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10 Abstract

11

12 This paper presents a functional differential equation model for surface acoustic wave (SAW) devices. Closed-loop SAW delay line

13 oscillators are modeled as differential equations with multiple delays. Stable oscillations of the circuit are associated with Hopf bifurcations.

14 Conditions for Hopf bifurcations to occur are used to predict the mode number of the oscillator and its operating frequency. It is found that the

15 operating frequency is close to the center frequency of the open-loop filter but is modulated by the effective separation distance between the

16 generator and the receptor. The frequency relationship is applied to a tunable SAW oscillator to provide a phenomenological understanding of

17 the mode jumping that is reported in experiments.

18 # 2003 Published by Elsevier Science B.V.
19
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22 1. Introduction

23 A surface acoustic wave (SAW) is an elastic wave, a

24 Rayleigh wave [1], whose wave propagation energy is

25 confined near a stress-free surface of a solid where it can

26 be generated and detected with relative ease. SAW devices

27 have found widespread use in sensors and in electronic

28 components for telecommunications. Both of these applica-

29 tions take advantage of the time delay, i.e. the finite propa-

30 gation time from the moment the wave is generated until it

31 reaches a detector. In SAW sensors, small changes in the

32 composition of the surface (such as the added mass by

33 surface adsorption) cause changes in the wave propagation

34 speed [2] that are detectable as changes of the time delay [3].

35 In SAW devices for telecommunications, surface acoustic

36 waves are generated and received at multiple sources and

37 detectors implemented by interdigital transducers. The sig-

38 nal follows electric to elastic and back to electric paths.

39 Since the elastic path can be modified through geometric

40 design [4–7], SAW devices with desired filter properties are

41 easily constructed.

42 While the time delay is the essential variable responsible

43 for SAW sensors, variations in wave propagation speeds are

44 so small that changes in time delays are never measured

45directly. Instead, a SAW device is configured to form a delay

46line oscillator [8–10] as in Fig. 1, where the interdigital

47transducer on the right (called the generator for conveni-

48ence) converts an electric potential into surface elastic waves

49that are detected by the transducers on the left (called the

50receiver or receptor) and converted back to an electric signal.

51By amplifying this signal and applying it to the generator, we

52form a delay line closed loop. For an amplifier with an

53appropriate gain, the resulting delay line device will oscillate

54at a frequency that depends on the physical parameters. In

55other words, the closed loop converts variations in time

56delay to variations in oscillation frequency [11]. Since the

57frequency of a signal can be easily measured to an accuracy

58of one part per million [12], SAW sensors are extremely

59sensitive. For this reason, SAW sensors have found wide-

60spread applications as chemical sensors [13,14]. They also

61have many other potential applications, for instance, as

62immunoassays [15] and UV sensors [16].

63In a delay line oscillator with delay-time t and with

64electrical phase shift fE associated with the amplifiers

65and transmission lines, it is well- known [8,17–21] that if

66the loop gain exceeds unity, then oscillations occur at a

67frequency o/2p, such that

68otþ fE ¼ 2pn (1)
70

71where n is an integer and ot is the phase shift in the delay

72line. This relationship establishes the dependence of the
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73 operating frequency on the delay time. Thus, it is adequate to

74 use this relationship to compute the sensor frequency change

75 in response to the change in the delay time. Because the

76 integer n is arbitrary, the operating frequency of the delay

77 line oscillator is not uniquely specified by the above relation-

78 ship; rather, it is determined modulo an integer multiple of

79 2p/t. Since the relationship between the time delay and the

80 sensor geometry is not given, the equation above cannot

81 explain experimental data on tunable magnetostatic surface-

82 wave oscillators that show discontinuous jumps in operating

83 frequency [18]. Although the operating frequency can be

84 obtained experimentally, the ability to predict the operating

85 frequency of a SAW device through modeling can greatly

86 simplify the design and optimization processes. For more

87 demanding applications of SAW devices, such as sensors for

88 liquid phases [22–24], accurate modeling is essential.

89 In this work, we present a functional differential equation

90 model for a delay line oscillator. By a linear stability

91 analysis of the model equation, we obtain a criterion for

92 the existence of a self-excited oscillation and use it to

93 determine the corresponding unique operating frequency.

94 We also examine the factors that affect this operating

95 frequency.

96 In Section 2, we describe our model of the delay line

97 oscillator. Its open-loop characteristics are studied in Section

98 3; its linear stability analysis is treated in Section 4. Section

99 5 gives a specific relationship between the operating fre-

100 quency and the separation between the generator and the

101 receptor. Section 6 applies the result in Section 4 to explain

102 the mode jumping in tunable SAW oscillators. A general-

103 izations of the model is given in Section 7.

104 2. The mathematical model

105 The basic components that couple electrical energy to

106 mechanical energy in the open-loop operation of the SAW

107 delay line are depicted schematically in Fig. 2. In practice,

108 the interdigital transducers are built on the surface of an

109 elastic medium such as silicon. The structures on the right

110 represent force generators that convert an electric voltage to

111mechanical forces. In turn, these mechanical forces generate

112surface acoustic waves that are propagated throughout the

113solid substrate. Electrodes on the left sense the correspond-

114ing elastic waves by converting local strains into an electric

115charge or voltage.

116We let M and N denote the number of force generators and

117receptors, respectively, and we make the following assump-

118tions.

1. The elastic media is unbounded. In other words, we do

121not consider the reflections of the surface acoustic

122waves by the boundaries of the solid substrate. This

123approximation is reasonable since measures are taken in

124device design to eliminate reflections.

2. Following Hashimoto [7], we assume that a force

126proportional to the voltage is generated at each finger

127of the transducer on the right-hand side.

3. The displacement field felt by each finger of the

129transducer on the left-hand side is the superposition of

130the displacements caused by the concentrated forces at

131the generator.

132Based on the above assumptions, the concentrated force at

133the mth finger is

134
fmðtÞ ¼ K1vinðtÞ (2)

136

137where vin is the input voltage for all fingers and K1 is the

138proportionality constant of the transducer. We remark that

139detailed modeling of an electrode is very complicated. For

140example, in Matthews [4], the concentrated forces are

141applied at the edges of the electrode, and the directions

142of the forces are dependent on the polarity of the voltage. In

143this case, rather complicated algebra is required to obtain the

144transfer function.

145Using superposition and the relation (A1) between a

146concentrated force applied at a distance and the correspond-

147ing displacement (which is derived in the Appendix A for the

148one-dimensional wave equation), the displacement un at the

149nth finger on the left is given by

150

_unðtÞ ¼
1

2VR

XM�1

m¼0

fm t � L þ ma þ na

VR

� �
; (3)

152

153where VR is the speed of the Rayleigh wave.

Fig. 1. A schematic diagram of a SAW sensor is depicted.

Fig. 2. A schematic model of the transducers is depicted. The vertical

arrows represent the directions of the concentrated forces.

2 Z.C. Feng, C. Chicone / Sensors and Actuators A 3654 (2003) 1–8



U
N

C
O

R
R

EC
TE

D
 P

R
O

O
F154 Let qout denote the electric charge that is produced when

155 the electrodes are subjected to the local strain. Since the

156 strain at a point is proportional to the displacement gra-

157 dient, which is in turn proportional to the displace-

158 ment at that point, we assume that the charge is the sum

159 of the charges produced at each finger and the charge from

160 each finger is proportional to the displacement. Thus, we

161 have

162

qoutðtÞ ¼ K2

XN�1

n¼0

unðtÞ: (4)

164

165 In the open loop, we assume that the output voltage is

166 proportional to the charge, i.e.

167
voutðtÞ ¼ K3qoutðtÞ: (5)

169

170 By combining the last two equations with Eq. (3), we obtain

171 the relationship between the input and output voltages

172

_voutðtÞ ¼ h
XN�1

n¼0

XM�1

m¼0

vin t � L þ ma þ na

VR

� �
; (6)

174

175 where

176

h ¼ K1K2K3

2VR
(7)

178

179 3. The sinusoidal transfer function of the open loop

180 We let

181
vinðtÞ ¼ expðjotÞ; voutðtÞ ¼ GðoÞ expðjotÞ (8)

183

184 and substitute these expressions into Eq. (6) to obtain the

185 sinusoidal transfer function

186

GðoÞ¼ h

o
expð�joLÞ

XM�1

m¼0

exp � joma

VR

� �XN�1

n¼0

exp � jona

VR

� �
:

(9)
188

189 By evaluating the geometric series in (9), we have

190

GðoÞ ¼ h

o
expð�joLÞ 1 � expð�joMa=VRÞ

1 � expð�joa=VRÞ

� 1 � expð�joNa=VRÞ
1 � expð�joa=VRÞ

; (10)

192

193 and by using the identity

194
1 � expð�joMa=VRÞ
1 � expð�joa=VRÞ

¼ expð�joMa=2VRÞ
expð�joa=2VRÞ

� exp½joMa=ð2VRÞ� � exp½�joMa=2VR�
exp½joa=ð2VRÞ� � exp½�joa=2VR�

; (11)

196197the transfer function is expressed in the following more

198compact form:

199

GðoÞ ¼ h

o
exp � joðL þ ðMa þ NaÞ=2 � aÞ

VR

� �

� sin½oMa=2VR�
sin½oa=2VR�

sin½oNa=2VR�
sin½oa=2VR�

: (12)

201

202The frequency response associated with the transfer func-

203tion G has the form of a band-pass filter with center

204frequency [3,7]

205

oc ¼ 2p
VR

a
; (13)

207

208which is determined by the wave speed and the spacing

209parameter. We note that the separation distance L does not

210affect the center frequency. Thus, the center frequency of the

211open-loop device is not sensitive to adsorption on the sur-

212face. By substituting the definition of the center frequency

213into the frequency response function, we obtain the open-

214loop transfer function

215

GðoÞ ¼ h

o
exp �jp

2L

a
þ M þ N � 2

� �
o
oc

� �
gðoÞ; (14)

217

218where

219

gðoÞ ¼ sinðpMo=ocÞ
sinðpo=ocÞ

sinðpNo=ocÞ
sinðpo=ocÞ

: (15)

221

222The function G(o) is analogous to those obtained in [4,7,10].

223The exponential term in the formula for G represents a

224phase lag. Also, the output–input amplitude ratio is propor-

225tional to g(o). Since M and N are integers, g has a removable

226singularity at o ¼ oc, such that its extension, which we also

227denote by g, is continuous and bounded by MN. Fig. 3 shows

228the typical characteristics of the open-loop filter. Note that

229only signals whose frequencies are close to the center

230frequency are not drastically attenuated. As is well-known

231[4,7,10], the bandwidth and the side-lobe attenuation are

232dependent on the number of fingers M and N.

Fig. 3. For the case M ¼ 10 and N ¼ 10, the figure shows the logarithmic

plot of g/(MN) vs. o/oc.
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F233 4. Stability analysis of the SAW delay line oscillator

234 In closed-loop operation, the output signal of the receptor

235 is amplified and applied as an input to the generator. We will

236 ignore the delay in the amplifier and assume that
237

vinðtÞ ¼ AvoutðtÞ (16)
239

240 where A is the amplifier gain. By substitution into Eq. (6), we

241 obtain the linear functional differential equation
242

_vinðtÞ ¼ Ah
XN�1

n¼0

XM�1

m¼0

vin t � L þ ma þ na

VR

� �
(17)

244

245 By setting vinðtÞ ¼ elt in Eq. (17), we find its characteristic

246 equation to be
247

l ¼ Ah exp � lL

VR

� �XN�1

n¼0

exp � lna

VR

� �XM�1

m¼0

exp � lma

VR

� �

(18)
249

250 For Ah > 0, Eq. (18) can have a positive real root, and

251 therefore, the circuit can be unstable. In other words, the

252 voltage grows exponentially with time and saturates the

253 circuit. For the closed-loop circuit to sustain stable oscilla-

254 tion, the instability must be avoided. Since no positive real

255 root is possible for Ah > 0, this can be accomplished using

256 negative feedback. We will assume from this point on that

257 negative feedback is used. It is possible, though, that this

258 instability may not arise even for positive feedback. For

259 instance, high pass filtering can be used to kill the dc gain. In

260 real circuits, typical transducers (such as PZTs) at the

261 receptor cannot maintain a constant output corresponding

262 to a constant strain. This property is analogous to a high pass

263 filter. In other words, this instability may be avoided in real

264 circuits without using either the negative feedback or an

265 additional high pass filter.

266 Assume that the instability due to a positive real char-

267 acteristic root is prevented by circuit design. Therefore,

268 voltage disturbances are attenuated if the feedback gain is

269 small. On the other hand, circuit oscillations will arise if the

270 gain exceeds a threshold value that corresponds to a Hopf

271 bifurcation [25,26], where a small amplitude oscillation

272 arises from a change in the stability of a steady state as

273 some system parameter (the amplifier gain in the present

274 case) is changed. Since Hopf bifurcations occur when a pair

275 of complex conjugate roots of the characteristic equation

276 crosses the imaginary axis, the threshold values correspond

277 to amplifier gains for which the characteristic equation has a

278 pair of pure imaginary roots. Hence, to find the bifurcation

279 points, we substitute l ¼ jo into the characteristic equation

280 and use the algebraic simplifications employed in the pre-

281 vious section to obtain the equation
282

jo ¼ Ah exp �jp
2L

a
þ M þ N � 2

� �
o
oc

� �

� sinðpMo=ocÞ
sinðpo=ocÞ

sinðpNo=ocÞ
sinðpo=ocÞ

:

284285whose real part is equivalent to

286

cos p
2L

a
þ M þ N � 2

� �
o
oc

� �
¼ 0: (20)

288

289Its solutions, the set of all

290

oi ¼
2i � 1

2ð2L=a þ M þ N � 2Þoc; (21)

292

293such that i is a positive integer, are the frequencies of the

294oscillations at the Hopf bifurcations; the corresponding

295amplifier gains are

296

Ai ¼ ð�1Þi oc

h

oi

oc

sinðpoi=ocÞ
sinðpMoi=ocÞ

sinðpoi=ocÞ
sinðpNoi=ocÞ

: (22)

298

299The index i is the mode number, and the gain Ai represents

300the threshold for that particular mode to change stability.

3015. Operating frequency of the closed-loop oscillator

302In closed-loop operation, there is no oscillation if the gain

303is zero. As the gain increases from zero and surpasses the

304threshold value of a particular mode, that mode becomes

305unstable. In a two-port acoustic-wave delay-line-based

306oscillator loop, the gain is maintained so that only one mode

307is excited. The selected mode has the lowest threshold value

308and the corresponding frequency is the device operating

309frequency.

310Eqs. (21) and (22) can be used together to find the

311operating frequency. To maintain stable oscillation, the

312instability associated with the positive real characteristic

313roots must be avoided. We assume that this is accomplished

314through the use of negative feedback. For Ah < 0, Eq. (22)

315shows that only the odd modes are unstable. Thus, the

316possible mode numbers for negative feedback in Eq. (21)

317are i ¼ 2j � 1, where j ¼ 1; 2; 3; . . ., and the corresponding

318frequencies for these modes are

319

oj ¼
4j � 3

2ð2L=a þ M þ N � 2Þoc: (23)

321

322Note that the average separation distance between the gen-

323erator and the receptor is

324
Lav ¼ L þ 1

2
ðM � 1Þa þ 1

2
ðN � 1Þa; (24)

326

327and the average time delay is therefore

328

tav ¼ Lav

VR

: (25)

330

331Using Eqs. (23)–(25) and the definition of the center fre-

332quency (13), we obtain the relation

333
ojtav ¼ 2pj � 3

2
p; for j ¼ 1; 2; 3; . . . ; (26)

335

336which is consistent with the result stated in Eq. (1). Our

337model renders the delay time as the average delay between

338the generator and the receptor.

4 Z.C. Feng, C. Chicone / Sensors and Actuators A 3654 (2003) 1–8
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339 In the following, we determine the oscillation frequency

340 for the case M ¼ 10 and N ¼ 10. For each L/a (the dimen-

341 sionless separation distance), there is a unique threshold

342 amplifier gain, such that, for a small increase in its value,

343 only one mode is unstable and all other modes are stable.

344 Thus, the mode number and the frequency of the correspond-

345 ing closed-loop oscillator are also functions of L/a.

346 Fig. 4 shows the relationship between the sensor operating

347 frequency and the dimensionless separation distance. Note

348 that the operating frequency, though it is dependent on the

349 separation distance L, is close to the center frequency. Since

350 the device is analogous to a band-pass filter in open-loop

351 operation, the signal attenuation is smallest at the center

352 frequency. In closed-loop operation, the operating frequency

353 is dependent on the dimensionless separation distance.

354 Nevertheless, the appropriate mode is selected so that the

355 device operates near the center frequency. Recall that the

356 center frequency is defined by the wave speed and the layout

357 of the electrodes; thus, the approximate operating frequency

358 of the sensor is also determined by the electrode layout.

359 Because of the open-loop characteristics shown in Fig. 3,

360 once a separation distance is fixed, the mode whose fre-

361 quency is closest to the open-loop center frequency requires

362 the smallest amplifier gain to cause oscillations. This

363 obvious fact is indicated in the lower panel in Fig. 4.

364Furthermore, by Eq. (21), if the dimensionless separation

365L/a is large, then only modes with high mode numbers will

366have frequencies close to oc.

367In typical SAW sensors, the separation between the

368generator and the receptor is fixed. When additional mass

369is adsorbed by the sensor surface, the wave speed is reduced.

370This results in an increased time delay between the generator

371and the receptor. In other words, the effective separation

372distance between the generator and the receptor is modified

373by the surface adsorption.

374As illustrated in Fig. 4, the sensor operation may jump

375from one mode to another as the effective dimensionless

376separation distance L/a changes. To avoid the uncertainty

377that might arise from mode jumping, the sensor should be

378designed to operate at a fixed mode number; that is, the

379sensor measurement range must not exceed the interval

380defined by the corresponding continuous linear segment.

381The lower panel in Fig. 4 shows that the measurement range

382is approximately the frequency jump between neighboring

383modes. Using Eq. (23), this frequency jump is
384

Do ¼ oj � oj�1 ¼ 4

2ð2L=a þ M þ N � 2Þoc:

386

387Therefore, the measurement range decreases as the separa-

388tion distance increases.

Fig. 4. The lower panel shows scaled gain vs. scaled separation. The upper panel shows scaled operating frequency vs. scaled separation for the closed-loop

oscillator with M ¼ 10 and N ¼ 10.
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390 avoid mode jumping. But, by applying a phase shift adjust-

391 ment to the amplified electrical signal, it is possible to tune

392 the frequency by changing the time delay ([10], p. 369),

393 which is equivalent to changing the effective separation

394 distance L.

395 Our linear model predicts that for an amplifier gain above

396 the threshold value, the corresponding mode is unstable and

397 the circuit will oscillate with exponentially growing ampli-

398 tude. In actual SAW sensors, a variable attenuator controls

399 the oscillation amplitude ([10], p. 369). The amplifier and

400 the variable attenuator are nonlinear circuit elements that

401 affect the output signal voutðtÞ. A cubic law has been

402 proposed in [19] to represent these nonlinear elements.

403 For devices operating at high frequencies, the circuit

404 dynamics must be included in the model. Thus (functional)

405 differential equations are required to accurately model the

406 circuit, which includes the amplifier and the variable

407 attenuator.

408 6. Mode jumping in tunable surface-wave
409 oscillators

410 By inspection of Fig. 4, we note that the operating

411 frequency of the SAW device is a discontinuous function

412 of the separation distance L. The operating frequency varies

413 with the separation distance but remains close to the center

414 frequency of the open loop by mode jumping.

415The center frequency of the sensor can be tuned by

416applying an external field, for instance a magnetic field

417[18]. Mode jumping, due to changes in the center frequency,

418has been observed in experiments with SAWoscillators [18].

419Our delay equation model can be used to explain this

420phenomenon.

421In the absence of a detailed model for the magnetostatic

422surface-wave oscillator, we assume that the parameter B is

423proportional to the strength of the magnetic field and let the

424relations oc ¼ o0ð1 þ BÞ and L=a ¼ 30ð1 þ BÞ account for

425the effect of the magnetic field on the center frequency and

426on the dimensionless separation. For the case M ¼ 10 and

427N ¼ 10, the amplitude threshold and the corresponding

428operating frequency are shown in Fig. 5. We again assume

429that negative feedback is used and the circuit oscillates in

430odd modes. Note that the operating frequency is approxi-

431mately a linear function of the field strength, but discontin-

432uous jumps in frequency occur as the field strength changes

433continuously. This phenomenon is exactly what was

434observed in the experiment [18].

4357. Generalization to account for actuator and
436amplifier dynamics

437Several of our simplifying assumptions can be relaxed to

438make models that more accurately represent the properties

439of real circuits. To account for the dynamics of the actuators

440and the amplifier, the voltages vinðtÞ and voutðtÞ can be

441related by a linear differential equation, instead of Eq. (16).

442The most general form of this equation,

443

an
dnvinðtÞ

dtn
þ an�1

dn�1vinðtÞ
dtn�1

þ 	 	 	 þ a0vinðtÞ

¼ bm

dmvoutðtÞ
dtm

þ bm�1
dm�1voutðtÞ

dtm�1
þ 	 	 	 þ b0voutðtÞ;

(27)
445

446can be combined with Eq. (6) to obtain a model for the

447closed-loop system. By taking the Fourier transform of

448Eq. (27), we obtain the sinusoidal relationship

449
vinðtÞ ¼ AðoÞ exp½�jfðoÞ�voutðtÞ: (28)

451

452For voutðtÞ ¼ expðjotÞ, the amplitude and phase functions

453A(o) and f(o) (where a positive f(o) represents a phase

454lag) are determined by the coefficients of the differential

455equation; in fact, we find that

456

AðoÞ exp½�jfðoÞ� ¼ bmðjoÞm þ bm�1ðjoÞm�1 þ 	 	 	 þ b0

anðjoÞn þ an�1ðjoÞn�1 þ 	 	 	 þ a0

:

(29)
458

459If vinðtÞ ¼ expðjotÞ, then

460
_vinðtÞ ¼ jovinðtÞ (30)

Fig. 5. For M ¼ 10 and N ¼ 10, the lower panel depicts the amplitude

threshold vs. the magnetic field strength, and the upper panel depicts the

corresponding operating frequency.
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F462463 and the criterion for oscillations obtained by combining

464 (24), (26), and (6) is
465

jo ¼ AðoÞh exp �jp
2L

a
þ M þ N � 2

� �
o
oc

� jfðoÞ
� �

� sinðpMo=ocÞ
sinðpo=ocÞ

sinðpNo=ocÞ
sinðpo=ocÞ

: (31)

467

468 Assuming that negative feedback is used and employing the

469 same procedures as in Section 5, we obtain the relationship

470
ojtav þ fðojÞ ¼ 2pj � 3

2
p; (32)

472

473 which is again in agreement with Eq. (1).

474 8. Conclusion

475 A functional differential equation model for a delay-line

476 oscillator SAW device is proposed. Based on this model, it is

477 found that the operating frequency is close to the center

478 frequency of the open loop and is modulated by the separa-

479 tion between the generator and the receptor. This depen-

480 dence is the fundamental mechanism for SAW sensors. The

481 model also accounts for the mode jumping that is observed

482 in tunable surface wave oscillators.
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487 Appendix A

488 Consider the one-dimensional wave equation in the form

489
@2U

@t2
¼ c2 @

2U

@x2
þ Fðx; tÞ;

491

492 where U is a displacement, c the wave speed, and F the force

493 per density; that is, the function F has gcs units cm/s2. A

494 particular solution u of the wave equation with zero initial

495 data is given by

496

Uðx; tÞ ¼ 1

2c

Z t

0

Z xþcðt�sÞ

x�cðt�sÞ
Fðy; sÞ dy ds:

498

499 For the case of a concentrated force per density at position

500 x ¼ x given by

501
Fðx; tÞ ¼ dðx � xÞf ðtÞ;

503

504 where d is the unit impulse function at x ¼ 0, let us note that

505 dðx � xÞ has units of inverse length, f(t) has units (cm/s)2, and

506

uðtÞ :¼ Uð0; tÞ ¼ 1

2c

Z t

0

f ðsÞ
Z cðt�sÞ

�cðt�sÞ
dðy � xÞ dy

 !
ds

508509
¼ 1

2c

Z t

0

f ðsÞ
Z xþcðt�sÞ

x�cðt�sÞ
dðyÞ dy

 !
ds

¼ 1

2c

Z t

0

f ðsÞð1 � Vt�x=cðsÞÞ ds;

511

512where VbðsÞ is the unit step function (whose value is zero for

513s < b and one for x 
 b). By evaluating the last integral, we

514have that uðtÞ ¼ 0 for t < x=c and

515

uðtÞ ¼ 1

2c

Z t�x=c

0

f ðsÞ ds

517

518for t 
 x=c. Hence for t 
 x=c,

519

_uðtÞ ¼ 1

2c
f t � x

c

� �
(A.1)

521

522Finally, we note that the units on both sides of this equation

523are cm/s.
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