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Abstract

The standard proof of the Grobman-Hartman linearization the-
orem for a flow at a hyperbolic rest point proceeds by first estab-
lishing the analogous result for hyperbolic fixed points of local diffeo-
morphisms. In this exposition we present a simple direct proof that
avoids the discrete case altogether. We give new proofs for Hartman’s
smoothness results: A C? flow is C! linearizable at a hyperbolic sink,
and a C? flow in the plane is C! linearizable at a hyperbolic rest point.
Also, we formulate and prove some new results on smooth lineariza-
tion for special classes of quasi-linear vector fields where either the
nonlinear part is restricted or additional conditions on the spectrum
of the linear part (not related to resonance conditions) are imposed.

1 Introduction

This paper is divided into three parts. In the first part, a new proof is
presented for the Grobman—Hartman linearization theorem: A C! flow is C°
linearizable at a hyperbolic rest point. The second part is a discussion of
Hartman’s results on smooth linearization where smoothness of the lineariz-
ing transformation is proved in those cases where resonance conditions are
not required. For example, we will use the theory of ordinary differential



equations to prove two main theorems: A C? vector field is C! linearizable
at a hyperbolic sink; and, a C? vector field in the plane is C' linearizable at
a hyperbolic rest point. In the third part, we will study a special class of
vector fields where the smoothness of the linearizing transformation can be
improved.

The proof of the existence of a smooth linearizing transformation at a hy-
perbolic sink is delicate. It uses a version of the stable manifold theorem, con-
sideration of the gaps in the spectrum of the linearized vector field at the rest
point, carefully constructed Gronwall type estimates, and an induction argu-
ment. The main lemma is a result about partial linearization by near-identity
transformations that are continuously differentiable with Holder derivatives.
The method of the proof requires the Holder exponent of these derivatives
to be less than a certain number, called the Holder spectral exponent, that
is defined for linear maps as follows. Suppose that {—by, —by, -+ — by} is the
set of real parts of the eigenvalues of the linear transformation A : R" — R"
and

—by < —by_1 < ---< —=b; <0. (11)

The Hélder spectral exponent of A is the number

bi(bji1 — by)
bl(bj+1 - bj) + bj+1bj

where
bj+1 — b]' _ min bi+1 - bz
bj+10; i€{1,2,,N=1}  b;y1b;

in case N > 1; it is the number one in case N = 1. The Holder spectral
exponent of a linear transformation B whose eigenvalues all have positive
real parts is the Holder spectral exponent of —B.

Although a C? flow in the plane is always C! linearizable at a hyperbolic
rest point, a C? flow in R?® may not be C! linearizable at a hyperbolic saddle
point. For example, the flow of the system

T=2x, Y=y+zxz, Z2=-—2 (1.2)

is not C' linearizable at the origin (see Hartman’s example (3.1)). We will
prove that a flow in R™ can be smoothly linearized at a hyperbolic saddle
if the spectrum of the corresponding linearized system at the saddle point
satisfies the following condition introduced by Hartman in [H60M]. Note first



that the real parts of the eigenvalues of the system matrix of the linearized
system at a hyperbolic saddle lie in the union of two intervals, say [—ar, —ag]
and [br,, br| where ar,, ag, by, and bg are all positive real numbers. Thus, the
system matrix can be written as a direct sum A @& B where the real parts of
the eigenvalues of A are in [—ar, —ag| and the real parts of the eigenvalues
of B are in [by, bg|. Let u denote the Hélder spectral exponent of A and v
the Holder spectral exponent of B. If Hartman’s spectral condition

ap —arp < /LbL, br — by, < vag

is satisfied, then the C? nonlinear system is C'! linearizable at the hyperbolic
saddle point. It follows that, unlike system (1.2), the flow of

rT=2x, y=y-+axz, z=-—4z

is C! linearizable at the origin.

In the case of hyperbolic saddles where one of the Holder spectral ex-
ponents is small, Hartman’s spectral condition is satisfied only if the cor-
responding real parts of the eigenvalues of the linear part of the field are
contained in an accordingly small interval. Although the situation cannot
be improved for general vector fields, stronger results (in the spirit of Hart-
man) are possible for a restricted class of vector fields. There are at least
two ways to proceed: additional conditions can be imposed on the spectrum
of the linearization, or restrictions can be imposed on the nonlinear part of
the vector field. We will show that a C3 vector field in “triangular form”
with a hyperbolic saddle point at the origin can be C' linearized if Hart-
man’s spectral condition is replaced by the inequalities a;, — ar < by and
br — by, < agp (see Theorem 4.6). Also, we will prove the following result:
Suppose that X = A+ F is a quasi-linear C* vector field with a hyperbolic
saddle at the origin, the set of negative real parts of eigenvalues of A is given
by {—A1,...,—A,}, the set of positive real parts is given by {oy,...,0,}, and

A< <<= <0< <0 << oy

If A\ /N >3, forie{23,...,p},and 0, 1/0; > 3, fori € {2,3,...,¢}, and
if \y =\, < 0, and 07 —0, < A, then X is C' linearizable (see Theorem 4.7).

The important dynamical behavior of a nonlinear system associated with
a hyperbolic sink is local: there is an open basin of attraction and every
trajectory that enters this set is asymptotically attracted to the sink. This
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behavior is adequately explained by using a linearizing homeomorphism, that
is, by using the Grobman-Hartman theorem. On the other hand, the inter-
esting dynamical behavior associated with saddles is global; for example,
limit cycles are produced by homoclinic loop bifurcations and chaotic in-
variant sets are found near transversal intersections of homoclinic manifolds.
Smooth linearizations at hyperbolic saddle points are used to analyze these
global phenomena. It turns out that results on the smooth linearization at
hyperbolic sinks are key lemmas required to prove the existence of smooth
linearization for hyperbolic saddles. In fact, this is the main reason to study
smooth linearization at hyperbolic sinks.

We treat only the case of rest points here, but we expect that our method
can be applied to the problem of linearization near general invariant mani-
folds of differential equations.

Hartman’s article [H60M] is the main reference for our results on smooth-
ness of linearizations. Other primary sources are the papers [G59], [H60],
[H63], and [St57]. For historical remarks, additional references, and later
work see [CL88], [CLLI1], [KP90], [Se85], [St89], and [T99].

2 Continuous Conjugacy

A C' vector field X on R” such that X (0) = 0 is called locally topologically
conjugate to its linearization A := DX (0) at the origin if there is a homeo-
morphism h : U — V of neighborhoods of the origin such that the flows of
X and A are locally conjugated by h; that is,

h(et'z) = X, (h(x)) (2.1)

whenever x € U, t € R", and both sides of the conjugacy equation are
defined. A matrix is infinitesimally hyperbolic if every one of its eigenvalues
has a nonzero real part.

Theorem 2.1 (Grobman-Hartman). Let X be a C' vector field on R™
such that X (0) = 0. If the linearization A of X at the origin is infinitesimally
hyperbolic, then X 1is locally topologically conjugate to A at the origin.

Proof. For each r > 0 there is a smooth bump function p : R" — [0,1]
with the following properties: p(z) =1 for |z| < r/2, p(z) = 0 for |z| > r,
and |dp(z)| < 4/r for x € R™. The vector field Y = A + £ where £(z) :=



p(z)(X (z) — Az) is equal to X on the open ball of radius r/2 at the origin.
Thus, it suffices to prove that Y is locally conjugate to A at the origin.

Suppose that in equation (2.1) h = id + n and n : R" — R" is differen-
tiable in the direction A. Rewrite equation (2.1) in the form

e "h(er) = e X, (h(z)) (2.2)

and differentiate both sides with respect to ¢ at ¢t = 0 to obtain the infinites-
tmal conjugacy equation
Lan=¢&o (id+n) (2.3)

where p

Lani= e e )], (2.4)
is the Lie derivative of n along A. (We note that if h is a conjugacy, then
the right-hand-side of equation (2.2) is differentiable; and therefore, the Lie
derivative of h in the direction A is defined.)

We will show that if » > 0 is sufficiently small, then the infinitesimal
conjugacy equation has a bounded continuous solution n : R™ — R™ (dif-
ferentiable along A) such that h :=id +7 is a homeomorphism of R™ whose
restriction to the ball of radius /2 at the origin is a local conjugacy as in
equation (2.1).

Since A is infinitesimally hyperbolic, A = AT@® A~ having spectra, respec-
tively, to the left and to the right of the imaginary axis. Put E- = Range(A ™)
and ET = Range(A™). There are positive constants C' and A such that

et < Ce™M v, et | < Ce™ M| (2.5)

for ¢ > 0. The Banach space B of bounded (in the supremum norm) con-
tinuous vector fields on R" splits into the complementary subspaces BT and
B~ of vector fields with ranges, respectively, in E* or E~. In particular, a
vector field € B has a unique representation n = n* + 1~ where n* € Bt
and n~ € B™.

The function G on B defined by

Gn(x) :/0 eyt (e ) dt—/o e My (M) dt (2.6)

is a bounded linear operator G : B — B. The boundedness of G follows from
the hyperbolic estimates (2.5). The continuity of the function = — Gn(z) is
an immediate consequence of the following lemma from advanced calculus—
essentially the Weierstrass M-test—and the hyperbolic estimates.
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Lemma 2.2. Suppose that f : [0,00) x R™ — R™, given by (t,x) — f(t,x),
is continuous (respectively, the partial derivative f, is continuous). If for each
y € R™ there is an open set S C R"™ with compact closure S and a function
M :[0,00) = R such that y € S, the integral [;° M(t)dt converges, and
|f(t,z)] < M(t) (respectively, |fy(t,x)| < M(t)) whenever t € [0,00) and
xisin S, then F : R® — R™ given by F(x) = fooof(t,x) dt is continuous
(respectively, F' is continuously differentiable and DF (x) = fooo fx(t,x)dt).

Using the definition of L, in display (2.4) and the fundamental theorem
of calculus, we have the identity L,G = idg. As a consequence, if

n=G(o(id+n)) = F(n), (2.7)

then 7 is a solution of the infinitesimal conjugacy equation (2.3).
Clearly, F': B — B and for n; and 7, in B we have that

1E(m) = F(n2) | < G I€ o (id +m1) — & o (id +mn) |
< GIHIDEN m = el

Using the definitions of & and the properties of the bump function p, we have
that 1
IDE < spllDX () = Al + 7 sup X () — o]

By the continuity of DX, there is some positive number r such that | DX (z)—
Al < 1/(10]|G||) whenever |z| < r. By Taylor’s theorem (applied to the C*
function X') and the obvious estimate of the integral form of the remainder,
if |z| < r, then | X (z) — Az| < r/(10||G||). For the number r > 0 just chosen,
we have the estimate ||G||||DE|| < 1/2; and therefore, F' is a contraction on
B. By the contraction mapping theorem applied to the restriction of F' on
the closed subspace By of B consisting of those elements that vanish at the
origin, the equation (2.7) has a unique solution n € By, which also satisfies
the infinitesimal conjugacy equation (2.3).

We will show that h := id+n is a local conjugacy. To do this recall
the following elementary fact about Lie differentiation: If U, V', and W are
vector fields, ¢, is the flow of U, and LyV = W, then

%Dqﬁt(qﬁt(x))‘/(qﬁt(x)) = Do i(01(2))W (g1 ().



Apply this result to the infinitesimal conjugacy equation (2.3) to obtain the
identity

d
@(6’“‘77(6“‘96)) = ¢ Me(h(e ).
Using the definitions of h and Y, it follows immediately that
d

%(e’mh(emx)) = —e “Anh(ez) + e Y (h(e 1))

and (by the product rule)

etA%h(etAx) = e Y (h(ex)).
Therefore, the function given by ¢ + h(e!“x) is the integral curve of Y start-
ing at the point h(x). But, by the definition of the flow Y; of Y, this integral
curve is the function ¢ — Y;(h(z)). By uniqueness, h(ez) = Y;(h(z)). Be-
cause Y is linear on the complement of a compact set, Gronwall’s inequality
can be used to show that the flow of Y is complete. Hence, the conjugacy
equation holds for all ¢t € R.

It remains to show that the continuous function A : R — R" given by
h(z) = x 4+ n(z) is a homeomorphism. Since 7 is bounded on R", the map
h = id +n is surjective. To see this, choose y € R", note that the equation
h(x) = y has a solution of the form z = y + z if 2z = —n(y + z), and apply
Brouwer’s fixed point theorem to the map z — —n(y + z) on the ball of
radius ||n]| centered at the origin. (Using this idea, it is also easy to prove
that h is proper; that is, the inverse image under h of every compact subset
of R™ is compact.) We will show that h is injective. If z and y are in R”
and h(z) = h(y), then Y;(h(z)) = Yy(h(y)) and, by the conjugacy relation,
Ay +n(Aix) = Ay + n(Agy). By the linearity of A;, we have that

|As(z — y)| = [n(Ay) — n(A)|. (2.8)

For each nonzero u in R™, the function ¢ — A;u = e**u is unbounded on

R. Hence, either z = y or the left side of equation (2.8) is unbounded for
t € R. Since 7 is bounded, x = y; and therefore, the map h is injective. By
Brouwer’s theorem on invariance of domain, the bijective continuous map h
is a homeomorphism. (Brouwer’s theorem can be avoided by using instead
the following elementary fact: A continuous, proper, bijective map from R"
to R™ is a homeomorphism.) O



3 Smooth Conjugacy

In the classic paper [H60M], Hartman shows that if a > b > 0 and ¢ # 0, then
there is no C! linearizing conjugacy at the origin for the analytic differential
equation

t=ax, y=(a—by+crz, Z=—bz. (3.1)
On the other hand, he proved the following two important results. (1) If a C?
vector field has a rest point such that either all eigenvalues of its linearization
have negative real parts or all eigenvalues have positive real parts, then the
vector field is locally C! conjugate to its linearization. (2) If a C* planar vector
field has a hyperbolic rest point, then the vector field is locally C! conjugate
to its linearization. Hartman proves the analogs of these theorems for maps
and then derives the corresponding theorems for vector fields as corollaries.
We will work directly with vector fields and thereby use standard methods
from the theory of ordinary differential equations to obtain these results. We
also note that S. Sternberg proved that the analytic planar system

i=-z, §=-2y+a (3.2)

is not C? linearizable. Hence, it should be clear that the proofs of Hartman’s
results on the existence of (maximally) smooth linearizations will require
some delicate estimates. Nevertheless, as we will soon see, the strategy used
in these proofs is easy to understand.

Although the starting point for the proof of Theorem 2.1, namely, the
differentiation with respect to ¢ of the desired conjugacy relation (2.1) and
the inversion of the operator L, as in display (2.6), leads to the simple
proof of the existence of a conjugating homeomorphism given in Section 2,
it turns out this strategy does not produce smooth conjugaces. This fact is
illustrated by linearizing the scalar vector field given by X (z) = —az + f(z)
where a > 0. Suppose that f vanishes outside a sufficiently small open subset
of the origin with radius r > 0 so that h(x) = x + n(z) is the continuous
linearizing transformation where

n(z) = / e (e 4 g(ea)) de

as in the proof of Theorem 2.1. With F := f o (id+7), u := e, and x # 0,
the function 7 is given by

el By
n(x) = l/1 F(uz) du.

u2



Moreover, if z > 0, then (with w = ux)

=2 [ £

a w

and if x < 0, then

If n were continuously differentiable in a neighborhood of the origin, then we
would have the identity

for z > 0 and the identity

for x < 0. Because the left-hand and right-hand derivatives agree at x = 0,

it would follow that -
/ (w) dw = 0.

w2

-r
But this equality is not true in general. For example, it is not true if f(z) =
p(z)x? where p is a bump function as in the proof of Theorem 2.1. In this
case, the integrand is nonnegative and not identically zero.

There are at least two ways to avoid the difficulty just described. First,
note that the operator L4, for the case Ax = —ax, is formally inverted by
running time forward instead of backward. This leads to the formal inverse
given by

(Gn)(z) = — /000 e“nle ) dt

and the fixed point equation

n(z) =— /00 e fle="x 4+ nle*x)) dt.

0

In this case, no inconsistency arises from the assumption that 7'(0) exists.
In fact, in the last chapter of this paper, we will show that this method does
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produce a smooth conjucacy for certain “special vector fields”, for example,
the scalar vector fields under consideration here (see Theorem 3.8).

Another idea that can be used to avoid the difficulty with smoothness is
to differentiate both sides of the conjugacy relation

eh(z) = h(X,()) (3.3)

with respect to t, or equivalently for the scalar differential equation, to use
the change of coordinates u = = + n(xz). With this starting point, it is easy
to see that n determines a linearizing transformation if it is a solution of the
first order partial differential equation

Dn(z)X (z) + an(x) = — f(x).

To solve it, replace = by the integral curve ¢ — ¢;(x) where ¢; denotes the
flow of X, and note that (along this characteristic curve)

C0u(a)) + an(64(a)) = —F(9u(x).

By variation of constants, we have the identity

d

Sen(6(@) = ¢ [ (6())

and (after integration on the interval [0,¢]) it follows that the function n
given by
o

o) = [ e poa) (3.4
determines a linearizing transformation h = id +n if the improper integral
converges on some open interval containing the origin. The required conver-
gence is not obvious in general because the integrand of this integral contains
the exponential growth factor e®. In fact, to prove that n is continuous, a
uniform estimate is required for the growth rate of the family of functions
t — |f(ée(2))], and to show that 1 is continuously differentiable, a uniform
growth rate estimate is required for their derivatives. The required estimates
will be obtained in the next section where we will show that 7 is smooth for
a hyperbolic sinks. For the scalar case as in equation (3.4), f(x) is less than
a constant times 22 near the origin, and the solution ¢;(z) is approaching
the origin like e~*x. Because this quantity is squared by the function f, the
integral converges.
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To test the validity of this method, consider the example & = —az + 22
where the flow can be computed explicitly and the integral (3.4) can be
evaluated to obtain the smooth near-identity linearizing transformation h :
(—a,a) — R given by

3.1 Hyperbolic Sinks

The main result of this section is the following theorem.

Theorem 3.1 (Hartman). Let X be a C? vector field on R"™ such that
X (0) = 0. If every eigenvalue of DX (0) has negative real part, then X is
locally C' conjugate to its linearization at the origin.

The full strength of the natural hypothesis that X is C? is not used in
the proof; rather, we will use only the weaker hypothesis that X is C' and
certain of its partial derivatives are Holder on some fixed neighborhood of
the origin. A function h is Holder on a subset U of its domain if there is
some (Hdélder exponent) p with 0 < g < 1 and some constant M > 0 such
that

h(z) = h(y)| < M|z — y|*

whenever x and y are in U. In the special case where p = 1, the function A is
also called Lipschitz. As a convenient notation, let C1* denote the class of C*
functions whose first partial derivatives are all Holder with Holder exponent
L.

Recall the definition of Holder spectral exponents given in Section 1. We
will prove the following generalization of Theorem 3.1.

Theorem 3.2 (Hartman). Let X be a CY' wvector field on R" such that
X (0) = 0. If every eigenvalue of DX (0) has negative real part and p > 0 is
smaller than the Hoélder spectral exponent, then there is a near-identity C1*-
diffeomorphism defined on some neighborhood of the origin that conjugates
X to its linearization at the origin.

The strategy for the proof of Theorem 3.2 is simple; in fact, the proof
is by a finite induction. By a linear change of coordinates, the linear part
of the vector field at the origin is transformed to a real Jordan canonical
form where the diagonal blocks are ordered according to the real parts of

12



the corresponding eigenvalues, and the vector field is decomposed into (vec-
tor) components corresponding to these blocks. A theorem from invariant
manifold theory is used to “flatten” the invariant manifold corresponding to
the block whose eigenvalues have the largest real part onto the correspond-
ing linear subspace. This transforms the original vector field into a special
form which is then “partially linearized” by a near-identity diffeomorphism;
that is, the flattened—but still nonlinear—component of the vector field is
linearized by the transformation. This reduces the dimension of the lin-
earization problem by the dimension of the flattened manifold. The process
is continued until the system is completely linearized. Finally, the inverse of
the linear transformation to Jordan form is applied to return to the original
coordinates so that the composition of all the coordinate transformations is
a near-identity map.

We will show that the nonlinear part of each near-identity partially lin-
earizing transformation is given explicitly by an integral transform

/ "B g(py(e)) db

where ¢ is given by the nonlinear terms of the component function of the
vector field corresponding to the linear block B and ¢; is the nonlinear flow.
The technical part of the proof is to demonstrate that these transformations
maintain the required smoothness. This is done by repeated applications of
Lemma 2.2 to prove that “differentiation under the integral sign” is permit-
ted. Because maximal smoothness is obtained, it is perhaps not surprising
that some of the estimates required to majorize the integrand of the integral
transform are rather delicate. In fact, the main difficulty is to prove that
the exponential rate of decay toward zero of the functions ¢t — g(p;(z)) and
t — g.(¢i(x)), defined on some open neighborhood of z = 0, is faster than
the exponential rate at which the linear flow e'® moves points away from the
origin in reverse time.

As in Section 2, the original vector field X can be expressed in the “al-
most linear” form X (z) = Az + (X (x) — Az). There is a linear change of
coordinates in R™ such that X, in the new coordinates, is the almost linear
vector field Y (x) = Bx + (Y (x) — Bz) where the matrix B is in real Jordan
canonical form with diagonal blocks B; and By, every eigenvalue of B, has
the same negative real part —by, and every eigenvalue of B; has its real part
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strictly smaller than —bs. The corresponding ODE has the form

il = Bl T + Pl(l'l,l’Q),
j’,‘g = B2 T+ PQ(IL'l,l‘Q) (35)

where © = (z1,x9) and (Py(z1,x2), Po(21,22)) = (Y(2) — Bx). Let ¢ be a
real number such that —b < —c¢ < 0, and note that if the augmented system

&y = By xy + Pi(x1,29),
&g = By xy + Pa(x1,29),

jﬁ'g — —CI3
is linearized by a near-identity transformation of the form
Uy = I + O{I(J"l) Zo, 1‘3)7

U = T9 + 052(1'1,1'2,1'3),

Uz = T3,
then the ODE (3.5) is linearized by the transformation
uy =21 + a1 (r1,22,0),  uy =29 + as(xy, 22,0).
More generally, let C»* denote the class of all systems of the form
T=Ax+ f(z,y,2),

y=By+g(z,y,2),
3=Cx% (3.6)

where z € RF, y € R, and z € R™; where A, B, and C are square matrices
of the corresponding dimensions; B is in real Jordan canonical form;

e every eigenvalue of B has real part —b < 0;
e every eigenvalue of A has real part less than —b;

e every eigenvalue of C' has real part in an interval [—c, —d] where
—b < —c and —d < 0;

and F: (z,y,2) — (f(x,y, 2),9(x,y, 2)) is a C! function defined in a bounded
product neighborhood
Q=0Q, xQ, (3.7)

of the origin in (R*¥ x R*) x R™ such that

14



e [7(0,0,0) =0 and DF(0,0,0) =0,
e the partial derivatives F, and F), are Lipschitz in €2, and

e the partial derivative F, is Lipschitz in ,, uniformly with respect to
z € Q, and Holder in Q, uniformly with respect to (z,y) € Q,, with
Holder exponent p.

System (3.6) satisfies the (1, ) spectral gap condition if (1 + p)c < b.
We will show that system (3.6) can be linearized by a C' near-identity
transformation of the form

u=x+ a(r,y,2),

U:y+/8(1‘7y7z)7
w=z. (3.8)

The proof of this result is given in three main steps: an invariant manifold
theorem for a system with a spectral gap is used to find a preliminary near-
identity C' map, as in display (3.8), that transforms system (3.6) into a
system of the same form but with the new function F' = (f,g) “flattened”
along the coordinate subspace corresponding to the invariant manifold. Next,
for the main part of the proof, a second near-identity transformation of the
same form is constructed that transforms the flattened system to the partially
linearized form

= Az + p(z,y,2),
y = By,
i=C2 (3.9)

where A, B, and C are the matrices in system (3.6) and the function p has
the following properties:

e pis C! on an open neighborhood Q = Q, x Q,, of the origin in R x
(R" x R™);

e p(0,0,0) =0 and Dp(0,0,0) = 0;
e The partial derivative p, is Lipschitz in ;

e The partial derivatives p, and p, are Lipschitz in €2, uniformly with
respect to (y,z) € €,, and Holder in €, uniformly with respect to
T € Q.
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The final step of the proof consists of three observations: The composition
of C! near-identity transformations of the form considered here is again a C*
near-identity transformation; the dimension of the “unlinearized” part of
the system is made strictly smaller after applying the partially linearizing
transformation, and the argument can be repeated as long as the system is
not linearized. In other words, the proof is completed by a finite induction.

The required version of the invariant manifold theorem is a special case
of a more general theorem (see, for example, Yu. Latushkin and B. Lay-
ton [LL99]). For completeness, we will formulate and prove this special case.
Our proof can be modified to obtain the general result.

For notational convenience, let us view system (3.6) in the compact form

X =AX + F(X,2),
t=Cx (3.10)

A0
0B
the corresponding linearized equations are used repeatedly. In particular, in
view of the hypotheses about the eigenvalues of A, B, and C, it follows that
if e >0 and

where X = (z,y), A = ), and F := (f, g). Hyperbolic estimates for

0<A<d,

then there is a constant K > 1 such that

||6tA|| S Kef(bfe)t ||etC’|| S Kef)\t ||eftC|| S Ke(che)t (3.11)

Y

for all t > 0.

Theorem 3.3. If the (1, 1) spectral gap condition holds for system (3.10),
then there is an open set 0, C R™ containing z = 0 and a CY* function
v : Q. — REFE such that v(0) = Dy(0) = 0 whose graph (the set {(X,z2) €
R¥ x R™: X = v(2)}) is forward invariant.

As a remark, we mention that the smoothness of v cannot in general
be improved by simply requiring additional smoothness of the vector field.
Rather, the smoothness of the invariant manifold can be improved only if
additional requirements are made on the smoothness of the vector field and
on the length of the spectral gap (see [LL99] and the references therein). For
these reasons, it seems that the technical burden imposed by working with
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Holder functions cannot be avoided by simply requiring additional smooth-
ness of the vector field unless additional hypotheses are made on the eigen-
values of the linearization at the origin as well. Also, we mention that our
proof illustrates the full power of the fiber contraction principle introduced
by M. Hirsch and C. Pugh in [HP70] as a method for proving the smoothness
of functions obtained as fixed points of contractions.

To describe the fiber contraction method in our setting, let us consider a
metric subspace D of a Banach space of continuous functions defined on €2 C
R™ with values in R?, and let us suppose that I' : D — D is a contraction
(on the complete metric space D) with fixed point . (In the analysis to
follow, I' is given by an integral transform operator.) We wish to show
that 7 is differentiable. Naturally, we start by formally differentiating both
sides of the identity n(z) = I'(n)(z) with respect to z to obtain the identity
D~v(z) = A(~, Dv)(z) where the map ® — A(~, ®) is a linear operator on a
metric—not necessarily complete—subspace J of continuous functions from
Q2 to the bounded linear maps from R™ to R?. We expect the derivative Dn,
if it exists, to satisfy the equation

d = A(n, D).

Hence, J is a space of “candidates for the derivative of v”.
The next step is to show that the bundle map A : D x J — D x J defined
by
A(y, @) = (T(7), Ay, ®))

is a fiber contraction; that is, for each v € D, the map ® — A(y,®) is a
contraction on J with respect to a contraction constant that does not depend
on the choice of v € D. The fiber contraction theorem (see [HP70] or, for
more details, [C99]) states that if v is the globally attracting fized point of T
and if ® is a fized point of the map ® — A(~y, @), then (v, @) is the globally
attracting fized point of A. The fiber contraction theorem does not require J
to be a complete metric space. This leaves open the possibility to prove the
existence of a fixed point in the fiber over v by using, for example, Schauder’s
theorem. But, for our applications, the space J will be chosen to be complete
so that the existence of the fixed point ® follows from an application of the
contraction mapping theorem.

After we show that A is a fiber contraction, the following argument can
often be used to prove the desired equality ® = D~. Find a point (7o, ®y) €

17



D x J such that Dvyy = ®y, define a sequence {(v;, ®;)}32, in D x J by

% =), @ = A1, ®-1),

and prove by induction that Dv; = ®; for every positive integer j. By the
fiber contraction theorem, the sequence {7;}%2, converges to v and the se-
quence {Dv;}22, converges to the fixed point ® of the map ® — A(y, ®).
If the convergence is uniform, then by a standard theorem from advanced
calculus—the uniform limit of a sequence of differentiable functions is dif-
ferentiable and equal to the limit of the derivatives of the functions in the
sequence provided that the sequence of derivatives is uniformly convergent—
the function v is differentiable and its derivative is ®.
Let us prove Theorem 3.3.

Proof. The graph of v is forward invariant if and only if X = D~(z)Z when-
ever X = v(z). Equivalently, the identity

Dy(2)Cz = Ay(z) = F(y(2), 2) (3.12)

holds for all z in the domain of ~.
The function v will satisfy identity (3.12) if v is C! and

d
d_e—TA,Y(erCZ) — e—TAF(,y(eTCZ), eTCZ).
T

In this case, by integration on the interval [—7,0] followed by a change of
variables in the integral on the right-hand side of the resulting equation, it
follows that

Y(z) — ey (e %) = / eAF(y(e7C%), e7%) dt.
0

If v is a C* function such that v(0) = Dy(0) = 0 and lim, o |e™*y(e 792)| =
0, then the graph of v will be (forward) invariant provided that

(2) = D(7)(2) = /0 APy (e 5, 2 dit. (3.13)

For technical reasons, it is convenient to assume that v is defined on all of
R™ and that F'is “cut off” as in the proof of Theorem 2.1 to have support in
an open ball at the origin in R¥+™ of radius r > 0 so that the new function,
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still denoted by the symbol F, is defined globally with ||DF|| bounded by a
small number p > 0 to be determined. Recall that both r and p can be chosen
to be as small as we wish. This procedure maintains the smoothness of the
original function and the modified function agrees with the original function
on some open ball centered at the origin and with radius ry < r. Also, the
graph of the restriction of a function v that satisfies the equation (3.13) to
an open subset of €2,, containing the origin and inside the ball of radius ry,
is forward invariant for system (3.10) because the the modified differential
equation agrees with the original differential equation in the ball of radius
To.

We will show that there is a solution 7 of equation (3.13) such that
v € CY* and (0) = Dv(0) = 0.

Let B denote the Banach space of continuous functions from R™ to R¥**
that are bounded with respect to the norm given by
—qup (D] R
7115 = sup { ERA R™\ {0}}.
Also, note that convergence of a sequence in the B-norm implies uniform
convergence of the sequence on compact subsets of R"™.

Let D :={y € B: |y(21) — 7(22)| < |21 — 22]}. Note that if v € D, then
II7|ls < 1. We will also show that D is a closed subset, and hence a complete
metric subspace, of B. In fact, if {7*}2%, is a sequence in D that converges
to v in B, then

17(21) = ¥(22)] < [7(21) = ¥*(21) | + 7" (21) = ¥*(22)| + [7*(22) = V(22)]
<|ly =¥ lIslzl* + |21 = 22| + |7 — ¥ 8] 22" (3.14)

To see that v € D, pass to the limit as £ — oo.

We will show that if p is sufficiently small, then I', the operator defined
in display (3.13), is a contraction on D.

Recall the hyperbolic estimates 3.11, choose € so small that ¢ —b+2¢ < 0,
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let v € D, and note that

|ww@n—rwxaﬂéAme“*WDmewm%n—v@*%m
+ €7 (2 — z)]) dt (3.15)
< /0 Ke =9 p(20e~1C (2, — 2)|) dt

< (2Kp/0 eI dt) |2 — 23] (3.16)

By taking p sufficiently small, it follows that

IP(7)(21) = T(7)(22)] < |21 = 2l

Also, using similar estimates, it is easy to show that

P () ~ T < Ll — el

Hence, if p = ||DF]| is sufficiently small, then I' is a contraction on the
complete metric space D; and therefore, it has a unique fixed point v, € D.

We will use the fiber contraction principle to show that v, € CH.

Before modification by the bump function, there is some open neighbor-
hood of the origin on which Fly is Lipschitz, F, is Lipschitz in X, and F,
is Holder in z. Using this fact and the construction of the bump function,
it is not difficult to show that there is a constant M > 0 such that (for the
modified function F)

|FZ(X1, Zl) — FZ(XQ, 22)| S M(|Xl — X2|# + |Zl — 22|M) (317)
and
|Fx(X1, Zl) — FX(XQ, 22)| S M(|X1 - X2|M + |Zl - ZQ|M). (318)

Moreover, M is independent of r as long as r > 0 is smaller than some
preassigned positive number.

In view of the (1, u) spectral gap condition, —b + € + (1 + u)(c +¢€) <0
whenever € > 0 is sufficiently small. For € in this class, let

7o K / % (el ert gy
0
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Define the Banach space H of continuous functions from R™ to the
bounded linear maps from R™ to R**¢ that are bounded with respect to
the norm

Y

._ [®(2)|
@[] : S
note that each element @ in this space is such that ®(0) = 0, and note that
convergence of a sequence in the H-norm implies uniform convergence of the
sequence on compact subsets of R™.
For r > 0 the radius of the ball containing the support of F' and for
p < 1/K, let J denote the metric subspace consisting of those functions in
‘H that satisfy the following additional properties:

2KM 2KMKr
_ O(z)):z€R™} <
iy SwlleG)l o

@[] < (3.19)

and

where H := (1 — Kp+2KMKr)(2KM)/(1 — Kp)?. Using estimates similar

to estimate (3.14), it is easy to prove that J is a complete metric space.
Moreover, for v € D and ® € J, define the bundle map

Ay, @) = (T'(7), Ay, @))

where

Ay, ®)(z) == /OOO e (Fy(v(e '“z),e "“2)®(e “2)
+ F.(y(e"“2),e "“2))e " dt

and note that the derivative of v, is a formal solution of the equation ® =
A (Yoo, P).

We will prove that A is a fiber contraction on D x J in two main steps: (1)
A(y,®) € J whenever v € D and ® € J; (2) ® — A(y,®) is a contraction
whose contraction constant is uniform for v € D.

Because [e/“z] < Ke™*|z| for t > 0, By substituting e=/“z for z in the
hyperbolic estimate [e/“z| < Ke™*|z|, we have the inequality |e'“z] > &z
for all ¢+ > 0. Hence, if |z| > K7, then |e!“z| > r.
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Note that if (y,®) € D x J and |z| > Kr, then A(y,®)(z) = 0. On the
other hand, for |z| < Kr, the Hélder estimate (3.17) can be used to obtain
the inequalities

GO [l U Fr e ) e Dot )
0
+[F(y(e7%),e72)]) dt
S/ K26(cfb+2e)t(||DF||||q)||HK,ueu(c+e)t|z|,u
0
+ M(|y(e "z + e "2 ™) dt
< (K2+”/ p(—btet (L4 (cte))t dt)(HDFHHq’HH + 2M)|z|* dt
0
< K(p||®[l3 +2M)]z]"
2KM
— | 2|1
—Kp

1
It follows that A(-y, ®) satisfies both inequalities in display (3.19).
To show that A(y, ®) satisfies the Holder condition (3.20), estimate

Q= |A(77 (I)) (21) - A(77 q))(z2)|

in the obvious manner, add and subtract Fx(y(e™“2),e “2)®(e7“2),
and then use the triangle inequality to obtain the inequality

IN

Q < / 6(0_b+26)t(|Fx(f)/(€_tcz1), e—tCZI)H(I)(e—tCZI) . (I)(e_tCZQ)|
0
+HFx(y(e“21), e C2) — Fa(y(e “z2),e " 29)||®(e " 2)]
+|F.(v(e "“21), e C21) — Fo(v(e "C22), e 2] dt.

The first factor involving Fy is bounded above by p = ||DF||; the second fac-
tor involving Fy is bounded above using the Holder estimate (3.18) followed
the Lipschitz estimate for + in the definition of D. Likewise, the second
factor involving ® is bounded using the supremum in display (3.19); the
first factor involving ® is bounded using the Hélder inequality (3.20). The
term involving F, is bounded above using the Holder estimate (3.17). After
some manipulation using the hyperbolic estimate for e 7*¢ and in view of the
definition of K, it follows that @ is bounded above by
K(pH + QM% +2M) |z — 2|* < Hl|zy — 29"
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This completes the proof that A(y, ®) € J.
Finally, by similar estimation procedures, it is easy to show that

1807, 1)(2) = A, &) (2)] < B
2KMKr

K(p||® — @ M1 +=———|y — ",
(Pl @1 — @oll + M(1+ —kp 71 = ells)]2|

Therefore, A and hence A is continuous. Also, because Kp < 1, the map
® — A(y,®) is a contraction, and the contraction constant is uniform over
D. This proves that A is a fiber contraction on D x 7.

Choose (7y, ®y) = (0,0) and define a sequence in D x J inductively by

(’Yj+17 q’j+1) = A(Vja (I)j)-

In particular, by the contraction mapping theorem the sequence {v; }?‘;0 con-
verges t0 Yo. Clearly, we have Dy, = ®3. Proceeding by induction, let us
assume that Dvy; = ®;. Since

1(2) = Tl)(e) = [ AP (y(e ) 02

and since differentiation under the integral sign is permitted by Lemma 2.2
because we have the majorization (3.15), it follows that

D) = [ E4Pxlle “a)e Dyl e
0

By the induction hypothesis Dv;(e7'“z) = ®;(e~*“2)r. Hence, by the def-
inition of A, we have that Dv;;; = ®;;,. Finally, because convergence in
the spaces D and J implies uniform converge on compact sets, by using
the fiber contraction theorem and the theorem from advanced calculus on
uniform limits of differentiable functions, it follows that 7., is C! with its
derivative in 7. Thus, in fact, v, € CHH. O

We will now apply Theorem 3.3. After this is done, the remainder of this
section will be devoted to the proof of the existence and smoothness of the
partially linearizing transformation for the flattened system.

The mapping given by
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where the graph of 7 is the invariant manifold in Theorem 3.3, transforms
system (3.10) into the form

U= AU + Ay(2) + F(U + 7(2), 2) — Dy(2)Cx,
i=Co (3.21)

Because the graph of « is invariant, U = 0 whenever U = 0. In particular,
Av(z) + F(v(2), 2) — Dv(2)Cz = 0;
and therefore, the system (3.21) has the form

U=AU+ F(U,z),
i=Cz (3.22)

where

F(U,z):=FU+~(2),2) — F(y(2), 2). (3.23)

Proposition 3.4. The function F in system (3.22) is CY* on a bounded
neighborhood of the origin. In addition, if (U, z;) and (U;, z;) fori € {1,2}
are in this neighborhood, then there are constants M > 0 and 0 < ¥ < 1 such
that

|F (U, 21) = F(Uy, 22)| < M(JUL| + |21] + U] + |22])(|UL — Us| + |21 — 22]),
(3.24)

| Fo(Ur, 21) = Fo(Usz, 22)| < M(|21 = 2| + Uy — Ua])' =P (JUL] + |U2])".
(3.25)

Proof. The function F is C' because it is the composition of C! functions.
Moreover, by definition (3.23) and because F'(0,0) = DF(0,0) = 0, it is clear
that F(0,0) = DF(0,0) = 0.

To show that the partial derivative Fy is Lipschitz in a neighborhood of
the origin, start with the equality Fy (U, z) = Fx (U + 7(2), 2), note that Fx
is Lipschitz, and conclude that there is a constant K > 0 such that

| Fu (U, 21) — Fu(Us, 22)| < K(|Up — Us| + [7v(21) — v(22)] + |21 — 22])-

24



By an application of the mean value theorem to the C! function v, it follows
that

[ Fu(Ur, 21) = Fu(Usz, 22)| < K(1+ [|DY[[)(JUL = Ua| + |21 = 22]).

Since ||D7|| is bounded in some neighborhood of the origin, we have the
desired result.
Similarly, in view of the equality

F(U,2) = Fx(U +7(2), 2) Dy(2) = Fx(7(2),2) Dy(2)
+E(U+7(2), 2) = Ex(v(2), 2),

the properties of F', and the triangle law, there is a constant K > 0 such
that
|.,Fz(U1, Z) - .,Fz(UQ, Z)| S K|U1 - U2|

uniformly for z in a sufficiently small open neighborhood of z = 0.

Several easy estimates are required to show that F, is Holder with respect
to its second argument. For this, let T := |F,(U, 21) — F.(U, 22)| and note
that

T <|Fx(U +7(21), 21) Dy(21) = Fa(U + 7(22), 22) Dy(22)|
+ [Fx(v(21), 21) Dy (21) — Fx(7(22), 22) Dy(22)|
+ |F.(U 4+ 7(21), 21) = F2(U +7(22), 22)|
+ [FL(7(21), 21) — F(v(22), 22)|-

Each term on the right-hand side of this inequality is estimated in turn. The
desired result is obtained by combining these results. We will show how to
obtain the Holder estimate for the first term; the other estimates are similar.
To estimate the first term T3, add and subtract the quantity Fy(U +
v(21), 21)Dy(z2) and use the triangle inequality to obtain the upper bound

T, <[|DF[[[Dy(21) = Dy(z2)]
HIDVINEFx(U +7(21), 21) = Fa(U + (), 22)|.

Because D~ is Holder and Fly is Lipschitz, there is a constant K > 0 such
that

T\ < |[[DF||K|z1 — 2| + [|[ D[ K (|21 — 22" + [21 — 22])
<||DF||K |z — zo|* + || DY|| K |21 — 22 (1 + |21 — 22| ).
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Finally, by restricting to a sufficiently small neighborhood of the origin, it
follows that there is a constant M > 0 such that

Ty < M|z — 2",

as required.
To prove the estimate (3.24), note that F(0,0) = DF(0,0) = 0 and, by
Taylor’s formula,

F(U,2) = /0 (FoltU.t2)U + F. (10 12)2) di.

The desired estimate for |F(Uy, z;) — F(Us, 2z2)| is obtained by subtracting
the integral expressions for F(Uy, z1) and F(Us, 22), adding and subtracting
Fu(Uy, 21)Uy and F,(Uy, 21) 22, and then by using the triangle inequality, the
Lipschitz estimates for Fiy and F,, and the observation that |t| < 1 in the
integrand.

For the estimate (3.25), note that the function U +— F,(U,z) is (uni-
formly) Lipschitz and use the obvious triangle estimate to conclude that
there is a constant M > 0 such that

| F=(Ur, 21) = F2(Usz, 22)| < M(|U] + |Uz]).
Also, a different upper bound for the same quantity is obtained as follows:

| F.(Uy, 21) — Fy(Us, 22)| < |F.(Uy, 21) — F.(Uy, 22)|
+ | F, (U1, z9) — F,(Us, 22)|
<M(|z1 = 2| + U, = Us))

The desired inequality (3.25) is obtained from these two upper bounds and
the following proposition: Suppose that a > 0, b > 0, and ¢ > 0. Ifa <
max{b,c} and 0 < 9 < 1, then a < b"c'~?. The proposition is clearly valid
in case a = 0. On the other hand, the case where a # 0 is an immediate
consequence of the inequality

Ina="9Ina+(1—9)Ina<IdInb+ (1 —9)Inc < In(b’c?).
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As mentioned above, the main result of this section concerns the partial
linearization of system (3.22). More precisely, let us fix the previously defined
square matrices A, B, and C', and consider the system

T=Ax+ f(z,y,2),

y=By+g(z,y,2),
5=C2z (3.26)

where F := (f, g) satisfies all of the properties mentioned in Proposition 3.4.
Also, we will use the following hypothesis.

Hypothesis 3.5. Let ) be an open neighborhood of the origin given by €y, X
Q, as in display (3.7),

U, Uy, Uy € gy, 2,21, 20 € €, r:= sup |U|,
(U,z)e

the numbers K > 1 and A\ > 0 are the constants in display (3.11), the
numbers M > 0 and ¥ are the constants in Proposition 3.4, and —b is the
real part of the eigenvalues of the matriz B in system (3.26). In addition, Q
15 a sufficiently small open set, € is a sufficiently small positive real number,
and ¥ is a sufficiently large number in the open unit interval such that for
§:=2K?Mr+¢e wehavee <1, b+ < =\, =A+25 <0, (1-9)b—\ <0,
and 6 — A+ (1 —9)b < 0.

Theorem 3.6. There is a CVPH1 =9 near-identity diffeomorphism defined on
an open subset of the origin that transforms system (3.26) into system (3.9).

Proof. We will show that there is a near-identity transformation of the form

u=r,
v = y + O{(l‘7 y7 Z)’
w=z (3.27)

that transforms system (3.26) into

= Au + p(u, v, w),
v = Bu,

i = Cuw. (3.28)
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The map (3.27) transforms system (3.26) into a system in the form of
system (3.28) if and only if

Au + p(u,v,w) = Az + f(x,y, 2),
Bv = By + g(xaya Z) + DOé(l’,y, Z)V(l’,y, Z)

where V' denotes the vector field given by
(z,y,2) = (Az + f(2,y,2), By + g(z,y, 2), C2).

Hence, to obtain the desired transformation, it suffices to show that the (first
order partial differential) equation

DoV + g = Ba (3.29)

has a CVP*(1=9) solution o with the additional property that a(0) = Da(0) =
0, and that p has the properties listed for system (3.9).

To solve equation (3.29), let us seek a solution along its characteristics;
that is, let us seek a function a such that

d

%O‘(th(l‘a Y, Z)) - Ba((pt(xa Y, Z)) = —g((pt(a:, Y, Z)) (3'30)

where ¢y is the flow of V. Of course, by simply evaluating at ¢ = 0, it follows
immediately that such a function « is also a solution of the equation (3.29).
By variation of parameters, equation (3.30) is equivalent to the differential

equation
d _ _
Ee tBa((pt(xayaz)) =—¢ th(got(x,y,z)).

Hence, (after evaluation at ¢t = 0) it suffices to solve the equation
Ja=—g

where J is the (Lie derivative) operator defined by

d

(JOé) (ZL‘, Y, Z) = %eitBa(gpt(xa Y, Z)) ‘t:O'

In other words, it suffices to prove that the operator .J is invertible in a
space of functions containing g, that o := J~'g is in CH*#(1=9 and a/(0) =
Da(0) = 0.
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Formally, .J satisfies the “Lie derivative property”; that is,

d _ -
%6 tBOz(gOt(:L‘,y,Z)) =€ tBJOg(gpt(aj,y,z)).
Hence,
t
e Balpi(r,y,2)) —alr,y,2) = / e *Bla(p,(x,y,2))ds; (3.31)
0

and therefore, if o is in a function space where lim;_, o [e "Ba(¢4(z, y, 2))| = 0,
then the operator E defined by

(Ea)(z,y,2) = — /000 e Pa(p(z,y,2))dt (3.32)

is the inverse of .J. In fact, by passing to the limit as ¢ — oo on both sides of
equation (3.31) it follows immediately that E.J = I. The identity JE = I is
proved using a direct computation and the fundamental theorem of calculus
as follows:

d oo
JEO[(.’L',y,Z) = _% / €(t+S)Ba(90t+s(xayaz)) dt‘s:ﬂ
0
d > uB
= s e"Calpy(T,y,2)) du‘s:o

=a(x,y, 2).

Let B denote the Banach space consisting of all continuous functions
a: Q — R’ with the norm

@y)zo (2] + [y (2| + |y| + [2])

where (2 is an open neighborhood of the origin with compact closure. We will
show that E' is a bounded operator on B. If € is sufficiently small so that the
function F = (f, g) satisfies property (3.24) in Proposition 3.4, then g € B.
Thus, the near-identity transformation (3.27), with o := Fg, is a candidate
for the desired transformation that partially linearizes system (3.26). The

proof is completed by showing that Eg € C1L#(1-0),
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Because of the special decoupled form of system (3.26) and for the purpose
of distinguishing solutions from initial conditions, it is convenient to recast
system (3.26) in the form

U=AU+ FU,Q),
(=0C¢ (3.33)

so that we can write t — (U(t), ((t)) for the solution with the initial condition
(U(0),¢(0)) = (U, z). The next proposition states the growth estimates for
the components of the flow ¢, its partial derivatives, and certain differences
of its components and partial derivatives that will be used to prove that E
is a bounded operator on B and Eg € CLE#1-9),

Proposition 3.7. Suppose that for i € {1,2} the function t — (Ui(t), Gi(t))
is the solution of system (3.33) such that (U;(0),¢;(0)) = (Ui, 2i) and t —
(U(t),C(t)) is the solution such that (U(0),(0)) = (U, z). If Hypothesis 3.5
holds, then there are constants IC > 0 and k > 0 such that

()] < Ke ™ |z, (3.34)
Ut)| < Ke® U], (3.35)
Ut)| +1¢(t)| < Ke A'5(|U|+| ), (3.36)
Gi(t) — G(t)| < Ke™ Izl — 2, (3.37)
Ui (t) — Us(t)] < Ke® N (JU — Us| + |21 — 22)), (3.38)
Uy (t)] < KelO=0t, (3.39)
U (t)] < /c (o= |U| (3.40)
|Z/{1U( ) u2U(t)| S RE (|U1 U2| + |21 — 22|) (341)

Moreover, if z1 = 29, then
Uy (1) — Up(t)| < KeP DU, — Uy, (3.42)
Uy, (1) — Us, (1)] < kO U — Uy; (3.43)

and, if Uy = U,, then

|Z/[1z(t) - Z/[Qz(t)| S I€€(6_b)t |Zl - 22|H(1—'19). (344)

Proof. By the definition of § and the inequality K > 1, we have the inequal-
ities KMr + ¢ < § and 2K Mr + € < 0. (These inequalities are used so that
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the single quantity 0 — b, rather than three different exponents, appears in
the statement of the proposition.)

The estimate (3.34) follows immediately by solving the differential equa-
tion ¢ = C¢ and using the hyperbolic estimate (3.11). To prove the inequal-
ity (3.35), start with the variation of parameters formula

Ut) =AU + /t DA F(U(s), ((s)) ds,

0

use the hyperbolic estimates to obtain the inequality

U] < Ke 0]+ [ R0 5, (sl ds

0

and then use the estimate (3.24) to obtain the inequality

U(t)| < Ke= =9 1U| + /t rMKe™0=90=9) 114(s)| ds.
0
Rearrange this last inequality to the equivalent form

t
e Y1) < K|U| + / rMKe=9% |U(s)| ds

0

and apply Gronwall’s inequality to show
I U()] < KM,

an estimate that is equivalent to the desired result.

The inequality (3.37) is easy to prove and inequality (3.36) is a simple
corollary of estimates (3.34) and (3.35).

To begin the proof for estimates (3.38) and (3.42), use variation of pa-
rameters to obtain the inequality

Ui (1) — Up ()| < Ke O Uy — U
4 /0 KMem =90\ F (U (), (i(t) — F(Us(t), (o(2)) | ds.

For estimate (3.38) use the inequalities (3.24) and 6 — b < —A\ to obtain the
upper bound

[F (1), (1) = FUa(t), ()] < 2MKr([Uh () — Ua ()] + [ (E) = Ga(E)])-
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Then, using this inequality, the estimates (3.37), and the inequality —(b—¢) <
—(\ =€), it is easy to see that

QK3 M
A= (1) — Us(1)| < K|UL — Us| + T

|21 — 2
t
+/ e V2K M|t (s) — Us(s)| ds.
0

The desired result follows by an application of Gronwall’s inequality. The
proof of estimate (3.42) is similar. The only difference is that the inequality

[ F(Uh(t),C(1) = FUa(t), (1) < 2M K|l () — Up(t)]

is used instead of inequality (3.37).

To obtain the bounds for the partial derivatives of solutions with respect
to the space variables, note that the function ¢ — Uy () is the solution of the
variational initial value problem

w=Aw+ FyU(t),((t))w, w(0) =1
whereas t — U, (t) is the solution of the variational initial value problem
W= Aw + FuU(t),(t)w + F(UE),C(1)e',  w(0)=0.

The proofs of the estimates (3.39) and (3.40) are similar to the proof
of estimate 3.35. For (3.39), note that Fy is Lipschitz and use the growth
estimates for |U(t)| and |((¢)| to obtain the inequality |Fy (U(t), ((t))]| < Mr.
For estimate (3.40) use variation of parameters, bound the term containing
F. using the Lipschitz estimate, evaluate the resulting integral, and then
apply Gronwall’s inequality.

To prove estimate (3.41), subtract the two corresponding variational equa-
tions, add and subtract Fy (Ui, (1)Usy, and use variation of parameters to
obtain the inequality

t
Uy — Usyy| < / Ke 90 | B Uy, C1) — For(Us, &) [Uorr| ds
0

t
Jr/ Ke=C=90=) | 2y, () [ Uny — Usy| ds.
0

The second integral is bounded by using the Lipschitz estimate for Fy, in-
equality (3.36), and the diameter of 2. For the first integral, a suitable
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bound is obtained by again using the Lipschitz estimate for Fy; followed by
estimates (3.37) and (3.38), and by using estimate (3.39). After the replace-
ment of the factor e (obtained from (3.37)) by e®~%* multiplication of
both sides of the inequality by e®~ 9%, and an integration, it follows that

KK(K +K)M
A—20—¢

t
—|—/ KzM’I“e(b_e)s |Z/{1U - Z/[2U| ds.
0

e Uy — Upyr| < (10y = ol + o1 = 22])

The desired result is obtained by an application of Gronwall’s inequality.

For the proof of estimate (3.43) subtract the two solutions of the appro-
priate variational equation, add and subtract Fy (U, ()Us, and use variation
of parameters. After the Lipschitz estimates are employed, as usual, use in-
equality (3.36) to estimate |U;| + || and use inequality (3.42) to estimate
Uy — Us|.

The proof of estimate (3.44) again uses the same basic strategy, that is,
variation of parameters and Gronwall’s inequality; but several estimates are
required before Gronwall’s inequality can be applied. First, by the usual
method, it is easy to see that

t
e U (1) — U (1) < / K | Fy Uy, )t — Un: | ds
0
t
b [ R F G~ Ptk o) d
0

t
+/ K20~V | F(Uy, ¢) — Fo(Us, &) ds
0

To complete the proof, use Lipschitz estimates for the terms involving partial
derivatives of F in the first two integrals, and use the estimate (3.25) in the
third integral. Next, use the obvious estimates for the terms involving U;
and (;; but, for the application of inequality (3.38) in the second and third
integrals, use the hypothesis that U; = U,. Because 1 — ¢ is such that
(1 —49)b— A < 0, the third integral converges as ¢ — oo. By this observation
together with some easy estimates and manipulations, the second integral is
bounded above by a constant multiple of |2; — 2 |[*(=?). Because the second
integral converges as t — o0, it is easy to show that the second integral is
bounded above by a constant multiple of |z; — 23|, a quantity that is itself
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bounded above by r'=#(1=%) |z — 2, |#1=?) swhere r is the radius of Q. After the
indicated estimates are made, the desired result follows in the usual manner
by an application of Gronwall’s inequality. 0

Let us return to the analysis of the operator E defined in display (3.32).
We will show that if Hypothesis 3.5 is satisfied and o € B, then Fa € B. The
fundamental idea here is to apply the Weierstrass M-test in the form stated
in Lemma 2.2. In particular, we will estimate the growth of the integrand in
the integral representation of F.

Using the notation defined above, note first that ¢;(x,y, z) = (U(t), ((t)).
Also, recall that the matrix —B is in real Jordan canonical form; that is,

B = b[_|_Br0t_|_Bnil

where the second summand has some diagonal or super-diagonal blocks of
2 X 2 infinitesimal rotation matrices of the form

()

where 5 # 0, and the third summand is a nilpotent matrix whose /th power
vanishes. The summands in this decomposition pairwise commute; and there-

fore,
eftB — eth (t)

where the components of the matrix Q(¢) are (real) linear combinations of
functions given by

q(t), qa(t) sin S, q3(t) cos 3t

where ¢;, for i € {1,2,3}, is a polynomial of degree at most ¢ — 1. Tt follows
that there is a positive universal constant v such that

e < €”|Q(E)] < ve (1 + )

for all t € R.
The integrand of F is bounded above as follows:

e a(t),¢) < " |QM)lalls(UB)] + [cODIU@).  (3.47)
In view of estimates (3.34) and (3.36), we have the inequality

e aU(t),¢()] < K2V Q) llalls(lx] + Iyl + 121)(J] + lyl).
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Because |Q(t)| has polynomial growth and § — b < 0,
N :=sup e®2|Q(1)] < oo. (3.48)
>0

Hence, we have that
e P a(U(t), (1) < K2NeC V2 alls(| + |yl + |2) (|2 + ly])

and

< 2K?N
/0 e alpu(@, y, 2)| dt < S—=llalls(lz] + vl + 2D(le] + [y]);

and therefore, F« is continuous in €2 and
2K2*N
A—0

As a result, the equation Ja = —¢ has a unique solution o € B, namely,

a(z,y,7) = / ' gz, y, 2)) db.
0

We will show that o € CtL#(1-0),

In view of the form of system (3.33), to prove that o € C! it suffices to
demonstrate that the partial derivatives of o with respect to U := (z,y) and
z are both C', a fact that we will show by using Lemma 2.2.

The solution ¢t — (U(t), ((t)) with initial condition (U, z) is more precisely
written in the form ¢ — (U(t,U, 2),((t,z)) where the dependence on the
initial conditions is explicit. Although this dependence is suppressed in most
of the formulas that follow, let us note here that { does not depend on U.
At any rate, the partial derivatives of « are given formally by

1Els <

ap (U, 2) = /0 et gu(Ut), C(t))Uy () dt, (3.49)

a.(U,z) = /Ooo e (gu(U(t), C(NU(2) + g:(U(t), ((1))e') dt. (3.50)

To prove that ay is C!, use estimate 3.39, the definition (3.48) of N, and
note that gy is Lipschitz to show that the integrand of equation (3.49) is
majorized by

™% gu (U(t), CO)Uy (1)] < Me Q) |(JU(#)] + [C(#)])
< KMNeP M2 (|U| 4 |2)).
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By an application of Lemma 2.2, ayr is C'. Moreover, because |agp (U, z)|
is bounded above by a constant multiple of |U| + |z|, we also have that
ap(0,0) = 0.

The proofs to show that a, is C* and o, (0, 0) = 0 are similar. For example,
the integrand of equation (3.50) is majorized by

KM
A—0d0+e€
To prove that ay is Lipschitz, let us note first that by adding and sub-

tracting gy (U, (1)Usy and an application of the triangle law, we have the
inequality

K2MNe D172 ( U+ [zDIU]+[U1).

lay (Uy, 21) — ap(Us, 22)| < / |€_tB| \gu (U, G U — gu(Us, &) Uar | dt
0

< [ IRl (o0, o
0
+ gu (U, C1) — gu(Ua, ()| |Z/{2U|) dt.

By using the Lipschitz estimate for gy inherited from Fy;, the obvious choices
of the inequalities in Proposition 3.7, and an easy computation, it follows that
the integrand in the above inequality is majorized up to a constant multiple
by

BV (U — Uy| + |21 — 29]).

There are two key points in the proof of this fact: the estimates (3.39)
and (3.41) both contain the exponential decay factor e * to compensate for
the growth of e”; and, after the cancelation of these factors, the majorizing
integrand still contains the exponential factor e~ the presence of which
ensures that the majorizing integral converges even though the factor |Q(t)|
has polynomial growth. After the majorization is established, the desired
result follows from Lemma 2.2.

The proof that the function U — (U, z) is (uniformly) Lipschitz is sim-
ilar to the proof that oy is Lipschitz. As before, by adding and subtracting
gu (Ui, ()Us,, it is easy to obtain the basic estimate

s, 2) — (U, 2)] < / QW (190 W O [t — U]

0

+ |gU(Z/{17C) - gU(Z/[?a C)| |u2z|
+ 19U, ) — g:(Us, )| Ke ) dt.
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By first applying the Lipschitz estimates and then the inequalities (3.37),
(3.42), and (3.43), the growth factor €’ is again canceled; and, up to a
constant multiple, the integrand is majorized by the integrable function

= O VYQ) UL — Us).

Finally, we will show that the function z — «, (U, 2) is (uniformly) Hélder.
In this case U; = U,. But this equality does not imply that ; = Us. Thus,
the basic estimate in this case is given by

0s(U, 21) — (U, )| < / Q) (g0 U, )| s — U]

+ lgu (U, G1) — gu(Us, G)| |Uas|
+ |gz(Z/{1, Cl) - gz(Z/{Z; <2)|K67/\t) dt.

Use Lipschitz estimates for the partial derivatives in the first two terms in
the (expanded) integrand and the estimate (3.25) for the third term. Then,
use the estimates (3.36), (3.37), and (3.38) to show that the first term is
majorized, up to a constant multiple, by

e VNQ(E) ||z — Y.

The second term is bounded above by a similar function that has the decay
rate 20 — A. After some obvious manipulation, the third term is majorized
by a similar term with the decay rate §¢ — A + b(1 — ). By Hypothesis 3.5,
this number is negative; and therefore, the integrand is majorized by an
integrable function multiplied by the required factor |z, — zp|*(1~?).

The final step of the proof is to show that the function p in system (3.28)
has the properties listed for system (3.9). There is an essential observation:
p is obtained by composing f in system (3.26) with the inverse of the trans-
formation (3.27). In particular, no derivatives of « are used to define p. More
precisely, the inverse transformation has the form

T =u, y=v+ B(u,v,w), w=2z (3.51)
and
p(u, v, w) = f(u,v + B(u,v,w),w).

Hence it is clear that p(0,0,0) = 0 and Dp(0,0,0) = 0.
Note that 3 is C! and therefore Lipschitz in a bounded neighborhood of
the origin. Because f(u, v, w) = —a(x, y, 2), it follows that £, = —a, + o, f,.

37



By using a Neumann series representation, note that 7+ q, is invertible (with
Lipschitz inverse) if o, is restricted to a sufficiently small neighborhood of
the origin. Hence, we have that 3, = —(I + o) 'a, and

Pu = f:v + fyﬁu = fx - fy(j+ ay)_lax

where the right-hand side is to viewed as a function composed with the
inverse transformation (3.51). Moreover, since sums, products, and composi-
tions of bounded Lipschitz (respectively, Hélder) maps are bounded Lipschitz
(respectively, Holder) maps, p, is Lipschitz. Similarly,

po=fy,(I = (I + ay)_lay),

and it follows that p, is (uniformly) Lipschitz. Hence, p, is (uniformly)
Lipschitz with respect to its first argument and (uniformly) Holder with
respect to its second and third arguments. Finally, we have that

Pw = _fy([ + ay)_law + fz

It follows that p,, is (uniformly) Lipschitz with respect to its first and second
arguments and (uniformly) Hélder with respect to its third argument. Hence,
Pw is (uniformly) Lipschitz with respect to its first argument and (uniformly)
Holder with respect to its second and third arguments. O

To complete the proof of Theorem 3.2, we will show that it suffices to
choose the Holder exponent in the statement of the theorem less than the
Holder spectral exponent of DX (0). Note that two conditions have been
imposed on the Holder exponent p(1 — ) in Theorem 3.6: the (1, 1) spectral
gap condition (1+u)c < b (or u < (b—c)/c) and the inequality b(1—19)—\ < 0
(or 1 —0 < A/b) in Hypothesis 3.5. Because the real parts of the eigenvalues
of C lie in the interval [—¢, —d] and A can be chosen anywhere in the interval
(0,d), the numbers p and 9 can be chosen so that the positive quantity

(b—c)d

o — il =)

is as small as we wish. We will choose ;1(1 —1), the Holder exponent, as large
as possible under the constraints imposed by the spectral gap condition and

the inequality
(b—c)d
1—9) < ——.
(1 =) < =
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Suppose that the real parts of the eigenvalues of A := DX(0) are as in
display (1.1). At the first step of the finite induction on the dimension of the
“unlinearized” part of the system, we artificially introduce a scalar equation
Z = —cz where 0 < ¢ < by. In this case ¢ = d, and the exponent (1 — )
can be chosen to be as close as we like to the number (b — ¢)/b;. At the
second step, the real parts of the eigenvalues of the new matrix C' are in the
interval [—b;, —c|, the new exponent can be chosen as close as we like to the
minimum of the numbers (b; —¢)/b; and (by — by)c/(b1by), and so on. Hence,
the Holder exponent in Theorem 3.2 can be chosen as close as we like to

b1 —C (b2 — bl)C (b3 — bg)C (bN — bN_l)C}
by 7 boby 7 bshy T bbby '

HSE := max min{

0<c<b:

By treating the rational expressions as linear functions of ¢ defined on the
interval [0, by], it is easy to show that HSE is the Holder spectral exponent
for DX (0). This completes the proof of Theorem 3.2.

3.1.1 Smooth Linearization on the Line

By Theorem 3.2, a Cb! vector field on the line is C1# linearizable at a hyper-
bolic rest point. But in this case a stronger result is true (see [St57]).

Theorem 3.8. If X is a CY! vector field on R with a hyperbolic rest point at
the origin, then X is locally CY* linearizable at the origin by a near-identity
transformation. If, in addition, X is C* with k > 1, then there is a C*
near-identity linearizing transformation.

Proof. Near the origin, the vector field has the form X (z) = —ax + f(x)
where a # 0 and f is a C"!-function with f(0) = f’(0) = 0. Let us assume
that a > 0. The proof for the case a < 0 is similar.

We seek a linearizing transformation given by

u=1z+ a(x)
where «(0) = o/(0) = 0. Clearly, it suffices to prove that
o (z)(—azx + f(x)) + ac(x) = — f(x) (3.52)

for all x in some open neighborhood of the origin.
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Let ¢; denote the flow of X and (in the usual manner) note that if a € C*
is such that

d
%a(d)t(x)) + aa(py(r)) = —f(¢:(7)),

then « satisfies the identity (3.52). Using variation of constants, it follows
that « is given formally by

a(x) = /00 e™ f(¢y()) dt. (3.53)

0

We will show that this formal expression defines a sufficiently smooth choice
for a.

Using the assumption that f’ is Lipschitz and Taylor’s theorem, there is
a constant M > 0 such that

|f(@)| < Mzl (3.54)

Also, the solution t — X (t) := ¢(x) is bounded if z is sufficiently small; in
fact, for 0 < r < a/(2M), we have that

|X(t)] <r  whenever |z < 7.
To see this, write X (z) = z(—a+ (f(x)/x?)x), use the inequality (3.54), and

note the direction of X (x) for z in the given interval.
By variation of constants and the inequality (3.54), we have that

t
e X (t)| < |z +/ e Mr|X(s)|ds.
0
Hence, by Gronwall’s inequality, we have the estimate

X (1)] < |a]er o, (3.55)

Note that the function given by ¢ — X (t) is the solution of the variational
initial value problem

W= —aw + f'(X(t))w, w(0) =1,
and in case f € C?, the function given by  — X, (¢) is the solution of
Z=—az+ f{(X1)z + f1(X([1)w*(t), 2(0) = 0.
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Their are similar variational equations for the higher order derivatives of X
with respect to x.

If p > 0 is given, there is a bounded open interval {2 containing the origin
such that |f'(z)] < p whenever z € €. Using this estimate, variation of
constants, and Gronwall’s inequality, it is easy to show that the solution W
of the first variational equation is bounded above as follows:

W(t)| < P2t (3.56)
Likewise, if |f”(z)] < o whenever z € , then, by a similar argument, we
have that o

———l 3.57
sy (3.57)

|Z2(1)] <

and so on for higher order derivatives.

We will show the smoothness of o up to order two, the proof in the general
case is similar.

Choose Q with a sufficiently small radius so that 2p — a < 0. (For the
C* case, the inequality kp — a < 0 is required.) To prove that o € C°,
bound the absolute value of the integrand in display (3.53) using the growth
estimate (3.55) and the inequality (3.54), and then apply Lemma (2.2).

To show that o € C*, formally differentiate the integral representation and
then bound the absolute value of the resulting integrand using the Lipschitz
estimate for " and the growth bound (3.56). This results in the upper bound

M|x|€(Mr+p—a)t‘

For r > 0 sufficiently small, the exponential growth rate Mr-+p—a is negative
and the continuity of a, follows from Lemma 2.2. Also, by using the same
estimate, it is clear that o € C1'.

In case f € C2%, the second derivative of the integrand in the integral
representation of « is bounded above by

[ I(LF" (X O Xa(B)* + £ (X (0) || Xea (£)])-

This term is majorized using the inequality |f”(x)| < o, the Lipschitz es-
timate for f’, and the growth bounds (3.56) and (3.57). The exponential
growth rates of the resulting upper bound are 2p — a and Mr + p —a. If Q
is chosen with a sufficiently small radius, then both rates are negative. [
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3.2 Hyperbolic Saddles

The main result of this section is the following theorem.

Theorem 3.9. If X is a C* vector field on R? such that X (0) = 0 and DX (0)
is infinitesimally hyperbolic, then X is locally C* conjugate to its linearization
at the origin.

We will formulate and prove a slightly more general result about the lin-
earization of systems on R" with hyperbolic saddle points.

Consider a linear map A : R” — R” and suppose that there are positive
numbers ar, ag, by, and bg such that the real parts of the eigenvalues of
A are contained in the union of the intervals [—ar, —ag] and [by,bg]. By a
linear change of coordinates, A is transformed to a block diagonal matrix
with two diagonal blocks: A°, a matrix whose eigenvalues have their real
parts in the interval [—ar, —ag|, and A", a matrix whose eigenvalues have
their real parts in the interval [b;,bg]. Suppose that 0 < g < 1 and every
quasi-linear C! vector field of the form A* + F (that is, F/(0) = DF(0) = 0)
is C** linearizable at the origin. Likewise, suppose that 0 < v < 1 and every
quasi-linear CH! vector field of the form A" 4+ G is C'* linearizable at the
origin. In particular, this is true if p is the Holder spectral exponent (1.1)
associated with the real parts of eigenvalues in the interval [—a, —ag| and v
is the Holder spectral exponent associated with the real parts of eigenvalues
in the interval [by,bgr|. We say that A satisfies Hartman’s (u,v)-spectral
condition if

ar —ar < ,ubL, br — b, < vag.

A linear transformation of R? with one negative and one positive eigen-
value satisfies Hartman’s (u,v)-spectral condition for every pair of Holder
exponents (u,r). Hence, Theorem 3.9 is a corollary of the following more
general result.

Theorem 3.10. If X is a C'! vector field on R™ such that X (0) = 0 and
DX (0) satisfies Hartman’s (u, v)-spectral condition, then X is locally C' con-
Jugate to its linearization at the origin.

The proof of Theorem 3.10 has two main ingredients: a change of coor-
dinates into a normal form where the stable and unstable manifolds of the
saddle point at the origin are flattened onto the corresponding linear sub-
spaces of R" in such a way that the system is linear on each of these invariant
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subspaces, and the application of a linearization procedure for systems in this
normal form.

A vector field on R™ with a hyperbolic saddle point at the origin is in
(u, v)-flattened normal form if it is given by

(z,y) = (Az + f(z,y),y = By + g(z,y)) (3.58)
where (2,7) € R* x Rf for k + ¢ = n, all eigenvalues of A have negative
real parts, all eigenvalues of B have positive real parts, F' := (f,g) is a

C! function defined on an open subset Q of the origin in RF x R’ with
F(0,0) = DF(0,0) = 0, and there are real numbers M, u, and v with
M>0,0<p<1,and 0 < v < 1 such that for (z,y) € Q,

| fu(, y)| < Mlyl", gy (z,y)| < M|z]”, (3.60)
|f(@, )| < Mzllyl,  |g(z,y)| < M|z|ly]. (3.61)

Theorem 3.10 is a corollary of the following two results.

Theorem 3.11. If X is a C'! vector field on R™ such that X(0) = 0, the
linear transformation DX (0) satisfies Hartman’s (p,v)-spectral condition,
and 0 < v < min{u, v}, then there is an open neighborhood of the origin on
which X is CYV conjugate to a vector field in (p,v)-flattened normal form.

Theorem 3.12. If X is a vector field on R™ such that X (0) = 0, the linear
transformation DX (0) satisfies Hartman’s (p, v)-spectral condition, and X
is in (p, v)-flattened normal form, then there is an open neighborhood of the
origin on which X is C* conjugate to its linearization at the origin.

The proof of Theorem 3.11 uses three results: the stable manifold theo-
rem, Dorroh smoothing, and Theorem 3.2. The required version of the stable
manifold theorem is a standard result, which is a straightforward generaliza-
tion of the statement and the proof of Theorem 3.3. On the other hand, since
Dorroh smoothing is perhaps less familiar, we will formulate and prove the
required result.

Suppose that X is a C* vector field on R™® and h : R® — R" is a C*
diffeomorphism. The flow of X is automatically C*. If we view h as a change
of coordinates y = h(x), then the vector field in the new coordinate, given
by the push forward of X by h, is

y — Dh(h™"(y)) X (h ' (y));
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and, because the derivative of A appears in the transformation formula, the
maximal smoothness of the representation of X in the new coordinate is
(generally) at most C¥~1. But the transformed flow, given by h(¢;(h *(y)), is
C*. Thus, in the transformation theory for differential equations, it is natural
encounter vector fields that are less smooth than their lows. Fortunately, this
problem is often proved to be inessential by applying the following version
of a result of J. R. Dorroh [D71].

Theorem 3.13. Suppose that X is a C° vector field on R™ and k is a positive
integer. If X has a C** (local) flow ¢y and ¢;(0) = 0, then there is a number
T > 0 and an open set Q C R™ with 0 € Q such that

) = 7 /0 oul) dt

defines a CH*-diffeomorphism in Q that conjugates X to a CH* vector field Y
on h(). In particular, Y (0) = 0 and Y has a C**-flow that is C** conjugate

to d)t'

Proof. Because the flow is C*#, the function h defined in the statement of
the theorem is C** for each fixed T > 0. Also, we have that

Dh(0) = % /0 " Déy(0) dt

Recall that the space derivative of a flow satisfies the cocycle property, that
is, the identity
Di(¢s(2))Dos(x) = Dyys(z).

In particular, because x = 0 is a rest point, D¢;(0)D¢ps(0) = D¢y 5(0), and
because ¢g(x) = x, we also have that D¢y(0) = I. Hence, {D¢;(0)}ier
is a one-parameter group of linear transformations on R". Moreover, the
function ¢ — D¢,(0) is continuous.

If the function ¢ — D¢, (0) were differentiable and C' := 4 Dg,(0)|=o,
then

d d d
%D@(O) = £D¢s+t(0)‘s:0 = £D¢s(O)D¢t(O)L:0 = CD¢y(0);

and therefore, D¢;(0) = €!“. Using elementary semigroup theory, this result

follows without the a priori assumption that ¢t — D¢;(0) is differentiable
(see, for example, [DS58, p. 614]).
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There is a constant M > 0 such that
e — I|| < M|

whenever |t| < 1. Hence, we have
1"
Dh(0) = “dt
=7/ ¢

:%(/Odet+/0T(etC—1)dt)

1 T o
=]+ = I dt.
2/0(6 )

For 0 < T < 1, the norm of the operator

is bounded by MT. If T' < 1/M, then Dh(0) = I+ B with || B]| < 1. It follows
that Dh(0) is invertible, and by the inverse function theorem, h is a C*#-
diffeomorphism defined on some neighborhood of the origin. (The “usual”
inverse function theorem does not mention Holder derivatives. But the stated
result can be proved with an easy modification of the standard proof that
uses the contraction principle. For example, use the fiber contraction method
to prove smoothness and note that the fiber contraction preserves a space of
candidate derivatives that also satisfy the Holder condition.)
Let us note that

L61(64(2)) = Do) F (6, (x)

and y y
£¢t(¢s($)) = %¢t+s(x) = F(¢s14(7)).
Hence, we have the identity

Doy(¢s(2)) F(9s(2)) = F(¢ssi())

and, at s = 0,

Dy(x) F(x) = F(¢u(x))-
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It follows that

Dh(a)F(r) = 7 /0 Déy(2) F(z) dt
1 T

-7 / F(gu(x)) dt

0

:%/0 %qﬁt(x) dt
1
= T(d)T(x) — x);

and therefore, z — Dh(x)F(z) is a C**-function. The push forward of X by
h, namely,
y = Dh(h™ () F(h~'(y))

is the composition of two C** functions, hence it is C¥*. O

As a remark, we mention another variant of Dorroh’s theorem: A C! vec-
tor field with a C* flow is locally conjugate to a C* vector field. In particular,
this result is valid at an arbitrary point p in the phase space, which we may
as well assume is p = 0. The essential part of the proof is to show that
Dh(0) is invertible where h is the function defined in the statement of The-
orem 3.13. In fact, by choosing a bounded neighborhood €2 of the origin so
that M := sup{||DF(z)|| : = € Q} is sufficiently small, by using Gronwall’s
lemma to obtain the estimate |D¢,(0)| < e™’, and by also choosing T' > 0
sufficiently small, it is easy to show that ||I — Dh(0)|| < 1. Hence, because
Dh(0) = I — (I — Dh(0)), the inverse of Dh(0) is given by the Neumann
series > (I — Dh(0))".

One nice feature of Dorroh’s theorem is the explicit formula for the
smoothing diffeomorphism h. In particular, since h is an average over the
original flow, most dynamical properties of this flow are automatically inher-
ited by the smoothed vector field. For example, invariant sets of the flow are
also h-invariant. This fact will be used in the following proof of Theorem 3.11.

Proof. Suppose that the vector field (3.58) is such that F' := (f,g) is a
C! function. If the inequalities (3.59)-(3.60) are satisfied, then so are the
inequalities (3.61). In fact, by using (3.60) we have the identity f(x,0) =0
and by Taylor’s theorem the estimate

|[f (@, )] < [fy (2, 0)[y] +/0 (fy (o, t)llyl = [fy(, 0)ly]) dt.
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The first inequality in display (3.61) is an immediate consequence of this
estimate and the first inequality in display (3.59). The second inequality in
display (3.61) is proved similarly.

By an affine change of coordinates, the differential equation associated
with X has the representation

p=Ap+ fip,q),  ¢= Bg+ g(p,q) (3.62)

where (p,q) € RF x R with k + ¢ = n, all eigenvalues of A have negative
real parts, all eigenvalues of B have positive real parts, and F := (f1,94) is
CH1 with F4(0,0) = DF,(0,0) = 0.

By the (local) stable manifold theorem, there are open sets U; C R*
and V; C R’ such that (0,0) € Uy x V4 and CY! functions n : V; — R¥
and v : U; — R’ such that n(0) = Dn(0) = 0, v(0) = Dv(0) = 0, the set
{(p,q) : p =n(q)} is overflowing invariant, and {(p, ¢) : ¢ = v(p)} is inflowing
invariant.

By the inverse function theorem, the restriction of the near-identity trans-
formation given by

u=p-nlq), v=q—7p)

to a sufficiently small open set containing the origin in R*¥ x R is a C!!
diffeomorphism. Moreover, the differential equation (3.62) is transformed to

i = Au+ f3(u,v), o = Buv + g3(u, v) (3.63)

where F3 := (f3,g3) is C%' with F3(0,0) = DF3(0,0) = 0. In view of the
fact that the stable and unstable manifolds are invariant, we also have the
identities

f3(0, U) = 0, gg(u, 0) =0. (364)

Hence, the transformed invariant manifolds lie on the respective coordinate
planes.

Because system (3.63) has a C! flow, Dorroh’s smoothing transforma-
tion h (defined in Theorem 3.13) conjugates system (3.63) to a C!! system.
Moreover, by the definition of A, it is clear that it preserves the coordinate
planes in the open neighborhood of the origin where it is defined. In fact, h
is given by h(u,v) = (hy(u,v), ho(u, v)) where

hy(0,v) = 0, ha(u,0) = 0.
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The invertible derivative of h at the origin has the block diagonal form

Dh(0,0) = <%1 002> .

Hence, the diffeomorphism h is given by
(67 C) = h(ua 'U) = (OIU + hl (U, U)a 02'U + hZ(Ua 'U))

where Cy and Cj are invertible, H := (I, hs) is Cb! with H(0,0) = 0,
DH(0,0) =0, and

hy(0,v) = 0, ha(u,0) = 0. (3.65)
The system (3.63) is transformed by h to
E=A+ £(60,  (=B(+0(50) (3.66)

where A = CLACT!, B = C,BC; Y, Fy := (fa,¢2) is C' with F3(0,0) =
DF5(0,0) =0, and

In view of the identities (3.67), the dynamical system (3.66) restricted to
a neighborhood of the origin in R* x {0} is given by the C1! system

£ = AL+ f2(€,0).

Moreover, since this system satisfies the hypotheses of Theorem 3.2, it is lin-
earized by a near-identity C'* diffeomorphism H; : & — £ + h3(&). Likewise,
there is a near-identity C* diffeomorphism Hy, given by ¢ + ¢+ hy(¢), that
linearizes

(= B¢+ 2(0,¢).

These maps define a diffeomorphism H := (H;, H,) that transforms sys-
tem (3.66) to a system of the form

=AY+ fil,w), &= Bw+g(hw) (3.68)
where Fy := (f1, 1) is C° with Fy(0,0) = DF;(0,0) = 0,
f1(0,w) =0, g1(¢,0) =0, (3.69)
and
fi(y,0) =0, g91(0,w) = 0. (3.70)
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Let ¢; = (¢}, ¢?) denote the flow of system (3.66) (even though the same
notation has been used to denote other flows). The first component of the
flow of system (3.68) is given by

Hy(¢y (Hy ' (¢), Hy ' (w)))-

Its partial derivative with respect to 1 is clearly in C*, where for notational
convenience we use p and v to denote Holder exponents that are strictly
smaller than the corresponding Holder spectral exponents. On the other
hand, its partial derivative with respect to w is bounded by a constant times

0 _ _
(o) (7 (), 57 ()]
Because f»(0,¢) = 0, it follows that ¢} (0,() = 0, and therefore,

9

(5 0.0 =0.

Because system (3.66) is in C!!| there is a constant M > 0 such that

9

(oD (€01 < M,

and consequently,

202 (), Hy (@) < MIH; ()] < MIDH; .

Similarly, the partial derivative with respect to ¢ of the second component
of the flow is bounded above by a constant times |w].

By a second application of Dorroh’s theorem (3.13), there is a C' diffeo-
morphism, whose partial derivatives satisfy Hélder and Lipschitz conditions
corresponding to those specified for the flow of system (3.68), that transforms
system (3.68) to a system of the form

i =Ar+ f(z,y),  §=By+g(z,y) (3.71)

where A is similar to A and B is similar to B, where F' := (f, g) is C* with
F1(0,0) = DF;(0,0) = 0 and with corresponding Hélder partial derivatives,
and where

f(0,y) =0, g(x,0) =0, (3.72)
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and
f(z,0) =0, g(0,y) = 0. (3.73)

The identities (3.72) are equivalent to the invariance of the coordinate planes,
whereas the identities (3.73) are equivalent to the linearity of the system on
each coordinate plane. The preservation of linearity on the coordinate planes
by the Dorroh transformation is clear from its definition; to wit, a linear flow
produces a linear Dorroh transformation.

Because f(z,0) = 0, it follows that f,(x,0) = 0. Also, f, € C*. Hence,
there is some M > 0 such that

|f:v(xay)| = |fx(xay) - fx(x70)| < M|y|u

Likewise, we have the estimate
9y (2, y)| < M|z|”.

Because f(0,y) = 0, it follows that f,(0,y) = 0, and because f, is Lips-
chitz, there is a constant M > 0 such that

[y (@ 9)| = 1fy(z,y) = f,(0,9)| < Mz].
Similarly, we have that |g,(z,y)| < Mly|. O

For a C? vector field on the plane with a hyperbolic saddle point at the
origin, there is a stronger version of Theorem 3.11. In fact, in this case, the
vector field is conjugate to a C? vector field in flattened normal form. To
prove this, use the C? stable manifold theorem to flatten the stable and the
unstable manifolds onto the corresponding coordinate axes. Dorroh smooth-
ing conjugates the resulting vector field to a C? vector field that still has
invariant coordinate axes. Apply Theorem 3.8 to C? linearize on each coor-
dinate axis, and then use Dorroh smoothing to obtain a C? vector field that
is also linearized on each coordinate axis.

The following proof of Theorem 3.12 is similar to a portion of the proof
of Theorem 3.2. In particular, an explicit integral formula for the nonlinear
part of the linearizing transformation is obtained and its smoothness is proved
using Lemma 2.2.

Proof. Let X denote the vector field (3.58) in flattened normal form. We
will construct a smooth near-identity linearizing transformation given by

u=2x+ a(z,y), v=y+ B(z,y). (3.74)
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The smooth transformation (3.74) linearizes the vector field X if and
only if the pair of functions «, 3 satisfies the system of partial differential
equations

DaX — Aa = —f, DX — BB = —g.
The first equation is equivalent to the differential equation

th

e a(du(z,y)) = e f(oi(z.y));

and therefore, it has the solution

alz,y) = — /000 e f(p_y(z,y)) dt (3.75)

provided that the improper integral converges. Similarly, the second equation
is equivalent to the differential equation

%et%(dn(fc,y)) = —¢ Py(di(z,y))

and has the solution

= /0°° ™ Pg(du(,y)) dt.

We will prove that «, as defined in display (3.75), is a C! function. The
proof for /3 is similar.

By using a smooth bump function as in Section 2, there is no loss of
generality if we assume that X is bounded on R™. Under this assumption, f
is bounded; and because A is a stable matrix, it follows immediately that «
is a continuous function defined on an open ball 2 at the origin with radius
T.

Let t — (X(t),Y(t)) denote the solution of the system

with initial condition (X (0),Y(0)) = (z,y) and note that (formally)
(2, y) = —/Ooo (X (1), V() Xa(t) + £, (X (), V() Vu(t) dt (3.78)
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where ¢t — (X,(t), V.(t)) is the solution of the variational initial value prob-
lem

—Aw — fo(X(t), V() w — f,(X(1), V(1))z,

=Bz — g:(X(1), Y(t))w — g,(X (1), V(1)) (3.79)
w(0) =1,

z(0)

w
z

We will show that a, is a continuous function defined on an open neighbor-
hood of the origin. The proof for «, is similar.

Several (Gronwall) estimates are required. To set notation, let ' := (f, g)
and p := sup{||DF (z,y)|| : (x,y) € Q}; and assume that every eigenvalue of
A has its real part in the interval [—ar, —ag] where 0 < ar < ar, and every
eigenvalue of B has its real part in the interval [by,bg| where 0 < by, < bg.
As before, if a, b, A, and o are numbers with 0 < A < ar < ar, < a and
0 <o < bp, <bg < b, then there is a number K > 0 such that the following
hyperbolic estimates hold whenever ¢ > 0:

|etAx| < Ke’”|x|, |e’tAx| < Ke"|z|,
eyl < Keyl, TPyl < Kem'yl.

We will show that there is a constant IC > 0 such that the following Gronwall
estimates hold:

X (t)] < KelFrHor, (3.80)
V()] < Kly|e"Mr=r, (3.81)
| X, (1) < KelKrtalt (3.82)

(1)] (3.83)

where M is the constant that appears in the definition of the flattened normal
form.

The inequality (3.80) is proved in the usual manner: apply the variation
of constants formula to equation (3.76) to derive the estimate

t
X)) < le ] + / DA £ (X (5), V(s))] ds
0
t
< Ke'lo| + / Kett9 5(|X(s)] + ) ds
0
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rearrange and integrate to obtain the estimate
K t
e*“t|)c'(t)| < Kr+ it il + / Kpe | X(t)] dt, (3.84)
a 0

and then apply Gronwall’s inequality.

The proof of inequality (3.81) is similar to the proof of inequality (3.80)
except that the estimate in display (3.61) is used for |g(X (t), Y(t))| instead
of the mean value estimate used for |f(X(t), Y(t))|.

The estimates (3.82) and (3.83) are proved in two main steps. First,
define A to be the block diagonal matrix with blocks A and B, U := (z,y),
and F':= (f, g) so that the system (3.76)—(3.77) is expressed in the compact
form

U=—-AU - F(U), (3.85)

and the corresponding variational equation (also corresponding to equa-
tion (3.79)) is ‘
V=—AV — DF(U(t))V

where ¢ — U(t) is the solution of system (3.85) with initial condition ¢(0) =
U. An easy Gronwall estimate shows that

V(t)] < Kelfrter

where ¢ +— V(t) is the corresponding solution of the variational equation.
Because |V| can be defined to be |w| + |z|, it follows that

W(t)| < Kellrtat 1 2(1)] < KelKrtalt, (3.86)

Next, the estimate for Z is improved. In fact, using equation (3.79), the
corresponding initial condition for Z(t), and variation of constants, we have
that

201 [/ ul () Y WG| ds
# [ g, (X, Y1206
< /0 Ko7 My (s) e BP0 g
+ /0 t Ke 7% p| Z(s)| ds. (3.87)
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The inequality
t
e Z(t)| < / KICEM e EMr—0a)s o (Kpta)s g
0

t
+ / K peo|2(s)|ds
0

is obtained by rearrangement of inequality (3.87) and by using the hyperbolic
estimate (3.81). After the first integral is bounded above by its value on the
interval [0, 00), the desired result is obtained by an application of Gronwall’s
inequality.

To show that « is continuous, it suffices to show that the absolute value
of the integrand J of its formal representation (3.78) is majorized by an
integrable function. In fact,

T < Ke(|f(X (1), Y)WV + £, (X (2), YOI Z(1)])
< Ke M(MY@)[* ()] + plZ(1)])
< Ke—/\t(MKurue(KMru—au)tKe(Kp—l—a)t + er(KMr-l—?Kp—l—a—a)t).

Thus, we have proved that .J is bounded by a function with two exponential
growth rates:

KMru+Kp+a—\—op, KMru+2Kp+a—)\—o.

Note that a — A — 0 < a — A — opu, and recall Hartman’s spectral condition
ar, —agr — pbr, < 0. By choosing admissible values of a, A, and ¢ such that
the three quantities |a — ar|, |\ — ag|, and |0 — by | are sufficiently small, it
follows that a — A — o < 0. Moreover, once this inequality is satisfied, if
r > 0 and p > 0 are sufficiently small, then the two rate factors are both
negative. This proves that o € C*. O

4 Linearization of Special Vector Fields

As we have seen, a Cb! vector field is C'** linearizable at a hyperbolic sink
if the Holder exponent g is less than the Holder spectral exponent of its
linearization. Also, a C*! vector field is C! linearizable at a hyperbolic saddle
point if Hartman’s (yu, v)-spectral condition is satisfied. Can these results be
improved?
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In view of Sternberg’s example (3.2), there is no hope of improving the
smoothness of the linearization at a hyperbolic sink from class C' to class C?
even for polynomial vector fields.

For hyperbolic saddle points, on the other hand, the existence of a C!
linearization is in doubt unless Hartman’s (p,v)-spectral condition is satis-
fied. In view of Hartman’s example (3.1), it is not possible to remove this
condition. Note, however, that this spectral condition is imposed, in the
course of the proof of the linearization theorem, under the assumption that
the nonlinear part of the vector field at the rest point is arbitrary. Clearly,
this result can be improved by restricting the type of nonlinearities that ap-
pear. As a trivial example, note that no restriction is necessary if the vector
field is linear. It can also be improved by placing further restrictions on the
spectrum of the linear part of the vector field.

We will define a class of nonlinear vector fields with hyperbolic sinks at
the origin where there is a linearizing transformation of class Ch* for every
p € (0,1). In particular, the size of the Holder exponent p of the derivative
of the linearizing transformation is not restricted by the Holder spectral
exponent of the linear part of the vector field at the origin. This result
will be used to enlarge the class of nonlinear vector fields with hyperbolic
saddles at the origin that can be proved to be C! linearizable.

Vector fields corresponding to systems of differential equations of the form

Uy = —ayuy + fro(ug, ..., un)uy,
Uy = —agus + for(ur, ..., up)ur + foo(ur, ..., uy)us,
un = —QpUp + fnl(ula s 7un)ul + fn2(u17 .. '7un)u2

+ ..._|_fnn(u1,...,un)un

where a; > ap > -+-a, > 0 and the functions f;; are all of class C? with
fi(0) = 0 are in the special class. They are C'* linearizable at the origin for
every p € (0,1).

4.1 Special Vector Fields

The next definition lists the properties of the special vector fields that will be
used in the proofs of the results in this section. The following propositions
give simple and explicit criteria that can be easily checked to determine if
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a C? vector field and some vector field in this special class are equal when
restricted to some open neighborhood of the origin.

We will use the notation D;H to denote the partial derivative of the
function H with respect to its jth variable. Also, for r > 0, let

Q. :={reR":|z|<r}.

Sometimes we will view 2, as a subset of R"* x-.-xR"» where n;+---+n, =
n. In this case, a point & € €2, is expressed in components as & = (21, ..., ;).
Let P, denote the set of all vector fields on €2, of the form

(1, ) = (A + Fy(zy, .., 2p), - Apy + Fy(zy, ..., 1)), (4.1)
with the following additional properties:

(1) There are real numbers A\; > Ay > --- > ), > 0 such that, for each
i€{1,2,...,p}, every eigenvalue of the matrix A; has real part —\;.

(2) Foreachi € {1,2,...,p}, the function Fj : , — R™ is in class C'(%,).
(In particular, F; and DF; are bounded functions).

(3) There is a constant M > 0 such that

[Fy(@) = Ei(y)| < M (el + Jy) D_low = gel + o =yl D (ol + |el)

k=1 k=1
whenever z,y € (Q,.

(4) There is a constant M > 0 such that
|D;Fi(x) — D Fi(y)| < M|z —y|
whenever i,j € {1,2,...,p} and z,y € Q,. (In particular,
IDiFi(an, ., 2y)| < Mlal
whenever ¢ € {1,2,...,p}, 7€ {1,2,...,i}, and x € Q,.)

(5) There is a constant M > 0 such that

|D;Fi(z) — D;Fi(y)| < M(st — k| + |z =y Z(|$k| + [yl)
k=1 k=1
whenever i € {1,2,...,p}, j € {i+1,i+2,...,p}, and ©z € Q,.
(In particular, |D;Fi(x1,...,2,)| < M(|z1] + -+ + |z;]) whenever i €
{1,2,...,p},7e{i+1,i+2,...,p},and z € Q,.)
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Definition 4.1. A vector field Y, given by
(IL‘1, c ,IL‘;,,) — (AlfL'l + Gl(])l, e ,l‘p), RN Apl'p + Gp(l'l, RN IL‘;,,)) (42)

where the matrices Ay, ..., A, satisfy the property (1) listed in the definition
of P,, the function G := (G4, ...,G,) is defined on an open neighborhood U
of the origin in R", and G(0) = DG(0) = 0, is called lower triangular if for
each i€ {1,2,...,p—1}

GZ(O, 0, .. .,0,$i+1,$i+2, Ce ,:L'p) = 0.

For a quasi-linear vector field in the form of Y, as given in display (4.2),
let A denote the block diagonal matrix with diagonal blocks Ay, Ay, ..., A,
so that Y is expressed in the compact form Y = A + G.

Proposition 4.2. If the C? vector field Y = A + G is lower triangular on
the open set U containing the origin and the closure of €2, is in U, then there
is a vector field of the form X = A+ F in P, such that the restrictions of
the vector fields X and Y to ), are equal.

Proof. Fix r > 0 such that the closure of €2, is contained in U. Because Y is
C3, there is a constant K > 0 such that G and its first three derivatives are
bounded by K on 2,.

Because DG is C!, the mean value theorem implies that
1D;Gi(x) — D;Gi(y)| < Kl —y|

whenever x,y € Q.. This proves property (4).
Note that (as in the proof of Taylor’s theorem)

1 ¢
Gi(l'l,l'z,...,l'p):/ E DkGi(tl'l,tl'Q,...,tl‘i,l'i+1,l'i+2,...,l'p)l'kdt.
0
k=1

Hence, with

u = (x1,29,...,1T;), V= (Tit1, Tiga, - - Tp),
w = (y17y27 - '7yi)7 = (yi—l—hyi-}-% .- '7yp)7

we have

1 ¢
Gi) — Gily)| < / S | DuGi(tu, v)ak — DyGi(tw, )y di.

0 k=1
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Using the mean value theorem applied to the C! function f := DG}, we have
the inequalities

| f(tu, v)ap — f(tw, 2)ye] < |f(tu, v)zr — f(tu, v)ysl
+ |f(tu7 U)yk - f(twa Z)yk|
< | (tu, ) |ze = yel + |f (bu, v) = f (tw, 2)||yx|
< K(([tlu] + [v]) lzx — vl
+ ([tllu = w] + [v = 2[)|ye])
< K(|lzllzr =yl + 12 — yllyel); (4.3)

and as a consequence,

Gilw) = Galy)| < K (|l Yl =yl + & =yl Y _[wel)
k=1 k=1

2

Gi(z) — Gi()| < K (=] + [y1) Dl — sl (4.4)
+lz =y (el + lyl)) (4.5)

whenever x,y € Q.. This proves property (3).
Using the integral representation of GG, note that

1 ¢
D,Gi(wr, s 1y) = / S (D3 DiGy) (b, ) + Gi(tu, v) D) .
0

k=1

If j > i, then D,x;, = 0; and therefore, the estimate for |D;G;(z) — D;G;(y)|
required to prove property (5) is similar to the proof of estimate (4.4). The
only difference in the proof occurs because the corresponding function f is not
required to vanish at the origin. For this reason, the estimate |f(tu,v)| <
K is used in place of the Lipschitz estimate for |f(tu,v)| in the chain of
inequalities (4.3). O

Definition 4.3. Suppose that A is an n x n real matrix, Ay > Ay > --- >
Ap > 0, and the real part of each eigenvalue of A is one of the real numbers
=\ for i € {1,2,...,p}. The matrix A has the k-spectral gap condition if
>\i—1/>‘i >k for i € {2,3, R ,p}
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Proposition 4.4. Suppose that Y = A + G is a quasi-linear C* vector field
defined on the open set U containing the origin. If the matrix A has the
3-spectral gap condition and the closure of 2, is contained in U, then there
s a vector field of the form X in P, such that the restrictions of the vector
fields X and 'Y to Q. are equal.

Proof. We will outline the proof, the details are left to the reader.

There is a linear change of coordinates such that the linear part of the
transformed vector field is block diagonal with diagonal blocks A;, for ¢ €
{1,2,...,p}, such that —)\; is the real part of each eigenvalue of the matrix
Ajand Ay > Ay > --- > )\, > 0. Thus, without loss of generality, we may as
well assume that A has this block diagonal form.

Consider the vector field Y in the form

(Bl‘ + G1($7?J)7Apy + Gz(l',y))

where B is block diagonal with blocks A;, Ay, ..., A,_1. Because the 3-gap
condition is satisfied for the C? vector field Y viewed in this form, an applica-
tion of the smooth spectral gap theorem (see [LL99]) can be used to obtain
a C3 function ¢, defined for |y| sufficiently small, such that ¢(0) = 0 and
{(z,y) : © = ¢(y)} is an invariant manifold.

In the new coordinates u = x — ¢(y) and v = y, the vector field Y is given
by

(Bu + Ga(u,v), Apv + G5(u,v))

where Gy and G5 are C? and G5(0,v) = 0. By an application of Dorroh’s
theorem (as in the proof of Theorem 3.11), this system is C* conjugate to a
C3 vector field Y; of the same form.

Next, consider the vector field Y7 in the form

(Cu~+ G4(u,v,w), Ap_1v + Gs(u, v, w), Ayw + Gg(u, v, w))

where the variables are renamed. We have already proved that G5(0,0,w) =
0. By an application of the smooth spectral gap theorem, there is a C3
function ¢ such that {(u,v,w) : v = ¥(v,w)} is an invariant manifold. In
the new coordinates a = u — ¢ (v, w), b = v, and ¢ = w, the vector field has
the form

(Ca+ Gr(a,b,c), Ap_1b+ Gs(a, b, c), Ayw + Go(a, b, c))
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where G5(0,0,¢) = 0 and G7(0,b,¢) = 0. By Dorroh smoothing we can
assume that the functions G, Gg, and Gy are class C3.

To complete the proof, repeat the argument to obtain a lower triangular
vector field and then apply Proposition 4.4. O

We will prove the following theorem.

Theorem 4.5. For each pu € (0,1), a C* lower triangular vector field (or
a C? quasi-linear vector field whose linear part satisfies the 3-spectral gap
condition) is linearizable at the origin by a CY* near-identity diffeomorphism.

In particular, for the restricted class of vector fields mentioned in Theo-
rem 4.5, the Holder exponent of the linearizing transformation is not required
to be less than the Holder spectral exponent of A; rather, the Holder expo-
nent can be chosen as close to the number one as we wish.

4.2 Saddles

Theorem 4.5 together with Theorem 3.10 can be used, in the obvious man-
ner, to obtain improved results on the smooth linearization of special sys-
tems with hyperbolic saddles. For example, suppose that X = A + F is
quasi-linear such that A is in block diagonal form A = (A% A") where all
eigenvalues of A* have negative real parts and all eigenvalues of A" have
positive real parts. In this case, the vector field has the form X(z,y) =
(A*z + G(z,y), A"y + H(z,y)) where F = (G, H). The vector field X
is called triangular if G(0,y) = 0 and H(x,0) = 0, and the vector fields
z+— A’r + G(2,0) and y — —(A"y + H(0,y)) are both lower triangular.

Theorem 4.6. Suppose that X = A + F is a quasi-linear C* triangular
vector field and there are positive numbers ar, ag, by, and bg such that the
real parts of the eigenvalues of A are contained in the union of the intervals
[—ar, —ag] and [br,br]. If ap — ar < by and bgr — by, < ag, then X is C!
linearizable.

The next theorem replaces the requirement that the vector field be trian-
gular with a spectral gap condition.

Theorem 4.7. Suppose that X = A+ F is a quasi-linear C* vector field with
a hyperbolic saddle at the origin, the set of negative real parts of eigenvalues
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of A is given by {—X\i,...,=\,}, the set of positive real parts is given by
{o1,...,04}, and

A< <<= <0< <0 << oy

If \io1/Ni > 3, fori € {2,3,...,p}, and 0;_1/o; > 3, fori € {2,3,...,q},
and if \y — Ny, > 04 and o1 — 04 < N, then X is C* linearizable.

4.3 Infinitesimal Conjugacy and Fiber Contractions

Recall from Section 2 that the near-identity map h = id +n on R" conjugates
the quasi-linear vector field X = A + F' to the linear vector field given by A
if 1 satisfies the infinitesimal conjugacy equation

LA77 =Fo (1d+77)

In case the nonlinear vector field X is in P,, we will invert the Lie derivative
operator L, on a Banach space B of continuous functions, defined on an
open neighborhood €2 of the origin, that also satisfy a Holder condition at
the origin. The inverse GG of L, is used to obtain a fixed point equation,

a = G(F o (id +a)),

that can be solved by the contraction principle. Its unique fixed point n
is a solution of the infinitesimal conjugacy equation and h = id +n is the
desired near-identity continuous linearizing transformation. To show that 7
is smooth, we will use fiber contraction (see the discussion following Theo-
rem 3.3).

The candidates for the (continuous) derivative of 1 belong to the space
‘H of continuous functions from 2 to the bounded linear operators on B.
Moreover, the derivative of 7, if it exists, satisfies the fixed point equation

U =G(DF o (id+n)(I + ¥))
on H, where G is an integral operator that inverts the differential operator
L4 given by
d
La¥(z) = @e’tA\IJ(etAx)etA o
For appropriately defined subsets D C B and J C H, we will show that the
bundle map A : D x J — D x J given by

Ao, ¥) = (G(F o (id +«)),G(DF o (id +a)(I + V)))

is the desired fiber contraction.

(4.6)
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4.4 Sources and Sinks

Theorem 4.5 is an immediate consequence of Proposition 4.2 and the follow-
ing result.

Theorem 4.8. If p € (0,1) and X is in P,, then X is linearizable at the
origin by a CY* near-identity diffeomorphism.

The remainder of this section is devoted to the proof of Theorem 4.8

By performing a linear change of coordinates (if necessary), there is no loss
of generality if we assume that the block matrices A,,... A, on the diagonal
of A are each in real Jordan canonical form. In this case, it is easy to see
that there is a real valued function t — Q(t), given by Q(t) = Cq(1+ [¢t|*")
where Cg is a constant, such that

e < e MQ(2) (4.7)

for each 7 € {1,...,p}. Also, for each \ with
A< =A< <=, < A <0, (4.8)
there is an adapted norm on R” such that
etz < e M|zl (4.9)

whenever z € R™ and t > 0 (see, for example, [C99] for the standard con-
struction of the adapted norm).

Unfortunately, the adapted norm is not necessarily natural with respect
to the decomposition R™ x---xR" of R". The natural norm is the /;-norm.
Forie {1,2,...,p}, we will use the notation

ol o= Jal. (4.10)
k=1

In particular, | |, is a norm on R™ that does respect the decomposition. It is
also equivalent to the adapted norm; that is, there is a constant K > 1 such
that

1
7zl < la] < Klzl,. (4.11)
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Because A is block diagonal and in view of the ordering of the real parts
of the eigenvalues in display (4.8), we have the useful estimate

i
|6tA£U|Z' — Z|€tAkxk|
k=1

= Q)|
k=1

< e MQ(t)|xl;. (4.12)

Recall that for r > 0, Q, := {x € R™ : |z| < r}. Also, note that a

function @ : Q, — R" is given by @ = (a,...,q,) corresponding to the
decomposition z = (z1,...,1,).

For r > 0 and 0 < p < 1, let B,, denote the space of all continuous
functions from €2, to R"™ such that the norm

ey, == max  sup las()]

ie{lv"'ap} 0<‘CE‘<’!‘ |x|7/ |"L‘|:u
is finite.

Proposition 4.9. The set B, , endowed with the norm || ||, is a Banach
space.

For o € B, ,, define

(Ga)(z) == — /0 et (M) dt. (4.13)

Note that the “natural” definition of G—in view of the definitions in Sec-
tion 2—would be [;*e"a(e ") dt. Although this definition does lead to
the existence of a linearizing homeomorphism, the homeomorphism thus ob-
tained may not be smooth.

Proposition 4.10. The function G is a bounded linear operator on B, ,; and,
for fixed p, the operator norms are uniformly bounded for r > 0. Moreover,
LoG =1 on B, ,, and GL,, restricted to the domain of Ly on B, ,, is the
tdentity.
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Proof. The kth component of G is given by
(Ga)i(x) = - / Moy (e) dt.
0

Since we are using an adapted norm on R”, if € €,, then so is e!*z. Using
this fact, the definition of the space B, ,, and the inequalities (4.7) and (4.12),
we have the estimate

ai(e*z)
oAl

< e M M)lallrplolilw ).

e iay(e42)] < MQ) )4l

Because )(t) has polynomial growth, there is a universal constant ¢ > 0 such
that
e MPQAt) < ¢

whenever ¢ > 0. Hence, it follows that
e (e )| < ce 2 |zl ).
By Lemma 2.2, the function z — (Ga);(x) is continuous in €, and clearly

((Ga)ilx)| _ 2¢

sup < 3l

0<|z|<r |$|l|:b‘|“

The fundamental theorem of calculus and the properties of the Lie deriva-
tive are used to show that GG is a right inverse of L, and that GL, is the
identity operator on the domain of L 4. O

Proposition 4.11. Ifa € B, ,, then Fo(id+a) € B, . Moreover, ife > 0 is
given and r > 0 is sufficiently small, then the map o — F o (id +«) restricted
to the closed unit ball in B, , has range in the ball with radius € centered at
the origin.

Proof. Clearly the function F o (id +«) is continuous in €2,. We will show
first that this function is in B, .
The ith component of F o (id +a) is

[Fo(id+a)); = F, o (id +a)
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Using property (3) in the definition of P,, the equivalence of norms, and the
triangle law, we have the estimate

|Ei(z + af@))] < KM (|2, + |a(@)]p) (J2]i + |a(@)]),

and for k € {1,2,...,p} we have the inequality

k
") lele
=1

< pllaflr el (4.14)

()], < [l

| r’u

By combining these estimates and restricting x to lie in Q, where |z| < r, it
follows that

|Fi(z + a(2))] < ME*(1 + pllaflnur”)|el|z];
and therefore,
IF o (id +a)|lry < ME*(1+ pllaflyr’)*r' ="

This proves the first statement of the proposition. The second statement of
the proposition follows from this norm estimate because 0 < pu < 1. O

The special Lipschitz number for o € B, , is defined as follows:

(z) — a(y)l;

sLip(e) := max sup { [

cxr,y € Qpx }
1€{1,2,....,p} |IL' — y|7, Yy r 3& y}

Also, let D denote the set of all & in B, ,, such that ||a||,, < 1 and sLip(a) <
1.

Proposition 4.12. The set D is a complete metric subspace of B, ,.

Proof. Suppose that {a™}>°_, is a sequence in D that converges to o in B, .
To show sLip(a) < 1, use the inequality (4.14) to obtain the estimate

la(z) — a(y)]; < |a(z) — o™ (@)]; + ™ (x) — a™(Yy)|i + ™ (y) — a(y)li
< 2p||la — Ozm||r,u7"1+” + sLip(a™)|z — y/;

and pass to the limit as m — oo. O
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Proposition 4.13. If r > 0 is sufficiently small, then the function
a— G(Fo (id+a)) (4.15)

18 a contraction on D.

Proof. Let R :=1/||G||, and suppose that |||, < 1. By Proposition 4.11,
if > 0 sufficiently small, then

|G(F o (id+a))[lrp < [Gllrpll o id +a) |y, < 1.

Hence, the closed unit ball in B, , is an invariant set for the map o —
G(F o (id +a)).
To prove that D is an invariant set, we will show the following proposition:
If « € D and r > 0 is sufficiently small, then sLip(G(F o (id +a))) < 1.
Start with the basic inequality

((G(F o (id+a)))i(x) — (G(F o (id +)))i(y)| <

/ " MQ)|F(eMa + a(e)) — Fi(ey + alety)) di,
0

and then use property (3) in the definition of P, to estimate the third factor
of the integrand. Note that the resulting estimate has two terms, each of
the form | || |;. After making the obvious triangle law estimates using the
linearity of e*4, the inequality |a(z) — a(y)|; < |v — yl;, and the inequal-
ity (4.12); it is easy to see that the first factor is majorized by a bounded
multiple of e™* and the second factor is majorized by a bounded multiple of
e 2'Q(t). One of the multipliers is bounded above by a constant multiple
of r; the other is bounded above by a constant multiple of |x — y|. The
integral converges because its integrand is thus majorized by a constant (in
t) multiple of e MQ(¢). In fact, there is a constant ¢ > 0 such that

((G(F o (id+a))) () = (G(F o (id+0a)))(y)| < erle —yl;

and therefore, if > 0 is sufficiently small, then sLip(G(F o (id +a))) < 1,
as required.

We have just established that the complete metric space D is an invariant
set for the map o +— G(F o (id +«)). To complete the proof, we will show
that this map is a contraction on D.
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Fix o and f such that |||, , < 1 and ||3]|,, < 1, and note that

|G(F o (id+a)) = G(F o (id+5))[lru <
|Gllrull E o (id +) = Fo (id +5)[rp-  (4.16)

The ith component function of the function
z+— Fo (id+a)— Fo (id+p5)
is given by
Ci = Fi(z + a(x)) — Fi(z + ().

Using the inequality (4.14) and property (3) of the definition of P,, we have
the estimate

|Ci] < MK ([z + a(z)|p|a(z) = B(z)|i + |a(z) — B(z)|p|lz + B(2):)

< KM((|x|p —|—p||a||,«,u7“”|x|p)p||a - |r,u

+plla = Bllrulzl*|2lp(|2]i + pllllrr”|2]:))
<2K*Mp(1 + priyr|le — Byl |||

ol |xf;

Hence, there is a constant M > 0 such that

|F(z + (@) = Fz + B(x))llrp < Mr|ja— 8

|T‘,[,L‘

Using the inequality (4.16) and Proposition 4.10, it follows that if » > 0
is sufficiently small, then the map o — G(F o (id +«)) is a contraction on
the closed unit ball in B, ,. O

We will prove that the unique fixed point 7 of the contraction (4.15) is
Ch# for all € (0,1).

Let H,, denote the space of all continuous maps ¥ : Q, — L(R™, R")
such that, for 7 <1,

N\
sup | zj($)| < o0
o< Jz|<r |1‘|M
and, for j > 1,
N\
LCTI

o< jz|<r |1‘|z

where the subscripts refer to the components of the matrix valued function
U with respect to the decomposition R = R™ x --- x R". Also, the norm
||, of ¥ € H,, is defined to be the maximum of these suprema.
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Proposition 4.14. The space H,, endowed with the norm || ||, is a Banach
space.

For ¥ € H, ,, define

(GU)(x) :=— /000 e A (e r)e! dt. (4.17)

Proposition 4.15. If u < 1 is sufficiently large, then the operator G is
a bounded linear operator on H,,. Also, ||G||, is uniformly bounded with
respect to r.

Proof. In view of the inequality (4.7) and for z € ,, the ij-component of
the integrand in the definition of G is bounded above as follows:

e Ay (e a)e V| < eMQ(H) Wiy (e ) eV Q().
For 7 <, we have the inequality

e 4 (M)t | < Q2 (1) ] e
< A1) ] [
< Q)

and for j > i, by using the estimate (4.12), we have

o™ Wy (e )t | < N AIQA (D) | W e

< NI (1) || ]

Because () has polynomial growth, if © < 1 is sufficiently large, then the
integrals

/oo e((l—u)/\i—/\j)tQi% (t) dt, /oo e—Ath?)(t) dt
0

0

both converge. By the definition of the norm, ||G||, is bounded by a constant
that does not depend on r. O

The hypothesis of Proposition 4.15 is the first instance where p < 1
is required to be sufficiently large. This restriction is compatible with the
conclusion of Theorem 4.8. Indeed, if a function is Holder on a bounded
sett with Holder exponent p, then it is Holder with exponent v whenever
0<v<p.
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A map ¥ € H, , is called special p-Hélder if, for all 4,5 € {1,2,...,p},
Wij(z) = i (y)| < [z —yl* (4.18)
and, for all 57 > 1,
Wij(2) = Ui ()] < o —ylf + |z — y* (=[5 + |y]i) (4.19)

whenever z,y € (Q,.
Let J denote the subset of H, , consisting of those functions in #, , such
that W is special p-Holder and [|¥||, < 1. Also, for « € D and ¥ € 7, let

[(a) :=G(F o (id +a)),
Y (o, ¥):= DF o (id +a)(I + V),
Ala, W) :=GT (e, ¥),
Ao, ¥) := (I'(a), Ala, U)). (4.20)

Proposition 4.16. The set J is a complete metric subspace of H, .

Proof. 1t suffices to show that J is closed in H, ,. The proof of this fact is
similar to the proof of Proposition 4.12. O

Proposition 4.17. If r > 0 s sufficiently small and p < 1 is sufficiently
large, then the bundle map A defined in display (4.20) is a fiber contraction
onD x J.

Proof. We will show first that there is a constant C' such that
|DF o (id +a)(I + V)|, < Cr'#

foralloa € D and ¥ € J.
Using the properties listed in the definition of P,, note that if 7 <, then
1D Fi(z + a(z))| < M|z + a(z)|
< ME(fol, + |a(2)],)
< ME*(1+ pllalrr')|]
< MEK*(1 + priyr' =#z|*, (4.21)
and if 7 > 4, then

|DjFi(z + a(z)| < MK(|z] + |a(z)]:)
< MEKYHE(L + priyrt#|z|t. (4.22)
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It follows that there is a constant ¢; > 0 such that
|DF o (id +a)]|, < err' ™. (4.23)

Suppose that ® and ¥ are in H, ,. We will show that there is a constant
¢ > 0 such that
W]y < cor|[ ] ul[¥]le- (4.24)

First, note that

p
(BT <) ||| Wy,
k=1

There is a constant ¢ such that
D] < ef|®], ]z (4.25)

for all 4,5 € {1,2,...,p}. In fact, for j < i, this estimate is immediate from
the definition of the norm; for 5 > 4, it is a consequence of the inequality

[ | < N@f|ulli < K[| Dol
Using estimate (4.25), it follows that

p
(@W)y5] <Y Sl ]l |l

k=1
< "))l ] )"

whenever 7 <, and
i P
(@U)ij] < D @2l 1YLl lf + Y D[l el V]|
k=1 k=i+1
< (pelr[) 1@ L[

whenever j > 4. This completes the proof of estimate (4.24).
It is now clear that there is a constant C' > 0 such that

|DF o (id +a)(I + 9)||, < ||DF o (id +a)||, + || DF o (id +a)¥||, < Cr*#
(4.26)
for all « € D and ¥ € J. Hence, if r is sufficiently small, then

1A, ) < NGl DF o (id+a)(I + W), <1
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foralloa € D and ¥ € J.

To complete the proof that J x D is an invariant set for A, we will prove
the following proposition: If r > 0 is sufficiently small, then A(«, ¥) is special
p-Holder whenever o € D and ¥ € J.

Recall from display (4.20) that

Y(a, W) := DF o (id4+a)(I + V).

We will use the following uniform estimates: There is a constant ¢ > 0 such
that
(0, )iy(2) — Yo, W)y (y)] < ertle -y (4.27)

and, for all 57 > 1,

T (e, ©)ig (@) = Yo, ©)ig ()] < e(r? + 77w — ylf + |z =y (|2 ]} + |yl})
(4.28)
whenever 0 <r <1, 2,y € Q., a € D,and ¥ € J.

To prove the inequalities (4.27) and (4.28) we will show (the key ob-
servation) that for & € D there are Lipschitz (hence Holder) estimates for
DF o (id+«). In fact, using property (4) in the definition of P,, there is a
constant M such that

|D;Fi(z + a(x)) — DiFi(y + a(y)| < M(|lz — y| + |a(z) — a(y)])
< M(lz =yl + Kla(z) — a(y)]p)
< M(Jz — y| + K?sLip() |z — y])
<M(1+ K?)|z -y
<M1+ K|z —y| |z -yl
<M1+ K32 #pl by — y|#
< MrtH|z — y|# (4.29)

for all4,j € {1,2,...,p} and z,y € Q,. Using property (5) in the definition
of P, and the special Lipschitz estimates for o, we have the following similar
result for j > i:

|DjFi(x + a(z)) — DiFi(y + a(y))] <
Mr (o =yl + |z = y|"(J2li + [yli)). (4.30)

We have just obtained “special Holder” estimates the first summand in
the representation

Y(a,¥) = DF o (id+a) + DF o (id +a)¥;
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to obtain estimates for the second summand, and hence for Y (a, V), let
® := DF o (id +«) and note that

[(®W);;(z) — y)| < Z@zk T)Wij(x) — Pir(y) Vi (y)]

where

Sk = | ok (@) [ Wrs(2) — Wi ()] + [Pin(z) — P ()W (y)]-
Because ¥ and ® are in J and 0 < r < 1, there is a constant ¢ > 0 such that

Zp @l |l =yl + Mot — y ],y
< (14 M)l =yl
<clrfle —yl". (4.31)

The desired inequality (4.27) is obtained by summing over k£ and adding the
result to the estimate (4.29).
Suppose that 7 > . If £ <4, then 7 > k and

—_

Sk <@ fulz (e =yl + |2 =yl (ol + 1yl) + Mr e — y [ @]lu]yl;
e =yl + "l =yl (2l + [yl + Mrt e =yl (el + [y]f)
(L+ M) (" +r =) (lr =yl + o — yl"(2l}; + [yl})
(

1+ M) (" + =" |z — y|* + |z — y[* (=" + |y]");

IA N IA I/\

and if k£ > i, then

Zp < Mrr (x4 |z ez — gyl
+ Mt (e =yl + e =yl (el + [ylE) ]
<M (e =yl + L+ )| =yl (] + |yl
+ it e =yt (|2l + Jyl)
<2Mr (| — gyl + |z =yl (lz]f + |y|2)).

The desired inequality (4.28) is obtained by summing over k£ and adding the
result to the estimate (4.30).
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Note that

(G (@, ))ij(2) = (GY (o, ¥))i5(y))|
</0 le™ (|7 (a, \If)ij(etAx) — Y(a, \I;)ij(etAy)||etAj|dt

< / °° eXTIQAD|Y (o, W)ij(e™w) — T, W)ig(e™y)| dt.
0

Using the estimates (4.27) and (4.9), for j < i we have
(G (e, ¥) i) () — (G (e, ¥)ij)(y)| <
(crl_“/ e()‘i_/\f_“)‘)tQQ(t) dt) |z — y|*
0

with A\; —A; — uA < 0. On the other hand, using inequality (4.28) and (4.12)
for the case j > i, it follows that

(G (o, W)ij)(2) — (G (e, ©)i) (W) < M (| =yl + |2 — yl*(|=]f + [yl}))

where

M = c(r'™F 4+ rH) /00 e((l_“)/\i_)‘j)tQH”(t) dt
0

Hence, if ;1 < 1 is sufficiently large, then G;; satisfies the inequality (4.19);
and because

o = yl; + e =yl (l=fi + yl7) < (1 +2r") |z —yl*,

the previous estimate also shows that GU;; is p-Holder. This completes the
proof that D x J is an invariant set for the fiber contraction.

To show that the function ¥ +— A(q, V) is a uniform contraction, use
the linearity of G together with inequalities (4.23) and (4.24) to obtain the
estimate

[A(a, W1) = A, )|y < [[Glull DF o (id +a) (W) — W),
< NGlluer®[IDEF o (id +a) [ [|(¥1 = W],
< NGl rl[(T1 = W)

Hence, if » > 0 is sufficiently small, then A is a uniform contraction; and
therefore, A is a fiber contraction on D x H,. . O
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Proposition 4.18. If « € D, Da € J, then D(G(F o (id+a))) € J and
D(G(F o (id+«))) = G(DF o (id+a)(I 4+ Da)).
Proof. Let

(G(F o (id+0)))(x) == /0 T AR (et 1 alet)) dt.

Since Da exists, the integrand is differentiable. Moreover, the derivative of
the integrand has the form e AW (e!4x)e!4 where, by the estimate (4.26),

U := DF o (id4a)(I + Da)

is in J. Using the same estimates as in Proposition 4.15, it follows that the
derivative of the original integrand is majorized by an integrable function.
The result now follows from an application of Lemma 2.2 and the definition
of G. O

We are now ready to prove Theorem 4.8

Proof. By Proposition 4.17, I' is a fiber contraction.

Choose a function oy € D such that ¥y := Day € J—for example, take
ap = 0, and consider the sequence in D x J given by the forward A-orbit of
(ap, ¥y), namely, the sequence {(ag, ¥x)}52, where

Qy = F(OékA), Uy 1= A(Oékfla ‘I’kq)-
We will prove, by induction, that ¥, = Day.
By definition,
. = G(F ©) (ld +Ozk,1))
Also, by the induction hypothesis, ¥;_; = Day_;. Because a,_; € D and
Day._, € J, by an application of Proposition 4.18 we have that
Do =GDF o (id+ay 1) + ¥, 1)
- \Ijka
as required.

By an application of the fiber contraction theorem, if 7 is the fixed point
of I" and @ is the fixed point of the map ¥ — A(n, ¥), then

lim ap =17, lim Doy = @
k—o0 k— o0

where the limits exist in the respective spaces D and J.
The following lemma will be used to finish the proof.
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Lemma 4.19. If a sequence converges in either of the spaces B,., or H,,,
then the sequence converges uniformly.

To prove the lemma, recall that the functions in the spaces B, , and H, ,
are continuous functions defined on €2,, the ball of radius r at the origin in
R"™ with respect to the adapted norm. Also, by the equivalence of the norms
(see display (4.11)) there is a positive constant K such that |z|; < K|z|.

If limy o0 0 = o in B, ,, then for each € > 0 there is an integer x > 0

such that
[(ow)i(z) — ai(7)] L€
|z|;|x|* Kritu

whenever 0 < |z| < r, k > &k, and i € {1,...,p}. Using the inequality
|z|; < K|z| and the norm equivalence (4.11), it follows that

o — | < €

whenever 0 < |z| < 1 and k > k; that is, the sequence of continuous functions
{a}32, converges uniformly to . The proof of the uniform convergence of
a convergent sequence in H, , is similar.

As mentioned previously, the equality ¥ = Dn follows from the uniform
convergence and a standard result in advanced calculus on the differentiabil-
ity of the limit of a uniformly convergent sequence of functions. Thus, the
conjugating homeomorphism h = id +7 is continuously differentiable. More-
over, using the equality Dh(0) = I and the inverse function theorem, the
conjugacy h is a diffeomorphism when restricted to a sufficiently small open
ball at the origin. O
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