LECTURES ON RESOLUTION OF SINGULARITIES
2008/2009 WORKSHOP AT IIT, MADRAS

STEVEN DALE CUTKOSKY

1. SMOOTHNESS, NON-SINGULARITY AND RESOLUTION OF SINGULARITIES

We begin by stating some foundational results of Zariski [32]. Proofs may be found in
[32], Chapter 2 and the Appendix to [11], or in other sources.

Definition 1.1. Suppose that X is a scheme. X is non-singular at P € X if Ox p is a
regular local ring.

Recall that a local ring R, with maximal ideal m, is regular if the dimension of m/m?
as a R/m vector space is equal to the Krull dimension of R.

For varieties over a field, there is a related notion of smoothness.

Suppose that K[z1,...,zy] is a polynomial ring over a field K, fi,..., fi, € K[x1,...,2,].
We define the Jacobian matrix

of ... O
o1 OTn

J(fi2)=Jd(f1, s fm; @1, Xy) = : € Klxy,...,zp]™".
0x1 OTn

Let I = (f1,..., fm) be the ideal generated by fi,..., fin, R = K[x1,...,z,]/I. Suppose
that P € spec(R) Let K(P) be the residue field of Ox p. We will say that J(f;z) has
rank [ at P if the image of J(f;x) in K(P)™" has rank .

If A is a square matrix, we will denote the determinant of A by |A].

Definition 1.2. Suppose that X is a variety of dimension s over o field K, and P € X.
Suppose that U = spec(R) is an affine neighborhood of P such that R = Klx1,...,x,]/1
with I = (f1,..., fm). Then X is smooth over K if J(f;x) has rank n — s at P.

This definition depends only on P and X and not on any of the choices of U, = or f.

Theorem 1.3. Let K be a field. The set of points in a K-variety X which are smooth
over K is an open set of X.

Theorem 1.4. Suppose that X is a variety over a field K and P € X.

1. Suppose that X is smooth over K at P. Then P is a non-singular point of X.
2. Suppose that P is a non-singular point of X and K(P) is separably generated over
K. Then X is smooth over K at P.

Corollary 1.5. Suppose that X is a variety over a perfect field K and P € X. Then X
18 non-singular at P if and only if X is smooth at P over K.

The first author was partially supported by NSF.
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Proof. This is immediate since an algebraic function field over a perfect field K is always
separably generated over K (Theorem 13, Section 13, Chapter II, [34]). O

In the case when X is an affine variety over an algebraically closed field K, the notion
of smoothness is geometrically intuitive. Suppose that X =V (I) = V(f1,..., fm) C A%
is an s-dimensional affine variety, where I = (f1,..., fim) is a reduced and equidimensional
ideal. We interpret the closed points of X as the set of solutions to fi = --- = f,, =0
in K. We identify a closed point p = (a1,...,a,) € V() C A, with the maximal ideal
m=(r1—ay,...,Tn —ay) of K[x1,...,2,]. For 1 <i<m,

fi = fi(p) + L; mod me
where

aii (p) (x5 — aj).

Li =
j=1

fi(p) = 0 for all i since p is a point of X. The tangent space to X in A’ at the point p is
T,(X)=V(Li,...,Ly) C A.

We see that dim T),(X) = n — rank(J(f;x)(p)). We have that dim 7,,(X) > s and X is
non-singular at p if and only if dim T,,(X) = s.

Theorem 1.6. Suppose that X is a variety over a field K. Then the set of non-singular
points of X is an open dense set of X.

Suppose that X is a K-variety, where K is a field.

Definition 1.7. A resolution of singularities of X is a proper birational morphism ¢ :
Y — X such that'Y is a non-singular variety.

A birational morphism is a morphism ¢ : Y — X of varieties such that there is a dense
open subset U of X such that ¢! (U) — U is an isomorphism. If X and Y are integral
and K(X) and K(Y) are the respective function fields of X and Y, ¢ is birational if and
only if ¢* : K(X) — K(Y) is an isomorphism.

A morphism of varieties ¢ : Y — X is proper if for every valuation ring V' with morphism
a : spec(V) — X, there is a unique morphism [ : spec(V) — Y such that p o § = a. If
X and Y are integral, and K (X) is the function field of X, then we only need consider
valuation rings V' such that K C V C K(X) in the definition of properness.

The geometric idea of properness is that every mapping of a ”formal” curve germ into
X lifts uniquely to a morphism to Y.

One consequence of properness is that every proper map is surjective. The properness
assumption rules out the possibility of ”resolving” by taking the birational resolution map
to be the inclusion of the open set of non-singular points into the given variety, or the
mapping of the non-singular points of a partial resolution to the variety.

We can extend our definition of a resolution of singularities to arbitrary schemes. A
reasonable category to consider is excellent (or quasi-excellent) schemes (defined in IV.7.8
[15] and on page 260 of [27]). The definition of excellence is extremely technical, but the
idea is to give minimal conditions ensuring that the the singular locus is preserved by

natural base extensions such as completion. There are examples of non-excellent schemes
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which admit a resolution of singularities. Rotthaus [30] gives an example of a regular local
ring R of dimension 3 containing a field which is not excellent. In this case, spec(R) is a
resolution of singularities of spec(R).

Suppose that (R, m) is a regular local ring containing a field K of characteristic zero.
Let K’ be the residue field of R. Suppose that J C R is an ideal. We define the order of
J in R to be

vr(J) = max {b| J C m°}.
If J is a locally principal ideal, then the order of J is its multiplicity. However, order and
multiplicity are different in general.

Definition 1.8. Suppose that q is a point on a variety W and J C Ow is an ideal sheaf.
We denote

ve(J) = V@W,q(JOWq).
If X C W is a subvariety, we denote

vg(X) = vy(Zx).
Remark 1.9. If g€ W and J C Ow is an ideal sheaf, then
VOw,q(Jq) = V@W’q(Jq@Wﬂ)'

Suppose that X is a noetherian topological space and [ is a totally ordered set. f :
X — [ is said to be an upper semi-continuous function if for any « € I,

{ee X | flg) > a}

is a closed subset of X.
Suppose that X is a subvariety of a nonsingular variety W. Define

vx : W —=N
by vx(q) = v4(X) for ¢ € W. The order v4(X) is defined in Definition 1.8.

Theorem 1.10. Suppose that K is a perfect field, W is a nonsingular variety over K and
7 is an ideal sheaf on W. Then
ve(Z): W —N

s an upper semi-continuous function.

Suppose that A is a local ring with maximal ideal m. A coefficient field of A is a subfield
L of A which is mapped onto A/m by the quotient mapping A — A/m.

A basic theorem of Cohen is that an equicharacteristic complete local ring contains a co-
efficient field (Theorem 27, Section 12, Chapter VIII [34]). This leads to Cohen’s Structure
Theorem (Corollary, Section 12, Chapter VIII [34]), which shows that an equicharacteris-
tic complete regular local ring A is isomorphic to a formal power series ring over a field.
In fact, if L is a coefficient field of A, and if (z1,...,x,) is a regular system of parameters
of A, then A is the power series ring

A= L[[x1,...,24]]

We further remark that the completion of a local ring R is a regular local ring if and only

if R is regular (c.f. Section 11, Chapter VIII [34]).
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Lemma 1.11. Suppose that S is a non-singular algebraic surface defined over o field K,
p € S is a closed point, m : B = B(p) — S is the blow up of p, and suppose that ¢ € 7 1(p)
is a closed point such that K(q) is separable over K(p). Let Ry = @57;,, and Ry = @B,q;
and suppose that K1 is a coefficient field of Ry, (x,y) are reqular parameters in Ry. Then
there exists a coefficient field Ko = Ki(a) of Re and regular parameters (x1,y1) of R
such that
7AT* . R1 — R2

s the map given by

Z aijx'y’ — Z aij:cilﬂ(m + )’

i,j>0 i,>0
where a;; € Ky, or Ko = Ky and

71 R1 — Ro
1s the map given by
o it
E aijr'y’ — E aijiyy
4,520 4,520

A proof of Lemma 1.11 is given in Lemma 3.5 [11].

Theorem 1.12. Suppose that R is a reduced affine ring over a field K, and A = R,, where
p 1s a prime ideal of R. Then the completion A = R, of A with respect to its mazimal
ideal is reduced.

When K is a perfect field, this is a theorem of Chevalley (Theorem 31, Section 13,
Chapter VIII [34]). The general case follows from Scholie IV 7.8.3 (vii) [15].

Theorem 1.13. (Weierstrass Preparation Theorem) Let K be a field, and suppose that
f e K|[xi,...,xn,y]| is such that

0<r=v(f(0,...,0,y)) = maz{n | y" divides f(0,...,0,y)} < oo.
Then there exists a unit series w in K[[z1,. .., Zn,y]] and non-unit series a; € K|[[x1,...,zy]]

such that
f=uy +ay "+ +a,)

A proof is given in Theorem 5, Section 1, Chapter VII [34].

An important concept in resolution in characteristic zero is the Tschirnhausen transfor-
mation, which generalizes the ancient notion of “completion of the square” in the solution
of quadratic equations.

Definition 1.14. Suppose that K is a field of characteristicp > 0 and f € K|[x1,...,Zn, Y]]
has an expression
f=y +ay "+ ta

with a; € K[[z1,...,2y]] and p =0 or p fr. The Tschirnhausen transformation of f is
the change of variables replacing y with
/ ai
y=y+—.
,

f then has an expression

f: (y’)T+b2(y')T_2+'--+br
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with b; € K|[x1,...,zy]] for all i.

Definition 1.15. Suppose that W is a nonsingular variety over a perfect field K and
X C W is a subvariety.
For b € N, define
Singy(X) = {qg € W | vg(W) = b}.
Sing,(X) is a closed subset of W by Theorem 1.10. Let
r = mar{vx(q) | ¢ € W}.

Suppose that q € Sing,.(X). A subvariety H of an affine neighborhood U of q in W is
called a hypersurface of mazximal contact for X at q if

1. Sing,(X)NU C H and
2. If
w,o... w3 w
1s a sequence of monoidal transforms such that for all i, m; is centered at a non-
singular subvariety Y; C Sing,(X;), where X; is the strict transform of X on W;,
then the strict transform H; of H on U; = W; xw U (which is nonsingular) is such
that Sing,(X;) NU; C H; for 1 <i < n.
With the above assumptions, a nonsingular codimension one subvariety H of U =

spec(@qu) s called a formal hypersurface of maximal contact for X at q if 1. and 2.
above hold for U = spec(Ow,).

2. BLOW UPS OF IDEALS

Suppose that X is a variety, and J C Ox is an ideal sheaf. The blow up of 7 is
m:B=B(J)=proj(PI") — X.
n>0
B is a variety and 7 is proper. If X is projective then B is projective. 7 is an isomorphism
over X — V(J), and JOp is a locally principal ideal sheaf.
If U C X is an open affine subset, and R =TI'(U,Ox), I =T'(U,J) = (f1,-.., fm) C R,
then

U = B(I) = proj @ 1)

n>0
If X is an integral scheme, we have
PrOJ(@I ) = Ui:lspec(R[?l'7 e T])

n>0

Suppose that W C X is a subscheme with ideal sheaf Zy on X.
The total transform of W, 7*(W) is the subscheme of B with the ideal sheaf

Toeawy = IwOp.
Set theoretically, 7*(W) is the preimage of W, 7= 1(W).
Let U = X — V(J). The strict transform W of W is the Zariski closure of 7= {(W NU)
in B(J).
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The strict transform has the property that
W = B(JOw) = proj((TOw)")
n>0
This is shown in Corollary I1.7.15 [16].

Theorem 2.1. (Universal property of blowing up) Suppose that T is an ideal sheaf on a
variety V and f : W — V is a morphism of varieties such that ZOy is locally principal.
Then there is a unique morphism g : W — B(Z) such that f =7 og.

This is proven in Proposition I1.7.14 [16].

Theorem 2.2. Suppose that C' is an integral curve over a field K. Consider the sequence
(1) ~--—>C'n@>-'-—>0120

where Cpy1 — Cy is obtained by blowing up the (finitely many) singular points on C,,.
Then this sequence is finite. That is, there exists n such that C,, is non-singular.

Proof. Without loss of generality, C' = spec(R) is affine. Let R be the integral closure of R
in the function field K(C) of C. R is a regular ring. Let C = spec(R). All ideals in R are
locally principal (Proposition 9.2, page 94 [4]). By Theorem 2.1, we have a factorization

C—-C,—-—C—C

for all n. Since C' — C is finite, Cj;1 — C; is finite for all i, and there exist affine rings
R; such that C; = spec(R;). For all n we have sequences of inclusions

R— R — - —R,— R

R; # R;4 for all i since a maximal ideal m in R; is locally principal if and only if (R;),
is a regular local ring. Since R is finite over R, we have that (1) is finite. O

Corollary 2.3. Suppose that X is a variety over a field K and C is an integral curve on
X. Consider the sequence

m ™
s X, B X, == XX

where w1 is the blow up of all points of X which are singular on the strict transform Cj
of C on X;. Then this sequence is finite. That is, there exists an n such that the strict
transform C, of C is non-singular.

Proof. The induced sequence
of blow ups of points on the strict transform C; of C' is finite by Theorem 2.2. U

Theorem 2.4. Suppose that V. and W are varieties and V- — W is a projective birational
morphism. Then V = B(Z) for some ideal sheaf T C Oy .

This is proved in Proposition I1.7.17 [16].
Suppose that Y is a non-singular subvariety of a variety X. The monoidal transform
of X with center Y is 7w : B(Zy) — X. We define the exceptional divisor of the monoidal

transform 7 (with center Y) to be the reduced divisor with the same support as 71 (Y).
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In general, we will define the exceptional locus of a proper birational morpism ¢ : V —
W to be the (reduced) closed subset of V' on which ¢ is not an isomorphism.

3. EXERCISE SET 1.

1. Suppose that K is an algebraically closed field, and f € K[z1,...,x,] is irreducible.
Let X = V(f) C A%. Show that ¢ € X is a nonsingular point if and only if
v¢(X) = 1. Generalize this result to the case of an irreducible hypersurface X
embedded in a regular scheme.

2. Let K be an algebraically closed field, and X be the affine surface

X = spec(K[a, y, 2|/ (zy — 22)).

Let Y =V(z,2) C X, and let 7 : B — X be the monoidal transform

centered at the non-singular curve Y. Show that 7 is a resolution of singularities.
Compute the exceptional locus of m and compute the exceptional divisor of the
monoidal transform 7 of Y.

3. Let K be an algebraically closed field, and X be the affine 3-fold
X = spec(K [z, y, 7 w)/(zy — 2w)).

Show that the monodial transform 7© : B — X with center Y is a resolution
of singularities in each of these cases, and describe the exceptional locus and
exceptional divisor (of the monoidal transform): Y=V((x,y,z,w)), Y=V((x,2)),
Y=V((y,z)). Show that the monoidal transforms of the second and third case
factor the monoidal transform of the first case.

4. Consider the curve y> — 2% = 0 in A%(, over an algebraically closed field K of
characteristic 0 or p > 3.

a. Show that at the point p; = (1, 1), the tangent space T, (X) is the line

3z —1)+2(y—1) =0.

b. Show that at the point p» = (0,0), the tangent space T),(X) is the entire
plane A%(.
c. Show that the curve is singular only at the origin ps.

5. Let K = Z,(t) where p is a prime, ¢ is an indeterminate. Let R = K|z, y]/(aP +
yP —t), X = spec(R). Prove that X is non-singular, but there are no points of X
which are smooth over K.

6. Let K = Z,(t) where p > 2 is a prime, ¢ is an indeterminate. Let R = K[z, y]/(z*+
y? —t), X = spec(R). Prove that X is non-singular, and X is smooth over K at
every point except at the prime (y? — ¢, ).

7. Show that the property of being a domain is not preserved under completion.
Letf = y? — 22 + 2. Show that f is irreducible in C[x, %], but is reducible in the
completion C[[z,y]]. Thus R = Clz,]/(f) is a domain, but its completion R is

not.
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4. RESOLUTION OF CURVES EMBEDDED IN A NON-SINGULAR SURFACE

In this section we consider curves embedded in a non-singular surface, defined over an
arbitrary field K. A more general version of this proof, valid in arbitrary two dimensional
regular local rings, can be found in [3] or [29]. The proof of this section is from Section
3.5 of [11].

Lemma 4.1. Suppose that K is a field, S is a non-singular surface over K, C is a curve
on S and p € C is a closed point. Suppose that 7 : B = B(p) — S is the blow up of p, C
is the strict transform of C on B and ¢ € 7~ *(p) N C. Then

vq(C) < 1p(C)
and if

vq(C) = 1p(C)
then K(p) = K(q)-

A proof of this lemma is given in Lemma 3.14 [11].

Theorem 4.2. Suppose that C is a curve which is a subvariety of a non-singular surface
X over a field K. Then there exists a sequence of blow ups of points A :' Y — X such that
the strict transform C' of C on'Y is non-singular.

Proof. Let r = max(vp(C) | p € C}. If r =1, C is non-singular, so we may assume that
r > 1. The set {p € C | vp(C) = r} is a subset of the singular local of C' which is a proper
closed subset of the 1-dimensional variety C, so it is a finite set.

The proof is by induction on 7.

We can construct a sequence of projective morphisms

(2) s X, X B X=X

where each 7,41 : Xp41 — X5, is the blow up of all points on the strict transform C,, of C
which have multiplicity r on C,,. If this sequence is finite, then there is an integer n such
that all points on the strict transform C,, of C' have multiplicity < r» — 1. By induction
on r, we can then repeat this process to construct the desired morphism Y — X which
induces a resolution of C.

We will assume that the sequence (2) is infinite, and derive a contradiction. If it is
infinite, then for all n € N there are closed points p, € C),, which have multiplicity r on
C), and such that m,11(pnt1) = pn. Let Ry, = ) X,,pn fOr all n. We then have an infinite
sequence of completions of quadratic transforms (blow ups of maximal ideals) of local rings

R:RO_)RI_)...HRNH...
We will define

such that

(3) 5]%‘ = 6;01'71 -1



for all ¢ > 1. We can thus conclude that p; has multiplicity < r on the strict transform C;
of C for some natural number i < 6, + 1. From this contradiction it will follow that (2) is
a sequence of finite length.

Suppose that f € Ry = @X,p is such that f = 0 is a local equation C' and (z,y) are
regular parameters in R = Ox, such that = mult(f(0,y)). We will call such (,y) good
parameters for f. Let K’ be a coefficient field of R. There is an expansion

f= aija'y

iti>r
with a;; € K’ for all 7, j and ag, # 0. Define
(4) 5(f;a:,y):min{Z,|j<randaij7é0}.
r—J

d(f;x,y) > 1 since (z,y) are good parameters We thus have an expression (with 6 =
o(f;,y)) o o

f= Z a;jx'y’ = Ls + Z ajx'y’

i+50>ré i+50>ré
where
(5) Ls = Z aijxiyj =agy +A
i+jo=rd

is such that ag, # 0 and A is not zero.
Suppose that (x,y) are fixed good parameters of f. Define

(6)  0p =sup{o(fiz,vn) |ly=wm + Zbixl with n € Nand b; € K'} € ENU {o0}.

i=1

We cannot have 6, = 0o, since then there would exist a series
oo
y=y1+ Z biz'
i=1
such that §(f;x,y1) = oo, and thus there would be a unit series v in R such that
f=yi.

But then r = 1 since f is reduced in R, a contradiction. We see then that 9, € %N .
After possibly making a substitution

n
y=u+ Z bz’
i=1

with b; € K', we may assume that 6, = §(f;z,y).

Let 6 = 6.

Since vp, (C1) = r, by Lemma 4.1, we have an expression Ry = K'[[z1,y1]], where
R — Rj is the natural K’-algebra homomorphism such that either

xr :$1ay:$1(yl+0‘)

for some o € K’, or

r=T1Y1,Y = Y1-
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We first consider the case where x = z1y1,y = y1. A local equation of C; (in spec(Ry))

is f1 = 0, where
I
Z a/ljxl +y1Qd = aor + 219 + y1h
yl i+j=r
for some series €2, g,h € R;. Thus f; is a unit in R;, a contradiction.
Now consider the case where z = x1,y = x1(y1 + @) with 0 # a € K’'. A local equation
of Cy is
f
7,,,

Ty

fi=

=== Z aij(y1 + @) + 19
i+j=r

for some Q € R;. Since v, (Cy) =,

aij(y1 + ) = agy}.

7 T

T

J
Substituting ¢t = y; + a we have
Z aijtj = ag(t —a)".
i+j=r
If we now substitute ¢ = £ and multiply the series by 2" we obtain the leading form L of

fs
L= ajaz'y =ao(y—ox) =aoy + -+ (—1) aga’a".
i+j=r
Comparing with (5), we see that r = rd and § = 1, so that Ls = L. But we can replace
y with y — ax to increase 4, a contradiction to the maximality of 6. Thus v, (C1) <7, a
contradiction.
Finally, consider the case x = z1,y = z1y1. Set &' = § — 1. A local equation of C} is
+ A - -
7 = D aym = ) agmult Dl i
1 emrs il =rd! Tj6l >
where i = i + j — r. Since

1
Ly (z1,y1) = ?La(m,%lyl)
1

has at least two non-zero terms, we see that o(f1;x1,51) =06 =0 — 1.
Finally, we will show that ¢,, = 6(fi;21,y1). Suppose not. Then we can make a
substitution

y1 =1y — Z bizi =y} — bz + higher order terms in x

with 0 # b € K’ such that
o(fr;z1,91) > 0(fis 21, y1)-
Then we have an expression

i dyj
Z az—j—i—r,jxﬂl(yi - bwl) = Qor yl Z bzgl'l yl
i+j8'=rd’ i+756' >rd’
so that &/ = d € N, and
- o
S ai W - bt = ao (i)

i+jo'=rs’
10



Thus
ki g i,J &'\r
Z aigTy = Y1 = Z @G jyr 0191 = aor(y1 + bz )"
i+jé=rd itj6'=rd

If we now multiply these series by z] we obtain

i+jo=rd

But we can now make the substitution v/ = y — bz® and see that

6(fizy') > 6(fsm,y) = bp,

a contradiction, from which we conclude that d,, = ¢’ = §, — 1. We can then inductively
define J,, for i > 0 by this procedure so that (3) holds. The conclusions of the theorem
now follow. O

5. EXERCISE SET 2.

1. Resolve the singularities by blowing up.
a. 22 =t + 44

zy = 25 + 9°

23 =y + a2t + ot

22y +ayd = ot + gyt

y2 = "

f. yt — 223y? — 4ady + 26 — 2.

2. Suppose that D is an effective divisor on a non-singular surface S. That is, there
exist irreducible curves C; on S, r; € N such that ZTp = Igl . Ig; D has simple
normal crossings (SNCs) on S if for every p € S there exist regular parameters
(x,y) in Ogy such that if f = 0 is a local equation for D at p, then f = unit x%)?
in Ogp.

Find a sequence of blow ups of points making the total transform of y? — 23 = 0
a SNCs divisor.
3. Suppose that D is an effective divisor on a non-singular surface S. Show that there

o o0 T

exists a sequence of blow ups of points
S, — - — S

such that the total transform 7*(D) is a SNCs divisor.
4. Suppose that T" = Tj is a nonsingular surface over a field L, and Z = 7 is an ideal
sheaf of T'. Show that there exists a sequence of blow ups of points

™
T, 8 Ty = =T BT

such that ZOr, is everywhere locally a principal ideal whose generator defines a
SNC divisor, and the blow ups m;;1 are centered at a point where ZO7, is not

locally a principal ideal whose generator defines a SNC divisor.
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5. Prove that the ¢, defined in formula (6) is equal to
dp =sup{d(f;z,y) | (x,y) are good parameters for f}.

Thus 6, does not depend on the initial choice of good parameters, and ¢, is an
invariant of p.

6. Suppose that v,(C) > 1. Let 7 : B(p) — X be the blow up of p, C be the
strict transform of C. Show that there is at most one point ¢ € 7~!(p) such that

vg(C) = 1p(C).

7. The Newton Polygon N(f;x,y) is defined as follows. Let I be the ideal in R =
K[[z,y]] generated by the monomials x®y” such that the coefficient ang of z®y?
in f(z,y) = Eaa[gxo‘yﬁ is not zero. Set

P(fiz,y) = {(a, B) € Z*a*y" € I}.

Now define N(f;z,y) to be the smallest convex subset of R? such that N(f;x,y)
contains P(f;x,y) and if («,8) € N(f;z,y), (s,t) € Ri, then (a + 5,0+ 1) €
N(f;z,y). Now suppose that (z,y) are good parameters for f (so that v(f(0,y)) =
v(f) = r). Then (0,7) € N(f;z,y). Let the slope of the steepest segment of
N(f;x,y) be s(f;z,y). This is the slope of the nonvertical line on the boundary
of N(f;z,y) which contains the point (0,r). We have 0 > s(f;z,y) > —1, since
aqp = 0 if a + 8 < r. Show that

1
ofiz,y) = ——7——-
Fo) = (Fwy
8. Show that y; giving 6, in (6) is a hypersurface of maximal contact (Definition

1.15).
9. Prove Lemma 4.1.

6. SOME REDUCTION THEOREMS FOR RESOLUTION

Resolution of singularities. Suppose that V is a variety. A resolution of singularities
of V is a proper birational morphism ¢ : W — V such that W is non-singular.

Principalization of ideals. Suppose that V is a non-singular variety, Z C Oy is an ideal
sheaf. A principalization of Z is a proper birational morphism ¢ : W — V such that W is
non-singular and ZOwyy is locally principal.

Resolution of indeterminacy. Suppose that ¢ : W — V is a rational map of proper
K-varieties such that W is non-singular. A resolution of indeterminacy of ¢ is a proper
non-singular K-variety X with a birational morphism ¢ : X — W and a morphism
A: X — V such that A = p o).

Lemma 6.1. Suppose that resolution of singularities is true for K-varieties of dimen-
sion n. Then resolution of indeterminacy is true for rational maps from K-varieties of

dimension n.
12



Proof. Let ¢ : W — V be a rational map of proper K-varieties where W is non-singular.

Let U be a dense open set of W on which ¢ is a morphism. Let I', be the Zariski closure

of the image in W x V of the map U — W x V defined by p — (p, ¢(p)). By resolution of

singularities, there is a proper birational morphism X — I', such that X is non-singular.
O

Theorem 6.2. Suppose that K is a perfect field, resolution of singularities is true for
projective hypersurfaces over K of dimension n and principalization of ideals is true for
non-singular varieties of dimension n over K. Then resolution of singularities is true for
projective K -varieties of dimension n.

Proof. Suppose that V is an n dimensional projective K-variety. If Vi,...,V, are the
irreducible components of V', we have a projective birational morphism from the disjoint
union of the V; to V. Thus it suffices to assume that V is irreducible. The function
field K (V) of V is a finite separable extension of a rational function field K (z1,...,xy)
(Chapter II, Theorem 30, page 104 [34]). By the theorem of the primitive element,

K(V) = K(xy, .. wn)[ena]/(f)-

We can clear the denominator of f so that
f = Z ail...in+lx211 T ‘T;njll
is irreducible in K[zy,...,2p4+1]. Let
d =max{iy + - ing1 | Qy.ipyy 7 0}

Set

_ di(i1+“'+in+1) ’il Z"n,«&»l
F= E ai1...in+1X0 Xl T Xn+1 ’

the homogenization of f. Let V be the variety defined by F = 0 in P"*!. K(V) = K (V)
implies there is a birational rational map from V to V. That is, there is a birational
morphism ¢ : V — V where V is a dense open subset of V. Let I, be the Zariski closure
of {(a,p(a)) | a € V} in V x V. We have birational projection morphisms m; : [', — V
and 19 : T'y — V. T, is the blow up of an ideal sheaf 7 on V' (Theorem 2.4). By resolution
of singularities for n dimensional hypersurfaces, we have a resolution of singularities f :
W' — V. By principalization of ideals in non-singular varieties of dimension n, we have
a principalization g : W — W' for JOw:. By the universal property of blowing up
(Theorem 2.1), we have a morphism h : W — I',. Hence mj oh : W — V is a resolution
of singularities. O

Corollary 6.3. Suppose that C' is a projective curve over a perfect field K. Then C has
a resolution of singularities.

Proof. By Theorem 4.2 resolution of singularities is true for projective plane curves over
K. All ideal sheaves on a non-singular curve are locally principal since the local rings of
points are Dedekind local rings. O

13



7. RESOLUTION OF SURFACE SINGULARITIES IN CHARACTERISTIC ZERO

In this section, we give a simple proof of resolution of surface singularities in character-
istic zero. The proof follows the algorithm of Beppo Levi [25], [33].

Theorem 7.1. Suppose that S is a projective surface over an algebraically closed field K
of characteristic 0. Then there exists a resolution of singularities

A:T—S.

Theorem 7.1 is a consequence of the following Theorem 7.2, Theorem 6.2 and Problem
4 of Exercise Set 2.

Theorem 7.2. Suppose that S is a hypersurface of dimension 2 in a non-singular pro-
jective variety V' of dimension 3, over an algebraically closed field K of characteristic 0.
Then there exists a sequence of blow ups of points and non-singular curves contained in
the strict transform S; of S

Vo= Vo1 — - = V1=V
such that the the strict transform S, of S on Vi, is non-singular.

The remainder of this section will be devoted to the proof of Theorem 7.2. Suppose
that V is a non-singular three dimensional variety over an algebraically closed field K of
characteristic 0, and S C V is a surface.

For a natural number ¢, define (Definitions 1.8 1.15)

Singy(S) = {p € V | 1p(5) = t}.
By Theorem 1.10, Sing,(.S) is Zariski closed in V.
Let
r = max{t | Sing,(S) # 0}
be the maximal multiplicity of points of S. There are two types of blow ups of non-singular
subvarieties on a non-singular three dimensional variety, a blow up of a point, and a blow
up of a non-singular curve.

We will first consider the blow up of a closed point p € V', 7 : B(p) — V. Suppose that
U = spec(R) C V is an affine open neighborhood of p, and p has ideal m, = (x,y,2) C R.

7} (U) = proj (D m) = spec(R[, ~) Uspee(RL_, -]) Uspec(R[_, ]]).

z' z
The exceptional divisor is E = 7~ !(p) = P2.

At each closed point ¢ € m~!(p), we have regular parameters (z1,y1, 21) of the following
forms:

=21,y =2a1(y1 + ),z =z1(21 + ),
with «, 6 € K, x1 = 0 a local equation of F, or
T =211,y = y1,2 = y1(2a1 + )
with o € K, y; = 0 a local equation of E, or
T =T121,Y = Y121, %2 = <1,

z1 = 0 a local equation of E.
14



We will now consider the blow up 7 : B(C') — V of a non-singular curve C' C V.
If p e Vand U = spec(R) C V is an open affine neighborhood of p in V' such that
my = (2,y,2) and the ideal of C'is I = (z,y) in R then

7 (U) = proj(@R I") = spec(R[gn Uspec(R[Z)).

7 lp) 2P, 7 H(CNU) = (CNU) x PL. Let E = 7 1(C) be the exceptional divisor,
FE is a projective bundle over C. At each point q € 7r*1(p), we have regular parameters
(1U1, Y1, Zl) such that:

r=m1,y =21(4h +a),2 =2

where a € K, z1 = 0 is a local equation of F, or

T =T1Y1,Yy = Y1,z =21

where y; = 0 is a local equation of F.
In this section, we will analyze the blow up

m:B(W)=B(Zw)—V

of a non-singular subvariety W of V above a closed point p € V', by passing to a formal
neighborhood spec(@v,p) of p and analyzing the map 7 : B (j—W,p) — Spec(@v;p). We have
a natural isomorphism B(Zw,,) = B(Zw) xv spec(Qy,,). Observe that we have a natural
identification of 7—1(p) with 7 1(p).

Lemma 7.3. Suppose that V is a non-singular three dimensional variety, S C V is a
surface, C C Sing,(S) is a non-singular curve, m : B(C') — V s the blow up of C, and
S is the strict transform of S in B(C). Suppose that p € C. Then Vq(g) < r for all
q € 7 X(p), and there exists at most one point ¢ € 7 *(p) such that vy(S) = r. In
particular, if E = 7=1(C), then either Sing,(S) N E is a non-singular curve which maps

isomorphically onto C or Sing,(S) N E is a finite union of points.

Proof. By the Weierstrass preparation theorem and after a Tschirnhausen transformation
(Definition 1.14), a local equation f =0 of S in Oy, = K[[z,y, z|] has the form
(7) f:Zr+a2(x,y)27l72+"'+a7‘(f£,y>-
fe fap implies % € fg;l, and rlz = % € fc’p. Thus ZAG fc’p. After a change of
variables in z and y, we may assume that Z¢, = (z,2). f € 1, implies z | a; for all 4.
If ¢ € 7= 1(p), then @B(CM has regular parameters (z1,y, z1) such that
r =T121,2 = 21

or

x=ux1,2z=121(21 + @)
for some a € K.

In the first case, a local equation of the strict transform of S is a unit. In the second
case, the strict transform of S has a local equation
a
fi=(zn+a) + S5 +a) 2+ +
1 a1
v(fi) <r,and v(f;) <rif a #0. O
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Lemma 7.4. Suppose that p € Sing,(S) is a point, 7 : B(p) — V is the blow up of p, S
is the strict transform of S in B(p), and E = 7w (p). Then v4(S) <r for all g € 7~ 1(p),

and either Sing,(S)NE is a non-singular curve or Sing,(S)NE is a finite union of points.

Proof. By the Weierstrass preparation theorem and after a T'schirnhausen transformation,
a local equation f =0 of S in Oy, = K[[z,y, #]] has the form

(8) f:Zr+a2(xay)zri2+"'+a7"(x7y)'
If ¢ € 7 Y(p), and Vq(g) > r, then @B(CM has regular parameters (1, ¥, z1) such that

T=T1Y1L,Y =Y, 2 = Y12
or
r=x,y=x1(y1 + @),z =112
for some o € K, and v1(S) = r. Thus Sing,(5) N E is contained in the line which is the
intersection of £ with the strict transform of z = 0 in B(C) xy spec(Oyp). O

Theorem 7.5. There exists a sequence of blow ups of points in Sing,(S;)
Vo= Vaer— =V,
where S; is the strict transform of S on'V;, so that all curves in Sing,(Sy) are non-singular.

Proof. This is possible by Corollary 2.3 and since (by Lemma 7.4) the blow up of a point
in Sing,(S5;) can introduce at most one new curve into Sing,(S;y1), which must be non-
singular. O

Theorem 7.6. Suppose that all curves in Sing,(S) are non-singular, and
= V=V ==V

is a sequence of blow ups of non-singular curves in Sing,(S;) where S; is the strict trans-
form of S on V;. Then Sing,(S;) is a union of non-singular curves and a finite number
of points for all i. Further, this sequence in finite. That is, there exists an n such that
Sing,(Sn) is a finite set.

Proof. Suppose that C' is a non-singular curve in Sing,.(S). Let 7 : Vi = B(C) — V be
the blow up of C, Sy be the strict transform of S. If Sing,.(S1) # (), we can choose another
non-singular curve C in Sing,.(S7) and blow up by 7 : Vo = B(Cy) — Vi. Let Sy be the
strict transform of S;. We either reach a surface S,, such that Sing, (S,,) = 0, or we obtain
an infinite sequence of blow ups

=V, =V ==V

such that each V;11 — V; is the blow up of a curve C; in Sing,.(S;), where S; is the strict
transform of S on V;. Each curve C; which is blown up must map onto a curve in S by
Lemma 7.4. Thus there exists a curve v C S such that there are infinitely many blow ups
of curves mapping onto 7y in the above sequence. Let R = Oy 4, a two dimensional regular
local ring. T, is a height 1 prime ideal in this ring, and P = 7, , is the maximal ideal of
R.
dim R+ trdegigR/P =3
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by the dimension formula (Theorem 15.6 [27]). Thus R/P has transcendence degree 1 over
K. Let t € R be the lift of a transcendence basis of R/P over K. K[t]N P = (0), so the
field K(t) C R. We can write R = Ag where A is a finitely generated K (t) algebra (which
is a domain) and @ is a maximal ideal in A. Thus R is the local ring of a non-singular
point ¢ on the K (t) surface spec(A). ¢ is a point of multiplicity r on the curve in spec(A)
with ideal sheaf Zg - in R.

The sequence

- — Vp, Xy spec(R) — Vj,_1 Xy spec(R) — - -+ — spec(R)

consists of infinitely many blow ups of points on a K (t) surface, which are of multiplicity
r on the strict transform of the curve spec(R/Zs.). But this is impossible by Theorem
4.2. O

We can now state the main resolution theorem.

Theorem 7.7. Suppose that Sing,(S) is a finite set. Consider a sequence of blow ups

where S; is the strict transform of S on V; and Viz1 — V; is the blow up of a curve in
Sing,(S;) if such a curve exists, and Viy1 — V; is the blow up of a point in Sing,(S;)
otherwise. Then Sing,(S;) is a disjoint union of non-singular curves and a finite number
of points for all i. Further, this sequence is finite. That is, there exists V, such that
Sing, (Sp) = 0.

Proof. The fact that Sing,.(.5;) is a disjoint union of non-singular curves and a finite number
of points for all ¢ follows from the algorithm, and Lemmas 7.3 and 7.4.

We now prove that (9) is finite. Suppose there is an infinite sequence of the form of (9).
Then there is an infinite sequence of points p, € Sing,.(S,) such that m,(p,) = pn—1 for
all n. We then have an infinite sequence of homomorphisms of local rings

(10) Ry=O0y, — R =0y, — = Ry=0y,,, —

Without loss of generality, we may asume that no R; — R;4+1 is an isomorphism.

By the Weierstrass preparation theorem and after a Tshirnhausen transformation (Defi-
nition 1.14) there exist regular parameters (x,y, z) in Ry such that there is a local equation
f =0 for S in Ry of the form

f =z + ag(x,y)z“Q + o+ a?"(x7y)

with v(a;(z,y)) > 4 for all i. Since vp,(S;) = r for all i, by Lemmas 7.3 and 7.4, we have
regular parameters (z;, y;, z;) in R; for all i and a local equation f; = 0 for S; such that in
the case when R; 1 — R; is the blow up of the maximal ideal,

Ti1 = T3, Yi-1 = Ti(Yi + 04), 2im1 = T2
with «; € K or
Ti—1 = TilYi, Yi—1 = Yi, Zi—1 = YiZi-
We set

Ti1 = Xi—1,Yi-1 = Yi—1-
17



In the case when R;_1 — R; is the blow up of the completion jC,pzq of the ideal sheaf
of a nonsingular curve C' C V;_1, we must have a change of variables

i1 (i1, ¥io1), Ui-1(Tio1,Yi-1), Zi1
in R;_1 such that ‘,2.07]71'—1 = (Zi—1,2i—1) or (Yi—1,zi—1), and

Tic1 = Tj, Yim1 = Yi» Zi—1 = L%

or
Tio1 = Ti, Uio1 = Yi» Zi1 = YiZ.
Furthermore,
fi=2 + Clz,i(ﬂfz‘,yz’)Zr2 + -+ ari (T, i)
where
—aj”jl or
x?
aji(Tiy¥i) = § ajia

vl
for all 5. Thus the sequence
(11) Kl[z,y] — K[[z1,1]] — -

is a sequence of blow ups of the maximal ideal, or the trivial extension of blowing up a
height one prime, followed by completion.
Let

Ii = (0271'(331', yi)%aa3,i(xi7 yl)%a s 7a7‘,i(xi) yl)%) - K[[:’Cla y’LH
We have v, (S;) = r if and only if v(I;) > r!. Further,

Lip1 = %Iz or Iip1 = %Iz
7 (2

We now see that infinitely many points must be blown up in the sequence (10), since
any element of I; can have only finitely many irreducible factors, and by our assumption
that (10) is infinite. Thus by Problem 4 of Exercise Set 2 (on principalization of ideals in
two variables) there exists mg such that I; is principal for ¢ > mg, and for suitable choice
of x;,y;, I; is generated by a “monomial” x?lyf ‘.

We now consider the change of (a;, b;) in the sequence (11). If we blow up (z;, z;), then
we must have a; > r!. In R;y1, we have regular parameters x;4+1, ¥;+1, 2zi+1 defined by

Ti = Ti+1,Yi = Yi+1, 2 = Li+1Zi+1-

Thus I;11 = (w?i{r!yfil). We have a similar conclusion if we blow up (y;, 2;). We then
have b; > r! and Iy = (afi,y07").
If we blow up (x;, i, 2i), then since p; is isolated in Sing,(S;), we must have a; < rl,

b; <rland a; + b; > r!. In R;;1, we have regular parameters x; 11, %11, 2i+1 defined by

(12) Ti = Tit1, Yi = Tit1 (Yit1 + Qit1), Zi = Tip1%i41
or
(13) LTi = Ti+1Yi+1,Yi = Yi+1, 25 = Yi+12i+1

18



In the case when a;11 = 0 in (12), we have

i+b;i—r! b;
iy = (@37 ).
If i1 # 0 in (12), then

. .l
Iiy1 = (l“?:{bz ")

If (13) holds, then

_ a; a;+b;j—r!
Iy, = (%ilyih ).

After a finite number of blow ups, we see that we must have v(I[;11) < rl, so that
Vpsir (Sig1) < 7, a contradiction. O

8. RESOLUTION OF SURFACE SINGULARITIES IN ALL CHARACTERISTICS

8.1. Resolution and some invariants. In this section we prove resolution of singulari-
ties for surfaces over an algebraically closed field of characteristic p > 0. The characteristic
0 proof in Section 7 depended on the existence of hypersurfaces of maximal contact, which
is false in positive characteristic (see Exercise Sets 3 and 4). The first proof of resolution
of singularities of surfaces in characteristic p is by Abhyankar [1]. The most general proof
of resolution in dimension two is Lipman’s proof of resolution of excellent two dimensional
schemes in [26]. Proofs of embedded resolution of surfaces in positive characteristic are
given by Abhyankar in [2] and Hironaka in [20]. Abhyankar uses embedded resolution of
surface singularities to prove resolution of 3-folds in characteristic greater than 5 in [2].
A simplified proof of this theorem is given by Cutkosky in [10]. Recently, Cossart and
Piltant have proven resolution of 3-folds in all characteristics in [8] and [9].

The algorithm of this chapter is sketched by Hironaka in his notes [20]. A more detailed
proof is given in [11] and an extension to ideals in [10]. In this section we prove the
following theorem:

Theorem 8.1. Suppose that S is a surface over an algebraically closed field K of charac-
teristic p > 0. Then there exists a resolution of singularities

AT — S

Theorem 8.1 in the case when S is a hypersurface follows from induction on r = max {¢ |
Sing, () # 0} in Theorems 8.6, 8.7 and 8.8. We then obtain Theorem 8.1 in general from
Theorem 6.2 and Problem 4 of Exercise Set 2.

For the remainder of this chapter we will assume that K is an algebraically closed field
of characteristic p > 0, V' is a non-singular 3 dimensional variety over K, and S is a surface
in V.

It follows from Theorem 1.10 that for ¢ € N,

Singy(5) = {p € S| p(5) = 1}

is Zariski closed.
Let

r = max{t | Sing,(S) # 0}.
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Suppose that p € Sing,.(S) is a closed point, f = 0 is a local equation of S at p, and
(x,y, z) are regular parameters at p in V' (or in Oy,p). There is an expansion

f= ) agpa'yzt

itj+k>r

with a;, € K in Oy, = K[[z,y, 2]]. The leading form of f is defined to be

L(z,y,z) = Z aijkmiyjzk.
itjth=r
We define a new invariant, 7(p), to be the dimension of the smallest linear subspace T of
the K-subspace spanned by z, y and z in K|z,y, z] such that L € k[T]. This subspace is
uniquely determined. This dimension is in fact independent of choice of regular parameters
(x,y,z)at p (orin (’}va). If z, y, z are regular parameters in Oy, we will call the subvariety
M = V(T) of spec(Oy,) an approzimate manifold to S at p. If (z,y,z) are regular
parameters in Oy, we call M = V(T') C spec(Oy,) a (formal) approximate manifold to
S at p. M is dependent of our choice of regular parameters at p. Observe that

1<7(g) <3.

However, the tangent space to N does not depend on our choice of M and 7 does not
depend on our choice of M. If there is a non-singular curve C' C Sing,(S) such that
p € C, then 7(p) < 2, and there exists an approximate manifold M such that M contains
the germ of C at p.

Example 8.2. Let f = 22 +y? + 22 +2°. If char(K) # 2, thent =3 andx =y =2=0
are local equations of the approximate manifold at the origin.

However, if char(K) = 2, then 7 = 1 and x +y + z = 0 is a local equation of an
approximate manifold at the origin.

Example 8.3. Let f = y? +2zy + 2% + 22 + 2°, char(K) > 2. L = (y +z)? + 2% so that
T=2and x +y =z =0 are local equations of an approrimate manifold at the origin.

Lemma 8.4. Suppose that Y C Sing,(S) is a nonsingular subvariety of V' (a point or a
curve), w1 : Vi — V' is the blow up of Y, Sy is the strict transform of S on Vi, p €Y,
M, is an approzimate manifold to S at p containing the germ of Y at p, and q € Wfl(p).
Then

1. yy(S1) <.

2. v4(S1) = r implies q is on the strict transform M, of M, and 7(p) < 7(q).

3. Suppose that vy(S1) = r and 7(p) = 7(q). Then there exists an approximate
manifold M, to Sy at q such that M, N7y (p) = My, N 71 (p) where M, is the
strict transform of M, on Vi.

Proof. (in the case when Y = p) Let f = 0 be a local equation of S at ¢, (z,y,2) be
regular parameters at p such that

1. x =y = z = 0 are local equations of M if 7(q) = 3,
2. y = z = 0 are local equations of M if 7(q) = 2,

3. z=0is a local equation of M if 7(¢) = 1.
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In (’A)V,p = K[z, y, 2], write
where L is the leading form of degree r, and G has order > r. ¢; has regular parameters
(z1,y1, z1) such that one of the following cases hold:
l.z=z,y=on1(y1 + @),z = x1(21 + §) with a, 3 € K
2.z =my1,Yy =y1,2 =y1(z1 + B) with g € K
3. x=2121,Y = Y121,2 = 21

Suppose that the first case holds. S; has a local equation f; = 0 at ¢; such that
fi=L(L,y1 +a,21+ B) + 210

Thus v, (f1) <, and vy, (f1) = r implies

Lyt oa+08) = > aglyn+a)(z+08)F = Y buyiel
itj+h=r jh=r

for some b, € k. Thus

Yy z Y i % k
L =) = 2 _ V(2 =
1,L35= 3 Ed-ai-p
jt+k=r
implies V(y — ax, z — fz) C M. We conclude that 7(q) < 2 if v, (S1) = v4(5).
Suppose that 7(¢) = 2 and v, (S1) = v4(S). Then we must have that « = § = 0, so
that ¢; € N1. We further have

fl = L(yl, Zl) + l‘lQ

so that 7(q1) > 7(q).
If 7(¢) = 1, then L = ¢2" for some (non-zero) ¢ € K, and we must have 5 = 0, so that
q1 € N1. We further have

fi=L(z1) + 219

so that 7(q1) > 7(q).
There is a similar analysis in cases 2 and 3. g

With the hypotheses of Lemma 8.4, we immediately conclude that 7(p) < 3 —dim Y
and 7(p) = 3 — dim Y implies v,(Z;) < r.
We deduce from Lemma 8.4 the following important corollary.

Lemma 8.5. Suppose that V is a nonsingular 3-fold, Y C Sing,.(S) is a nonsingular
subvariety of V., m : Vi — V s the blow up of Y, and S is the strict transform of S on
V1. Let F be the reduced exceptional divisor of m1. Suppose that F N Sing,(S1) # (0. Then

1. If Y is a point, then F N Sing,.(S1) is either an isolated point, or an irreducible
nonsingular curve.

2. If Y is a curve, then F N Sing,.(S1) is either a finite union of points, each in a
distinct fiber over a point of Y, or Sing,.(S1) is an irreducible nonsingular curve

which is a section over Y .
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Theorem 8.6. There exists a sequence of blow ups of points in Sing,(S;)
Vi—= Vg — =V,
where S; is the strict transform of S on V;, so that all curves in Sing, (Sy) are non-singular.

Proof. This is possible by Corollary 2.3 and since (by Lemma 8.5) the blow up of a point
in Sing, (S;) can introduce at most one new curve into Sing,(S;+1), which must be non-
singular. O

Theorem 8.7. Suppose that all curves in Sing,(S) are non-singular, and
Vo=V ==V

is a sequence of blow ups of non-singular curves in Sing,(S;) where S; is the strict trans-
form of S on V;. Then Sing,(S;) is a union of non-singular curves and a finite number
of points for all i. Further, this sequence in finite. That is, there exists an n such that
Sing,(Sn) is a finite set.

The proof of Theorem 8.7 is exactly the same as the characteristic zero proof of Theorem
7.6, with the reference to Lemma 7.4 replaced with a reference to Lemma 8.5.
We can now state the main resolution theorem.

Theorem 8.8. Suppose that Sing,(S) is a finite set. Consider a sequence of blow ups
(14) L e R 7 VA V4

where Viy1 — V; is the blow up of a curve in Sing, (S;) if such a curve exists, and Vi1 — V;
is the blow up of a point in Sing,(S;) otherwise. Let S; be the strict transform of S on V.
Then Sing,(S;) is a disjoint union of non-singular curves and a finite number of points
for alli. Further, this sequence is finite. That is, there exists V,, such that Sing,(Sy) = 0.

We will prove Theorem 8.8 by contradiction. Assume that (14) is not finite. We must
then have an infinite sequence of points ¢, € V,, such that ¢, € Sing,(S,), and g, maps
to g,—1 for all n.

By Lemma 8.4, 7(q,) > 7(gn—1) for all n. Thus, by induction on 7, we may assume
that 7(g,) = 7(q) for all n.

We will show that this is not possible, by associating to each point g, an element (gy,)
in an ordered set such that Q(gn+1) < Q(gy) for all n. We will further show that 2 cannot
decrease indefinitely. It will then follow that there exists an n such that Sing,.(V},) = 0,
proving Theorem 8.8.

We have a sequence

(15) Ry — Ry — -

of infinite length, where R; = @Vim is the completion of the local ring of V; at ¢;, and
Vg, (Si) = r for all i. Let I; = (Zg, q,) Ri.

Since Oy, 4,, is excellent, we have Sing,.(S,) N Spec(R,,) = Sing,.(I,,) for all n.

We may extend our definition of 7 to an ideal in a power series ring. We have 7(g,) =
7(I,) for all n.

We will consider separately the cases with different values of 7 in the following Sections

9 and 10, to derive a contradiction, showing that (14) must have finite length in all cases.
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The case where 7(¢) = 3 is immediate from Lemma 8.4.

9. REDUCTION WHEN 7(q) = 2

The proof in this case is an extension of the case of resolution of a plane curve, given
in Section 4. The proof is based on Hironaka’s termination argument in [20].

Suppose that T is a power series ring in 3 variables over an algebraically closed field K.
Suppose that x,y, z are regular parameters in 7', and r is a positive integer.

For g € T, we have an expansion

(16) g= Z bijraty’ 2k
with b;;, € K. Define

1
’y(g;x,y,z):min{r | bij #0and i +j <r} € ﬁNU{oo}.

—(i+7)
We have v(g; x,y, z) = oo if and only if g € (z,y)". Further,

1. vp(g) = r if and only if v(g;x,y,2) > 1 and

2. V(z,y) is contained in an approximate manifold of g if and only if

gz, y,2) > 1.
Let v = ~v(g;x,y, z). Define

(17) [g]xyz = Z bijkmiyjzk-
(i+)y+k=ry

There is an expansion

(18) 9=lgey=+ > bipalyleh
(i+j)y+k>ry
Define
A’y = {(Za]) | m =7,14+7 <r, and b’ij 75 0} .
Then
(19) [g]xyz - Lg(x, y) + Z biﬂjﬂv(r_i_j)xiyjZ’Y(T_i_j)7
(i,4)€Ay

where Ly(z,y) =3, i, bijoxty’.

Regular parameters z,y,z in T" will be called good parameters for J if v=(g) = r and
7(g) =2, where T =T/2T and g = g + 27T..

If vr(g) = r and 7(g) = 2, then regular parameters z,y, z in T such that V(z,y) is an
approximate manifold of g are good parameters for g.

Definition 9.1. Suppose that z,y, z are good parameters for g and vr(g) =r. Then g is
solvable with respect to x,y, z if v = v(g;z,y,2) € N and there exist o, 3 € K such that

[g]xyz = Lg(x - az'y?y - BZ’Y)'
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Lemma 9.2. Suppose that z,y,z are good parameters for g, vp(g) = r and Sing,(g) is
the mazimal ideal of T. Then there exists a change of variables

n n

i i

:E1=-7C—E Oéi2791=y—§ Biz
i=1 i1

such that g is not solvable with respect to x1,y1, 2.

Proof. If there doesn’t exist such a change of variables then we construct series

(o) o0

i i

%o:%—g az’Z,yoozy—E Biz
i=1 =1

such that v(g; Zoo, Yoo, 2) = 00, and thus
g€ (x— Zaizz,y — Zﬂizz)’" cT,
i=1 i—1

a contradiction to our assumption that Sing,.(g) is the maximal ideal of T'. t

Observe that if vp(g) = r, 7(9) = 2, x,y, 2 are good parameters for g and ¢ is not
solvable for z,y, 2, then v(g; x,y, 2z) > 1.

Lemma 9.3. Suppose that vp(g) =, 7(9) = 2, Sing,(g) is the mazimal ideal of T, x,y, z
are good parameters for g and g is not solvable with respect to x,y, z.

Suppose that Ty is the completion of a local ring of the blow up of the maximal ideal of
T such that the strict transform g1 of g in Ty satisfies vy, (g1) =1 and 7(g1) = 2. Then

1. 11 has reqular parameters xi,y1, 21 defined by
(20) T =x121,Y = Y121,2 = 21.

2. x1,y1,21 are good parameters for g1 and V(x1,y1) is an approzimate manifold of
g1-

3. (9132191, 21) = V(g3 2.y, 2) — L.
4. g1 is not solvable with respect to x1,y1, 21.

Proof. Assertion 1 follows from Lemma 8.4, as V(z,y) is an approximate manifold for g.

We have
g
g1 = —;-
1
Assertions 3 and 4 follow from substitution of (20) in (16), (17), (18) and (19).

Since we are assuming that 7(J;) = 2, we have that there exist «, 3 € k such that an
approximate manifold of J; has the form

(21) V(z1 + azi,y1 + Bz1),

and x1,y1, 21 are good parameters for Jj.

Since we are assuming that vy, (g1) = r, we have v(g1; 1, y1, 21) > 1. If v(g91; 21, y1, 21) >
1, then V (1, 1) is an approximate manifold of g;.

Suppose that v(g1;1,y1,21) = 1. Then

1

[gl]ﬂﬁlylzl = ? [g]myz'
1
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Since Y(g1;21,y1,21) = 1, [g1]e1y120 15 the r-leading form of g; with respect to 21,1, 21.
By (21), there exists a form W4(u,v), which depends on g, such that

[91]x1y1Z1 = ‘I’g(fﬂl +az,y1 + 521) = Lg($lay1) + 210

where Q € T} and Ly(z,y) is the r-leading form of g with respect to z,y, z. Setting z; =0,
we have Lgy(z1,y1) = Wg(x1,y1), so that

[gl]x1y1z1 = Lg(xl + az,n + ﬂzl)-

We conclude that g; is solvable with respect to x1,y1, 21, a contradiction to the assumption
that v(g1;21,91,21) = 1. O

We now prove that (15) cannot have infinite length.

Since 7(¢;) = 2 for all 7, the assumption that (15) is infinite and Lemma 8.4 imply that
for all 4, Sing,(I;) is the maximal ideal of R; and R;41 is the completion of a local ring of
a closed point of the blow up of the maximal ideal of Spec(R;).

Moreover, 7(¢q) = 2 implies that there exist regular parameters (z,y, z) in Ry such that
V(y, z) is an approximate manifold of Iy = (go), and thus z,y, z are good parameters for
Io.

By Lemma 9.2, there exists a change of variables in Ry so that we find good parameters
x,y, z for gg such that go is not solvable with respect to z,y, z. Set Q(q0) = v(90; , y, 2).

By Lemma 9.3, we can inductively define positive rational numbers €(g,) such that
Q(gn+1) = Q(gn) — 1 for all n, giving a contradiction if (15) has infinite length.

10. REDUCTION WHEN 7(q) = 1.

This is the most interesting and difficult case. The proof is based on Hironaka’s termi-
nation argument in [20].

10.1. Definition of (). In this subsection we define (2 for an element ¢ in a power series
ring T" of three variables, over an algebraically closed field K.

Suppose that z,y, z are regular parameters in 7', and r is a positive integer.

For g € T, we have an expansion

9="> b’y

with b, = bijk(g) € K. We define

A-A(g;x,y,z)-{( ! J >€Q2|k<randbijk7é0}.

r—k’'r—k

Let |A(g; x,y, z)| be the smallest convex set in R? such that A C |Al, and (a,b) € |A|
implies (a + ¢,b+ d) € |A| for all ¢,d > 0. For v € R, let S() be the line through (v, 0)
with slope -1.

Suppose that |A] # (). We define ayy-(g) to be the smallest a appearing in any (a,b) €
|A|, Bry=(g) to be the smallest b such that (agy.(9),0) € |A]. Let 74y.(g) be the smallest
number 7 such that S(v)N|A| # 0 and let d,y.(g) be such that (Vzy:(9) — 0zy2(9), 0zy=(9))
is the IOWGSt pOiIlt on S(’nyz (g)) N ’A| (aacyz(l)7 ﬁ:vyZ(I)) and (’nyz(g) - 5:vyz(g)? 51@/2(9))
are vertices of |A|. Define £,,.(g) to be the absolute value of the largest slope of a line

through (y-(9), Bzy=(g)) such that no points of |A| lie below it.
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We now define
1
Q(g;$7y7 Z) - (ﬂxyz(g)y ﬁvamyz(g))v

Exyz\g
which is in the ordered set (by the Lex order)

1 1
(N) X (QUoo0) x (N)
r! r!
We observe that:

1. The vertices of |A| are points of A, which lie in the lattice %Z X %Z.

2. vr(g) < r holds if and only if |A| contains a point on S(c) with ¢ < 1 which holds
if and only if there is a vertex (a,b) with a +b < 1.

3. uy2(g) < 1if and only if g & (z,2)".

4. A vertex of |A| lies below the line b = 1 if and only if g € (y, 2)".

10.2. Well preparation. (z,y,z) will be called good parameters for g if vr(g) = r and
boor # 0. Good parameters exist if 7(g) = 1.

Suppose that vp(g) = r and and (z, y, 2) are good parameters for g. Let A = A(g; z, vy, 2)
and suppose that (a,b) is a vertex of |A|. Define

i J
S(a,b) = {k | k< r, and (m7 r_ k‘) = ((I,b)},

and
(D2, =boorz" + 3 Baprry by 2Ty,
kes(a,b)

We will say that the vertex (a,b) is not prepared on |A| if a,b are integers and there
exists n € K such that

{935 = boor(9)(z — nay")".
We will say that the vertex (a,b) is prepared on |A| if such an 7 does not exist.
If the vertex (a, b) is not prepared, then we can make an (a, b) preparation, which is the
change of parameters
21 =z — nzy’.

If all vertices (a,b) of |A| are prepared, then we say that (g;z,y, z) is well prepared.

Lemma 10.1. Suppose that vp(g) =1, 7(g9) = 1, and (x,y, z) are good parameters of g.
Then z = 0 is an approzimate manifold of g if and only if the vertices (0,1) and (1,0) are
prepared on |A(g; x,y, z)|.

Proof. Suppose that (0,1) and (1,0) are prepared on |A(g;z,y, 2)|. Since 7(g) = 1, there
is a linear form ax + by + ¢z with a, b, c € K such that V(ax + by + ¢z) is an approximate
manifold of g. There exists 0 # dy € K such that the r-leading form of ¢ is dy(az+by—+cz)".

As (z,y, z) are good parameters for g, boor(g) # 0, so we must have ¢ # 0. If a # 0,
then (1,0) is a vertex of |A(g;x,y, z)|, which is not prepared since

a
{o}52 = doc” (2 + )"
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Thus a = 0. If b # 0, then (0,1) is a vertex of |A(g; x,y, z)| which is not prepared since

‘ b T
{g}52) = doc" (2 + )"
Thus a = b =0 and z = 0 is an approximate manifold of g.

The proof of the converse also follows from the above arguments. g

Lemma 10.2. Consider the terms in the expansion
k E\ .
(22) b — Z nkf)\ ()\) ler(kf)\)aijr(kf)\)bzi\
A=0

obtained by substituting 21 = z — nxy® into the monomial x'y? 2¥. Define a projection for
(a,b,c) € N3 such that ¢ <,
a b

r—cr—ec

m(a,b,c) = (

).

1. Suppose that k < r. Then the exponents of monomials in (22) with nonzero coef-
ficients project into the line segment joining (a,b) to (%, 1)
a. If (a,b) = (L, rik)’ then all these monomials project to (a,b).

b. If (a,b) # (£, L), then a'yi2f is the unique monomial in (22) which
J

r—k’ r—
projects onto (Tik, —-). No monomial in (22) projects to (a,b).
2. Suppose that r < k, and (i,j,k) # (0,0,r). Then all exponents in (22) with

nonzero coefficients and z1 exponent less than r project into

((a,b) + Q%) — {(a,0)}.

3. Suppose that (i,5,k) = (0,0,7). Then all exponents in (22) with nonzero coeffi-
cients and z1 exponent less than r project to (a,b).

Lemma 10.2 is proved by a straight forward calculation. We deduce Lemma 10.3 from
Lemma 10.2. Detailed proofs are given in Lemma 7.17 and Lemma 7.18 of [11].

Lemma 10.3. Suppose that the vertex (a,b) is not perpared on |A|, and z; = z — na®y®
is an (a,b) preparation. Then
L |A(g;z,y,21)| C |A(g; 2y, 2)] = {(a,b)}.
2. If (a,b') is another wverter of |A(g;wz,y,z)|, then (a',b') is a wvertex of
|A(g;z,y,21)|, and {g}gy’ylle is obtained from {g}giz by substituting z1 for z.

Lemma 10.4. Suppose that Sing,(g) has dimension < 2, vr(g) =r, 7(g9) = 1 and (z,y, z)
are good parameters for g. Then there is a formal series ¥(x,y) € K|[[z,y]] such that under
the substitution z = z1 — V(x,y), (x,y,21) are good parameters for g and (g;x,y,z1) is
well prepared.

Lemma 10.4 is proved by successive removal of vertices which are not prepared, using
Lemma 10.3.

Remark 10.5. It is not always possible to well prepare after a finite number of prepara-
tions, so that z1 could be a formal series in z,x,y. An example is given in Example 7.19
[11].
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10.3. Very Well Preparation. We will also consider change of variables of the form
yr=y—nz"

for n € K, n a positive integer, which we will call translations.

Lemma 10.6. Consider the expansion

(3N tioam
(23) S (=

J
=0

obtained by substituting y1 = y — na™ into the monomial z'yI 2*

for (a,b,c) € N3 such that ¢ < r defined by

. Consider the projection

a b

r—cr—ec

m(a,b,c) = (

).

Suppose that k < r. Set (a,b) = (-, rik) Then :Ciy{zk is the unique monomial in (23)
whose coefficients project onto (a,b). All other monomials in (23) with non-zero coefficient
project to points below (a,b) on the line through (a,b) with slope —*

H.
Lemma 10.6 is proved by a straight forward calculation. We deduce Lemma 10.7 from

Lemma 10.6 and the definition of well preparedness. A detailed proof is given in Lemma
7.21 [11].

Lemma 10.7. Suppose that (g;z,y, z) is well prepared, yy = y—nz™ is a translation, and
z1 =z —Y(x,y1) is a subsequent well preparation. Then

Az yy,21 (9) = Ozyz (9), /833731172’1 (9) = ﬂazyz (g) and Yz, y1,21 (9) = Vzyz (9)-

Definition 10.8. Suppose that I C R is an ideal such that vr(g) =1, 7(g) =1, Sing,(g)
has dimension < 2 and (x,y, z) are good parameters for g. Let a = azy-(9), B = Pay-(9),
Y = Yayz(9), 6 = 02y2(9), € = €2y2(9). (g;2,y,2) will be said to be very well prepared if it
1s well prepared and one of the following conditions holds.
1. (v =9,9) # (o, B) and if we make a translation y; = y — nzx, with subsequent well
preparation z1 = z — V(x,y1), then

Qgyr 2, (9) = a?ﬁmylm (9) = ﬁa%cyml (9) =7

and

5:cylz1 (9) <.

2. (y—=19,9) = (a,B) and one of the following cases hold:

a. =0

b. € #£0 and é is not an integer

c.e#0andn = é is a (positive) integer and for any n € K, if y1 =y — na”
is a translation, with subsequent well preparation zy = z — ¥(z,y1), then
Exyrz (1) = €. Further, if (c,d) is the lowest point on the line through (o, 3)
with slope —e in |A(g;x,y,z)| and (c1,d1) is the lowest point on this line in
|A(g; @, y1,21)|, then di < d.
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Lemma 10.9. Suppose that g € T is such that vr(g) =r, 7(g) =1, Sing,(g) has dimen-
sion < 2 and (x,y,z) are good parameters for g. Then there are formal substitutions

g1 =z \II('xvy)’yl =Y - (,D(IE)
where V(z,y), p(x) are series such that (g;x,y1,21) is very well prepared.

Proof. By Lemmas 10.4 and 10.7, we can find good parameters z,y, z for g such that
(9;x,y, 2) is well prepared, «a, 3,7 do not change under translation y; = y — nz followed
by subsequent well preparation, and ¢ is maximal. If (v — §,d) # (a, 3), then we have
achieved case 1 of Definition 10.8, so that (g;x,y, z) is very well prepared.

We now assume that (g;x,y, z) is well prepared, and (o, 3) = (y —4,0). If e =0 or %
is not an integer then (g;z,vy, z) is very well prepared.

Suppose that n = % is an integer. We then choose 1 € K such that with the translation
y1 =y —nx", and subsequent well preparation, we maximize d for points (¢, d) of the line
through («, 3) with slope —e on the boundary of |A(g;z,y1,21)|. By Lemma 10.7, o, 3
and ~ are not changed. If we now have that d # 3, we are very well prepared.

If the process does not end after a finite number of iterations, then we construct formal
series ¥y = y — p(z) and 2’ = z — ¢(x,y) such that |A(g;z,,2’)| has the single vertex
(a, B), and (g;z,9/, 2') is thus very well prepared. O

10.4. Effect of a permissible blow up on A.

Definition 10.10. Suppose that g € T is such that vp(g) = r, 7(g) = 1, Sing,.(g) has
dimension < 2, and (xz,y,z) are good parameters for g.

We consider 4 types of transformations T — Ty, where Ty is the completion of the local
ring of a blow up of T, and Ty has regular parameters (x1,y1,21) related to the regular
parameters (x,y,z) of T by one of the following rules. In all cases, if vy, (g1) = r and
7(g1) = 1, then (z1,y1,21) are good parameters for g.

Trl Sing,(9) = V(z,y,2),
r=x1,y=x1(y1 +n),z = 2121,

withn € K. Then g1 = m% 1s the strict transform of g in T1.
Tr2 Sing,(9) = V(2,y,2),

T =2T1Y1,Y = Y1, 2 = Y121

Then g1 = Z—% 1s the strict transform of g in Tj.
Te3 Sing,(g) = V(x, 2),
r=T1,Yy =Y,z = T121.

Then g1 = % 18 the strict transform of g in T}.
1

Trd Sing,.(9) =V (y,2),
r=T1,Y=Y1,2 = Yi121.
Then g1 = z% is the strict transform of g in T1.
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Lemma 10.11. Suppose that assumptions are as in Definition 10.10. Further suppose
that (x,y,z) and (x1,y1,21) are related by a transformation of one of the above types Trl
- Tr4, and vy, (g1) =7, 7(g1) = 1. Then there is a 1-1 correspondence

o Alg,x,y,2) = Algr, 21,91, 21)
defined by
1. o(a,b) = (a+b—1,b) if the transformation is a Tr1 with n = 0.
2. o(a,b) = (a,a+ b —1) if the transformation is a Tr2.
3. o(a,b) = (a — 1,b) if the transformation is a Tr3.
4. o(a,b) = (a,b — 1) if the transformation is a Tr4.

The proof of Lemma 10.11 is a straight forward calculation. We deduce Lemma 10.12
from Lemma 10.11. Details are given in Lemma 7.26 [11].

Lemma 10.12. In each of the four cases of the preceeding lemma, if o(a,b) = (a1,b1) is
a vertex of |A(g1;x1,y1,21)|, then (a,b) is a vertex of |A(g;x,y,2)|, and if (g;x,y,2) is
(a,b) prepared then (g1;x1,y1,21) s (a1,b1) prepared. In particular, (g1;x1,y1,21) i well
prepared if (g;x,y, z) is well prepared.

Lemma 10.13. Suppose that assumptions are as in Definition 10.10 and (x,y,z) and
(x1,y1,21) are related by a Tr3 transformation. Suppose that vy, (g1) = r and 7(g1) = 1.
If (g;x,y, 2) is very well prepared, then (g1;x1,y1,21) is very well prepared,

ﬁzlylzl (gl) ﬂxyz( ) T1Y121 (gl) = 5:pyz(g)7 Ex1y121 (91) = Exyz(g)
and
Qg1y121 (91) = al“yz(g) - 1”7513121121 (91) = ’nyz(g) -1

We further have Sing,(g1) C V(x1,21).
Proof. Well preparation is preserved by Lemma 10.12. We deduce from the definition of
Tr3 that (g1; 21,1, 21) is also very well prepared.

Since Sing,(g) = V(x, z), we have Sing,(g1) C V(x1), the exceptional divisor of our
Tr3 transformation. Sing,(g1) is either the maximal ideal, or the germ of a nonsingular

irreducible curve, by Lemma 8.5.
Suppose that Sing,.(¢g1) is a nonsingular curve C. Then C has formal local equations

oo
¢
Tl =21 — g ay; =0
t=1

for some a; € K by Lemma 8.4. Expand
o
(X S by + b
i+k=r j=0
with h € (z,2) 1.
g - h
ik
== 2o D b)) T
1 itk=r j=0 1
Wlth ’r+1 € Tl
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vr(3r) =rand % € (21,21 — 322, ayy})" implies

oo . oo
Z Z bijkyl 21 = boor(z1 — Z aryy)"
=1

i+k=r j=0
Thus -
g = boor(z — Z azzy’)" + h.

t=1
Suppose that a; # 0 for some t. Let ty be the smallest value of ¢ for which a; # 0. Then
(o, 8) = (1,t0), since g € (z,2)". But (1,tp) is then a vertex of |A(g;z,y, 2)| which is
not prepared, a contradiction. Thus a; = 0 for all ¢ and C' = V(x, z1). We conclude that
Singr(gl) C V(xl,zl)

The remaining statements of the lemma follow from Lemma 10.11.

Lemma 10.14. Suppose that assumptions are as in Definition 10.10, (x,y, z) and (x1,y1,21)
are related by a Trl transformation with n = 0, (g;x,y,z) is very well prepared and
v (g1) =7, 7(g1) = 1. Let (g1;21,Y,2") be a very well preparation of (g1;21,y1,21). Let

o= O‘zyz(Q)vﬁ = 5:vyz(g)77 = %tyz(g)a 0= 6$yz(9)75 = €$yz(g)7

Q1 = Qg2 (91)7/31 = ﬂzly'z’(gl)a Y1 = Vx1y'2’ (91), 0 = 5x1y’z’(gl)7€1 = Emly’z’(gl)-
Then
/617 51’ 1 ) 5’

in the lexicographical order. If 51 = 3, and € # 0, then % = % —1.
We further have Sing,(g1) C V(z1,2').

Proof. (g1;21,y1,21) is well prepared by Lemma 10.12.

Let 0 : A(g;x,y,2) — A(g1;21,y1,21) be the 1-1 correspondence of 1 in Lemma 10.11,
which is defined by o(a,b) = (a +b— 1,b). o transforms lines of slope m # —1 to lines of
slope %,

We deduce the formulas for transformation of «, 8, v, 9, € from consideration of the effect
of a Trl transformation followed by very well preparation on (g;z,y, z) in the different
cases of Definition 10.8. We need the assumption Sing,(g) = V(z,y, z) so that § < 1, to
conclude that a1 < aif e = 0.

By Lemmas 8.4 and 10.1, Sing,.(g1) C V(x1,21). If Sing.(g1) = V(x1,21), then all
vertices of |A(g1; 21,41, 21)| have the first coordinate > 1, and thus Sing,(g1) = V (21, 2).

and transforms lines of slope -1 to vertical lines.

Lemma 10.15. Suppose that assumptions are as in Definition 10.10, (z,y, z) and (x1,y1, 21)
are related by a Tr2 or a Trj transformation and (g;x,y,z) is well prepared. Sup-
pose that v, (g1) = r and 7(g1) = 1. We have that (g1;x1,y1,21) is well prepared and
Sing,(g1) C V(y1,21). Let (g1;21,y',2") be a very well preparation. Then

ﬁxl,yl,m (gl) = ﬁxl,y’,z/ (91) < 6xyz(g)'

Proof. First suppose that T' — T3 is a Tr2 transformation. The correspondence o :
A(g;x,y,z) — A(g1;21,91,21) of 2 in Lemma 10.11 is defined by o(a,b) = (a,a +b—1).
o takes lines of slope m to lines of slope m + 1 Thus

(aw1y121 (gl)’ ﬂxlyﬂl (gl) = (Oéxyz(g), O‘Iyz(g) + /Bl‘yz(g) - 1)'
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Since Sing,.(9) = V(z,y, z) by assumption, we have ayy.(g) < 1, and thus

69612112’1 (gl) < ﬁl‘yz(g)-

(91521, Y1, 21) is well prepared by Lemma 10.12. Thus the vertex (o, y,2,(91), Beiyi21 (91))
is not affected by very well preparation. We thus have §;,,/./(91) < Bry-(9)-

Now suppose that T' — 7T) is a Tr4 transformation. The 1-1 correspondence o :
A(g;z,y,z) — A(g1;21,y1,21) of 4 in Lemma 10.11 is defined by o(a,b) = (a,b — 1).
Thus Beiy,20(91) < Bay=(9)- (91321, y1,21) is well prepared by Lemma 10.12, and the ver-
tex (Qwiyi21(91)s Brryizi(91)) is not affected by very well preparation. Thus £;,,./(91) =
Ba1yr 21 (1) < ﬁ:vyz(g)'

The proof that Sing,(g1) C V(y1,21) is as in the proofs of Lemma 10.13 and Lemma
10.14. [l

Lemma 10.16. Suppose that p is a prime, s is a nonnegative integer and rqo is a positive
integer such that p Jro. Let r = rop®. Then
1. (f\) =0 mod p, if p° YA, 0 < X <7 is an integer.

2. ()\;S) = (7:{)) mod p, if 0 < X < rg is an integer.

Proof. Compare the expansions over Z, of (z +y)" = (2" + y?")™. O

The following theorem is the most delicate part of the proof, where we really see the
difference between characteristic 0 and characteristic p.

Theorem 10.17. Suppose that assumptions are as in Definition 10.10, (z,y,z) and
(x1,y1,21) are related by a Trl transformation with n # 0 and (g;x,y,2) is very well
prepared.  Suppose that vy, (g1) = r, 7(g1) = 1 and By.(g) > 0. Then there exist
good parameters (x1,y},2;) in T such that (g1;21,v],2}) is very well prepared, with
ﬂ:pl,y'l,zi (gl) < 51711,2(9) and Szngr(gl) - V($1,Zi

).
Proof. Let oo = zy=(9), B = Bay=(9)s ¥ = Yayz(9), § = 62y-(g). Lemma 10.1 implies z = 0
is an approximate manifold of g. Thus since 7(g) = 1,

(24) a+p>1

Apply the translation ¢y’ = y —nz and well prepare by some substitution 2’ = z — U(z,y’).
This does not change «, 8 or 7. Set §' = 6, ./(g)-

First assume that &' < 3. We have regular parameters (z1,y1,%1) in 77 such that
xr =1,y = x11,2 = 1121, S0 we have, by 1 in Lemma 10.11, a 1-1 correspondence

o:Alg;x,y,2") — Algr; 21,91, 71)

defined by o(a,b) = (a + b — 1,b). (g1;71,y1,21) is well prepared by Lemma 10.12.
Since ¢' < 3, the line segment in |A(g;x,y’, 2’)| through (o, 3) and (y — ¢, ¢") has slope
< —1, so it is transformed by ¢ to a segment with positive slope or a vertical line in
|A(g1521,y1,%1)|. We have that for oy = a7 (91) and B1 = Beiyiz (91), (a1, 61) =
o(y—4',0") and B = &' < 3. Since (I1;x1,y1,%1) is well prepared, very well preparation
does not effect the vertex («y, 51), by Lemma 10.7. After very well preparation, we thus
have regular parameters z1,y}, 2] in T} such that (g1;21,v], 21) is very well prepared and

Bar 2 (91) < Buyz(g). Sing,(g1) C V(x1,2]) as in the proof of Lemma 10.14.
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We have thus reduced the proof to showing that ¢’ < 3.

If (a, B) # (v — 0,6), we have §' < § < 3 by Lemma 10.7, since (g;z,y, 2) is very well
prepared.

Suppose that («a, 3) = (v — 0,0). Set

W:{(i,j,k)eN3\/~c<rand (T_Zkrfk> :(a,ﬁ)}.

Expand g =) aijkxiyjzk, and set
Fg = Z aijk:riyjzk.
(i,5,k) EW
By assumption, («, () is prepared on |A(g; z,y, z)|, which implies that if a, 3 are integers,
then there does not exist A € K such that
aogorz” + Fy = agor(z — Ay

Moreover,

(25) Fg(xvyvz) =F ({L’ y + nx, Z Z Zalﬂfn < ) i+)‘(yl)j7)‘2k.

(i,5,k) €W A=0

By Lemma 10.6, the terms in the expansion of g(x,y’ + nz, z) contributing to (,0) in
|A(g;2,y',2)|, where v = o + 3, are

Foto) = D agripa’™Izh,
(i7j7k)€W
If (g;x,y,2) is (v,0) prepared, then & = 0 < 3. Suppose that (7,0) is not prepared on
|A(g, 2,9, 2)|. Then v € N, and there exists 1) € K such that
(26) agor (2 — Ya”)" = agorz” + Fy (5.0,
so that, with w = _—d’ € K, for 0 < k < r, we have
LOIf (" )7&0 (in K) then i = a(r — k),j = B(r — k) € N, and

(27) Aijk = Aoor <r i k> W'k,
2. Ifi=a(r—k),j=p(r—k)€Nand (,",) =0 (in K), then a;j; = 0.
Thus by Lemma 10.16, for (i,5,k) € W, a;j, = 0 if p® Jk.

If K has characteristic zero, we obtain a contradiction to our assumption that (,0) in
not prepared on |A(g,z,y’,z)|. Thus 0 = § < § if K has characteristic zero.

Now we consider the case where K has characteristic p > 0, and r = p®ro with p }ro,
ro > 1. Then by Lemma 10.16, for (4,5, k) € W, we have a;j;, = 0 if p* Jk. By (27), and
Lemma 10.16, Wehavethatz—ozp ,J=Bp* € N, and f a; j (ry—1)ps # 0.

We have an expression 3p® = ep! where p Je. Suppose that ¢ 2 s. Then 8 € N, which
implies that « = v — 8 € N, so that

aoor (2 + wzy®)" = agorz” + Fyg,
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a contradiction, since («, (3) is by assumption prepared on |A(g;x,y,z)|. Thus ¢t < s.
Suppose that e = 1. Then 8 = p'~* < 1 and a < 1 (since we must have that Sing,(g) =
V(x,y, z)) which implies (since ~ is an integer) that v = a + 8 = 1, a contradiction to
(24). Thus e > 1. Also,
CLOOTZT + Fg = aOOT(ZpS + wps J:Oéps y,@ps)r‘o
(28) = aOOT(ZpS 4 WP’ o’ (y + nx)ﬁps)m
- CLOOr(Zps + WP’ o’ [(y’)Pt + nptxpt]e)m'

Now make the (7, 0) preparation z = 2’ —n®wz? (from (26)) so that (g;x,y', ') is (v,0)

prepared. Let Gy = agor2" + Fy. Then

Gy = agor () + ewr" s €Dy Paor 7D 4 ()2 Q(a, ) )
= aoor [(Z’)ps’"O +79 [ewpsn”t(e’”(y’)ptxa”s*pt(e*l) + (g/)thQ} (z’)Ps(TO*l)]
+A2(w, y/)(zl)ps(,rD*Q) + NN + A’f'() (;U) y/)

o

for some polynomials Q(x,%'), A, . .., Ay, where (/)" | A; for all 4. All contributions of
S(y)N|A(g;z,y, 2')| must come from these polynomials G4. Recall that we are assuming
(a, ) = (v — 8,0). The term of lowest second coordinate on S(v) N |A(g;z,y/,2')| is

ap® +p'e—1) p'
(a7b) = < S 775 )
p p
which is not in N? since ¢ < s, and is not (o, 3) since e > 1. (a,b) is thus prepared on
|A(g;z,9/,2)], and

i t
§=L %L _p

p*p
Example 10.18. With the notation of Theorem 10.17, it is possible to have (vy,0) solvable
in | Alg;z,y',2) | if K has positive characteristic, as is shown by the following simple
example. Suppose that the characteristic p of K is greater than 5.

Let g = 2P + xyp2_1 + xp2_1y2.

The origin is isolated in Sing,(g = 0), and (g; z,y, z) is very well prepared. The vertices
of | Algiw,y,2) | are (a,8) = (v=8,6) = (5,p— %) and (p— 1,2). Sety =y +na with
0#£#neK.

g = F+a/+ne)P " 42?4 )
2 2 . . .
2P+ ( szol (p ; 1),,7p2—1—zxp2—z(y/)z)

+iP a4 2y ab” 4 o (y)?
The vertices of | A(g;x,y, z) | are (o, ) = (%,p - %) and (v,0) = (p,0). However, (v,0)

1
is solvable. Set 2’ = z +n''" vaP.

p?’-1 , o
-1 , o
g=CEr+ > (p i >77p2“96”2’(y')z + el g 2y P T (y)?

i=1
21
(p 1 >E—1 mod p,
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81 = Guyrr(9) = 3 and the vertices of | A(g;x,y/,2) | are (a, ) = (1,p—3), (11 —61,01) =
11 1

(p— 5. 3) and (p+ 5,0).

10.5. Construction of the sequence (g,).

Theorem 10.19. For alln € N, there are good parameters (T, Yn, 2n) in Ry for g, € Ry,
where I, = (Zs, q4,)Rn = gnRy such that

7L7q7L
QU Gnt15 Tt 1, Unt1s Znt1) = (Bnat, ﬁ, Ont1)
< Q(gmxmymzn) = (5717%70%)-
Further, if Bp+1 = Bn, €n+1 7 €n and é # 00, then
1 1
- 1.
En+41 En

Proof. We inductively construct regular parameters (z,, Yn, 2,) in R, such that (2, yn, 2n)
are good parameters for gy, Sing, (g,) C V (2, 2,) or Sing,.(gn) C V(Yn, 2n) and (gn; Tn, Yn, 2n)
is well prepared. If Sing,(g,) C V(zn, 2n), we will further have that (gn; n, yn, 2n) is very
well prepared. Let Q,, = Q(gn; Tn, Yn, 2n)-

We first choose possibly formal regular parameters (z,y,z) in R which are good pa-
rameters for g = go, such that |A(g; x,y, )| is very well prepared (see Remark 10.5). By
Lemma 10.1, z = 0 is an approximate manifold for g. Let o = iz .(9), 8 = By,2(9)-

By assumption, ¢ is isolated in Sing,.(5).

Suppose that regular parameters (z;, y;, 2;) in R; have been defined for i < n as specified
above.

If Sing, (9n) = V(yn, zn), then R, — R, +1 must be a Tr4 transformation, by Lemma 8.4,
since V'(z,) is an approximate manifold of g,,. R,,1; has regular parameters ), 1 un, 1 2, 11
defined by

Tn = 95;”1, Yn = y;H*l’ Zn = y;L+1Z;L+1’
Thus (gnt1: %415 Yni1s Zpe1) s well prepared by Lemma 10.15. Further Sing,.(gn41) C
V(Y115 %41) by Lemma 10.15. If Sing,(gnt1) = V(27,415 Ypi1s Znp1), make a change of
variables, subtracting a series in z/, 115 yl 41 from 2, 11, to very well prepare, with resulting
variables Tp41,Ynt1, Znt1. Otherwise, set Tni1 = @), 1, Ynt1 = Yhi1s Zntl = Zppq- We
have 8,11 < B, by Lemma 10.15, and Q41 < 2y,.

If Sing,.(gn) = V(2n, 2n) then (gn; Tn, Yn, 2n) is very well prepared. R,, — R,4+1 must be
a Tr3 transformation by Lemma 8.4, since V(z,) is an approximate manifold of g,. Ry+1
has regular parameters T,11, Yn+1,2ns+1 defined by

Tn = Tn+1,Yn = Yn+1,2n = Tnt+12n+1-

Thus (gn+1; Tntl, Yntl, 2nt1) is also very well prepared, a,1 < a, and Q,41 < Q, by
Lemma 10.13. Further Sing, (gn+1) C V(Tn+1, 2n+1)-

Now suppose that Sing, (g,) = V(2n, Yn, 2n)- Then (gn; Tn, Yn, 2n) is very well prepared,
and R,1; must be a Trl or Tr2 transformation of R, by Lemma 8.4, since V(z,) is an
approximate manifold of g,.

If R,y 1 is a Tr2 transformation of R, then Ry, 1 has regular parameters x, 1,y 1, 2,41
defined by

/ / /
Tn = Tn+1Yn11Yn = Yna1r2n = Yn+12n41-
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(Gn+1: Tnt1s Ypy1s Zp1) is well prepared by Lemma 10.15. Further, Sing,.(gn+1) C V(Y415 2511)
by Lemma 8.4. If Sing,.(gnt1) = V(Znt1, ¥}, 415 Z41), then make a further change of vari-
ables to very well prepare. Otherwise, set yni1 = ¥p 15 Znt1 = Zpp1- Bns1 < Pn by
Lemma 10.15, and Q41 < Q.

If R, 1 is a Trl transformation of R, then Ry, 1 has regular parameters 7, 1,y 1, 2,11
defined by

Tp = Tn+l,Yn = anrl(y;H—l +1n), 20 = :UnJrIZ;z—i—l-
Sing,.(gn+1) C V(%n+1,2,,1) by Lemma 8.4.

If B, # 0 and n # 0 in the Trl transformation relating R, and R,11, we can change
variables tO Tp+1,Yn+1, 2nt1 to very well prepare, with 6,41 < Bn, Qnt1 < Q, and
Sing, (gn+1) C V(Zn+1, 2n+1) by Theorem 10.17.

If n = 0 in the Trl transformation of R,, and xy41, Yn+1, 2nt1 are regular parameters
of R,+1 obtained from z,11,y), 115 2, 41 by very well preparation, then by Lemma 10.14,
(In+1; Tnt1, Yn+1, 2n+1) is very well prepared and Q11 < Q. If 841 = Gy, and &, # 0,
then ) .

= 1.
En+1 En

Further, Sing,(gn+1) C V(Znt1, 2nt1) -

If 8, = 0 we can make the translation y/, = vy, — nz,, and have that (g,,zn, Y., 2n)
is very well prepared, and By, vVn, 0n,En, @, are unchanged. Thus we are in the case of
n=0. O

We now prove that (15) cannot have infinite length. Set Q(q,) = Q(gn; Tn, Yn, 2n) for
n € N. By Theorem 10.19, we have a contradiction if (15) has infinite length, as the
sequence §)(g,) cannot decrease indefinitely.

11. EXERCISE SET 3.

1. Show that the Tschirnhausen transformation gives a formal hypersurface of max-
imal contact (for a characteristic zero surface embedded in a nonsingular 3-fold).

2. (Narasimhan [28]) Let K be an algebraically closed field of characterisitc 2, and
let X be the 3-fold in A}l( with equation

f=w?+ay® +y + 22" =0.

a. Show that the maximal multiplicity of a singular point on X is 2, and the
locus of singular points on X is the monomial curve C' with local equations

yS—I-Z:CG:O, a:y2+z3:0, yz2+x7:0,w2—|—zx720

which has the parameterization t — (¢, ¢! !5 #32). Thus C has embedding
dimension 4 at the origin, so there cannot exist a hypersurface (or formal
hypersurface) of maximal contact for X at the origin.
b. Resolve the singularities of X.
3. (Hauser [17]) Let K be an algebraically closed field of characteristic 2, and let S
be the surface in A%( with equation f = 22 + y*z + %24 + 27 = 0.
a. Show that the maximal multiplicity of points on S is 2, and the singular locus

of S is defined by the singular curve 32 + 23 = 0, z 4+ yz% = 0.
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b. Suppose that X is a hypersurface on a non-singular variety W, and p € X
is a point in the locus of maximal multiplicity r of X. A hypersurface H
through p is said to have permanent contact with X if under any sequence of
blow ups 7 : W1 — W of W, with non-singular centers, contained in the locus
of points of multiplicity r on the strict transform of X, the strict transform
of H contains all points of the intersection of the strict transform of X with
multiplicity r which are in the fiber 771(p). Show that there does not exist
a non-singular hypersurface of permanent contact at the origin for the above
surface S. Conclude that a hypersurface of maximal contact does not exist
for S.

c. Resolve the singularities of S.

4. (Hauser [18]) Let K be a field, and let f = 2% + (2" + zy*) € K[z,y,2]. Analyze
a resolution of singularities of f = 0 when K has characteristic # 2, and when K
has characteristic 2. At each step of the resolution process (where the multiplicity
is 2), we have regular parameters 7,7,z such that the strict transform of f = 0
has a local equation z2 + Mg(Z,%) = 0 for some polynomial g, and monomial g
in local equations of the exceptional locus, such that M and g have no common
divisors. After well preparation (in the variable Z), how does the multiplicity of g
change under blow ups in different characteristics?
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