,~) = 0 for the function F : B x J — C given by

F(h,8) = F5(h,0) + R(h, ).

By an application of the implicit function theorem applied to F, it suffices
to find a simple zero of the function h — Fs(h,0).
A direct computation yields the identities
Fs(h,0) = ys(T,s,h,0)—h (x(T,s,h,0))xs(T,h,s,0)
= yﬁ(Ta S, h7 0) - h/(s)%(T> h7 Sy 0)

12



Using the partial derivatives x5 and ys given in display (19), we obtain the
representation

1
£ (p)I?

Finally, we have F5(0,0) = 0 and

Fs(h, 0)(s) = (Qp), [ (p))s*H(s).

(Fsn(0,0))(s) = — FQ) ()7 (),

|/(p)
The corresponding linear transformation Fsp,(0,0) : € — C is bounded and
has a bounded inverse. In fact, its inverse ¥ : C — & is given by

Wk)(s) = / CK(t)dr,

where ¢ := —(Q(p), fX(p))/|f(p)|* and K is defined by K(s) = k(s)/s? for
s # 0 and K(0) = 0. Hence, h = 0 is a simple zero of h — Fjs(h,0), as
required.

Note that the ¢p-invariant curve given by s — p + dh(s)f(p) + dsg(p)
is tangent to g(p) at p. This will be true for the corresponding curve that
lies in the unstable set of I'. These curves together form a C*, ¢r-invariant
leaf at p, which can be made a leaf of a ¢p-invariant foliation obtained by
pushing this leaf to every point on I' using the flow ¢,. O

3 nonisochronous Limit Cycles

By Theorem 2.8, if I" is a nonhyperbolic limit cycle, p € ', and P"(p) # 0,
then a(7T,p) = 0 is a sufficient condition for I" to be isochronous. We will
show that this condition is also necessary.

Consider the planar differential equation

= f(u), (20)

where v = (z,y) € R? and f is class C" with r > 2. As before, let us suppose
that this differential equation has a limit cycle I' and p € T". Also, we will
assume that X is a transverse section at p with associated return-time map
7 and Poincaré map P. In particular, T := 7(p) is the period of T'.

13



Theorem 3.1. Suppose that ' is a limit cycle of the differential equation (20)
and p € I'. If a(T,p) # 0, P'(p) = 1 (or equivalently b(T,P) = 1), and
P’"(p) # 0, then I is not isochronous. In fact, there are no points (not on T")
i phase with a point on I'.

Our proof of Theorem 3.1 requires some precise estimates for the asymp-
totic behavior of the orbits of the Poincaré map P on Y. We will prove some
lemmas to obtain these estimates before presenting the proof of the theorem.

Let us consider a parameterization of the section ¥ so that P is at the
origin in the corresponding local coordinate o. In the context of Theorem 3.1,
the local representation of P near the origin is given by

P(0) = 0 + co® + o(c?), (21)
where ¢ is a nonzero constant.

Lemma 3.2. If0 < z; < 1 and (for n > 2) the real number z,, is defined
recursively by z,.1 = z, — 22, then the sequence {2, }°>, converges monoton-
ically to zero. If, in addition, zy < 1/2 and v € (1,2), then there exists an
integer N > 1 such that,
1 1 1
2n < — forall n>1, and z,_nyy1 > — — — forall n> N.
n n n
Proof. The proof of the first statement of the lemma is left to the reader.
In effect, z = 0 is a globally attracting fixed point for the quadratic map
z — z — 2% restricted to the interval [0, 1].
We will determine the asymptotic behavior of the sequence {z,}52, in
case 0 < z3 < 1/2.
Note that

Hence,

Since 0 < zo < 1/2, it follows that z, < 1/n for n > 3. This completes the
proof of the first inequality in the second statement of the lemma.
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To prove the second inequality in the second statement of the lemma, we
will use the inequality

1 1 ¥

> — 22
nv+(n+1)v— nit+y’ (22)

which holds for v > 0 and n > 1. To prove it, let h(x) = =7 and note that
the desired inequality is

h(n+1) — h(n) > h'(n).

By applying the mean value theorem to h, there is some number § € (0, 1)
such that
h(n+1) — h(n) =h'(n+ 3) > K (n),

as required.
For v € (1,2), let a, = % — n% Using the inequality (22), we have that
Uni1 = a, — a2 — E,, where

E, = an—anﬂ—ai

11 1 1 I
T n o n+1 (n+1)7_(ﬁ_ﬁ)
2 1 1 1 1

Tt o (n+1) n2(n+1) n®
S 2 v 1 1

— nl—i—’y nl-i—'y n2(n_|_1) n2-y

2 — 1 1

Since 1 < v < 2, there exists N’ > 1 such that £, > 0 for n > N’. Choose
N > N’ so that z; > ay. Let y, := z,_n41 for n > N. Then, for n > N,

Yn+1 — An+1 = (yn - a'n)(]- —Yn — an) + En
> (Yo — an)(1 =y — an).
Recall that z, is monotonically decreasing to zero and note that a, < 1/2
for all » > N. Since ay < yy = z1 < 1/2, it follows that y,, < 1/2 for all

n > N and by induction y, > a, for all n > N. Equivalently, z,_yi+1 > a,
for all n > N, as required. O
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Corollary 3.3. Suppose that ¢ < 0 in the local representation of the Poincaré
map P defined in display (21). If o9 > 0 and o, := P"(0y) for n > 1, then
lim,, oo 05, = 0 and 0,, = O(1/n); in particular, the series y . o, diverges.

Proof. From display (21), we have that P(c) = o + co? + o(0?); therefore,
for each € > 0, there exists 0 > 0 such that

o+ (c—e€)o? < Plo) <o+ (c+¢€)o? (23)

whenever 0 < ¢ < d. Since we are interested in the asymptotic behavior
of the sequence {0,}°°,, we will assume (without loss of generality) that
0 <o, <9 for all n.

Let p, := (|¢| + €)o,. By the inequality (23), o,41 > 0, — (|c| + €)c2.
Hence, we have that p,.1 > p, — p2. In case 1/2 > p; > 2, where z, is
defined in Lemma 3.2, the inequalities p,, > z, for n > 1 are proved by the
same argument used in the proof Lemma 3.2. The estimate in Lemma 3.2
implies p,—n+1 > 1/n —1/n" for all n > N, where v € (1,2) and N > 1 are
as in Lemma 3.2. It follows that, for alln > N, 0,,_ny41 > C1(1/n—1/n") for
some positive number C;. A similar method can be used to prove that there
is a positive constant Cy such that, for n > 1, o, < Cy/n. The statement of
the corollary follows easily from these estimates. O

Proof of Theorem 3.1. Suppose that uy € R? \ ' has an asymptotic phase.
We will show that this assumption leads to a contradiction.

Without loss of generality, we will assume that I' is the unit circle, p =
(1,0), I' is the orbit of the solution ¢:(p) = (cos(27t),sin(27t)) with period
T = 1, the point ug is in phase with p = (1,0), and the section ¥ at p is
on the x-axis. Also, for definiteness, we will assume that a(7,p) > 0 and
P’(p) < 0. In this case, I' is attracting on the outside; that is, I is attracting
in a neighborhood of points ¢ in the plane where |¢| > 1. Hence, we will
assume that |ug| > 1. The proofs for the other cases are similar.

Let u, := ¢,(ug) for n > 0. Since ug is in phase with p, we have that
lim,,_,0 U, = p. There is an open set U C R? with p € U such that if ¢ € U,
then ¢;(q) € U for some t € R with |[t| < 1/2. There is an open subsection
Y of ¥ that contains p and is contained in U. Also, there is some 5 > 0
such that § < 1/2 and the flow box V := {¢:(0) : |t| < fand 0 € X'} is
contained in U. Choose a positive integer N such that u, € V foralln > N
and note that uy is in phase with p.

Define w,, := uy., for each integer n > 0. There is a number 9§y, with
|0p] < B and a point vy = (¢, 0) € ¥’ such that ¢;,(vo) = wy. Using the point
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vg, we define v,,,1 = P(v,) and note that P(v,) = ¢, (v,), where 7, := 7(v,)
and 7 is the return-time map on ..

For n > 1, since v,, and w,, are in V', there is a number §,,, with |3, | < 3,
such that ¢, (v,) = w,. Using this relation, together with the bound on
the sequence {6, }2, the structure of the flow box V', and the assumptions
that the sequences {w,}°2, and {v,}>2, both converge to p, it follows that
lim,, o 0, = 0. This fact can be proved by assuming that {4, }>°, does not
converge to zero, in which case there is a subsequence of {¢s, (v,)}o2, that
does not converge to p.

Since ¢1(w,—1) = w, and ¢s, (v,) = w,, it follows that @1, (v,) =
Wnt1 = @51 (Uny1); or equivalently, v,41 = @d145,-6,,,(vn). In other words,
Tn = 1+ 0, — 0,41. Hence, we have

n—1

jg:’ﬁ'::n/+'5o—'5n,

J=0

and therefore, limnaoo(z:?:_(} T; —n) = < 00.
On the other hand, since a(T,p) > 0, we have 7/(p) > 0 due to Proposi-
tion 2.2. Hence, there is a number A > 0 such that ,

7 = 7(v;) = 7(p) + 7' (p)(w; = 1) +ollz; = 1) = 1+ Az; — 1)

for all j > 0. Therefore, we have that

n—1 n—1
ij—nZAZ(:ﬁj—l).
j=0 3=0

Note that ; — 1 = o5 in the local representation of the Poincaré section.
By Corollary 3.3, the summation on the right diverges as n — oo. The
contradiction completes the proof. O

Remark 3.4. Using our methods, it is possible to prove results for more
degenerate limit cycles. In fact, if m > 2 and the Poincaré map P is given

by
P(o)=0+co™+o(c™) for some c#0

then I 1s isochronous if and only if
T(p)=7"(p)=---=7""(p) =0.
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By Theorems 2.8 and 3.1, a nonhyperbolic limit cycle I of a C? sys-
tem with a corresponding Poincaré map, which has a nonvanishing second
derivative at T', is isochronous if and only if a(T,p) = 0 for p € T'. The
generic condition (that is, a Poincaré map has a nonvanishing second deriva-
tive at I') can only be imposed if the system is at least C?. This smoothness
requirement is essential. In fact, our analysis of the following family of sys-
tems in Example 1 shows that, for a € (0,1), there is a C1* system with
a nonhyperbolic isochronous limit cycle I' such that a(T,p) # 0. Also, we
show that Theorem 3.1 can be verified in an example by a direct and simple
computation.

Example 1. Consider the planar system

F=—r—1"*  f=2r+(r—1), (24)

where (r,0) are polar coordinates and a > 0 is a parameter. We note that
the unit circle, given by r = 1, is a periodic orbit I' for system (24) with
period T = 1. Also, since o > 0, this orbit is not hyperbolic. In fact, it is
semi-stable, attracting in the region where » > 1 and repelling in the region
where r < 1.

In rectangular coordinates, system (24) is given by

x
T = —|\/932+y2—1|1+°‘-7—y<27r+\/:c2+y2—1>,
Va2 +y?

Y = —|\/:)32—|—y2—1|1+°‘-7%y2+$<27r+\/x2+y2—1>~ (25)

We note that this system is C'7* in R?\ {(0,0)} for a« > 0, and it is
C* for a a positive integer. Also, it has the periodic solution ¢;(p) =
(cos(2mt), sin(27t)), where p = (1,0).

Lemma 3.5. If a > 0 in system (24), then b(t,p) =1 for allt and a(T,p) =
—1.

Proof. On the periodic solution,
& = —2msin(27t), & = —4w? cos(2mt), § = 2w cos(27t), & = —4x? sin(27t).

Hence, k(t,p) = 1 (the curvature of the unit circle) and 2x(t, p)|f(¢d:(p))| =
4m. By direct computation, curl f(¢;(p)) = 4w + 1 and div f(¢¢(p)) = 0.
Using these equations together with formulas (2) and (3), it follows that
b(t,p) =1 for all t and a(T,p) = —1. O
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Let t — (r(t,ro,60),0(t,70,00)) denote the solution of the differential
equation (24) such that (0, g, 60y) = o and 6(0, 79, 6y) = Gp.

Proposition 3.6. If0 < o < 1 in system (24), then I" is isochronous. More
precisely, if ro > 1, then

lim (7 (¢, 79, 00),0(t,r0,60)) = (1,0 + 27t),

t—oo

where
(7"0 — 1)1—(1

a—1
If a« > 1, then I is not isochronous. In fact, there are no points (not on I')
that are in phase with a point on I'.

900 = 90 - (26)

Proof. The solution of system (24) for o > 1, & > 0, and « # 1 is given by
T(t,’f’o, ‘90) = 1+ ((7’0 — 1)—(1 + Oét)_l/a s

t
0(t, 1o, 00) = 90+27Tt+/(r(s;r0,90)—1)ds
0

(’T’Q — l)l_a '

1 —a (a—1)/a
= 90+27Tt+ﬁ((7”0—1) +Oét) — a—1

For a = 1, the solution is
r(tro.00) = 1+ ((ro—1)"t+1) 7,
0(t,r0,00) = 6o+ 2wt + /t(r(s;ro,é’o) —1)ds
=9m4m+£mr4W+ﬂ+m%—n.

Clearly, lim;_.o, r(t,79,60p) = 1. If 0 < @ < 1, then

1 TN
lim («9(15, 7’0,90) — (900 —+ 27Tt)) = lim 1 ((TO . 1)—a + Oét)( 1)/ —0.

t—oo t—oo (¥ —

On the other hand, if « > 1 and (1, é) is on the periodic orbit, then

lim (8(¢, 70, 60) — (6 + 2nt)) = 0.

Hence, the point with polar coordinates (rg, fy) does not have an asymptotic
phase. O
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By Proposition 3.6, if 0 < a < 1 in system (24), then there is a ¢p-
invariant foliation for the periodic orbit I'. The leaf through the point on I'
with polar coordinates (1,60,) is given by the polar equation (26). An easy
computation shows that each leaf is tangent to I' at (1,64 ). Thus, for this
example, a(T,p) # 0 and there is a ¢r-invariant foliation, but the foliation
is not a ¢p-invariant normal foliation.

We will construct C'°° planar systems each with a nonhyperbolic limit
cycle T' such that 7" (p) = 0 for all n > 1 and P™(p) = 0 for all n > 2. The
limit cycle I' is nonisochronous in Example 2; it is isochronous in Example 3.
Example 2. Consider the planar system

1 _ —
L R R (27)

where (7,0) are polar coordinates. System (27) is C'™ in an open neigh-
borhood of the unit circle, which is a nonhyperbolic limit cycle with period
T = 1. For the set of initial conditions (rg, ) with ro > 1 for which I' is
attracting, we will show that 7™ (p) = 0 for p = (1,0) and all n > 1, and
(ro,6p) is not in phase with a point on I'. By Remark 3.4 it follows that
P(p) =p, P'(p) =1, and P™(p) =0 for all n > 2.

Using the change of variable z = (r — 1)}, the solution of system (27)
with initial condition (rg, ) is easily found to be

o\ —1/3
T(t7 To, 00) =1 + <hl <t + €(T0_1) 3)) ,
0(t,r0,00) = 0o+ 2mt+1n (t + e<"°—1>’3> —(rg—1)7"

= fOy+2nt+1n (1 + te_(m_l)fg) )

It is clear that no point (rg,6y) with 7o > 1 has an asymptotic phase. It
remains to show that 7" (1) = 0 for all n > 1.

On the Poincaré section {(r,0) : r > 0}, the return-time 7(r) is implicitly
defined by the equation

277(r9) + In (1 + T(ro)e_(m‘l)%) = 2. (28)
We will show that 7("(1) = 0 for all n > 1 by contradiction. Suppose

that 70" (1) = o # 0 for some n > 1, and consider the first such nonzero
derivative.
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Due to the presence of the positive term exp{—|r — 1|73} in the second
equation of system (27), we have that 7(ro) < 7(1) = 1 for every ry # 1;
hence, o < 0 and n must be even. Therefore,

T(ro) = 1 + %(7’0 — )"+ o((ro— 1)) < 14 A(ro — 1) (29)

for |rp — 1| small and some number A such that a/n! < A < 0. Set z =
(ro — 1)™. Using equations (28) and (29), we have the inequality

2Amx + In (1 + Aze~® " 4 e_f?’/n) >0,
or equivalently,
1 —3/n —3/n
2A7 + —In <1 + Aze™® o +e* o ) > 0.
x

By an application of L’Hopital’s rule, the second term on the left-hand side
of the last equation approaches zero as x — 0. It follows that 2A7 > 0, in
contradiction to the assumption A < 0. Therefore, 7" (1) = 0 for all n > 1.
Example 3. Consider the planar system

r = —%(r —1)te 17 9 = 2m, (30)
where (r,0) are polar coordinates. The unit circle is a nonhyperbolic limit
cycle with period T' = 1 that is attracting for » > 1. Due to the special form
of the f-equation, the asymptotic phase of the point (rg, ) is (1, 6p); hence,
the limit cycle is isochronous. As in Example 2, the solution of system (30)
with initial condition (rg, fy) with ro > 1 is given by

_3 -1/3
T(ta To, 90) = 1+ (hl (t + 6(T0_1) )) ,
H(t, 7o, 90) = 90 + 2mt.

On the Poincaré section {(r,0) : » > 0}, the return-time map is 7(rg) = 1
for all o and the Poincaré map restricted to rq > 1 is given by

NN —1/3
P(rg) =r:=1+ (ln (1 4 elro=1) 3)) .

A proof of the equality P™ (1) = 0 for n > 2 is similar to the proof of the
equality 7" (1) = 0 for n > 1 in Example 2.

For a limit cycle in R™ with one center normal direction, our results
apply directly to points on the two-dimensional center manifold. It would be
interesting to investigate the existence of asymptotic phase for limit cycles
whose center manifolds are at least three-dimensional.
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