BIFURCATIONS OF NONLINEAR OSCILLATIONS
AND
FREQUENCY ENTRAINMENT NEAR RESONANCE *

CARMEN CHICONE f

Abstract. We develop a unified approach to the Poincaré-Andronov global center bifurcation
and the subharmonic Melnikov bifurcation theory using S. P. Diliberto’s integration of the variational
equations of a two dimensional system of autonomous ordinary differential equations and a Lyapunov-
Schmidt reduction to the Implicit Function Theorem. In addition we generalize the subharmonic
Melnikov function to the case of subharmonic bifurcation from an unperturbed system whose free
oscillation is a limit cycle. Thus, we obtain results on frequency entrainment when an external
periodic excitation is in resonance with the frequency of the limit cycle. The theory is applied to the
subharmonic bifurcations of two coupled van der Pol oscillators running in resonance.
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1. Introduction. The subject of this paper is the theory of frequency entrain-
ment for driven nonlinear oscillators when the period of the self sustained free oscil-
lation is nearly resonance with a periodic external excitation. Our main purpose is to
demonstrate a mathematical theorem that is useful in determining the number and
position of the subharmonics produced by such an external excitation. Our result is
closely related to two well known theorems, the Poincaré-Andronov theorem on the
global center bifurcation [1] and the Melnikov theorem on the global bifurcation of
subharmonics from an integrable system [21, 42, 43]. In fact, our theorem can be
considered as a generalization of Melnikov’s method to cover the case of self sustained
oscillations.

In order to explain the main result, consider a forced oscillation problem of the
following type

i =f(z) +eg(x,t), T€R?, c€R
where the unperturbed system
& =f(x)

with flow ¢ — ¢; has a limit cycle I of period T as a self sustained oscillation, the
external excitation is periodic of period 7, i. e. ,

gz, t+n) =g(z,t),

and the period of the external excitation is in resonance with the period of T, i. e.
, there are relatively prime positive integers m and n such that nT = mn. We are
interested in the periodic solutions of the forced system of period mn, the subhar-
monics of order m. For this, we look for a curve ¢ — o(€) in the phase plane such
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that o(0) € T and, for sufficiently small €, such that the point o (€) is the initial value
for a subharmonic of order m. When there is such a curve of initial conditions for a
family of subharmonics, we say ¢(0) is a subharmonic branch point on I'. Our main
result gives a real valued function £ — C(&), for £ a coordinate on I', such that the
simple zeros of C are the subharmonic branch points. The formula for this function
is expressed in terms of Euclidean geometrical quantities that we denote as follows:
[| || denotes the Euclidean norm, <, > the Euclidean inner product, & the scalar
curvature, div the divergence of a vector field, curl the curl of a vector field, and A
the wedge product of two vectors. In fact, the bifurcation function C is defined by

C(§) =1 = BN + aM] (mn,§)
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Our main theorem, the Limit Cycle Subharmonic Bifurcation Theorem, states: If
either B(mn, &) # 1 or a(mn,&) # 0 and if £ is a simple zero of C, then £ is a
subharmonic branch point.

If the periodic trajectory I'" of the unperturbed system is not a limit cycle but
rather a periodic trajectory of period T contained in a one parameter family of periodic
trajectories of the unperturbed system, then the appropriate bifurcation function is
the subharmonic Melnikov function given by M. In order to show that C reduces to
M in this case, consider a Poincaré section ¥ for the unperturbed system that is
orthogonal to I' at a point & € ¥ and define both the Poincaré return map and the
transition time function on X. In §2 we will show the derivative of the return map,
evaluated at the coordinate on ¥ corresponding to &, is 8(7T, &), while the derivative
of the transition time function is a(7T', & ). Thus, for example, if T" is a member of a one
parameter family of periodic orbits, then I is not hyperbolic, equivalently, 3(nT, &) =
1, and C reduces to the usual subharmonic Melnikov function. Moreover, in this
case, the appropriate nondegeneracy condition of the theorem, a(mn, €) # 0, reduces
to the condition that the period function for the one parameter family of periodic
trajectories of the unperturbed system has a non zero derivative at I'; this is the
usual nondegeneracy condition for the subharmonic Melnikov theory, cf. [15, 21, 43].

As a typical application, consider two weakly coupled van der Pol oscillators of
the form

where
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Uu=v
0 =—u+861—u)v
T=TY

y=1(— x+6(1—x) ) + eu

where § > 0, € is a small parameter and 7 > 0 is a rational number. We view the
second oscillator as a driven oscillator where the periodic forcing function, ¢ — u(t), is
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Fic. 1.1. Computer generated graph of C vs& for weakly coupled van der Pol oscillators @ = v,
9= —u+0.1(1 —u)v, =05y, §=0.5(—x+0.1(1 — 22)y) + eu with 2 : 1 resonance.

the output of the first oscillator. Since 7 is rational, the frequency of the free oscillation
of the second oscillator is in resonance with the frequency of the external excitation.
We ask for the periodic response of the second oscillator when € # 0. For background
material on forced oscillation problems we refer to [15, 27, 30, 22, 23, 25, 32, 34, 41]
for classic treatments and to [21, 42, 43] for some of the latest results. As a typical
calculation we fix 6 = 0.1 and 7 = 0.5. For this example the period of the free
oscillation of the second oscillator is twice the period of the “external” force, a 2 :1
resonance. A numerical approximation to the graph of C(§) is shown in Figure 1.
The graph indicates the existence of four simple zeros of C over one period of the
free oscillation and, applying our theorem, we expect, for |e|, sufficiently small, four
subharmonics of order two, i. e. , four periodic solutions of the forced second oscillator
each with period twice the period of the self sustained oscillation of the first oscillator.
Of course, in view of the topology of the circle, two of these subharmonics are stable
and two of them are unstable, with the subharmonics corresponding to consecutive
zeros of C having opposite stability.

Our treatment of the bifurcation theory of nonlinear oscillations is based on the
geometric quadrature of the homogeneous variational equations of a two dimensional
differential system given by S. P. Diliberto [20] and a Lyapunov-Schmidt reduction to
the Implicit Function Theorem. Using this foundation, we are able to offer a unified
approach to the bifurcation theory for plane vector fields that includes the Poincaré-
Andronov center bifurcation theorem and the usual subharmonic Melnikov theorem.
Since an exposition of these results requires only a minimum of additional effort, we
do not offer the most efficient proof of our main result. Rather, we take a slightly
longer route to our theorem that allows us to give new proofs of these other classic
results. In addition to the unification provided by our Implicit Function Theorem
approach to the bifurcation theory, we obtain smooth curves of bifurcating periodic
solutions. Thus, the precise positions of the bifurcating solutions can be computed
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and, perhaps, continued to further global bifurcations. Also, we mention that our
method yields proofs of the bifurcation theorems that do not require reduction to a
normal form or a change to action angle variables.

The plan of the paper is as follows. In §2 we give a proof of Diliberto’s The-
orem and obtain the geometric interpretation of the functions « and (3 in terms of
the Poincaré map and the transition time function. We also define the functions N
and M in their natural context as constituents of the solution of a certain inhomoge-
neous variational equation. In §3 we prove the Poincaré-Andronov center bifurcation
theorem. In §4 we prove the subharmonic Melnikov theorem, our main result, the
Limit Cycle Subharmonic Bifurcation Theorem, and we prove some theorems on bi-
furcation of subharmonics from degenerate families. Also, we connect our theory with
the classical perturbation theory for linear systems. In the final section, §5, we give
additional applications of the theory.

2. Diliberto’s Theorem. The fundamental result on which this paper is based
is the theorem of Diliberto [20] on the integration of the homogeneous variational
equations of a plane autonomous differential equation in terms of geometric quantities
along a given trajectory of the system. Here we let X = (X7, X5) denote a smooth
plane vector field with flow ¢:. The geometric quantities are the curvature, the curl
and the divergence given by

00X, 0Xi 0X1 0X,

_ -3 . ; _0Xy 09X, _
&= [ X]| (X1X2 X2X1), curl X 92 oay divX Doy + B0

where ||X]|| = /(X,X) denotes the euclidean norm. It will also be convenient to
define the orthogonal vector field X+ := (= X5, X;) as well as the vector field Ux.
parallel to X+ given by

1

. 1
U 0= e

The normalization is chosen so that <XJ-, UX¢> = 1. Finally, we introduce the wedge
product of two vector fields X = (X3, X)) and Y = (X1, X5) tobe XAY = X;Y5 —
X5Y7. In the course of our discussion we make use of the formula

XAY = (X5 Y).

It allows for a choice between two geometric interpretations of the same quantity,
namely, the area given by the wedge product and the projection given by the inner
product. This choice is rather arbitrary, but is often made according to tradition.

THEOREM 2.1 (Diliberto’s Theorem). If X(p) # 0, then the linear variational
equation along the integral curve t — ¢(p),

V = DX(¢(p))V,
has a fundamental matriz solution ®(t), satisfying det (®(0)) =1, given by
®(t) == [X(d:(p)), V(1)],

where

V() := a(t)X(¢:(p)) + B()Ux 1 (¢1(p))

4



and

B(t) = B(t, X, p) := exp ( /0 div X(6s(0) ds),

a(t) = a(t, X, p) = / {ﬁ 24| — curl X]} (6 () B(r) dr.

Moreover, the inverse of this fundamental matriz (partitioned by rows) is given by

L[ Vi)
(1) = (t){x%@(p»}'

Proof. Define «(t) := ¢¢(p). Since X(p) # 0, the function ¢t — X(v(t)) is a
nontrivial solution of the linear variational equation. Next, define

1
PO = =G

(partitioned by columns) and use the coordinate transformation U = P!V on the
linear variational equation V = DX(v(t))V to obtain U = AU, where

[X(y(t), X+ (v(1))]

A =P Y(DX(v(t))P —P'P.
A somewhat tedious calculation shows the matrix A is given by

XX 20X (0% — X% - ewiX ]
A=
L0 XA v

[ L X 2(X|lk—curl X

i 0 —L I [|X|| +divX
Since this system is in triangular form, we can find a simple representation for the
general solution of U = AU. In fact, if we use e; := (1,0) and e := (0, 1), then

v = % {T1(0) + T2 (0 X(p)|Pa(t) } &1 + W

where U = (Uy, Us). Finally, if we choose the initial conditions so that one solution has
initial condition U(0) = ||X(p)||e1, and a second solution satisfies the initial condition
[IX(p)]|U(0) = eq, then we obtain two linearly independent solutions. These solutions
form the columns of a fundamental matrix ® for U = AU, while the fundamental
matrix in the statement of the theorem is just ® = P®. A simple calculation shows
that det(®(0)) = 1. The statement about the inverse of the fundamental matrix ®(#)
is a straightforward deduction and its proof is omitted. O

REMARK: It should be noted that the constant 2 multiplying the curvature in the
theorem was omitted in the formulas in Diliberto’s original paper.

Diliberto’s Theorem contains all the important information about the solutions
of the linear variational equation along the trajectories of the plane vector field X. We
will use the theorem to derive several corollaries that illustrate the importance of the
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result. The first few of these corollaries can be taken to give the geometric meaning of
the two functions a and 3 that are defined in the statement of the theorem. For this
we introduce some basic definitions. Let p and ¢ be points in R? on the trajectory
t — ¢(p) of X with ¢ = ¢, (p). We consider two sections for the flow of X, ¥ at p and
A at g, given by plane curves s — o(s) and s — 6(s) with o(§) = p. Moreover, we
let Y denote the tangent vector field of o and Z the tangent vector field of §. We use
h: ¥ — A to denote the transition map. It assigns to a point 7 € ¥ the point where
the trajectory of X starting from r first meets A. We use T' : ¥ — R to denote the
transition time function that assigns to r € ¥ the minimum positive time required
for the transition. There will be an open interval Z C R such that for s € 7 both h
and T are defined on ¢(Z). We define J := §~' o ho¢(Z). Then, we can express the
transition map and the transition time function in the local coordinates on the two
sections defined by the functions ¢ and 6. It is convenient to give these representations
names. In fact, we define the scalar transition map h : T — J by the formula

h:=6'oho o,
and the scalar transition time function T : T — R by
T:=Too.

When we write h'(p), we understand this to be the derivative, k' (¢) and when we write
T'(p) we understand this to be the derivative 7"(¢). Finally, we specify two special
cases. If p is a periodic point of X we can take ¥ = A. In this case, the transition
map is called the return map or the Poincaré map on the Poincaré section X. If, in
addition, p is contained in a one parameter family of periodic trajectories of X, we
say p is in a period annulus with (Poincaré) section X. In this case, the corresponding
transition time function is called the period function.

The next theorem identifies the functions « and f in Diliberto’s Theorem geo-
metrically and, in particular, provides formulas for the derivative of the return map
and the period function.

THEOREM 2.2. Let X be a plane vector field with flow ¢;, X a section for the
flow at p € R% and A a section for the flow at q = ¢, (p). Also, let s — o(s) be a
local coordinate function for ¥ with tangent vector field Y such that o(§) = p and let
s 6(s) be a local coordinate function for A with tangent vector field Z. Ifl~1 is the
transition map and T is the transition time function, then

T _ X/\Y(p) T
h'(p) = X A2l Z(E(p))ﬂ(T(p),X,p)

and
~ Z,X)
7(p) = %
|1X[[?
In particular, if p is a periodic point of X, the derivative of the return map is given
by

<Y7 X> T

(h(p))h'(p) — W(p) - X AY(p)a(T(p), X,p).

] _ X/\Y(p)
M Y B0

and, in addition, if p is contained in a period annulus, the derivative of the period
function is given by

B(T(p), X, p)

T'(p) = -X A Y (p)a(T (p), X, p).
6



Proof. By the definition of the transition map and the transition time function
we have

or, in local coordinates,

6(h(s)) = ¢r(s)(o(s)).

After differentiating both sides of the last equation and evaluating at s = £, we obtain
the following formula for the derivative of the transition map:

W(OZ0) = 5 o10(0()| = Dérem)Yw) +T'OX(a)

s=¢

We will apply Diliberto’s Theorem to obtain the required formulas. For this,
observe that the function ¢ — V(t) giving the second column of the Diliberto funda-
mental matrix of the linear variational equations along the trajectory ¢t — ¢;(p) of X
is the unique solution of the following linear variational initial value problem

V = DX(¢:(p))V, V(0) =Ux:(p),
whose solution evaluated at T'(§) is
V(T(£)) = a(T(£),X,p)X(q) + B(T(£), X, p)Ux (9)-
Since t — D¢ (p)Ux . (p) is a solution of the same initial value problem, we have
D¢ (p)Ux.(p) = V(1)
and, of course, we also have

D¢ (p)X(p) = X(¢t(p))-

Moreover, there are real numbers a, b, ¢ and d such that
Y(p) = aX(p) +bUxs(p), Z(q) = cX(q) +dUx+(q)-

In fact, these numbers can be expressed in terms of the given vectors as follows:

. (Y, X) _
L_ZX)

Now, we compute

D¢i(p)Y (p) = aX(¢:(p)) + bV (2)

and, after the obvious substitutions into the formula for h'(£), we obtain

(ch'(§) = T"(§) — a —ba) X(q) + (dh'(£) — bB) Ux+(q) = 0.
7



The first part of the theorem follows immediately from the last equality and the linear
independence of X(g) and Ux. (g).

From the definition of the return map we can assume ¥ = A, ¢ = l~1(p) and
Y = Z. The derivative of the return map in the statement of the theorem is obtained
by specializing the formula,

just derived for the derivative of the transition map.

For the derivative of the period function we have the same specialization and, in
addition, the fact that p lies in a period annulus. The periodicity of p implies p = ¢
and, in turn, a = ¢, while the membership of p in a period annulus implies h'(p) = 1.
Hence, in this case, ch/(£) — a = 0 and the formula obtained for the derivative of the
transition time function reduces to the required formula for the period function,

T'(¢) = —ba.

d

For the majority of situations encountered in practice, when dealing with a spiral
flow in the plane, a horizontal line segment can be chosen as a Poincaré section. In
this case, the representation of the derivative of the return map and of the period
function given in the last theorem takes a particularly simple form. If the horizontal
line segment is an interval of the line with equation y = k, then, for example, the
vector field Y may be taken to be the unit vector in the (positive) horizontal direction.
If X5 denotes the second component of the vector field X then, with v(t) := ¢:(z, k),
the representation of the derivative of the return map is

. T(z)
h'(z) = % exp (/0 div X (y(t)) dt)

while the representation of the derivative of the period function is

T(z) T
T'(z) = Xa(z, k:)/o {ﬁ [2k]|X]| — curl X]} (y(1)) exp (/0 div X(y(%)) dt) dr.

These cases are often encountered in the applications.

The geometric identification of the function § is now clear. In fact, generally, if
we consider a trajectory t — ¢¢(p) of X and two sections ¥ at p and A at ¢, (p), then
B(7,X,p) is just the normalized derivative of the transition map. The normalization
coefficient is the quotient of the two wedge products given in the theorem. The
geometric identification of the function « is more complicated in the general case.
But, if the two sections are orthogonal to the trajectory through p, then a(r, X, p)
is just the derivative of the transition time function normalized by the multiplicative
factor —X A Y(p).

The next lemma gives an explicit formula for the solution of the inhomogeneous
linear variational equations along a trajectory of X; this formula will be needed in
the perturbation theory to be developed later.

LEMMA 2.3 (Variation Lemma). Let X = (X1,X3) and b = (by,bs) denote
smooth plane vector fields and let ¢; denote the flow of X. If p € R? and X(p) # 0,
then the solution, t — W(t), of the initial value problem

W = DX (¢:(p))W + b(¢:(p)), W(0) =0
8



is given by

where
N(t) = N'(t,X, b, p) ;:/0 {H;IIZ (X,b)—%XAb}((bs(p))ds,
M(t) = Mt X bp) = | {ﬁmb} (6u(p) ds

and «, 3 are defined in the statement of Diliberto’s Theorem. In addition, if m is a
positive integer, p is a point in a period annulus of X with local section ¥ given at p
by the integral curve s — o(s) of X+ such that o(¢) = p, and if T denotes the scalar
period function defined on X, then

a(mT'(§)) = —WT'(E), B(mT(§)) =1
and
W(mT(§)) = |N(mT(§)) - WT'(@M(WT(O)] X(p) + M(mT(£))Ux+(p).

Proof. Using variation of parameters, we have

w(t) :<I>(t)/0 &= (s)b(s) ds,

where @ is the Diliberto fundamental matrix. To evaluate this formula for W we first,
observe that

vin = [ _amxt 1 (D).
VO = {~a@X* + 80 =X )

Then, using the formulas for the Diliberto fundamental matrix and its inverse given
in Diliberto’s theorem, we compute

[ ot em.mnas = 40 |

The first statement of the lemma is now immediate.

For the second part of the lemma, we assume p is a periodic point of X and the
coordinate for the section at p is given by the integral curve s — o(s) of X+ with
o(€) = p. Then, since p belongs to a period annulus, the return map is the identity
on ¥ and we conclude from the formula for the return map obtained above that

B(mT(£)) = 1.

Moreover, using this fact, together with a straightforward change of variables in the
integral representation of a(mT(£)), or, using the formula for 7", we find

a(mT(£)) = ma(T(E)).
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Thus, in view of the formula for the derivative of the period function given in the
previous theorem,

m
a(mT(§)) = — 57~ T (6)-
IX(p)I?
After substitution of these identities into the formula for W(¢) and a simple rear-
rangement of the terms, the final equality in the statement of the lemma is proved.
d

3. The Poincaré-Andronov Theorem. In order to state the main result of
this section, we consider a plane vector field (z,y) — X(z,y, ¢) depending on the real
small parameter €. In case the phase portrait of the unperturbed system Xo(z,y) :=
X(z,y,0) contains a period annulus 4, we seek to determine if there is a periodic
trajectory I' contained in A and a continuous family ['. of periodic trajectories of
(z,y) — X(z,y,€) such that Ty =T.

For this bifurcation problem it is convenient to consider the differential equation
corresponding to the vector field (z,y) — X(z,y,€) in the form

i = P(z,y) +ep(z,y) + O(€7), §=Q(z,y) + eq(z,y) + O().

Also, we let ¢§ denote the flow of X. We can always arrange the coordinates so that a
certain horizontal line segment ¥ : y = yq is transverse to the flow of Xg in A. Then,
there is some €y > 0 such that (z,y) — X(z,y,€) is transverse to X for all e satisfying
le] < €o. We assume I is one of the periodic trajectories in .4 transverse to ¥ and
let ¢ denote the usual distance coordinate along . Then, both the scalar transition
time function (£,¢) — T'(&,¢) and the scalar Poincaré return map (§,¢) — h(&,¢€)
are defined on X. It is convenient in the analysis to define Xg to be the vector field
with components (—@Q, P) and H(&, €) to be the vector (d(&,¢),0), where d is the
displacement function defined by d(,€) := h(§,€) — £. We also define the normalized
displacement function F by

F(E,E) = X[)L(gvy[)) . H(£>€) = _Q(anﬂ)d(gye)'

There are two basic facts: F'(§,€) = 0if and only if the trajectory of (z,y) — X(z,y,¢€)
through (&, yo0) is periodic and F(£,0) = 0. If there is an e, > 0 and a continuous
function 3 : (—ey, €x) — X such that F(8(e),e) = 0, then, for each € in the domain of 3,
there is a periodic trajectory I'. of the vector field (z,y) — X(z,y, €) passing through
the point (8(€),yo)- In this case, we say a continuous family of periodic trajectories
of X emerges from the periodic trajectory I'y.

The next result provides a means to identify the periodic trajectories in a period
annulus of the unperturbed system from which a family of limit cycles emerges. It is a
version of the theorem given in [1] and is the basic bifurcation theorem in this context.
Our approach to the proof of this theorem is somewhat different from the development
of the same result in [1]. For example, in [1, §32], the vector field family in which
the bifurcation occurs is assumed to be analytic and, in [1, §33], a first integral must
be constructed for the unperturbed conservative system. Here, we prove the result
by analyzing an appropriate variational equation directly. The theorem has two main
components: a reduction and an identification. Here, reduction refers to reducing the
problem of the existence of a family of limit cycles to an application of the Implicit
Function Theorem and identification refers to the identification of the appropriate
partial derivatives in terms of the components of the vector field X.
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THEOREM 3.1. Let (z,y) — X(z,y,€) denote a vector field with flow t — ¢5 and
corresponding differential equation

i = P(z,y) +ep(z,y) + O(€), §=Q(z,y) + eq(z,y) + O(€”)

such that the corresponding unperturbed vector field Xy given by (z,y) — X(z,y,0)
has a period annulus with Poincaré section ¥ C {(z,y) : y = yo}-

(i) Reduction: If there is a point & € ¥ such that the corresponding normalized
displacement function F satisfies Fe(&,0) = 0 and Fe.(&,0) # 0, then there is a
periodic trajectory U of Xo meeting ¥ at & and a continuous family, T, of periodic
trajectories of X emerging from T'. Moreover, for sufficiently small ¢ # 0, the pe-
riodic trajectory L¢ is a limit cycle of the vector field (z,y) — X(z,y,¢€). In fact, if
€Fee(£0,0)/Q (&0, y0) > 0, then T is asymptotically stable while if eFe.(£0,0)/Q( o, yo) <
0, then T'¢ is asymptotically unstable.

(i) Identification: The partial derivative of the normalized displacement function
with respect to the bifurcation parameter is given by

ro- [ M Pa—Qp) (0 exp (— / v Xo (7(5) ds) d,

where y(t) := ¢?(&, yo) is the integral curve corresponding to the periodic trajectory T
through (&, yo). In addition, if F.(,0) = 0 for some & € X, then

Fec(&,0) = — Q(ﬁo,yo){ div X (&0, y0)Te (&0, 0)

T(&0,0)
+ / div(p, q) (+(t)) dt

T(%0,0) 4
_+_/ d—le XO((ZSE(EU;:UU))
0 €

t}.

e=0

(iii) If Xo is Hamiltonian (divXy =0), then for £ € &

T(&,0)
F.(€,0) = / (Pq — Qp)(~(t)) dt = - /Q div(p,q) dady.

If, in addition, F(&,0) =0, then
T(&0,0)
Fec(£0,0) = —Q (€0, o) / div(p, ) (¥(1)) d.

Proof. Since F(¢,0) = 0,
F(£,€) = € (Fe(£,0) + O(e)) := €G(&; ).
But then, from the hypotheses,
G(%0,0) = Fe(£0,0) =0 and Ge(&o,0) = Fee(&o,0) # 0.

The Implicit Function Theorem applied to G implies the existence of the required
function € — (3(e). For the stability of the perturbed limit cycles, just note that the
displacement has the form

d(€, €) = ede(€,0) + O(e?).
11



Thus, for sufficiently small ¢, if ede¢(£o,0) < 0, then € — d(&, €) crosses the horizontal
line segment ¥ with negative slope as £ increases through &y. It is then immediate
from the definition of the displacement that ['. is a stable limit cycle. By the same
argument the limit cycle will be unstable when edc¢(&),0) < 0. But,

o)
edeg(£0,0) = EQ(EO;ZJO)

and therefore the statement of the theorem follows.
For the computation of the partial derivative F¢(&,0), we have

Fe(gyo) = X(J)_(gvy[)) . He(ga 0)

with H,(£,0) = (he(&,0),0). Thus, we must compute h,. For this, consider the integral
curve (z(t,&,¢€),y(t, & ¢€)) of (z,y) — X(z,y,€) starting at the point (£, yo) and let
T'(€,€) denote the time of first return of this solution to ¥. Clearly, we have

CE(T(g,G),g,E) = h(£76)7 y(T(fae)afae) = Yo,

and, after differentiation with respect to € and an evaluation at € = 0, we obtain

£(T(£,0),£,0)Te(€,0) + z(T(£,0),£,0) = he(&,0)
y(T'(€,0),8,0)Tc(&,0) + ye(T'(£,0),¢,0) = 0.

Define
W(t) = ("I:E (t7 67 0)7 yf(t7 E) 0))7

and then, using the abbreviations T' := T'(¢,0), T, := T.(&,0), and H, := H.(£,0), we
have

Consequently

In order to compute W we will solve an appropriate variational initial value
problem. Since

2(0,§,€) =&, y(0,&,€) = o
we have,
z(0,8,€) =0, y(0,€,€) =0.
Thus, it is easy to see that W is the solution of the the following initial value problem
W = DXo(y(t)W +b(t) , W(0) =0,

where b(t) = (p(y(t)),q(y(t))). An application of the second part of the Variation
Lemma with m = 1 implies

F.(£,0) = X5 (&,90) - W(T) = M(T, X, b, 7(0)).
12



Thus

F(§0) = /OT (Pg — @p) (7(t)) exp <— /Ot div Xo(y(7)) dT) di

as required.

To obtain the representation for F¢.(,0) under the hypothesis that F.(&y,0) =0,
we do not compute the mixed partial derivative directly from the representation just
obtained F¢(&,0). Rather, we return to the definition of F' and compute the partial
derivatives from the formula

F(¢€) = Xg (&, 90) - H(E 0).
Since X does not depend on ¢, we have
Fee(€,0) = X5 - Hee + Xg - He(€,0).
But, by hypothesis, H.(£,0) = 0. So the required derivative is given by
Fee(&0,0) = X (€0,90) - Hee (€0, 0).

To compute the partial derivatives of H we use the previously given representation of
the scalar return map. In the present case, this takes the form

_ X2(€7y07€) T(&e) . €
he(€s€) = mexp (/0 div X (¢5(€,90),€) dt ).

Since
He¢.(£0,0) = (hee(£0,0),0)

we need only calculate h.¢. First, using the hypotheses, h(€,0) = ¢ and h.(£,0) =0,
it is easy to verify that the derivative of the first factor of he (€, €) with respect to €
vanishes at ¢ = 0 and the value of this factor at (&p,0) is unity. Thus, the required
derivative is given by

T
hee(€0,0) = exp (/0 div Xo(y(%)) dt) { div Xo(£0,¥0)Te (€0, 0)

. dt}.

Since the characteristic exponent of I' vanishes, the exponential term is unity. We
also have

T(£0,0)
+/ d—div X (95 (£0,90),€)
0 €

d d
P div X (¢ (€0, y0), €) = div(p, q) (¢ (%0, %0)) + T div Xo (e (€0, %0))

’
e=0

e=0

and it follows that
T(&0,0)
e (60, 0) = div Xo(Eo, yo) T (€0, 0) + / div(p, @) (+(1)) dt
0

dt

e=0

T(&0,0) d
+ / = div Xo (5 (€0, 0))
0 €
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as required.

The proof of (ii4) is just an application of Green’s Theorem. O

There is a large literature on the applications of the theorem. In most of these
applications the most difficult problem is the computation of the integral for F.(&,0)
and the determination of its simple zeros. Some examples of such computations can
be found in the references [1, 5, 10, 13, 19, 21, 27, 39, 43, 44]. A classic, but very
simple application, can be made for the van der Pol oscillator with small damping.
For this we have the system

b=y, §=—a+e(l-a?)y.

Here the unperturbed system is linear and the period annulus fills the entire punctured
plane. The positive z-axis is a Poincaré section and, using the theorem, we compute

27
R0 = [ a-ata

2m
= / (1 — €2 cos® t)€? sin? t dt
0

T e2¢2
=—— —4).
EE -
The bifurcation function has a unique simple zero at £ = 2 and
Fe(2,0)
€e—=—-- = 2¢T
Q(2,0)

Thus, there is a continuous family of limit cycles emerging from the periodic trajectory
z(t) = 2cost y(t) = —2sint of the unperturbed system such that the family consists
of stable limit cycles for € > 0 and unstable limit cycles for € < 0.

4. Subharmonic Bifurcation Theory. In this section we consider bifurcation
to periodic solutions in the family E. of planar differential equations

x = f(x) + eG(x,t,¢), x € R?, e € R,
where both f and G are smooth functions, G is an n-periodic function, i.e.,
G(x,t+1n,¢) = G(x,1,€)
for all x, t and ¢, and where G has the form
G(x,t,€) = g(x,t) + egr(x,t,¢)

with both g and gr smooth functions of the indicated variables. We are interested
in the bifurcation of periodic orbits from periodic trajectories I' of the unperturbed
system Ey as |e| increases from zero. For this we make one further assumption: The
period of T is in m : n resonance with the period of the forcing function G, i.e., there
are relatively prime positive integers m and n such that the period of T" is mn/n. At
the end of this section we show how to relax this assumption in the presence of a
“detuning”.

The idea of the bifurcation theory is to find the periodic trajectories as fixed points
of the parameterized Poincaré map P : R2 x R — R? given by (£,€) — x(mn, &, ¢€),
where t — x(t, &, €) is the solution of E. satisfying the initial condition x(0,¢,¢€) = &.
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In this interpretation, ¢ is in the section ¥ = R? x 0 for the flow considered on the
manifold diffeomorphic to R?> x S' obtained by identification of the time modulo m.
The basic property of the Poincaré map is that, for fixed €, a solution of E. that
starts at a fixed point of the function £ — P(£,€) is a periodic solution of E.. For
example, suppose P(&,e) = & and x(t, &, €) satisfies x(0,&p,€) = &. If we define
y(t) := x(t + mn, &, €), then

(y) + eG(y,t +mn,e)
(y) + eG(y, t,€).

y=f
f

Thus, y is a solution of E. with the initial condition y(0) = x(mn, &, €) = & and, by
uniqueness of the solutions of E, we have x(t,&p,€) = y(¢,&o,¢€). It follows that x is
a periodic function of its first variable. Also, if x is not a constant solution of E., the
minimum period of x must be mn/k for some positive integer k.

The Poincaré map is easy to compute on the resonant orbit I'. Since, for the flow
¢¢ of the unperturbed system, we have

the function & — P(&,0) is the identity on I'. We wish to find conditions on the
functions f and G such that, for sufficiently small € # 0, some of these fixed points
remain. In order to state the bifurcation theorems that provide these conditions, we
will need a few more definitions. We identify ¥ = R? x 0 with R? and, for £ € ¥,
we define the displacement function 6(&,¢) := P (€, €) — € together with its radial pro-
jection p(€,€) == (86(&,€), £-(€)) and its tangential projection T(&,€) := (6(¢, €),£(€)) ,
where <, > denotes the usual inner product on R?. For I a periodic trajectory of the
unperturbed system whose period is in resonance with the external periodic force G,
we say £ € ['is a subharmonic branch point if there is an ¢y > 0 and a curve, € — o (€),
defined for |€| < €p, with image in the section ¥, such that o(0) = £ and 6(o(€),€) = 0.
Of course, if §(o(€),€) = 0, then o(e) € ¥ is the initial value for a periodic solution
of E.. When the unperturbed periodic solution I' is in m : 1 resonance with the
forcing, the resonance is called subharmonic of order m and the perturbed periodic
solutions are called subharmonics. Subharmonic resonance of order one is also called
harmonic. This is the reason for the use of the term “subharmonic” in the definition
of subharmonic branch points. However, the bifurcating solutions at a subharmonic
branch point may not be, in the strict sense of the term, subharmonics. For example,
if n # 1, a 1 : n resonance is called ultraharmonic and an m : n resonance is called
ultrasubharmonic. See [43][pp. 73-78] for a geometric view of these solutions.

As in the Poincaré-Andronov Theorem, the bifurcation analysis for subharmonic
branch points consists of two main steps: reduction and identification. Here, reduction
refers to reducing the problem of the existence of a curve of subharmonics bifurcating
from I' to an application of the Implicit Function Theorem, i.e., to the nonvanishing
of a certain partial derivative, while identification refers to finding an explicit formula
for this derivative in terms of the functions f and G. For this we will use throughout
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the functions defined in §2 and given by

Bt) = B(t,€) = exp ( / div £(64(6)) ds),

alt) =a(t,9 = [ {ﬁ 24][f]] — curl f]} (6, (©))B(r) dr,

T el S
N© = [ e - S0t ng @) as

©= [ {-ens @)
/\/lf::/ { ng}¢fds.
0 B(s) ’
Also, we will compute several times the derivatives of functions of the two variables £
and e. We will use the convention that derivatives indicated by D, for functions with
range in R?, or by d, for functions with range in R, refer to the derivative with respect
to the space variable ¢ while derivatives indicated by a subscripted variable refer to
the partial derivative with respect to that variable.
To begin the analysis, we expand the displacement function into its perturbation
series

§(€,€) =P(£,0) — €+ Pc(£,0)e + O(€?)
= x(mn, £,0) — € + x.(mn, £,0)e + O(e?)

and we recall that, by the Variation Lemma, the first order term of the perturbation
series is given by

xe = (N +aM)f + fMug..

For £ on the resonant orbit ', §(£,0) = 0 and, consequently,

DS(E,0)(F(E) = TP(5,(6),0)] —F(&) =0,
t=0
Thus, £ — D6(&,0) is not invertible and we can not use the Implicit Function Theo-
rem directly. However, we can use various forms of the Lyapunov-Schmidt reduction
depending on how degenerate the curve I' is as part of the zero set of the function
& — 6(¢,0).

The most degenerate case is the classical case when the unperturbed system
is linear and 6(£,0) = 0. Actually, this degeneracy is equivalent to assuming I is
contained in an isochronous period annulus, cf. [13]. In this case, we have the following
proposition.

PROPOSITION 4.1. Let P denote the parameterized Poincaré map for the system
EE’

x = f(x) + eG(x,t,¢), x € R*, e € R,
where G is n-periodic of the form
G(x,t,e) = g(x,t) + egr(z,t,€)

and assume I' is a periodic solution of the unperturbed system which belongs to an
isochronous period annulus.
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Reduction: If there are positive integers m and n such that the period of I is equal
to mn/n and if the function & — P.(£,0) has a simple zero at &, i. e. ,

P.(£%,0)=0 and det(DPc(%,0)) # 0,

then & is a subharmonic branch point.
Identification: The bifurcation function & — P.(&,0) is given by

P.(£,0) = Nf+ﬁ/\/lfl ().

Moreover, in case the unperturbed system is linear with £(z1,z2) = (wza, —wx1) and
if 2mn/w = mn, then the bifurcation function is given by
1

P.(&,0) = G (6112(8) + &11(8), &12(8) — &1 11(8))

where

2mn/w 2rn/w
L) = / 201 (%, 8) — 21 ga(x, ) dt,  To(€) = / 2101(x, )+ 222 (x, 1) dt.
0 0

Proof. By the hypotheses, the displacement function, 6(&,¢) := P(&,¢€) — &, for
the perturbed system can be represented in the form

6(¢,€) = €[Pc(£,0) + O(e)] .

Therefore, the Implicit Function Theorem can be applied to determine when there is
an implicit solution of the equation P, (£,0) + O(e) = 0 at some point (&,0). This
proves the reduction statement of the proposition. For the identification we simply
observe that I' is not hyperbolic and that the period function on the period annulus
is constant. Then, using the results of §2, we have 3(mn, &) = 1 and a(mn,§) = 0 for
& € I'. Thus, from the formula for x. given above, we obtain the desired result.

In case the unperturbed vector field f is linear, with f(x,x2) = (w2, —wz1), the
punctured phase plane of the unperturbed system is filled by periodic trajectories each
of which lies on a circle centered at the origin and the hypotheses of the proposition
hold. If, in addition, we assume the period of the external excitation is in resonance
with the linear system, i. e. , there are positive integers m and n such that 27mn/w =
mm, then the formula for x.(mn, £,0) reduces to

e | ([ 0.ty @) 19+ (o [ 100 ngxinar) ]

where, in components, £ = (§1,&) and
x(t) = (x1(t), z2(t)) = (& cos (wt) + & sin (wt), —&; sin (wt) + & cos (wt)).
Moreover, if the components of the external excitation are given by
g(x,1) = (91(%,1), 92(x, 1)),
and we define

2mn/w 2rn/w
L) = / a1 (%, 8) — 21 ga (%, )ty To(€) = / 2101(, )+ 222 (x, 1) dt.
0 0
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Then, we have

x4mm£m>=W§5@uxa+fﬂna,@h@>—ah@»

as required. O
For computational purposes, it is convenient to define Z(§) := (I1(£), I2(£)), and

to observe
m@m=<éf§><gg>'

Then, the existence of a simple zero of P.(£,0) is easily seen to be equivalent to
the existence of a simple zero of Z. A final special case, where we take w = 1 and
g1(x,t) =0, results in the identification

P.(£,0) = <— /:m g2(x(t),t) sint dt, /027m g2(x(t),t) costdt> .

Here, the components of P.(£,0) are given by the same formulas obtained from the
classical perturbation series methods. See [27, XII, §2] for a version of the classic ap-
proach to these formulas and for the computations, using the same formulas, showing
the existence of a unique stable harmonic solution of the forced van der Pol oscillator,

T =y

y=—2+¢(l —2%)y + easint.

When £ — 6(&,0) is not identically zero on some neighborhood of T', the bifur-
cation theory must deal with the zero order terms of the perturbation expansion of
the displacement function. The least degenerate case occurs when the kernel K of
the map D§(€,0) : R2 — R? is one dimensional. We have already shown f(¢) € K.
Thus, this nondegeneracy condition will be satisfied when f+(¢) ¢ K. It turns out
that this nondegeneracy condition is equivalent to having one of the following: either
I" is hyperbolic or, at ¢ € T', the transit time map on a section in the phase plane
orthogonal to I' has a nonzero derivative along the section at £. The second possibility
is the only way to have nondegeneracy when I' is in a period annulus. In this case,
the transit time reduces to the period function. Of course, if the period function has a
zero derivative “at I'” on a section transverse to I', then this derivative will be zero on
every such section. When the derivative of the period function vanishes in this way,
I is called critical. However, it is worth noting that the vanishing of the derivative
of the transit time along a section intersecting a limit cycle, depends on the choice of
section.

For the next theorem we assume the unperturbed system x = f(x) has flow
¢¢ and a noncritical periodic trajectory I' given by ¢t — ¢;(p) that lies in a period
annulus A C X. We let T': A — R denote the period function for the unperturbed
system on the period annulus A4; it assigns to each £ € 4 C ¥ the minimum period
of the periodic trajectory of the unperturbed system passing through £. Also, the
subharmonic Melnikov function is defined for £ € A, in terms of the radial projection
of the displacement function p, by

M(f) = pe(f,O)-
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THEOREM 4.2 (Subharmonic Bifurcation Theorem). Let E. denote the parame-
terized family of differential equations

x = f(x) + eg(x,t) + €gr(x,t,€), x € R?, e € R,

such that FEo has flow t — ¢y, a period annulus A and a periodic trajectory ' C A that
is in resonance with the n-periodic external force G(xz,t,€) := g(x,t) + egr(X,t,€), i.
e. , there are relatively prime natural numbers m and n such that the period of T is

mn/n.

(i) Reduction: If T is not critical and & € T is a simple zero of the subharmonic
Melnikov function, i.e., dT(f-)(€) # 0, M(€) = 0 and dM(£)(€) # 0, then & is a
subharmonic branch point.

(i) Identification: The directional derivative of the period function T in the di-
rection (&) is given by

T(¢) s
AT(E4)(€) = —||F(©)| / {ﬁ[2n||f||—curlf]}(m(&))exp ( / divf(@(&))dt) s

and the subharmonic Melnikov function is given by

M) = M(mn,£,g,€) = / " exp {— / div £(64(£)) ds}f«m(g)) A g(60(6). 1) dt.

Proof. We have
§(€,€) =P(£,0) — £+ P(£,0)e + O(€7).
For ¢ on the resonant orbit I'; §(£,0) = 0 and, as we have seen,
d
DH(E 0)(£() = TP@(©.0)] ~£(€) =0.
t=0

Thus, £ — D6(&,0) is not invertible and we can not use the Implicit Function Theorem
directly. However, the Lyapunov—Schmidt reduction can be employed. First, we apply
the Implicit Function Theorem to the tangential projection 7. For this, let £ € I' and
compute the directional derivative of £ — 7(¢,0) in the direction f* to obtain

dr(£,0)(f4(€)) = (DS(E,0)f*(€),£(€)) + (5(¢,0), DE(OF(6)) -
Since §(£,0) = 0 on I, the formula for this derivative reduces to
dr(€,0)(£*(€)) = (D5(£,0)£4(6),£(£)) -
In order to compute D§(E,0)f+(€), recall
DP(&,0)f4(€) = Dy (E)F(€)

and let V be as defined in Diliberto’s Theorem. Since both

1
IE(I?

t = Dy (€) £(¢) and t = V(t,£,)
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are solutions of the homogeneous variational equation for the unperturbed system
2 = f(x) along the trajectory t — ¢;(£) satisfying the same initial condition, the two
functions are equal and we have

D (OF-(6) = |[EE)|2V (mn) = |[£(E)]? {a(mn)f(f) t Hﬁf((g’ﬁl fl(g)} |

In view of the representation of the period function given in the Variation Lemma
and the nonhyperbolicity of I', this formula can be expressed more concisely as

Dy (O)F(€) = — [mdT(£)(€)] £(6) +£(&)

and, in turn, we have a simple expression for the directional derivative of ¢ :
Dé(&,0)f*(€) = (DP(£,0) — DEH(€) = — [mdT(&)(£(€))] £(£).

Taking the inner product with f(£), we find the required directional derivative of T to
be

dr(€,0)(£"(§)) = —m [I£(€)I]” dT (€)(£*(€)) # 0.

Now, by an application of the Implicit Function Theorem to the function 7, we con-
clude there is a smooth two dimensional surface S in the (&, €)-space passing through
the curve I' x 0 such that 7 vanishes on S. Since, in addition, for £ € I' we have

dr (&, 0)f(§) = (DP(E,0) — DE(E), £(€)) =0,

S is transverse to the section ¥ and I' C S.

To complete the reduction we restrict our attention to the manifold S. To be
more precise, we consider a neighborhood of the point (£y,0) on I'. There is a local
coordinate chart (U, py) on S such that U is a product neighborhood in R x R and
oy : U — S CR2 x R is a smooth function that can be taken to have the form

¢U(07 6) = (¢(07 6)) 6)'

Here the image of the function 8 — ¢(6,0) is contained in I" and ¢(0,0) = &. Now,
we can view the restriction of the radial projection p to S, ps, as the function defined
by

ps(8,€) = p(pu(8,¢)).

Since ps(6,0) = p(p(6,0),0) = 0, the restriction of p, represented locally by its Taylor
polynomial with remainder, has the form

ps(6,€) = pr(B)e + O()

on a product neighborhood of the origin in the (6,¢)-space. The first order Taylor
coefficient is given by

1(6) = T(9,0) = dp(o(6,0),0)(5.(6,0)) + . (5(6,0),0).

But, for ¢ € T', a computation similar to the computation made above for dr shows

dp(&,0)(£(€)) = dp(&, 0)(£(€)) = 0.
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Thus, dp(€,0) =0 and

pl(e) = pE((p(a)O): 0) = M(@(G,O))

The hypothesis M (&) = 0 but dM (&)(f(&)) # 0 implies p1(0) = 0 and pf (0) # 0.
Thus, there is an €y > 0 and a smooth function oy defined for |e| < €p, with range in
the #-space, such that ps(og(e€), €) = 0. If we define o(€) := (¢(00(€),€),€), then

and we have 6(o(¢€), €) = 0 as required to prove the reduction.
For the identification, the derivative of the period function can be computed
directly from the Variation Lemma. In fact,

dT (£4)(€) = ~[If(©)* AT (), £, ).

The proof will be complete when we identify the Melnikov function. To do this, we
compute p.(£,0) as follows:

Pe (f: 0) = <66(£) 0)7 £ (£)>
= <Pe(§v 0)7 fL (£)>
= <Xe (mna 57 O)v fL (5)) .

But, x.(t,&,0) is the solution of the variational initial value problem

W = Df(6,(§))W + g(¢¢(€),t), W(0)=0.

By the Variation Lemma, this solution is given by

Xe(mn, §,0) = BEM(&ug (§)  (mod £).

Using the fact that 8(§) = 1 and substitution of this expression into the formula for
pe(€,0) we obtain the desired result. O

When I is hyperbolic, the result is similar to the last theorem only the formulas
for the partial derivatives of the perturbation series are more complicated. In order to
state our bifurcation theorem in this context, we again consider the system FE. given
by

x = f(x) + eG(x,t,€), x ER?, e €R

where the external excitation G is periodic of period 5 in its second variable. We
assume the unperturbed system, x = f(x), has a limit cycle I' whose period is in
resonance with the period of the forcing function. In fact, we assume the period of T’
is mn/n for m and n relatively prime positive integers.

Before stating our theorem, we pause to recall a trivial but important fact. If
the limit cycle of the unperturbed system is hyperbolic, it is structurally stable in the
class of plane vector fields. When we consider the forced oscillator on the manifold
R? x S', the three dimensional system of differential equations has, for ¢ = 0, a
normally hyperbolic torus corresponding to the limit cycle. The flow on this torus
will be periodic or quasiperiodic depending on whether or not the resonance condition
is satisfied. But, in either case, the orbits corresponding to the limit cycle will no
longer be structurally stable; the stability of the limit cycle has been “transferred to
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the torus”. In the resonant case, if we consider the appropriate iterate of the Poincaré
map, we will have the Poincaré map reduced to the identity on the torus. Thus, it
is natural to ask if any of the fixed points of the Poincaré map, corresponding to the
points on the limit cycle, survive after perturbation as fixed points or higher order
periodic points of the Poincaré map, i.e., if any periodic solutions survive as harmonic
or subharmonic solutions of the forced oscillator.

For our bifurcation result, the definitions of the Poincaré section X, the param-
eterized Poincaré map P and the displacement function § remain unchanged. We
consider f and G fixed, with

G(x,t,¢) = g(x,t) + egr(x, t,€),

and, for notational convenience, when we refer to the functions a, 3, M and N
with the single argument ¢, we understand that the remaining arguments are fixed at
t = mn, f and g. In order to obtain our bifurcation result, a correction term must be
added to the subharmonic Melnikov function. In fact, the new function we require is
defined by

C(&) =1 = BN + aM] (&)

We call C the subharmonic bifurcation function. The next theorem applies either when
I" is hyperbolic or when, at the bifurcation point, the derivative of the transit time
does not vanish.

THEOREM 4.3 (Limit Cycle Subharmonic Bifurcation Theorem). Let E. denote
the parameterized family of differential equations

x = f(x) + eg(x,t) + €gr(x,t,€), x € R?, e € R,

such that Ey has a limit cycle T' whose period is in resonance with the n-periodic
external force G(x,t,€) := g(x,t)+egr(x,t,€), i. e. , there are relatively prime natural
numbers m and n such that the period of T' is mn/n. If T is hyperbolic and { € T
is a simple zero of the subharmonic bifurcation function C, i. e. , C(§) = 0 and
dC(£)(&) # 0, then £ is a subharmonic branch point. Also, if £ € T is a simple zero of
the subharmonic bifurcation function and if a(§) # 0, then £ is a subharmonic branch
point.

Proof. With the projections p and 7 defined exactly as before and with £ € T, we
have

dr (g, )(@D
dp(&,0)(£(£))

dr(€,0)(£4(¢

«DP( ) DEE),£(§)) =0,
((DP(€,0) = D), £ () =0,

<||f||2 {af+ |f||2fL} - faf> © = [lIEll*a] (©),
dp(€,0)(F(6)) = <||f||2 {af+ Hfﬁpfl} - f%fL> © = [lIF112(3 - D] (©).

Thus, there are two choices. If T' is hyperbolic, then 8 # 1 and we can apply the
Implicit Function Theorem to the radial projection to obtain a manifold S transverse
to X such that p is identically zero on S and such that I' C S. If, on the other hand,
a(§) # 0, there is a manifold S, defined locally in a neighborhood U of (£,0), such
that 7 is identically zero on S, § is transverse to XNU and 'NU C S. In both cases,
the local coordinates are given by

(6,€) = (#(6,€),¢)
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with ¢(#,0) = £. Thus, in the hyperbolic case we can restrict 7 to S and obtain the
representation

7s(0,¢€) == 11 (8)e + O(€?)
while in case a(§) # 0, we restrict the projection p to S to obtain
ps(@,€) = pr(B)e + O().

The reduction portion of the theorem is the content of the following propositions: In
the hyperbolic case, a simple zero of # — 71(f) is a subharmonic branch point, while
in the case a(§) # 0, a simple zero of # — p;(6) is a subharmonic branch point.

We will complete the proof by identification of the functions 7 and p;. For this,
note that

71(6) = 5(6,0) = dr(p(6,0), 0)(¢ (6, 0)) + 72(5(6,0),0)
= dr(€,0)(pc(6,0)) +7:(6,0)
and
1(6) = T2.(9,0) = dp((6,0),0)(4. (0, 0)) + p.(o(6,0),0

=dp(&,0)(pe(8,0)) + pe(€,0).

As in the last computation of the previous theorem, using the Variation Lemma and
remembering that 3(£) may not be unity, we find

7e(&,0) = [[f][*(N + aM)(&), pe(£,0) = (BM) (£).

To compute the other terms we observe that ¢(6,¢) € X. Hence, the vector field ¢,
can be expressed as a linear combination of f and f+ evaluated at ¢(#,¢€). In fact,
there are scalars a and b (perhaps different in the two cases) such that

pe(8,0) = af(€) + bf (&)
Moreover, since both d7(&,0)f(£) = 0 and dp(£,0)f(£) = 0 we have

dr(€,0)¢.(0,0) = bl|f]|*a(€), dp(€,0)c(8,0) = [b(5 — D)|IF] ] (€).
Now, after substitution, we obtain
n1(6) = [BlIE||*a + [[E|P WV + aM)] (), p1(8) = [b(8 = DI + BM] (€)

and it suffices, in each case, to compute b. For this, we recall that on S, in the
hyperbolic case,

p(p(0,€),6) =0
SO
dp((6,0),0)(c(8,0)) + pe(4(6,0),0) =0

and we have

bdp(€,0)f4(6) = —pe(€,0).
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Thus, we can solve for b to obtain

b= __PM
|I£][2(1 = 8)
and, after substitution into the last formula for 7, we compute
R
n(0) = 7 — 5 (1= BN + aM](6).
In case a(&) # 0, the proof is the similar. We find
p __ T(&0)
IE(E)]|* ()
and
1

p1(0) = —[(1 = BN +aM] (6)

as required. O

We have just considered subharmonic bifurcation from periodic trajectories of
our unperturbed system in the most degenerate case, when the unperturbed system
has an isochronous center, and in the least degenerate case, when the kernel of the
space derivative of the displacement function at the unperturbed periodic orbit I is
one dimensional. A bifurcation theory for the cases of intermediate degeneracy can
be carried out quite generally using our methods. However, since computation of the
higher order derivatives which appear in the analysis increase in complexity, we are
content to illustrate the analysis in the least degenerate of the remaining cases. For
this, it should now be clear that there are two possibilities depending on whether or
not [ is a limit cycle. If T is not a limit cycle, it belongs to a period annulus. This
means 3(£) = 1 for € in this period annulus and the degenerate case is @(£) = 0 but
da()fH(€) # 0 for € € T, i.e., the derivative of the period function vanishes on T’
but its second derivative does not vanish. This case has been treated by different
methods when the unperturbed system is Hamiltonian in [38] and in a more abstract
setting in [24]. In case I' is a nonhyperbolic limit cycle, say for £ € T, [(¢) =1
but dB(&)f(€) # 0, we already know the bifurcation is not degenerate at a point
& € T where a(€) # 0. So the bifurcation is degenerate when this is not the case, i.e.,
when T is a nonhyperbolic limit cycle of multiplicity 2, cf. [1, p.272], which contains
points where the derivative of the transit time map on orthogonal sections vanishes.
For these cases there is the possibility that more than one family of subharmonics is
found near a subharmonic branch point. We will say £ € T is a subharmonic branch
point with n-branches if there is an ¢y > 0 and distinct (germs of) curves (at € = 0),
€ — or(e); k =1,...,n, each defined either for ¢y < € < 0, or for 0 < € < €, and
each with image in the section X, such that 04 (0) = £ and §(oy(€),€) = 0. The next
theorem gives the result for the case of the period annulus.

THEOREM 4.4 (Order 2 Subharmonic Bifurcation Theorem). Let E. denote the
parameterized family of differential equations

x =f(x) +eg(x,t) + €gr(x,t,€), x e R?, e € R,

such that Eo has a period annulus A and a periodic trajectory T' C A that is in
resonance with the n-periodic external force G, i. e. , there are relatively prime natural
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numbers m and n such that the period of T is mn/n. If T is critical (a(§) = 0) and if
& €T is a simple zero of the subharmonic Melnikov function, such that

N(&)da(OF(£) #0,

then £ is a subharmonic branch point with two branches. Moreover, these two branches
exist only in the direction of € such that

eN (&)da(©)F(€) < 0.

Proof. Fix £ € T, let t — ¢ denote the flow of & = f(z), let s — 5 denote
the flow of & = f'(z), and consider the local coordinates defined at (£,0) by the
transformation

(S,t,e) - (/‘/}s (‘bt(f)) 76) .
In these coordinates we have
7_loc(f”; t, e) =T ("/}s (¢t (E)) >€) .

However, for notational convenience, we will write 7 for 77,.. Using this convention,
we see immediately that 7(0,¢,0) = 0. Also, since

7s(s,8,0) = [If (s (3e(O)) [|*ax (95 (6:(€))) ,
we have
73(0,4,0) = [I£ (60(6)) [[*a (6:(€)) = 0
and, for each t € R, we compute
75 (0,£,0) = |[£ (6(6)) |[*da (61(6)) £ (64(£)) # 0.
By an application of the (Weierstrass) Preparation Theorem,
7(s,t,€) = (a(t,€) + b(t, €)s + s°) u(s, t,€)
for functions a, b and u, of the indicated variables, which satisfy
a(t,0) =0, b(t,0) =0, u(0,t,0) #0.
In particular, there are functions ¢ — a(t) and ¢ — by (t) such that
a(t,e) = ai(t)e + O(€?), b(t,e) = by (t)e + O(€?)

and we have 7(s(t,¢€),t,¢) = 0 for s(¢,€) denoting one of the two roots

—b(t,€) £ /—dai(t)e + O(e?)
2

of the Weierstrass polynomial. Now, if a; (0) # 0, there is a branched surface S with
exactly two branches along I' in the direction of € such that a;(0)e < 0. In fact, for
each root there is a locally defined “surface” given by

(t,€) = (s(t;€),t,€)
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that contains I and is such that 7(s(t,€),t,€) = 0.
To identify the quantity a1 (0), we first compute

7¢(0,0,0) = a.(0,0)u(0,0,0) = a1 (0)u(0,0,0).
But, in addition, we know
7:(0,0,0) = 7e(&,0) = [N + aM)|[][*] (€) = |IEEIPN(€)
and
I£(E)|*da(&)F* (€) = 745(0,0,0) = 2u(0, 0, 0).
Thus, after substitution, we obtain

()
EGIRZGEG)

and we see there will be a real branched surface with two branches provided

ay (0)

eN (&)da(©)F(€) < 0.

Next, as before, we consider the restriction of the projection p to S. However,
here there is a slight difference from our previous arguments because the function s
is not necessarily smooth at ¢ = 0. To overcome this difficulty we must incorporate
the Puiseux series for our expansion of s in powers of €. In the quadratic case this
is quite simple. In fact, under our hypothesis that a;(0) # 0, there exits a function
(t,¢) — s*(t,(), analytic at (0,0), such that

s(t,e) = s*(t,e).

When we restrict the projection p to the corresponding branch of S, we have a function
(t,¢) — p*(t, (), analytic at (0,0), defined by

p*(t,C) = proc(s™(t, (), t, CQ)
with
pPs (t7 6) =p" (t7 \/E)
Now, using the definition of p,

Proc(8,t,€) := p (s (¢ (§)) €,

but henceforth writing p for p;,., we obtain from previous computations, p(0,t,0) = 0,
and

ps(s,t,0) = dp(s,t,0)f* (s, ) = —[|£(s,)|*(1 — B(s, 1)) = 0.
A calculation using these facts and the chain rule yields pg(¢,0) =0 and

p¢c(t,0) = 2p(0,2,0) = 263 (64(£)) M (¢:(£)) -

Thus, we have the representation

Pt Q) = p2(t)C* + O(C?)
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with po(t) = M (¢:(£)) and we see that if £ is a simple zero of the Melnikov function,
then ¢ = 0 is a simple zero of py and the Implicit Function Theorem applies to show
the existence of a curve { — o((), analytic at ( = 0, and such that p*(c(¢),¢) =0. It
follows that

ps(0(V/e).0) = p” (o(v/), V) =0

and therefore t = o(v/e), i.e.,

€ = Yy(o(v/)0) ($o(ve) (§)

is the desired branch of subharmonics at £ € I'. O
THEOREM 4.5 (Order 2 Limit Cycle Subharmonic Bifurcation Theorem). Let E,
denote the parameterized family of differential equations

x = f(x) + eg(x,t) + €gr(x,t,¢), x € R?, e € R,

such that Eo has a periodic trajectory I' C A that is in resonance with the n-periodic
external force G, i. e. , there are relatively prime natural numbers m and n such that
the period of T is mn/n. If £ € T is such that following three conditions are satisfied:

(i) a(§) = 0 and B(§) = 1, (ii) either M(§)dB(E)f(€) # 0 or N(§)da(§)f*(€) # 0,

and (iii) £ € T is a simple zero of the bifurcation function

D := N(£)dB(E)FH (&) — M(&)da(OF*(6),

then £ is a subharmonic branch point with two branches. Moreover, these two branches
exist, in case M(&)dB(&)FL(€) # 0, only in the direction of € such that

eM(E)dBE)F (&) <0
and, in case N'(&)da(&)f+(€) # 0, only in the direction of € such that

eN (&)da(©)F(€) < 0.

Proof. The proof of this theorem follows exactly the same logic as the proof of the
last theorem with only a few complications. The Preparation Theorem is applied in
turn to both projections p and 7, but the proof in both cases is the same. Also, using
the notation developed in the proof of the last theorem, we must deal with the fact
that neither ps;(0,0,0) nor 755(0,0,0) must vanish. For example, in the computation
of 77, we obtain

72:(0,0) = 745(0,0,0)[s£(0, 0)]* + 27.(0,0,0).

So, we must compute s¢ (0,0). However, using the quadratic formula and the definition
of s* it is clear that

[s£(0,0)]* = —ax(0),

with the quantity a;(0) computable as before. Thus, by similar, but slightly more
complicated computations, the theorem can be proved by computation of the bifur-
cation derivatives in terms of a, 3, M, and N/. 00
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We end this section with an important remark on detuning. For this, consider a
parametrized family of differential equations E. given by

x =f(x) + eG(x,t,€), x€R?, e € R,

where Fy has a periodic trajectory I'. Up to now we have assumed the period 5 of the
excitation t — G(x,t,¢€) is in resonance with the period of I'. However, this condition
can easily be relaxed in our analysis. In fact, we can assume merely that the period
of the excitation is given by an expression of the form 7 + ke + O(€?). In this situation
the parameter k € R is called a detuning. When detuning is introduced, we retain our
resonance assumption that the period of T' is equal to mn/n and simply reformulate
the analysis in terms of an appropriate Poincaré map, namely

P(¢,€) = x(mn + mke + O(€%), €, €),

where x(t,£,¢€) is the solution of E, with x(0,¢&,¢) = £. Clearly, all the derivatives
of P with respect to the space variable £ reduce to previously computed expressions
when evaluated at e = 0. On the other hand, we have

P (£,0) = x(mn, &, 0)mk + x.(mn,§,0)
= mkf(&) + [NV + aM)f + BMug.] (€)

= |((mk + N) + aM)f + ﬁﬁ/\/lfL (©)-

Thus, all previous statements of theorems and formulas for derivatives remain valid
in the case of a detuning when we replace each occurrence of N with mk + N

5. Examples. As a first example to illustrate the use of the Limit Cycle Sub-
harmonic Bifurcation Theorem, we consider the nonlinear system given by

i=—y+a(l-a"—y°) +eq(zy,t), g=z+y(l—2°—y°) +ega(z,y,t)

where G(z,y,t) := (g1(z,y,t), 92(z,y,t)) is t-periodic of period 1 := 27n/m for some
relatively prime positive integers n and m. Also, we denote the associated vector
field of the unperturbed system by x. This vector field is chosen to have a simple
representation in polar coordinates,

i =r(l—r?), f=1

and a unique hyperbolic limit cycle ' of period 27 on the unit circle. In fact the
integral curve of x corresponding to I' and starting at & := (§;,&) with |£] = 1 is
given by

x(t) = & cost — & sint, y(t) = & sint + & cost.

For this example, we compute a(t) = 0 on I'. Thus, the bifurcation function is

C(&) = [(1 - AN (€) = (1 — e 2m) / " rga(@,y,t) — yor (. 1) de.

If we specify the forcing function, we can now determine the existence of subhar-
monic branch points. For example, if

91(t) = acost + bsint, g2(t) = ccost + dsint
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we compute

C() =nm (1-e™""7) ((c = D)1 — (a+ d)é2)

and we see there are generically two subharmonic branch points at the intersection
of the unit circle with the line (¢ — b)¢; — (a + d)& = 0. For an example where the
excitation depends on the space variables, we take

t t
gl(w7y7t) :axcosi, 92($:yat) :by31n§

and compute, taking n =1,

s (b—a)(1—e™") (&4 - &)(& + &).

C) =1

Thus, there are four subharmonic branch points corresponding to the intersections of
the lines

& —& =0, &1+&=0

with the unit circle.

In the above example we are able to give a complete mathematical analysis of
the subharmonic response of a system whose free oscillation is a limit cycle when
the system is subjected to a resonant periodic external excitation. We are not able
at present to give a similar rigorous mathematical analysis for a model equation
which arises from a physical problem. However, we have been successful in applying
the theory using numerical experiments. To illustrate this, we consider the example
mentioned in the introduction of a forced van der Pol oscillator. In fact, we consider
the system

Uw=uv

b= —u+6(1—u’)v

T=TY

y=1(—z +6(1 — 2%)y) + eu,

where 7, § and € are real parameters. Here, we view
T =TY, g =1(—z+6(1—2%y)

as the unperturbed system. It has, for § > 0 and 7 > 0, a stable limit cycle as its free
oscillation. If, in addition, 7 is a rational number and € # 0, then the zy-system is
perturbed by a periodic external stimulus provided by the periodic output ¢ — wu(t)
of the uv-system, a second van der Pol oscillator running in resonance. To find the
number and the positions of the subharmonic branch points where, for sufficiently
small €, families of subharmonic solutions of the perturbed oscillator emerge, we must
find the simple zeros of the subharmonic bifurcation function C along the unperturbed
limit cycle. Here, we are restricted by the lack of explicit analytic expressions for the
solutions of the unperturbed system near its stable limit cycle. Thus, we have re-
sorted to numerical experiments in order to suggest the actual subharmonic response.
One can compute the graph of the bifurcation function C numerically to obtain the
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subharmonic branch points for various choices of the parameters. A typical graph of
this type is depicted in Figure 1 of the introduction.

Our final example is an application of the Order 2 Limit Cycle Subharmonic
Bifurcation Theorem. For this, consider the system E. given by

&=y —a(l— 22 —y?)? — ecost, y=—x—y(l—2>—y*?+esint.
which has the form
x = f(x) + eg(t).

Here, the unperturbed system has a (semi-stable) multiplicity 2 limit cycle I on the
unit circle. The corresponding integral curve of Ey starting at & := (&, &) is

z(t) = & cost + Easint, y(t) = =& sint + & cost.
To apply the theorem, we define r := /22 + y2, and compute

divf(z,y) = —2(r* = 1)(3r* = 1)
curlf(z,y) = -2

2 —6r* +8r6 — 3r8
2 —4r2 + 67t — 476 4 8"

26/f](z,y) = -

Then, for £ € T, we can compute

a(t,€) =0, da(§)f*(§) =0,
BE) =1,  dB(OF*(§) = —16m.

For example, we have f+(¢) = ¢ and, for any ¢ € R?,

B(C) = exp (/0277 —2(r2 = 1)(3r% = 1) dt) .

Thus,
d
dp(&)E+(€) = dB(€)E = 7P +5)6)
s=0
After the obvious computation, we find
™ dr
dB(E)fH(¢) = -8 —| ot
sor©=-s [ G @

But, since
= —r?(1—1r?)?
we can easily find the variational equation for rs on I' to be
7s = 0.

Also, since r(0,s) = ||(1 + s)&]||, we have 74(0,0) = 1. This means dr/ds = 1 and, in
turn,

dB(&)f*(€) = —16m.
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Next, we find
27
M(E) = / ysint — zcostdt = —2m&;.
0

Thus, the only zeros of M(&) = 0 are on the line §&; = 0. In particular, for ¢ = (£1,0),

M(Q)dB(O)F*(Q) #0.

We also have
27T
D(€) = —167N(() = 167r/ (ycost + xsint) dt = 3272&,.
0

Thus, D has a simple zero along I' at ( and, by the theorem, there will be two branches
of harmonics at the subharmonic branch point ¢. At { = (—1,0) these harmonics exist
for sufficiently small € < 0 while at (1,0) they exist for sufficiently small € > 0.

REFERENCES

A. A. Andronov et. al., Theory of bifurcations of dynamical systems on a plane, John Wiley
and Sons, New York, 1973.
[2] A.A. Andronov, E. A. Vitt, and S. E. Khaiken, Theory of Oscillators, Pergamon Press, Oxford,
1966.
D. V. Anosov and V. I. Arnold, Dynamical Systems I, Encyclopaedia of Mathematical Sciences,
vol. 1, Springer-Verlag, Berlin, 1988.
[4] S. Antman, General solution for plane extensible elasticae having nonlinear stress-strain laws,
Quart. Appl. Math. 26(1968) 35-47.
[5] V. 1. Arnold, Geometric methods in the theory of ordinary differential equations, Springer—
Verlag, New York, 1982.
[6] N. N. Bautin, On the number of limit cycles which appear with the variation of coefficients
from an equilibrium position of focus or center type, Amer. Math. Soc. Transl., 100(1954),
1-19.
[7] T. R. Blows and N. G. Lloyd, The number of limit cycles of certain polynomial differential
equations, Proc. Royal Soc. Edinburgh, 98A(1984), 215-239.

[8] T. R. Blows and L. M. Perko, Bifurcation of Limit Cycles from Centers, Preprint Univ. N.
Arizona, 1990.
[9] C. Chicone, The monotonicity of the period function for planar Hamiltonian vector fields, J.
Diff. Eqns., 69(1987), 310-321.
[10] C. Chicone, On bifurcation of limit cycles from centers, Lecture Notes in Mathematics, 1455
(1991), 20-43.
[11] C. Chicone and F. Dumortier, A quadratic system with a non monotonic period function, Proc.
Amer. Math. Soc., 102(1988), 706-710.
[12] C. Chicone and M. Jacobs, Bifurcation of critical periods for plane vector fields, Trans. Amer.
Math. Soc., 312(1989), 433-486.
[13] C. Chicone and M. Jacobs, Bifurcation of limit cycles from quadratic isochrones, J. of Differ-

ential Equations, 91(1991), 268-327.

[14] C. Chicone and M. Jacobs, On a computer algebra aided proof in bifurcation theory, Computer
Aided Proofs in Analysis, K. Meyer and D. Schmidt Eds., IMA Volumes in Mathematics
and Its Applications, Springer-Verlag, New York, 28(1991), 52-70.

[15] S. N. Chow and J. K. Hale, Methods of Bifurcation Theory, Springer-Verlag, New York, 1982.

[16] S. N. Chow and D. Wang, On the monotonicity of the period function of some second order
equations, Casopis pro péstovani matematiky, 111(1986), 14-25.

[17] S. N. Chow and J. Sanders, On the number of critical points of the period, J. Differential
Equations, 64(1986), 51-66.

[18] H. T. Davis, Introduction to Nonlinear Differential and Integral Equations, Dover, New York,
1962.

[19] G. Dangelmeyer and J. Guckenheimer, On a four parameter family of planar vector fields,
Arch. Rat. Mech. Anal., 97(1987), 321-352.

31



S. P. Diliberto, On systems of ordinary differential equations, in Contributions to the Theory
of Nonlinear Oscillations, Annals of Mathematics Studies, Vol. 20, Princeton University
Press, Princeton, 1950.

J. Guckenheimer and P. Holmes, Nonlinear oscillations, dynamical systems, and bifurcations
of vector fields, second ed., Springer—Verlag, New York, 1986.

P. Hagadorn, Non-Linear Oscillations, second ed., Clarendon Press, Oxford, 1988.

J. Hale, Ordinary Differential Equations, Wiley, New York, 1969.

J. Hale and P. Taboas, Bifurcation near degenerate families, Applicable Analyis, 11(1980),
21-37.

C. Hayashi, Nonlinear Oscillations in Physical Systems, McGraw-Hill, New York, 1964.

P. J. Holmes, Domains of Stability in a Wind Induced Oscillation Problem, Trans. ASME J.
Applied Mech., 46(1979), 672-676.

S. Lefschetz, Differential equations: geometric theory, second ed., Dover, New York, 1977.

N. G. Lloyd, Limit cycles of polynomial systems, some recent developments, New Directions
in Dynamical Systems, LMS Lecture Notes, Series No. 127, Cambridge University Press,
1988, 192-234.

C. Li and C. Rousseau, Codimension 2 symmetric homoclinic bifurcations and applications to
1:2 resonance, Preprint, Université de Montréal, 1988.

M. W. McLachlan, Ordinary Non-Linear Differential Equations in Engineering and Physical
Sciences, second ed., Oxford Univ. Press,Oxford, 1958.

V.K. Melnikov, On the Stability of the Center for Time Periodic Perturbations, Trans. Moscow
Math. Soc., 12(1963), 1-57.

N. Minorsky, Nonlinear Oscillations, Van Nostrand, New York, 1962.

W. E. Olmstead and D. J. Mescheloff, Buckling of a nonlinear elastic rod, J. Math. Anal. Appl.,
46(1974), 609-634.

A. H. Nayfeh and D. T. Mook, Nonlinear Oscillations, Wiley, New York, 1979.

L. M. Perko, Global Families of Limit Cycles of Planar Analytic Systems, Trans. Amer. Math.
Soc., 322(1990), 627-656.

R. H. Rand and P. J. Holmes, Bifurcation of Periodic Motions in Two Weakly Coupled Van
der Pol Oscillators, Int. J. Non-Linear Mechanics, 15(1980), 387-399.

J. W. Reijn, A bibliography of the qualitative theory of quadratic systems of differential equa-
tions in the plane, Technical Report 89-71, Faculty of Tecnical Mathematics and Infor-
matics, Delft University of Technology, The Netherlands, 1989.

F. Rothe, The energy-period function and perturbations of Hamiltonian systems in the
plane Oscillation, Bifurcation and Chaos, Canadian Math. Soc., Conference Proceedings,
8(1987), 621-635.

C. Rousseau, Bifurcation methods in quadratic systems, Canadian Mathematical Society Con-
ference Proceedings, 8(1987), 637-653.

R. Schaaf, A class of Hamiltonian systems with increasing periods, J. fiir die Reine und Ange-
wandte Math., 363(1985), 96-109.

J. J. Stoker, Nonlinear Vibrations, Wiley, New York, 1950.

S. W. Wiggins, Global Bifurcations and Chaos, Springer-Verlag, New York, 1988.

S. W. Wiggins, Introduction to Applied Nonlinear Dynamical Systems and Chaos, Springer-

Verlag, New York, 1990.

H. Zotadek, Abelian integrals in non—symmetric perturbation of symmetric Hamiltonian vector

fields, preprint, Warsaw University, 1988.

32



