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Abstract

This paper presents a functional differential equation model for surface acoustic wave (SAW) devices. Closed-loop SAW delay line
oscillators are modeled as differential equations with multiple delays. Stable oscillations of the circuit are associated with Hopf bifurcations.
Conditions for Hopf bifurcations to occur are used to predict the mode number of the oscillator and its operating frequency. It is found that the
operating frequency is close to the center frequency of the open-loop filter but is modulated by the effective separation distance between the
generator and the receptor. The frequency relationship is applied to a tunable SAW oscillator to provide a phenomenological understanding of

the mode jumping that is reported in experiments.
© 2003 Published by Elsevier Science B.V.
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1. Introduction

A surface acoustic wave (SAW) is an elastic wave, a
Rayleigh wave [1], whose wave propagation energy is
confined near a stress-free surface of a solid where it can
be generated and detected with relative ease. SAW devices
have found widespread use in sensors and in electronic
components for telecommunications. Both of these applica-
tions take advantage of the time delay, i.e. the finite propa-
gation time from the moment the wave is generated until it
reaches a detector. In SAW sensors, small changes in the
composition of the surface (such as the added mass by
surface adsorption) cause changes in the wave propagation
speed [2] that are detectable as changes of the time delay [3].
In SAW devices for telecommunications, surface acoustic
waves are generated and received at multiple sources and
detectors implemented by interdigital transducers. The sig-
nal follows electric to elastic and back to electric paths.
Since the elastic path can be modified through geometric
design [4-7], SAW devices with desired filter properties are
easily constructed.

While the time delay is the essential variable responsible
for SAW sensors, variations in wave propagation speeds are
so small that changes in time delays are never measured
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directly. Instead, a SAW device is configured to form a delay
line oscillator [8—10] as in Fig. 1, where the interdigital
transducer on the right (called the generator for conveni-
ence) converts an electric potential into surface elastic waves
that are detected by the transducers on the left (called the
receiver or receptor) and converted back to an electric signal.
By amplifying this signal and applying it to the generator, we
form a delay line closed loop. For an amplifier with an
appropriate gain, the resulting delay line device will oscillate
at a frequency that depends on the physical parameters. In
other words, the closed loop converts variations in time
delay to variations in oscillation frequency [11]. Since the
frequency of a signal can be easily measured to an accuracy
of one part per million [12], SAW sensors are extremely
sensitive. For this reason, SAW sensors have found wide-
spread applications as chemical sensors [13,14]. They also
have many other potential applications, for instance, as
immunoassays [15] and UV sensors [16].

In a delay line oscillator with delay-time t and with
electrical phase shift ¢g associated with the amplifiers
and transmission lines, it is well- known [8,17-21] that if
the loop gain exceeds unity, then oscillations occur at a
frequency w/2m, such that

T + ¢g = 2nn ey

where n is an integer and w7 is the phase shift in the delay
line. This relationship establishes the dependence of the
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Fig. 1. A schematic diagram of a SAW sensor is depicted.

operating frequency on the delay time. Thus, it is adequate to
use this relationship to compute the sensor frequency change
in response to the change in the delay time. Because the
integer n is arbitrary, the operating frequency of the delay
line oscillator is not uniquely specified by the above relation-
ship; rather, it is determined modulo an integer multiple of
2n/t. Since the relationship between the time delay and the
sensor geometry is not given, the equation above cannot
explain experimental data on tunable magnetostatic surface-
wave oscillators that show discontinuous jumps in operating
frequency [18]. Although the operating frequency can be
obtained experimentally, the ability to predict the operating
frequency of a SAW device through modeling can greatly
simplify the design and optimization processes. For more
demanding applications of SAW devices, such as sensors for
liquid phases [22-24], accurate modeling is essential.

In this work, we present a functional differential equation
model for a delay line oscillator. By a linear stability
analysis of the model equation, we obtain a criterion for
the existence of a self-excited oscillation and use it to
determine the corresponding unique operating frequency.
We also examine the factors that affect this operating
frequency.

In Section 2, we describe our model of the delay line
oscillator. Its open-loop characteristics are studied in Section
3; its linear stability analysis is treated in Section 4. Section
5 gives a specific relationship between the operating fre-
quency and the separation between the generator and the
receptor. Section 6 applies the result in Section 4 to explain
the mode jumping in tunable SAW oscillators. A general-
izations of the model is given in Section 7.

2. The mathematical model

The basic components that couple electrical energy to
mechanical energy in the open-loop operation of the SAW
delay line are depicted schematically in Fig. 2. In practice,
the interdigital transducers are built on the surface of an
elastic medium such as silicon. The structures on the right
represent force generators that convert an electric voltage to

i a
B

A A4 4

m=
Fig. 2. A schematic model of the transducers is depicted. The vertical
arrows represent the directions of the concentrated forces.

=0 0

mechanical forces. In turn, these mechanical forces generate
surface acoustic waves that are propagated throughout the
solid substrate. Electrodes on the left sense the correspond-
ing elastic waves by converting local strains into an electric
charge or voltage.

We let M and N denote the number of force generators and
receptors, respectively, and we make the following assump-
tions.

1. The elastic media is unbounded. In other words, we do
not consider the reflections of the surface acoustic
waves by the boundaries of the solid substrate. This
approximation is reasonable since measures are taken in
device design to eliminate reflections.

2. Following Hashimoto [7], we assume that a force
proportional to the voltage is generated at each finger
of the transducer on the right-hand side.

3. The displacement field felt by each finger of the
transducer on the left-hand side is the superposition of
the displacements caused by the concentrated forces at
the generator.

Based on the above assumptions, the concentrated force at
the mth finger is

Tu(t) = Kivin(1) 2)

where vy, is the input voltage for all fingers and K, is the
proportionality constant of the transducer. We remark that
detailed modeling of an electrode is very complicated. For
example, in Matthews [4], the concentrated forces are
applied at the edges of the electrode, and the directions
of the forces are dependent on the polarity of the voltage. In
this case, rather complicated algebra is required to obtain the
transfer function.

Using superposition and the relation (Al) between a
concentrated force applied at a distance and the correspond-
ing displacement (which is derived in the Appendix A for the
one-dimensional wave equation), the displacement u,, at the
nth finger on the left is given by

L+ ma+ na
—), 3)

1 M—1
“n(t) = m Zﬁn (t - VR
m=0

where Vg is the speed of the Rayleigh wave.
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Let g,y denote the electric charge that is produced when
the electrodes are subjected to the local strain. Since the
strain at a point is proportional to the displacement gra-
dient, which is in turn proportional to the displace-
ment at that point, we assume that the charge is the sum
of the charges produced at each finger and the charge from
each finger is proportional to the displacement. Thus, we
have

N—1
Gou(t) = K2y _un(1). “
n=0

In the open loop, we assume that the output voltage is
proportional to the charge, i.e.

Voul(t) = K3CI0ul<t>- (5)

By combining the last two equations with Eq. (3), we obtain
the relationship between the input and output voltages

N—1M—-1
. L+ ma + na
o) = 13 (1= EEEEE) ©®
where
K K>)K3

h=——— 7

A (7
3. The sinusoidal transfer function of the open loop

We let

vin(t) = exp(jwr), vout (1) = G(w) exp(jwt) (8)

and substitute these expressions into Eq. (6) to obtain the
sinusoidal transfer function

h R joma = jona
G(a))aexp(]wL)Zexp( Ve )Zexp< Ve >

m=0 n=0
)
By evaluating the geometric series in (9), we have
h 1- —joMa/V,
G(w) = — exp(—jwlL) exp( JC,O a/Vr)
) 1 — exp(—jwa/VR)
1- exp(—j(.uNa/VR) ’ (10)
1 — exp(—jwa/VR)
and by using the identity
1 — exp(—joMa/VR)
I —exp(—joa/ Vi)
_exp(—joMa/2Vy)
~ exp(—jwa/2VR)
expljoMa/(2VRr)] — exp[—jwMa/2VR] (11

expljwa/(2VR)] — exp[—jwa/2VR]

the transfer function is expressed in the following more
compact form:

G(w) = P [_jco(L + (Ma‘jl; Na)/2 — a)]

sinf[wMa/2VR] sin[wNa/2VR]
sin[wa/2VR] sinjwa/2Vg]

12)

The frequency response associated with the transfer func-
tion G has the form of a band-pass filter with center
frequency [3,7]

w, = ZRE, (13)

a

which is determined by the wave speed and the spacing
parameter. We note that the separation distance L does not
affect the center frequency. Thus, the center frequency of the
open-loop device is not sensitive to adsorption on the sur-
face. By substituting the definition of the center frequency
into the frequency response function, we obtain the open-
loop transfer function

G(w) = g exp [—jn <27L +M+N — 2) wﬂ} glw), (14)

where

_sin(nMw/w,.) sin(tNw/o,)

g(w) =

15)

sin(rw/w.)  sin(rw/w:)

The function G(w) is analogous to those obtained in [4,7,10].

The exponential term in the formula for G represents a
phase lag. Also, the output—input amplitude ratio is propor-
tional to g(w). Since M and N are integers, g has a removable
singularity at & = w,, such that its extension, which we also
denote by g, is continuous and bounded by MN. Fig. 3 shows
the typical characteristics of the open-loop filter. Note that
only signals whose frequencies are close to the center
frequency are not drastically attenuated. As is well-known
[4,7,10], the bandwidth and the side-lobe attenuation are
dependent on the number of fingers M and N.

-20 |
20Logl— g(®
8IMN8( )]

dp—40 \

h n fﬂx //\\f /&1\/9 /\14/\ |

0.6 0.8

1
W,/ @,
Fig. 3. For the case M = 10 and N = 10, the figure shows the logarithmic
plot of g/(MN) vs. wl/w,.
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4. Stability analysis of the SAW delay line oscillator

In closed-loop operation, the output signal of the receptor
is amplified and applied as an input to the generator. We will
ignore the delay in the amplifier and assume that

Vin(#) = Avou ()

where A is the amplifier gain. By substitution into Eq. (6), we
obtain the linear functional differential equation

1M—1
Vi (1) AhZZm(

n=0m

(16)

A7)

L+ma+na>
Vr

e in Eq. (17), we find its characteristic

)ma)

For Ah > 0, Eq. (18) can have a positive real root, and
therefore, the circuit can be unstable. In other words, the
voltage grows exponentially with time and saturates the
circuit. For the closed-loop circuit to sustain stable oscilla-
tion, the instability must be avoided. Since no positive real
root is possible for Ak > 0, this can be accomplished using
negative feedback. We will assume from this point on that
negative feedback is used. It is possible, though, that this
instability may not arise even for positive feedback. For
instance, high pass filtering can be used to kill the dc gain. In
real circuits, typical transducers (such as PZTs) at the
receptor cannot maintain a constant output corresponding
to a constant strain. This property is analogous to a high pass
filter. In other words, this instability may be avoided in real
circuits without using either the negative feedback or an
additional high pass filter.

Assume that the instability due to a positive real char-
acteristic root is prevented by circuit design. Therefore,
voltage disturbances are attenuated if the feedback gain is
small. On the other hand, circuit oscillations will arise if the
gain exceeds a threshold value that corresponds to a Hopf
bifurcation [25,26], where a small amplitude oscillation
arises from a change in the stability of a steady state as
some system parameter (the amplifier gain in the present
case) is changed. Since Hopf bifurcations occur when a pair
of complex conjugate roots of the characteristic equation
crosses the imaginary axis, the threshold values correspond
to amplifier gains for which the characteristic equation has a
pair of pure imaginary roots. Hence, to find the bifurcation
points, we substitute 4 = jw into the characteristic equation
and use the algebraic simplifications employed in the pre-
vious section to obtain the equation

By setting vi, () =
equation to be

o] ()il

(18)

2L
jw:Ahexp{—jn( +M+N — 2> ]
o

sin(tMw /o) sin(tNw/w,)
sin(nw/w,)

sin(rw/w.)

whose real part is equivalent to

2L
w+{—+M+N—%E%:0 (20)
a e
Its solutions, the set of all
2i —1
w; = : 1)

20Lja+M+N—2)7

such that i is a positive integer, are the frequencies of the
oscillations at the Hopf bifurcations; the corresponding
amplifier gains are

i 0c 0 sin(nw; /o)  sin(nw;/w,)
h o, sin(ntMw; /o) sin(aNw; /w.)

A= (~1) (22)
The index i is the mode number, and the gain A; represents
the threshold for that particular mode to change stability.

5. Operating frequency of the closed-loop oscillator

In closed-loop operation, there is no oscillation if the gain
is zero. As the gain increases from zero and surpasses the
threshold value of a particular mode, that mode becomes
unstable. In a two-port acoustic-wave delay-line-based
oscillator loop, the gain is maintained so that only one mode
is excited. The selected mode has the lowest threshold value
and the corresponding frequency is the device operating
frequency.

Egs. (21) and (22) can be used together to find the
operating frequency. To maintain stable oscillation, the
instability associated with the positive real characteristic
roots must be avoided. We assume that this is accomplished
through the use of negative feedback. For Ah < 0, Eq. (22)
shows that only the odd modes are unstable. Thus, the
possible mode numbers for negative feedback in Eq. (21)
are i = 2j — 1, where j = 1,2,3, ..., and the corresponding
frequencies for these modes are

w; = 4j_3 w
7 202L/a+M+N -2)

(23)

Note that the average separation distance between the gen-
erator and the receptor is

Ly=L+iM—-1a+1(N-1)aq, (24)
and the average time delay is therefore
Lav
av 25
T = (25

Using Egs. (23)—(25) and the definition of the center fre-
quency (13), we obtain the relation

wjra\,:2nj—%n, for j=1,2,3,..., (26)

which is consistent with the result stated in Eq. (1). Our
model renders the delay time as the average delay between
the generator and the receptor.
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Fig. 4. The lower panel shows scaled gain vs. scaled separation. The upper panel shows scaled operating frequency vs. scaled separation for the closed-loop

oscillator with M = 10 and N = 10.

In the following, we determine the oscillation frequency
for the case M = 10 and N = 10. For each L/a (the dimen-
sionless separation distance), there is a unique threshold
amplifier gain, such that, for a small increase in its value,
only one mode is unstable and all other modes are stable.
Thus, the mode number and the frequency of the correspond-
ing closed-loop oscillator are also functions of L/a.

Fig. 4 shows the relationship between the sensor operating
frequency and the dimensionless separation distance. Note
that the operating frequency, though it is dependent on the
separation distance L, is close to the center frequency. Since
the device is analogous to a band-pass filter in open-loop
operation, the signal attenuation is smallest at the center
frequency. In closed-loop operation, the operating frequency
is dependent on the dimensionless separation distance.
Nevertheless, the appropriate mode is selected so that the
device operates near the center frequency. Recall that the
center frequency is defined by the wave speed and the layout
of the electrodes; thus, the approximate operating frequency
of the sensor is also determined by the electrode layout.

Because of the open-loop characteristics shown in Fig. 3,
once a separation distance is fixed, the mode whose fre-
quency is closest to the open-loop center frequency requires
the smallest amplifier gain to cause oscillations. This
obvious fact is indicated in the lower panel in Fig. 4.

Furthermore, by Eq. (21), if the dimensionless separation
L/a is large, then only modes with high mode numbers will
have frequencies close to ..

In typical SAW sensors, the separation between the
generator and the receptor is fixed. When additional mass
is adsorbed by the sensor surface, the wave speed is reduced.
This results in an increased time delay between the generator
and the receptor. In other words, the effective separation
distance between the generator and the receptor is modified
by the surface adsorption.

As illustrated in Fig. 4, the sensor operation may jump
from one mode to another as the effective dimensionless
separation distance L/a changes. To avoid the uncertainty
that might arise from mode jumping, the sensor should be
designed to operate at a fixed mode number; that is, the
sensor measurement range must not exceed the interval
defined by the corresponding continuous linear segment.
The lower panel in Fig. 4 shows that the measurement range
is approximately the frequency jump between neighboring
modes. Using Eq. (23), this frequency jump is

4
(2LJa+M +N —2)

Aw = j — wj-1 =5 De-

Therefore, the measurement range decreases as the separa-
tion distance increases.
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In SAW sensors, fabrication tolerances make it difficult to
avoid mode jumping. But, by applying a phase shift adjust-
ment to the amplified electrical signal, it is possible to tune
the frequency by changing the time delay ([10], p. 369),
which is equivalent to changing the effective separation
distance L.

Our linear model predicts that for an amplifier gain above
the threshold value, the corresponding mode is unstable and
the circuit will oscillate with exponentially growing ampli-
tude. In actual SAW sensors, a variable attenuator controls
the oscillation amplitude ([10], p. 369). The amplifier and
the variable attenuator are nonlinear circuit elements that
affect the output signal vey (7). A cubic law has been
proposed in [19] to represent these nonlinear elements.
For devices operating at high frequencies, the circuit
dynamics must be included in the model. Thus (functional)
differential equations are required to accurately model the
circuit, which includes the amplifier and the variable
attenuator.

6. Mode jumping in tunable surface-wave
oscillators

By inspection of Fig. 4, we note that the operating
frequency of the SAW device is a discontinuous function
of the separation distance L. The operating frequency varies
with the separation distance but remains close to the center
frequency of the open loop by mode jumping.

/i=87/

1.1 g:gs/ﬂf—
R
1.08 %/
' S
_i=83

olo. 1.06 =8l-
1=
1.02—% | =79
[
7 |

i=77 __4— |

o
o

.02 0.04 0.06 0.08 (0.1 0.12

0.015
0.014
0.013
0.012
0.011

0.01)~0—"

i=79

i=81 i=83 i=85

0.009

0 0.02 0.04 0.06 0.08 0.1 0.12
B
Fig. 5. For M =10 and N = 10, the lower panel depicts the amplitude

threshold vs. the magnetic field strength, and the upper panel depicts the
corresponding operating frequency.

The center frequency of the sensor can be tuned by
applying an external field, for instance a magnetic field
[18]. Mode jumping, due to changes in the center frequency,
has been observed in experiments with SAW oscillators [18].
Our delay equation model can be used to explain this
phenomenon.

In the absence of a detailed model for the magnetostatic
surface-wave oscillator, we assume that the parameter B is
proportional to the strength of the magnetic field and let the
relations w, = wo(1 + B) and L/a = 30(1 + B) account for
the effect of the magnetic field on the center frequency and
on the dimensionless separation. For the case M = 10 and
N =10, the amplitude threshold and the corresponding
operating frequency are shown in Fig. 5. We again assume
that negative feedback is used and the circuit oscillates in
odd modes. Note that the operating frequency is approxi-
mately a linear function of the field strength, but discontin-
uous jumps in frequency occur as the field strength changes
continuously. This phenomenon is exactly what was
observed in the experiment [18].

7. Generalization to account for actuator and
amplifier dynamics

Several of our simplifying assumptions can be relaxed to
make models that more accurately represent the properties
of real circuits. To account for the dynamics of the actuators
and the amplifier, the voltages vi,(#) and voy(#) can be
related by a linear differential equation, instead of Eq. (16).
The most general form of this equation,

d" v (1 dnilvin t
n dln( )+anfllel()+"'+a0Vin(t)
d"vou (¢ N
= bm%() + byt dtT(iult() + - 4 bovou(2),

27)

can be combined with Eq. (6) to obtain a model for the
closed-loop system. By taking the Fourier transform of
Eq. (27), we obtain the sinusoidal relationship

vin (1) = A(®) exp[—jd(®)]vou (). (28)
For vou(f) = exp(jwt), the amplitude and phase functions
A(w) and ¢(w) (where a positive ¢(w) represents a phase
lag) are determined by the coefficients of the differential
equation; in fact, we find that

i " 1 m71 e
A(@) expl—ip ()] = U2 Fbua GOIT & ot by

an(jw)n + Cln,l(j(,())nil 4+ +a
(29)
If viy (f) = exp(jor), then
Fnlt) = It (30)
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and the criterion for oscillations obtained by combining
(24), (26), and (6) is

jo = A(w)hexp |:JTE(27L +MA+N - 2) wﬂ jd)(a))]
sin(rMo/o,) sin(tNo o,

sin(rw/w.) sin(rw/o.)

€29

Assuming that negative feedback is used and employing the
same procedures as in Section 5, we obtain the relationship

0Ty + $(w)) = 2mj — %n, (32)

which is again in agreement with Eq. (1).

8. Conclusion

A functional differential equation model for a delay-line
oscillator SAW device is proposed. Based on this model, it is
found that the operating frequency is close to the center
frequency of the open loop and is modulated by the separa-
tion between the generator and the receptor. This depen-
dence is the fundamental mechanism for SAW sensors. The
model also accounts for the mode jumping that is observed
in tunable surface wave oscillators.
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Appendix A

Consider the one-dimensional wave equation in the form

PU LU

atz =c 8)(2 +F(.X, t)?

where U is a displacement, ¢ the wave speed, and F the force
per density; that is, the function F has gcs units cm/s”. A
particular solution u of the wave equation with zero initial
data is given by

1 t pxtc(t—s)
U(x,1) :—/ / F(y,s)dyds.
2c 0 Jx—c(t—s)

For the case of a concentrated force per density at position
x = & given by

F(x,1) = o(x = &f (1),

where 9 is the unit impulse function at x = 0, let us note that

0(x — &) has units of inverse length, f{7) has units (cm/s)%, and

c(t—s)

t (
()= U(0,1) = - / £(5) / L= fas

1 t Etc(t—s)
o(y)dy |d
£(s) / () dy | ds

B Z 0 —c(t—s)
1 t
-1 /0 FO)1 = Vi ge(s)) ds,

where V,(s) is the unit step function (whose value is zero for
s < b and one for x > b). By evaluating the last integral, we
have that u(#) = 0 for r < £/c and

1 tff/c
=5 [ e
for t > £/c. Hence for t > &/c,

u(r) =% <t—§)

Finally, we note that the units on both sides of this equation
are cm/s.

(A.1)
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