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1. Smoothness, non-singularity and resolution of singularities

We begin by stating some foundational results of Zariski [32]. Proofs may be found in
[32], Chapter 2 and the Appendix to [11], or in other sources.

Definition 1.1. Suppose that X is a scheme. X is non-singular at P ∈ X if OX,P is a
regular local ring.

Recall that a local ring R, with maximal ideal m, is regular if the dimension of m/m2

as a R/m vector space is equal to the Krull dimension of R.
For varieties over a field, there is a related notion of smoothness.
Suppose thatK[x1, . . . , xn] is a polynomial ring over a fieldK, f1, . . . , fm ∈ K[x1, . . . , xn].

We define the Jacobian matrix

J(f ;x) = J(f1, . . . , fm;x1, . . . , xn) =


∂f1
∂x1

· · · ∂f1
∂xn

...
∂fm

∂x1
· · · ∂fm

∂xn

 ∈ K[x1, . . . , xn]mn.

Let I = (f1, . . . , fm) be the ideal generated by f1, . . . , fm, R = K[x1, . . . , xn]/I. Suppose
that P ∈ spec(R) Let K(P ) be the residue field of OX,P . We will say that J(f ;x) has
rank l at P if the image of J(f ;x) in K(P )mn has rank l.

If A is a square matrix, we will denote the determinant of A by |A|.

Definition 1.2. Suppose that X is a variety of dimension s over a field K, and P ∈ X.
Suppose that U = spec(R) is an affine neighborhood of P such that R ∼= K[x1, . . . , xn]/I
with I = (f1, . . . , fm). Then X is smooth over K if J(f ;x) has rank n− s at P .

This definition depends only on P and X and not on any of the choices of U , x or f .

Theorem 1.3. Let K be a field. The set of points in a K-variety X which are smooth
over K is an open set of X.

Theorem 1.4. Suppose that X is a variety over a field K and P ∈ X.
1. Suppose that X is smooth over K at P . Then P is a non-singular point of X.
2. Suppose that P is a non-singular point of X and K(P ) is separably generated over
K. Then X is smooth over K at P .

Corollary 1.5. Suppose that X is a variety over a perfect field K and P ∈ X. Then X

is non-singular at P if and only if X is smooth at P over K.

The first author was partially supported by NSF.
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Proof. This is immediate since an algebraic function field over a perfect field K is always
separably generated over K (Theorem 13, Section 13, Chapter II, [34]). �

In the case when X is an affine variety over an algebraically closed field K, the notion
of smoothness is geometrically intuitive. Suppose that X = V (I) = V (f1, . . . , fm) ⊂ An

K

is an s-dimensional affine variety, where I = (f1, . . . , fm) is a reduced and equidimensional
ideal. We interpret the closed points of X as the set of solutions to f1 = · · · = fm = 0
in Kn. We identify a closed point p = (a1, . . . , an) ∈ V (I) ⊂ An

K with the maximal ideal
m = (x1 − a1, . . . , xn − an) of K[x1, . . . , xn]. For 1 ≤ i ≤ m,

fi ≡ fi(p) + Li mod m2

where

Li =
n∑
j=1

∂fi
∂xi

(p)(xj − aj).

fi(p) = 0 for all i since p is a point of X. The tangent space to X in An
K at the point p is

Tp(X) = V (L1, . . . , Lm) ⊂ An
K .

We see that dim Tp(X) = n − rank(J(f ;x)(p)). We have that dim Tp(X) ≥ s and X is
non-singular at p if and only if dim Tp(X) = s.

Theorem 1.6. Suppose that X is a variety over a field K. Then the set of non-singular
points of X is an open dense set of X.

Suppose that X is a K-variety, where K is a field.

Definition 1.7. A resolution of singularities of X is a proper birational morphism ϕ :
Y → X such that Y is a non-singular variety.

A birational morphism is a morphism ϕ : Y → X of varieties such that there is a dense
open subset U of X such that ϕ−1(U) → U is an isomorphism. If X and Y are integral
and K(X) and K(Y ) are the respective function fields of X and Y , ϕ is birational if and
only if ϕ∗ : K(X) → K(Y ) is an isomorphism.

A morphism of varieties ϕ : Y → X is proper if for every valuation ring V with morphism
α : spec(V ) → X, there is a unique morphism β : spec(V ) → Y such that ϕ ◦ β = α. If
X and Y are integral, and K(X) is the function field of X, then we only need consider
valuation rings V such that K ⊂ V ⊂ K(X) in the definition of properness.

The geometric idea of properness is that every mapping of a ”formal” curve germ into
X lifts uniquely to a morphism to Y .

One consequence of properness is that every proper map is surjective. The properness
assumption rules out the possibility of ”resolving” by taking the birational resolution map
to be the inclusion of the open set of non-singular points into the given variety, or the
mapping of the non-singular points of a partial resolution to the variety.

We can extend our definition of a resolution of singularities to arbitrary schemes. A
reasonable category to consider is excellent (or quasi-excellent) schemes (defined in IV.7.8
[15] and on page 260 of [27]). The definition of excellence is extremely technical, but the
idea is to give minimal conditions ensuring that the the singular locus is preserved by
natural base extensions such as completion. There are examples of non-excellent schemes
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which admit a resolution of singularities. Rotthaus [30] gives an example of a regular local
ring R of dimension 3 containing a field which is not excellent. In this case, spec(R) is a
resolution of singularities of spec(R).

Suppose that (R,m) is a regular local ring containing a field K of characteristic zero.
Let K ′ be the residue field of R. Suppose that J ⊂ R is an ideal. We define the order of
J in R to be

νR(J) = max {b | J ⊂ mb}.
If J is a locally principal ideal, then the order of J is its multiplicity. However, order and
multiplicity are different in general.

Definition 1.8. Suppose that q is a point on a variety W and J ⊂ OW is an ideal sheaf.
We denote

νq(J) = νOW,q
(JOW,q).

If X ⊂W is a subvariety, we denote

νq(X) = νq(IX).

Remark 1.9. If q ∈W and J ⊂ OW is an ideal sheaf, then

νOW,q
(Jq) = νÔW,q

(JqÔW,q).

Suppose that X is a noetherian topological space and I is a totally ordered set. f :
X → I is said to be an upper semi-continuous function if for any α ∈ I,

{q ∈ X | f(q) ≥ α}

is a closed subset of X.
Suppose that X is a subvariety of a nonsingular variety W . Define

νX : W → N

by νX(q) = νq(X) for q ∈W . The order νq(X) is defined in Definition 1.8.

Theorem 1.10. Suppose that K is a perfect field, W is a nonsingular variety over K and
I is an ideal sheaf on W . Then

νq(I) : W → N
is an upper semi-continuous function.

Suppose that A is a local ring with maximal ideal m. A coefficient field of A is a subfield
L of A which is mapped onto A/m by the quotient mapping A→ A/m.

A basic theorem of Cohen is that an equicharacteristic complete local ring contains a co-
efficient field (Theorem 27, Section 12, Chapter VIII [34]). This leads to Cohen’s Structure
Theorem (Corollary, Section 12, Chapter VIII [34]), which shows that an equicharacteris-
tic complete regular local ring A is isomorphic to a formal power series ring over a field.
In fact, if L is a coefficient field of A, and if (x1, . . . , xn) is a regular system of parameters
of A, then A is the power series ring

A = L[[x1, . . . , xn]].

We further remark that the completion of a local ring R is a regular local ring if and only
if R is regular (c.f. Section 11, Chapter VIII [34]).
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Lemma 1.11. Suppose that S is a non-singular algebraic surface defined over a field K,
p ∈ S is a closed point, π : B = B(p) → S is the blow up of p, and suppose that q ∈ π−1(p)
is a closed point such that K(q) is separable over K(p). Let R1 = ÔS,p and R2 = ÔB,q,
and suppose that K1 is a coefficient field of R1, (x, y) are regular parameters in R1. Then
there exists a coefficient field K2 = K1(α) of R2 and regular parameters (x1, y1) of R2

such that
π̂∗ : R1 → R2

is the map given by ∑
i,j≥0

aijx
iyj →

∑
i,j≥0

aijx
i+j
1 (y1 + α)j

where aij ∈ K1, or K2 = K1 and
π̂∗ : R1 → R2

is the map given by ∑
i,j≥0

aijx
iyj →

∑
i,j≥0

aijx
i
1y
i+j
1

A proof of Lemma 1.11 is given in Lemma 3.5 [11].

Theorem 1.12. Suppose that R is a reduced affine ring over a field K, and A = Rp where
p is a prime ideal of R. Then the completion A = R̂p of A with respect to its maximal
ideal is reduced.

When K is a perfect field, this is a theorem of Chevalley (Theorem 31, Section 13,
Chapter VIII [34]). The general case follows from Scholie IV 7.8.3 (vii) [15].

Theorem 1.13. (Weierstrass Preparation Theorem) Let K be a field, and suppose that
f ∈ K[[x1, . . . , xn, y]] is such that

0 < r = ν(f(0, . . . , 0, y)) = max{n | yn divides f(0, . . . , 0, y)} <∞.

Then there exists a unit series u in K[[x1, . . . , xn, y]] and non-unit series ai ∈ K[[x1, . . . , xn]]
such that

f = u(yr + a1y
r−1 + · · ·+ ar).

A proof is given in Theorem 5, Section 1, Chapter VII [34].
An important concept in resolution in characteristic zero is the Tschirnhausen transfor-

mation, which generalizes the ancient notion of “completion of the square” in the solution
of quadratic equations.

Definition 1.14. Suppose that K is a field of characteristic p ≥ 0 and f ∈ K[[x1, . . . , xn, y]]
has an expression

f = yr + a1y
r−1 + · · ·+ ar

with ai ∈ K[[x1, . . . , xn]] and p = 0 or p 6 | r. The Tschirnhausen transformation of f is
the change of variables replacing y with

y′ = y +
a1

r
.

f then has an expression

f = (y′)r + b2(y′)r−2 + · · ·+ br
4



with bi ∈ K[[x1, . . . , xn]] for all i.

Definition 1.15. Suppose that W is a nonsingular variety over a perfect field K and
X ⊂W is a subvariety.

For b ∈ N, define
Singb(X) = {q ∈W | νq(W ) ≥ b}.

Singb(X) is a closed subset of W by Theorem 1.10. Let

r = max{νX(q) | q ∈W}.

Suppose that q ∈ Singr(X). A subvariety H of an affine neighborhood U of q in W is
called a hypersurface of maximal contact for X at q if

1. Singr(X) ∩ U ⊂ H and
2. If

Wn
πn→ · · · →W1

π1→W

is a sequence of monoidal transforms such that for all i, πi is centered at a non-
singular subvariety Yi ⊂ Singr(Xi), where Xi is the strict transform of X on Wi,
then the strict transform Hi of H on Ui = Wi×W U (which is nonsingular) is such
that Singr(Xi) ∩ Ui ⊂ Hi for 1 ≤ i ≤ n.

With the above assumptions, a nonsingular codimension one subvariety H of U =
spec(ÔW,q) is called a formal hypersurface of maximal contact for X at q if 1. and 2.
above hold for U = spec(ÔW,q).

2. Blow ups of ideals

Suppose that X is a variety, and J ⊂ OX is an ideal sheaf. The blow up of J is

π : B = B(J ) = proj(
⊕
n≥0

J n) → X.

B is a variety and π is proper. If X is projective then B is projective. π is an isomorphism
over X − V (J ), and JOB is a locally principal ideal sheaf.

If U ⊂ X is an open affine subset, and R = Γ(U,OX), I = Γ(U,J ) = (f1, . . . , fm) ⊂ R,
then

π−1(U) = B(I) = proj(
⊕
n≥0

In).

If X is an integral scheme, we have

proj(
⊕
n≥0

In) = ∪mi=1spec(R[
f1

fi
, · · · , fm

fi
]).

Suppose that W ⊂ X is a subscheme with ideal sheaf IW on X.
The total transform of W , π∗(W ) is the subscheme of B with the ideal sheaf

Iπ∗(W ) = IWOB.

Set theoretically, π∗(W ) is the preimage of W , π−1(W ).
Let U = X −V (J ). The strict transform W̃ of W is the Zariski closure of π−1(W ∩U)

in B(J ).
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The strict transform has the property that

W̃ = B(JOW ) = proj(
⊕
n≥0

(JOW )n)

This is shown in Corollary II.7.15 [16].

Theorem 2.1. (Universal property of blowing up) Suppose that I is an ideal sheaf on a
variety V and f : W → V is a morphism of varieties such that IOW is locally principal.
Then there is a unique morphism g : W → B(I) such that f = π ◦ g.

This is proven in Proposition II.7.14 [16].

Theorem 2.2. Suppose that C is an integral curve over a field K. Consider the sequence

(1) · · · → Cn
πn→ · · · → C1

π1→ C

where Cn+1 → Cn is obtained by blowing up the (finitely many) singular points on Cn.
Then this sequence is finite. That is, there exists n such that Cn is non-singular.

Proof. Without loss of generality, C = spec(R) is affine. Let R be the integral closure of R
in the function field K(C) of C. R is a regular ring. Let C = spec(R). All ideals in R are
locally principal (Proposition 9.2, page 94 [4]). By Theorem 2.1, we have a factorization

C → Cn → · · · → C1 → C

for all n. Since C → C is finite, Ci+1 → Ci is finite for all i, and there exist affine rings
Ri such that Ci = spec(Ri). For all n we have sequences of inclusions

R→ R1 → · · · → Rn → R.

Ri 6= Ri+1 for all i since a maximal ideal m in Ri is locally principal if and only if (Ri)m
is a regular local ring. Since R is finite over R, we have that (1) is finite. �

Corollary 2.3. Suppose that X is a variety over a field K and C is an integral curve on
X. Consider the sequence

· · · → Xn
πn→ Xn−1 → · · · → X1

π1→ X

where πi+1 is the blow up of all points of X which are singular on the strict transform Ci
of C on Xi. Then this sequence is finite. That is, there exists an n such that the strict
transform Cn of C is non-singular.

Proof. The induced sequence

· · · → Cn → · · · → C1 → C

of blow ups of points on the strict transform Ci of C is finite by Theorem 2.2. �

Theorem 2.4. Suppose that V and W are varieties and V →W is a projective birational
morphism. Then V ∼= B(I) for some ideal sheaf I ⊂ OW .

This is proved in Proposition II.7.17 [16].
Suppose that Y is a non-singular subvariety of a variety X. The monoidal transform

of X with center Y is π : B(IY ) → X. We define the exceptional divisor of the monoidal
transform π (with center Y ) to be the reduced divisor with the same support as π−1(Y ).
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In general, we will define the exceptional locus of a proper birational morpism ϕ : V →
W to be the (reduced) closed subset of V on which ϕ is not an isomorphism.

3. Exercise Set 1.

1. Suppose thatK is an algebraically closed field, and f ∈ K[x1, . . . , xn] is irreducible.
Let X = V (f) ⊂ An

K . Show that q ∈ X is a nonsingular point if and only if
νq(X) = 1. Generalize this result to the case of an irreducible hypersurface X
embedded in a regular scheme.

2. Let K be an algebraically closed field, and X be the affine surface

X = spec(K[x, y, z]/(xy − z2)).

Let Y = V (x, z) ⊂ X, and let π : B → X be the monoidal transform
centered at the non-singular curve Y . Show that π is a resolution of singularities.

Compute the exceptional locus of π and compute the exceptional divisor of the
monoidal transform π of Y .

3. Let K be an algebraically closed field, and X be the affine 3-fold

X = spec(K[x, y, z, w]/(xy − zw)).

Show that the monodial transform π : B → X with center Y is a resolution
of singularities in each of these cases, and describe the exceptional locus and
exceptional divisor (of the monoidal transform): Y=V((x,y,z,w)), Y=V((x,z)),
Y=V((y,z)). Show that the monoidal transforms of the second and third case
factor the monoidal transform of the first case.

4. Consider the curve y2 − x3 = 0 in A2
K , over an algebraically closed field K of

characteristic 0 or p > 3.
a. Show that at the point p1 = (1, 1), the tangent space Tp1(X) is the line

−3(x− 1) + 2(y − 1) = 0.

b. Show that at the point p2 = (0, 0), the tangent space Tp2(X) is the entire
plane A2

K .
c. Show that the curve is singular only at the origin p2.

5. Let K = Zp(t) where p is a prime, t is an indeterminate. Let R = K[x, y]/(xp +
yp − t), X = spec(R). Prove that X is non-singular, but there are no points of X
which are smooth over K.

6. LetK = Zp(t) where p > 2 is a prime, t is an indeterminate. Let R = K[x, y]/(x2+
yp − t), X = spec(R). Prove that X is non-singular, and X is smooth over K at
every point except at the prime (yp − t, x).

7. Show that the property of being a domain is not preserved under completion.
Letf = y2 − x2 + x3. Show that f is irreducible in C[x, y], but is reducible in the
completion C[[x, y]]. Thus R = C[x, y]/(f) is a domain, but its completion R̂ is
not.
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4. Resolution of curves embedded in a non-singular surface

In this section we consider curves embedded in a non-singular surface, defined over an
arbitrary field K. A more general version of this proof, valid in arbitrary two dimensional
regular local rings, can be found in [3] or [29]. The proof of this section is from Section
3.5 of [11].

Lemma 4.1. Suppose that K is a field, S is a non-singular surface over K, C is a curve
on S and p ∈ C is a closed point. Suppose that π : B = B(p) → S is the blow up of p, C̃
is the strict transform of C on B and q ∈ π−1(p) ∩ C̃. Then

νq(C̃) ≤ νp(C)

and if

νq(C̃) = νp(C)

then K(p) = K(q).

A proof of this lemma is given in Lemma 3.14 [11].

Theorem 4.2. Suppose that C is a curve which is a subvariety of a non-singular surface
X over a field K. Then there exists a sequence of blow ups of points λ : Y → X such that
the strict transform C̃ of C on Y is non-singular.

Proof. Let r = max(νp(C) | p ∈ C}. If r = 1, C is non-singular, so we may assume that
r > 1. The set {p ∈ C | νp(C) = r} is a subset of the singular local of C which is a proper
closed subset of the 1-dimensional variety C, so it is a finite set.

The proof is by induction on r.
We can construct a sequence of projective morphisms

(2) · · · → Xn
πn→ · · · → X1

π1→ X0 = X

where each πn+1 : Xn+1 → Xn is the blow up of all points on the strict transform Cn of C
which have multiplicity r on Cn. If this sequence is finite, then there is an integer n such
that all points on the strict transform Cn of C have multiplicity ≤ r − 1. By induction
on r, we can then repeat this process to construct the desired morphism Y → X which
induces a resolution of C.

We will assume that the sequence (2) is infinite, and derive a contradiction. If it is
infinite, then for all n ∈ N there are closed points pn ∈ Cn which have multiplicity r on
Cn and such that πn+1(pn+1) = pn. Let Rn = ÔXn,pn for all n. We then have an infinite
sequence of completions of quadratic transforms (blow ups of maximal ideals) of local rings

R = R0 → R1 → · · · → Rn → · · ·

We will define

δpi ∈
1
r!

N

such that

(3) δpi = δpi−1 − 1
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for all i ≥ 1. We can thus conclude that pi has multiplicity < r on the strict transform Ci
of C for some natural number i ≤ δp + 1. From this contradiction it will follow that (2) is
a sequence of finite length.

Suppose that f ∈ R0 = ÔX,p is such that f = 0 is a local equation C and (x, y) are
regular parameters in R = ÔX,p such that r = mult(f(0, y)). We will call such (x, y) good
parameters for f . Let K ′ be a coefficient field of R. There is an expansion

f =
∑
i+j≥r

aijx
iyj

with aij ∈ K ′ for all i, j and a0r 6= 0. Define

(4) δ(f ;x, y) = min
{

i

r − j
| j < r and aij 6= 0

}
.

δ(f ;x, y) ≥ 1 since (x, y) are good parameters We thus have an expression (with δ =
δ(f ;x, y))

f =
∑

i+jδ≥rδ
aijx

iyj = Lδ +
∑

i+jδ>rδ

aijx
iyj

where

(5) Lδ =
∑

i+jδ=rδ

aijx
iyj = a0ry

r + Λ

is such that a0r 6= 0 and Λ is not zero.
Suppose that (x, y) are fixed good parameters of f . Define

(6) δp = sup{δ(f ;x, y1) | y = y1 +
n∑
i=1

bix
i with n ∈ N and bi ∈ K ′} ∈ 1

r!
N ∪ {∞}.

We cannot have δp = ∞, since then there would exist a series

y = y1 +
∞∑
i=1

bix
i

such that δ(f ;x, y1) = ∞, and thus there would be a unit series γ in R such that

f = γyr1.

But then r = 1 since f is reduced in R, a contradiction. We see then that δp ∈ 1
r!N.

After possibly making a substitution

y = y1 +
n∑
i=1

bix
i

with bi ∈ K ′, we may assume that δp = δ(f ;x, y).
Let δ = δp.
Since νp1(C1) = r, by Lemma 4.1, we have an expression R1 = K ′[[x1, y1]], where

R→ R1 is the natural K ′-algebra homomorphism such that either

x = x1, y = x1(y1 + α)

for some α ∈ K ′, or
x = x1y1, y = y1.
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We first consider the case where x = x1y1, y = y1. A local equation of C1 (in spec(R1))
is f1 = 0, where

f1 =
f

yr1
=

∑
i+j=r

aijx
i
1 + y1Ω = a0r + x1g + y1h

for some series Ω, g, h ∈ R1. Thus f1 is a unit in R1, a contradiction.
Now consider the case where x = x1, y = x1(y1 +α) with 0 6= α ∈ K ′. A local equation

of C1 is

f1 =
f

xr1
=

∑
i+j=r

aij(y1 + α)j + x1Ω

for some Ω ∈ R1. Since νp1(C1) = r,∑
i+j=r

aij(y1 + α)j = a0ry
r
1.

Substituting t = y1 + α we have ∑
i+j=r

aijt
j = a0r(t− α)r.

If we now substitute t = y
x and multiply the series by xr we obtain the leading form L of

f ,
L =

∑
i+j=r

aijx
iyj = a0r(y − αx)r = a0ry

r + · · ·+ (−1)ra0rα
rxr.

Comparing with (5), we see that r = rδ and δ = 1, so that Lδ = L. But we can replace
y with y − αx to increase δ, a contradiction to the maximality of δ. Thus νp1(C1) < r, a
contradiction.

Finally, consider the case x = x1, y = x1y1. Set δ′ = δ − 1. A local equation of C1 is

f1 =
f

xr1
=

∑
i+jδ≥rδ

aijx
i+j−r
1 yj1 =

∑
i+jδ′=rδ′

ai−j+r,jx
i
1y
j
1 +

∑
i+jδ′>rδ′

ai−j+r,jx
i
1y
j
1

where i = i+ j − r. Since

Lδ′(x1, y1) =
1
xr1
Lδ(x1, x1y1)

has at least two non-zero terms, we see that δ(f1;x1, y1) = δ′ = δ − 1.
Finally, we will show that δp1 = δ(f1;x1, y1). Suppose not. Then we can make a

substitution

y1 = y′1 −
∑

bix
i
1 = y′1 − bxd1 + higher order terms in x1

with 0 6= b ∈ K ′ such that
δ(f1;x1, y

′
1) > δ(f1;x1, y1).

Then we have an expression∑
i+jδ′=rδ′

ai−j+r,jx
i
1(y

′
1 − bxd1)

j = a0r(y′1)
r +

∑
i+jδ′>rδ′

bijx
i
1(y

′
1)
j

so that δ′ = d ∈ N, and ∑
i+jδ′=rδ′

ai−j+r,jx
i
1(y

′
1 − bxd1)

j = a0r(y′1)
r.
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Thus ∑
i+jδ=rδ

aijx
i+j−r
1 yj1 =

∑
i+jδ′=rδ′

ai−j+r,jx
i
1y
j
1 = a0r(y1 + bxδ

′
1 )r.

If we now multiply these series by xr1 we obtain

Lδ =
∑

i+jδ=rδ

aijx
iyj = a0r(y + bxδ)r.

But we can now make the substitution y′ = y − bxδ and see that

δ(f ;x, y′) > δ(f ;x, y) = δp,

a contradiction, from which we conclude that δp1 = δ′ = δp − 1. We can then inductively
define δpi for i ≥ 0 by this procedure so that (3) holds. The conclusions of the theorem
now follow. �

5. Exercise Set 2.

1. Resolve the singularities by blowing up.
a. x2 = x4 + y4

b. xy = x6 + y6

c. x3 = y2 + x4 + y4

d. x2y + xy3 = x4 + y4

e. y2 = xn

f. y4 − 2x3y2 − 4x5y + x6 − x7.
2. Suppose that D is an effective divisor on a non-singular surface S. That is, there

exist irreducible curves Ci on S, ri ∈ N such that ID = Ir1C1
· · · IrnCn

. D has simple
normal crossings (SNCs) on S if for every p ∈ S there exist regular parameters
(x, y) in OS,p such that if f = 0 is a local equation for D at p, then f = unit xayb

in OS,p.
Find a sequence of blow ups of points making the total transform of y2−x3 = 0

a SNCs divisor.
3. Suppose that D is an effective divisor on a non-singular surface S. Show that there

exists a sequence of blow ups of points

Sn → · · · → S

such that the total transform π∗(D) is a SNCs divisor.
4. Suppose that T = T0 is a nonsingular surface over a field L, and I = I0 is an ideal

sheaf of T . Show that there exists a sequence of blow ups of points

Tn
ϕn→ Tn−1 → · · · → T1

π1→ T0

such that IOTn is everywhere locally a principal ideal whose generator defines a
SNC divisor, and the blow ups πi+1 are centered at a point where IOTi is not
locally a principal ideal whose generator defines a SNC divisor.

11



5. Prove that the δp defined in formula (6) is equal to

δp = sup{δ(f ;x, y) | (x, y) are good parameters for f}.

Thus δp does not depend on the initial choice of good parameters, and δp is an
invariant of p.

6. Suppose that νp(C) > 1. Let π : B(p) → X be the blow up of p, C̃ be the
strict transform of C. Show that there is at most one point q ∈ π−1(p) such that
νq(C̃) = νp(C).

7. The Newton Polygon N(f ;x, y) is defined as follows. Let I be the ideal in R =
K[[x, y]] generated by the monomials xαyβ such that the coefficient aαβ of xαyβ

in f(x, y) =
∑
aαβx

αyβ is not zero. Set

P (f ;x, y) = {(α, β) ∈ Z2|xαyβ ∈ I}.

Now define N(f ;x, y) to be the smallest convex subset of R2 such that N(f ;x, y)
contains P (f ;x, y) and if (α, β) ∈ N(f ;x, y), (s, t) ∈ R2

+, then (α + s, β + t) ∈
N(f ;x, y). Now suppose that (x, y) are good parameters for f (so that ν(f(0, y)) =
ν(f) = r). Then (0, r) ∈ N(f ;x, y). Let the slope of the steepest segment of
N(f ;x, y) be s(f ;x, y). This is the slope of the nonvertical line on the boundary
of N(f ;x, y) which contains the point (0, r). We have 0 ≥ s(f ;x, y) ≥ −1, since
aαβ = 0 if α+ β < r. Show that

δ(f ;x, y) = − 1
s(f ;x, y)

.

8. Show that y1 giving δp in (6) is a hypersurface of maximal contact (Definition
1.15).

9. Prove Lemma 4.1.

6. Some Reduction Theorems for Resolution

Resolution of singularities. Suppose that V is a variety. A resolution of singularities
of V is a proper birational morphism ϕ : W → V such that W is non-singular.

Principalization of ideals. Suppose that V is a non-singular variety, I ⊂ OV is an ideal
sheaf. A principalization of I is a proper birational morphism ϕ : W → V such that W is
non-singular and IOW is locally principal.

Resolution of indeterminacy. Suppose that ϕ : W → V is a rational map of proper
K-varieties such that W is non-singular. A resolution of indeterminacy of ϕ is a proper
non-singular K-variety X with a birational morphism ψ : X → W and a morphism
λ : X → V such that λ = ϕ ◦ ψ.

Lemma 6.1. Suppose that resolution of singularities is true for K-varieties of dimen-
sion n. Then resolution of indeterminacy is true for rational maps from K-varieties of
dimension n.

12



Proof. Let ϕ : W → V be a rational map of proper K-varieties where W is non-singular.
Let U be a dense open set of W on which ϕ is a morphism. Let Γϕ be the Zariski closure
of the image in W ×V of the map U →W ×V defined by p 7→ (p, ϕ(p)). By resolution of
singularities, there is a proper birational morphism X → Γϕ such that X is non-singular.

�

Theorem 6.2. Suppose that K is a perfect field, resolution of singularities is true for
projective hypersurfaces over K of dimension n and principalization of ideals is true for
non-singular varieties of dimension n over K. Then resolution of singularities is true for
projective K-varieties of dimension n.

Proof. Suppose that V is an n dimensional projective K-variety. If V1, . . . , Vr are the
irreducible components of V , we have a projective birational morphism from the disjoint
union of the Vi to V . Thus it suffices to assume that V is irreducible. The function
field K(V ) of V is a finite separable extension of a rational function field K(x1, . . . , xn)
(Chapter II, Theorem 30, page 104 [34]). By the theorem of the primitive element,

K(V ) ∼= K(x1, . . . , xn)[xn+1]/(f).

We can clear the denominator of f so that

f =
∑

ai1...in+1x
i1
1 · · ·x

in+1

n+1

is irreducible in K[x1, . . . , xn+1]. Let

d = max{i1 + · · · in+1 | ai1...in+1 6= 0}.

Set

F =
∑

ai1...in+1X
d−(i1+···+in+1)
0 Xi1

1 · · ·Xin+1

n+1 ,

the homogenization of f . Let V be the variety defined by F = 0 in Pn+1. K(V ) ∼= K(V )
implies there is a birational rational map from V to V . That is, there is a birational
morphism ϕ : Ṽ → V where Ṽ is a dense open subset of V . Let Γϕ be the Zariski closure
of {(a, ϕ(a)) | a ∈ Ṽ } in V × V . We have birational projection morphisms π1 : Γϕ → V

and π2 : Γϕ → V . Γϕ is the blow up of an ideal sheaf J on V (Theorem 2.4). By resolution
of singularities for n dimensional hypersurfaces, we have a resolution of singularities f :
W ′ → V . By principalization of ideals in non-singular varieties of dimension n, we have
a principalization g : W → W ′ for JOW ′ . By the universal property of blowing up
(Theorem 2.1), we have a morphism h : W → Γϕ. Hence π1 ◦ h : W → V is a resolution
of singularities. �

Corollary 6.3. Suppose that C is a projective curve over a perfect field K. Then C has
a resolution of singularities.

Proof. By Theorem 4.2 resolution of singularities is true for projective plane curves over
K. All ideal sheaves on a non-singular curve are locally principal since the local rings of
points are Dedekind local rings. �
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7. Resolution of surface singularities in characteristic zero

In this section, we give a simple proof of resolution of surface singularities in character-
istic zero. The proof follows the algorithm of Beppo Levi [25], [33].

Theorem 7.1. Suppose that S is a projective surface over an algebraically closed field K
of characteristic 0. Then there exists a resolution of singularities

Λ : T → S.

Theorem 7.1 is a consequence of the following Theorem 7.2, Theorem 6.2 and Problem
4 of Exercise Set 2.

Theorem 7.2. Suppose that S is a hypersurface of dimension 2 in a non-singular pro-
jective variety V of dimension 3, over an algebraically closed field K of characteristic 0.
Then there exists a sequence of blow ups of points and non-singular curves contained in
the strict transform Si of S

Vn → Vn−1 → · · · → V1 → V

such that the the strict transform Sn of S on Vn is non-singular.

The remainder of this section will be devoted to the proof of Theorem 7.2. Suppose
that V is a non-singular three dimensional variety over an algebraically closed field K of
characteristic 0, and S ⊂ V is a surface.

For a natural number t, define (Definitions 1.8 1.15)

Singt(S) = {p ∈ V | νp(S) ≥ t}.

By Theorem 1.10, Singt(S) is Zariski closed in V .
Let

r = max{t | Singt(S) 6= ∅}
be the maximal multiplicity of points of S. There are two types of blow ups of non-singular
subvarieties on a non-singular three dimensional variety, a blow up of a point, and a blow
up of a non-singular curve.

We will first consider the blow up of a closed point p ∈ V , π : B(p) → V . Suppose that
U = spec(R) ⊂ V is an affine open neighborhood of p, and p has ideal mp = (x, y, z) ⊂ R.

π−1(U) = proj(
⊕

mn
p ) = spec(R[

y

x
,
z

x
]) ∪ spec(R[

x

y
,
z

y
]) ∪ spec(R[

x

z
,
y

z
]).

The exceptional divisor is E = π−1(p) ∼= P2.
At each closed point q ∈ π−1(p), we have regular parameters (x1, y1, z1) of the following

forms:
x = x1, y = x1(y1 + α), z = x1(z1 + β),

with α, β ∈ K, x1 = 0 a local equation of E, or

x = x1y1, y = y1, z = y1(z1 + α)

with α ∈ K, y1 = 0 a local equation of E, or

x = x1z1, y = y1z1, z = z1,

z1 = 0 a local equation of E.
14



We will now consider the blow up π : B(C) → V of a non-singular curve C ⊂ V .
If p ∈ V and U = spec(R) ⊂ V is an open affine neighborhood of p in V such that
mp = (x, y, z) and the ideal of C is I = (x, y) in R then

π−1(U) = proj(
⊕

In) = spec(R[
x

y
]) ∪ spec(R[

y

x
]).

π−1(p) ∼= P1, π−1(C ∩ U) ∼= (C ∩ U) × P1. Let E = π−1(C) be the exceptional divisor.
E is a projective bundle over C. At each point q ∈ π−1(p), we have regular parameters
(x1, y1, z1) such that:

x = x1, y = x1(y1 + α), z = z1

where α ∈ K, x1 = 0 is a local equation of E, or

x = x1y1, y = y1, z = z1

where y1 = 0 is a local equation of E.
In this section, we will analyze the blow up

π : B(W ) = B(IW ) → V

of a non-singular subvariety W of V above a closed point p ∈ V , by passing to a formal
neighborhood spec(ÔV,p) of p and analyzing the map π : B(ÎW,p) → spec(ÔV,p). We have
a natural isomorphism B(ÎW,p) ∼= B(IW )×V spec(ÔV,p). Observe that we have a natural
identification of π−1(p) with π−1(p).

Lemma 7.3. Suppose that V is a non-singular three dimensional variety, S ⊂ V is a
surface, C ⊂ Singr(S) is a non-singular curve, π : B(C) → V is the blow up of C, and
S̃ is the strict transform of S in B(C). Suppose that p ∈ C. Then νq(S̃) ≤ r for all
q ∈ π−1(p), and there exists at most one point q ∈ π−1(p) such that νq(S̃) = r. In
particular, if E = π−1(C), then either Singr(S̃) ∩ E is a non-singular curve which maps
isomorphically onto C or Singr(S̃) ∩ E is a finite union of points.

Proof. By the Weierstrass preparation theorem and after a Tschirnhausen transformation
(Definition 1.14), a local equation f = 0 of S in ÔV,p = K[[x, y, z]] has the form

(7) f = zr + a2(x, y)zr−2 + · · ·+ ar(x, y).

f ∈ ÎrC,p implies ∂f
∂z ∈ Îr−1

C,p , and r!z = ∂r−1f
∂zr−1 ∈ ÎC,p. Thus z ∈ ÎC,p. After a change of

variables in x and y, we may assume that ÎC,p = (x, z). f ∈ ÎrC,p implies xi | ai for all i.
If q ∈ π−1(p), then ÔB(C),q has regular parameters (x1, y, z1) such that

x = x1z1, z = z1

or
x = x1, z = x1(z1 + α)

for some α ∈ K.
In the first case, a local equation of the strict transform of S is a unit. In the second

case, the strict transform of S has a local equation

f1 = (z1 + α)r +
a2

x2
1

(z1 + α)r−2 + · · ·+ ar
xr1
.

ν(f1) ≤ r, and ν(f1) < r if α 6= 0. �
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Lemma 7.4. Suppose that p ∈ Singr(S) is a point, π : B(p) → V is the blow up of p, S̃
is the strict transform of S in B(p), and E = π−1(p). Then νq(S̃) ≤ r for all q ∈ π−1(p),
and either Singr(S̃)∩E is a non-singular curve or Singr(S̃)∩E is a finite union of points.

Proof. By the Weierstrass preparation theorem and after a Tschirnhausen transformation,
a local equation f = 0 of S in ÔV,p = K[[x, y, z]] has the form

(8) f = zr + a2(x, y)zr−2 + · · ·+ ar(x, y).

If q ∈ π−1(p), and νq(S̃) ≥ r, then ÔB(C),q has regular parameters (x1, y, z1) such that

x = x1y1, y = y1, z = y1z1

or
x = x1, y = x1(y1 + α), z = x1z1

for some α ∈ K, and ν1(S̃) = r. Thus Singr(S̃) ∩ E is contained in the line which is the
intersection of E with the strict transform of z = 0 in B(C)×V spec(ÔV,p). �

Theorem 7.5. There exists a sequence of blow ups of points in Singr(Si)

Vn → Vn−1 → · · · → V,

where Si is the strict transform of S on Vi, so that all curves in Singr(Sn) are non-singular.

Proof. This is possible by Corollary 2.3 and since (by Lemma 7.4) the blow up of a point
in Singr(Si) can introduce at most one new curve into Singr(Si+1), which must be non-
singular. �

Theorem 7.6. Suppose that all curves in Singr(S) are non-singular, and

· · · → Vn → Vn−1 → · · · → V

is a sequence of blow ups of non-singular curves in Singr(Si) where Si is the strict trans-
form of S on Vi. Then Singr(Si) is a union of non-singular curves and a finite number
of points for all i. Further, this sequence in finite. That is, there exists an n such that
Singr(Sn) is a finite set.

Proof. Suppose that C is a non-singular curve in Singr(S). Let π1 : V1 = B(C) → V be
the blow up of C, S1 be the strict transform of S. If Singr(S1) 6= ∅, we can choose another
non-singular curve C1 in Singr(S1) and blow up by π2 : V2 = B(C1) → V1. Let S2 be the
strict transform of S1. We either reach a surface Sn such that Singr(Sn) = ∅, or we obtain
an infinite sequence of blow ups

· · · → Vn → Vn−1 → · · · → V

such that each Vi+1 → Vi is the blow up of a curve Ci in Singr(Si), where Si is the strict
transform of S on Vi. Each curve Ci which is blown up must map onto a curve in S by
Lemma 7.4. Thus there exists a curve γ ⊂ S such that there are infinitely many blow ups
of curves mapping onto γ in the above sequence. Let R = OV,γ , a two dimensional regular
local ring. IS,γ is a height 1 prime ideal in this ring, and P = Iγ,γ is the maximal ideal of
R.

dim R+ trdegKR/P = 3
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by the dimension formula (Theorem 15.6 [27]). Thus R/P has transcendence degree 1 over
K. Let t ∈ R be the lift of a transcendence basis of R/P over K. K[t] ∩ P = (0), so the
field K(t) ⊂ R. We can write R = AQ where A is a finitely generated K(t) algebra (which
is a domain) and Q is a maximal ideal in A. Thus R is the local ring of a non-singular
point q on the K(t) surface spec(A). q is a point of multiplicity r on the curve in spec(A)
with ideal sheaf IS,γ in R.

The sequence

· · · → Vn ×V spec(R) → Vn−1 ×V spec(R) → · · · → spec(R)

consists of infinitely many blow ups of points on a K(t) surface, which are of multiplicity
r on the strict transform of the curve spec(R/IS,γ). But this is impossible by Theorem
4.2. �

We can now state the main resolution theorem.

Theorem 7.7. Suppose that Singr(S) is a finite set. Consider a sequence of blow ups

(9) · · · → Vn → · · · → V2 → V1 → V

where Si is the strict transform of S on Vi and Vi+1 → Vi is the blow up of a curve in
Singr(Si) if such a curve exists, and Vi+1 → Vi is the blow up of a point in Singr(Si)
otherwise. Then Singr(Si) is a disjoint union of non-singular curves and a finite number
of points for all i. Further, this sequence is finite. That is, there exists Vn such that
Singr(Sn) = ∅.

Proof. The fact that Singr(Si) is a disjoint union of non-singular curves and a finite number
of points for all i follows from the algorithm, and Lemmas 7.3 and 7.4.

We now prove that (9) is finite. Suppose there is an infinite sequence of the form of (9).
Then there is an infinite sequence of points pn ∈ Singr(Sn) such that πn(pn) = pn−1 for
all n. We then have an infinite sequence of homomorphisms of local rings

(10) R0 = ÔV,p → R1 = ÔV1,p1 → · · · → Rn = ÔVn,pn → · · ·

Without loss of generality, we may asume that no Ri → Ri+1 is an isomorphism.
By the Weierstrass preparation theorem and after a Tshirnhausen transformation (Defi-

nition 1.14) there exist regular parameters (x, y, z) in R0 such that there is a local equation
f = 0 for S in R0 of the form

f = zr + a2(x, y)zr−2 + · · ·+ ar(x, y)

with ν(ai(x, y)) ≥ i for all i. Since νpi(Si) = r for all i, by Lemmas 7.3 and 7.4, we have
regular parameters (xi, yi, zi) in Ri for all i and a local equation fi = 0 for Si such that in
the case when Ri−1 → Ri is the blow up of the maximal ideal,

xi−1 = xi, yi−1 = xi(yi + αi), zi−1 = xizi

with αi ∈ K or
xi−1 = xiyi, yi−1 = yi, zi−1 = yizi.

We set
x̃i−1 = xi−1, ỹi−1 = yi−1.

17



In the case when Ri−1 → Ri is the blow up of the completion ÎC,pi−1 of the ideal sheaf
of a nonsingular curve C ⊂ Vi−1, we must have a change of variables

x̃i−1(xi−1, yi−1), ỹi−1(xi−1, yi−1), zi−1

in Ri−1 such that ÎC,pi−1 = (x̃i−1, zi−1) or (ỹi−1, zi−1), and

x̃i−1 = xi, ỹi−1 = yi, zi−1 = xizi

or
x̃i−1 = xi, ỹi−1 = yi, zi−1 = yizi.

Furthermore,
fi = zri + a2,i(xi, yi)zr−2

i + · · ·+ ar,i(xi, yi)

where

aji(xi, yi) =


aj,i−1

xj
i

or
aj,i−1

yj
i

for all j. Thus the sequence

(11) K[[x, y] → K[[x1, y1]] → · · ·

is a sequence of blow ups of the maximal ideal, or the trivial extension of blowing up a
height one prime, followed by completion.

Let
Ii = (a2,i(xi, yi)

r!
2 , a3,i(xi, yi)

r!
3 , . . . , ar,i(xi, yi)

r!
r ) ⊂ K[[xi, yi]].

We have νpi(Si) = r if and only if ν(Ii) ≥ r!. Further,

Ii+1 =
1
xr!i

Ii or Ii+1 =
1
yr!i
Ii.

We now see that infinitely many points must be blown up in the sequence (10), since
any element of Ii can have only finitely many irreducible factors, and by our assumption
that (10) is infinite. Thus by Problem 4 of Exercise Set 2 (on principalization of ideals in
two variables) there exists m0 such that Ii is principal for i ≥ m0, and for suitable choice
of xi, yi, Ii is generated by a “monomial” xai

i y
bi
i .

We now consider the change of (ai, bi) in the sequence (11). If we blow up (xi, zi), then
we must have ai ≥ r!. In Ri+1, we have regular parameters xi+1, yi+1, zi+1 defined by

xi = xi+1, yi = yi+1, zi = xi+1zi+1.

Thus Ii+1 = (xai−r!
i+1 ybii+1). We have a similar conclusion if we blow up (yi, zi). We then

have bi ≥ r! and Ii+1 = (xai
i+1y

bi−r!
i+1 ).

If we blow up (xi, yi, zi), then since pi is isolated in Singr(Si), we must have ai < r!,
bi < r! and ai + bi ≥ r!. In Ri+1, we have regular parameters xi+1, yi+1, zi+1 defined by

(12) xi = xi+1, yi = xi+1(yi+1 + αi+1), zi = xi+1zi+1

or

(13) xi = xi+1yi+1, yi = yi+1, zi = yi+1zi+1
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In the case when αi+1 = 0 in (12), we have

Ii+1 = (xai+bi−r!
i+1 ybii+1).

If αi+1 6= 0 in (12), then

Ii+1 = (xai+bi−r!
i+1 ).

If (13) holds, then

Ii+1 = (xai
i+1y

ai+bi−r!
i+1 ).

After a finite number of blow ups, we see that we must have ν(Ii+1) < r!, so that
νpi+1(Si+1) < r, a contradiction. �

8. Resolution of Surface Singularities in all Characteristics

8.1. Resolution and some invariants. In this section we prove resolution of singulari-
ties for surfaces over an algebraically closed field of characteristic p ≥ 0. The characteristic
0 proof in Section 7 depended on the existence of hypersurfaces of maximal contact, which
is false in positive characteristic (see Exercise Sets 3 and 4). The first proof of resolution
of singularities of surfaces in characteristic p is by Abhyankar [1]. The most general proof
of resolution in dimension two is Lipman’s proof of resolution of excellent two dimensional
schemes in [26]. Proofs of embedded resolution of surfaces in positive characteristic are
given by Abhyankar in [2] and Hironaka in [20]. Abhyankar uses embedded resolution of
surface singularities to prove resolution of 3-folds in characteristic greater than 5 in [2].
A simplified proof of this theorem is given by Cutkosky in [10]. Recently, Cossart and
Piltant have proven resolution of 3-folds in all characteristics in [8] and [9].

The algorithm of this chapter is sketched by Hironaka in his notes [20]. A more detailed
proof is given in [11] and an extension to ideals in [10]. In this section we prove the
following theorem:

Theorem 8.1. Suppose that S is a surface over an algebraically closed field K of charac-
teristic p ≥ 0. Then there exists a resolution of singularities

Λ : T → S.

Theorem 8.1 in the case when S is a hypersurface follows from induction on r = max {t |
Singt(S) 6= 0} in Theorems 8.6, 8.7 and 8.8. We then obtain Theorem 8.1 in general from
Theorem 6.2 and Problem 4 of Exercise Set 2.

For the remainder of this chapter we will assume that K is an algebraically closed field
of characteristic p ≥ 0, V is a non-singular 3 dimensional variety over K, and S is a surface
in V .

It follows from Theorem 1.10 that for t ∈ N,

Singt(S) = {p ∈ S | νp(S) ≥ t}

is Zariski closed.
Let

r = max{t | Singt(S) 6= ∅}.
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Suppose that p ∈ Singr(S) is a closed point, f = 0 is a local equation of S at p, and
(x, y, z) are regular parameters at p in V (or in ÔV,p). There is an expansion

f =
∑

i+j+k≥r
aijkx

iyjzk

with aijk ∈ K in ÔV,p = K[[x, y, z]]. The leading form of f is defined to be

L(x, y, z) =
∑

i+j+k=r

aijkx
iyjzk.

We define a new invariant, τ(p), to be the dimension of the smallest linear subspace T of
the K-subspace spanned by x, y and z in K[x, y, z] such that L ∈ k[T ]. This subspace is
uniquely determined. This dimension is in fact independent of choice of regular parameters
(x, y, z) at p (or in ÔV,p). If x, y, z are regular parameters inOV,p, we will call the subvariety
M = V (T ) of spec(OV,p) an approximate manifold to S at p. If (x, y, z) are regular
parameters in ÔV,p, we call M = V (T ) ⊂ spec(ÔV,p) a (formal) approximate manifold to
S at p. M is dependent of our choice of regular parameters at p. Observe that

1 ≤ τ(q) ≤ 3.

However, the tangent space to N does not depend on our choice of M and τ does not
depend on our choice of M . If there is a non-singular curve C ⊂ Singr(S) such that
p ∈ C, then τ(p) ≤ 2, and there exists an approximate manifold M such that M contains
the germ of C at p.

Example 8.2. Let f = x2 + y2 + z2 + x5. If char(K) 6= 2, then τ = 3 and x = y = z = 0
are local equations of the approximate manifold at the origin.

However, if char(K) = 2, then τ = 1 and x + y + z = 0 is a local equation of an
approximate manifold at the origin.

Example 8.3. Let f = y2 + 2xy + x2 + z2 + z5, char(K) > 2. L = (y + x)2 + z2 so that
τ = 2 and x+ y = z = 0 are local equations of an approximate manifold at the origin.

Lemma 8.4. Suppose that Y ⊂ Singr(S) is a nonsingular subvariety of V (a point or a
curve), π1 : V1 → V is the blow up of Y , S1 is the strict transform of S on V1, p ∈ Y ,
Mp is an approximate manifold to S at p containing the germ of Y at p, and q ∈ π−1

1 (p).
Then

1. νq(S1) ≤ r.
2. νq(S1) = r implies q is on the strict transform M ′

p of Mp and τ(p) ≤ τ(q).
3. Suppose that νq(S1) = r and τ(p) = τ(q). Then there exists an approximate

manifold Mq to S1 at q such that Mq ∩ π−1
1 (p) = M ′

p ∩ π−1
1 (p) where M ′

p is the
strict transform of Mp on V1.

Proof. (in the case when Y = p) Let f = 0 be a local equation of S at q, (x, y, z) be
regular parameters at p such that

1. x = y = z = 0 are local equations of M if τ(q) = 3,
2. y = z = 0 are local equations of M if τ(q) = 2,
3. z = 0 is a local equation of M if τ(q) = 1.
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In ÔV,p = K[[x, y, z]], write

f =
∑

aijkx
iyjzk = L+G

where L is the leading form of degree r, and G has order > r. q1 has regular parameters
(x1, y1, z1) such that one of the following cases hold:

1. x = x1, y = x1(y1 + α), z = x1(z1 + β) with α, β ∈ K
2. x = x1y1, y = y1, z = y1(z1 + β) with β ∈ K
3. x = x1z1, y = y1z1, z = z1

Suppose that the first case holds. S1 has a local equation f1 = 0 at q1 such that

f1 = L(1, y1 + α, z1 + β) + x1Ω.

Thus νq1(f1) ≤ r, and νq1(f1) = r implies

L(1, y1 + α, z1 + β) =
∑

i+j+k=r

aijk(y1 + α)j(z1 + β)k =
∑
j+k=r

bjky
j
1z
k
1

for some bjk ∈ k. Thus

L(1,
y

x
,
z

x
) =

∑
j+k=r

(
y

x
− α)j(

z

x
− β)k

implies V (y − αx, z − βx) ⊂M . We conclude that τ(q) ≤ 2 if νq1(S1) = νq(S).
Suppose that τ(q) = 2 and νq1(S1) = νq(S). Then we must have that α = β = 0, so

that q1 ∈ N1. We further have

f1 = L(y1, z1) + x1Ω

so that τ(q1) ≥ τ(q).
If τ(q) = 1, then L = czr for some (non-zero) c ∈ K, and we must have β = 0, so that

q1 ∈ N1. We further have

f1 = L(z1) + x1Ω

so that τ(q1) ≥ τ(q).
There is a similar analysis in cases 2 and 3. �

With the hypotheses of Lemma 8.4, we immediately conclude that τ(p) ≤ 3 − dim Y

and τ(p) = 3− dim Y implies νq(I1) < r.
We deduce from Lemma 8.4 the following important corollary.

Lemma 8.5. Suppose that V is a nonsingular 3-fold, Y ⊂ Singr(S) is a nonsingular
subvariety of V , π1 : V1 → V is the blow up of Y , and S1 is the strict transform of S on
V1. Let F be the reduced exceptional divisor of π1. Suppose that F ∩ Singr(S1) 6= ∅. Then

1. If Y is a point, then F ∩ Singr(S1) is either an isolated point, or an irreducible
nonsingular curve.

2. If Y is a curve, then F ∩ Singr(S1) is either a finite union of points, each in a
distinct fiber over a point of Y , or Singr(S1) is an irreducible nonsingular curve
which is a section over Y .
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Theorem 8.6. There exists a sequence of blow ups of points in Singr(Si)

Vn → Vn−1 → · · · → V,

where Si is the strict transform of S on Vi, so that all curves in Singr(Sn) are non-singular.

Proof. This is possible by Corollary 2.3 and since (by Lemma 8.5) the blow up of a point
in Singr(Si) can introduce at most one new curve into Singr(Si+1), which must be non-
singular. �

Theorem 8.7. Suppose that all curves in Singr(S) are non-singular, and

· · · → Vn → Vn−1 → · · · → V

is a sequence of blow ups of non-singular curves in Singr(Si) where Si is the strict trans-
form of S on Vi. Then Singr(Si) is a union of non-singular curves and a finite number
of points for all i. Further, this sequence in finite. That is, there exists an n such that
Singr(Sn) is a finite set.

The proof of Theorem 8.7 is exactly the same as the characteristic zero proof of Theorem
7.6, with the reference to Lemma 7.4 replaced with a reference to Lemma 8.5.

We can now state the main resolution theorem.

Theorem 8.8. Suppose that Singr(S) is a finite set. Consider a sequence of blow ups

(14) · · · → Vn → · · · → V2 → V1 → V

where Vi+1 → Vi is the blow up of a curve in Singr(Si) if such a curve exists, and Vi+1 → Vi
is the blow up of a point in Singr(Si) otherwise. Let Si be the strict transform of S on Vi.
Then Singr(Si) is a disjoint union of non-singular curves and a finite number of points
for all i. Further, this sequence is finite. That is, there exists Vn such that Singr(Sn) = ∅.

We will prove Theorem 8.8 by contradiction. Assume that (14) is not finite. We must
then have an infinite sequence of points qn ∈ Vn such that qn ∈ Singr(Sn), and qn maps
to qn−1 for all n.

By Lemma 8.4, τ(qn) ≥ τ(qn−1) for all n. Thus, by induction on τ , we may assume
that τ(qn) = τ(q) for all n.

We will show that this is not possible, by associating to each point qn an element Ω(qn)
in an ordered set such that Ω(qn+1) < Ω(qn) for all n. We will further show that Ω cannot
decrease indefinitely. It will then follow that there exists an n such that Singr(Vn) = ∅,
proving Theorem 8.8.

We have a sequence

(15) R0 → R1 → · · ·

of infinite length, where Ri = ÔVi,qi is the completion of the local ring of Vi at qi, and
νqi(Si) = r for all i. Let Ii = (ISi,qi)Ri.

Since OVn,qn is excellent, we have Singr(Sn) ∩ Spec(Rn) = Singr(In) for all n.
We may extend our definition of τ to an ideal in a power series ring. We have τ(qn) =

τ(In) for all n.
We will consider separately the cases with different values of τ in the following Sections

9 and 10, to derive a contradiction, showing that (14) must have finite length in all cases.
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The case where τ(q) = 3 is immediate from Lemma 8.4.

9. Reduction When τ(q) = 2

The proof in this case is an extension of the case of resolution of a plane curve, given
in Section 4. The proof is based on Hironaka’s termination argument in [20].

Suppose that T is a power series ring in 3 variables over an algebraically closed field K.
Suppose that x, y, z are regular parameters in T , and r is a positive integer.

For g ∈ T , we have an expansion

(16) g =
∑

bijkx
iyjzk

with bijk ∈ K. Define

γ(g;x, y, z) = min{ k

r − (i+ j)
| bijk 6= 0 and i+ j < r} ∈ 1

r!
N ∪ {∞}.

We have γ(g;x, y, z) = ∞ if and only if g ∈ (x, y)r. Further,

1. νT (g) = r if and only if γ(g;x, y, z) ≥ 1 and
2. V (x, y) is contained in an approximate manifold of g if and only if

γ(g;x, y, z) > 1.

Let γ = γ(g;x, y, z). Define

(17) [g]xyz =
∑

(i+j)γ+k=rγ

bijkx
iyjzk.

There is an expansion

(18) g = [g]xyz +
∑

(i+j)γ+k>rγ

bijkx
iyjzk.

Define

Aγ =
{

(i, j) | k

r − (i+ j)
= γ, i+ j < r, and bijk 6= 0

}
.

Then

(19) [g]xyz = Lg(x, y) +
∑

(i,j)∈Aγ

bi,j,γ(r−i−j)x
iyjzγ(r−i−j),

where Lg(x, y) =
∑

i+j=r bij0x
iyj .

Regular parameters x, y, z in T will be called good parameters for J if νT (g) = r and
τ(g) = 2, where T = T/zT and g = g + zT ..

If νT (g) = r and τ(g) = 2, then regular parameters x, y, z in T such that V (x, y) is an
approximate manifold of g are good parameters for g.

Definition 9.1. Suppose that x, y, z are good parameters for g and νT (g) = r. Then g is
solvable with respect to x, y, z if γ = γ(g;x, y, z) ∈ N and there exist α, β ∈ K such that

[g]xyz = Lg(x− αzγ , y − βzγ).
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Lemma 9.2. Suppose that x, y, z are good parameters for g, νT (g) = r and Singr(g) is
the maximal ideal of T . Then there exists a change of variables

x1 = x−
n∑
i=1

αiz
i, y1 = y −

n∑
i=1

βiz
i

such that g is not solvable with respect to x1, y1, z.

Proof. If there doesn’t exist such a change of variables then we construct series

x∞ = x−
∞∑
i=1

αiz
i, y∞ = y −

∞∑
i=1

βiz
i

such that γ(g;x∞, y∞, z) = ∞, and thus

g ∈ (x−
∞∑
i=1

αiz
i, y −

∞∑
i−1

βiz
i)r ⊂ T,

a contradiction to our assumption that Singr(g) is the maximal ideal of T . �

Observe that if νT (g) = r, τ(g) = 2, x, y, z are good parameters for g and g is not
solvable for x, y, z, then γ(g;x, y, z) > 1.

Lemma 9.3. Suppose that νT (g) = r, τ(g) = 2, Singr(g) is the maximal ideal of T , x, y, z
are good parameters for g and g is not solvable with respect to x, y, z.

Suppose that T1 is the completion of a local ring of the blow up of the maximal ideal of
T such that the strict transform g1 of g in T1 satisfies νT1(g1) = r and τ(g1) = 2. Then

1. T1 has regular parameters x1, y1, z1 defined by

(20) x = x1z1, y = y1z1, z = z1.

2. x1, y1, z1 are good parameters for g1 and V (x1, y1) is an approximate manifold of
g1.

3. γ(g1;x1, y1, z1) = γ(g;x, y, z)− 1.
4. g1 is not solvable with respect to x1, y1, z1.

Proof. Assertion 1 follows from Lemma 8.4, as V (x, y) is an approximate manifold for g.
We have

g1 =
g

zr1
.

Assertions 3 and 4 follow from substitution of (20) in (16), (17), (18) and (19).
Since we are assuming that τ(J1) = 2, we have that there exist α, β ∈ k such that an

approximate manifold of J1 has the form

(21) V (x1 + αz1, y1 + βz1),

and x1, y1, z1 are good parameters for J1.
Since we are assuming that νT1(g1) = r, we have γ(g1;x1, y1, z1) ≥ 1. If γ(g1;x1, y1, z1) >

1, then V (x1, y1) is an approximate manifold of g1.
Suppose that γ(g1;x1, y1, z1) = 1. Then

[g1]x1y1z1 =
1
zr1

[g]xyz.
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Since γ(g1;x1, y1, z1) = 1, [g1]x1y1z1 is the r-leading form of g1 with respect to x1, y1, z1.
By (21), there exists a form Ψg(u, v), which depends on g, such that

[g1]x1y1z1 = Ψg(x1 + αz1, y1 + βz1) = Lg(x1, y1) + z1Ω

where Ω ∈ T1 and Lg(x, y) is the r-leading form of g with respect to x, y, z. Setting z1 = 0,
we have Lg(x1, y1) = Ψg(x1, y1), so that

[g1]x1y1z1 = Lg(x1 + αz1, y1 + βz1).

We conclude that g1 is solvable with respect to x1, y1, z1, a contradiction to the assumption
that γ(g1;x1, y1, z1) = 1. �

We now prove that (15) cannot have infinite length.
Since τ(qi) = 2 for all i, the assumption that (15) is infinite and Lemma 8.4 imply that

for all i, Singr(Ii) is the maximal ideal of Ri and Ri+1 is the completion of a local ring of
a closed point of the blow up of the maximal ideal of Spec(Ri).

Moreover, τ(q) = 2 implies that there exist regular parameters (x, y, z) in R0 such that
V (y, z) is an approximate manifold of I0 = (g0), and thus x, y, z are good parameters for
I0.

By Lemma 9.2, there exists a change of variables in R0 so that we find good parameters
x, y, z for g0 such that g0 is not solvable with respect to x, y, z. Set Ω(q0) = γ(g0;x, y, z).

By Lemma 9.3, we can inductively define positive rational numbers Ω(qn) such that
Ω(qn+1) = Ω(qn)− 1 for all n, giving a contradiction if (15) has infinite length.

10. Reduction When τ(q) = 1.

This is the most interesting and difficult case. The proof is based on Hironaka’s termi-
nation argument in [20].

10.1. Definition of Ω. In this subsection we define Ω for an element g in a power series
ring T of three variables, over an algebraically closed field K.

Suppose that x, y, z are regular parameters in T , and r is a positive integer.
For g ∈ T , we have an expansion

g =
∑

bijkx
iyjzk

with bijk = bijk(g) ∈ K. We define

∆ = ∆(g;x, y, z) =
{(

i

r − k
,

j

r − k

)
∈ Q2 | k < r and bijk 6= 0

}
.

Let |∆(g;x, y, z)| be the smallest convex set in R2 such that ∆ ⊂ |∆|, and (a, b) ∈ |∆|
implies (a+ c, b+ d) ∈ |∆| for all c, d ≥ 0. For γ ∈ R, let S(γ) be the line through (γ, 0)
with slope -1.

Suppose that |∆| 6= ∅. We define αxyz(g) to be the smallest a appearing in any (a, b) ∈
|∆|, βxyz(g) to be the smallest b such that (αxyz(g), b) ∈ |∆|. Let γxyz(g) be the smallest
number γ such that S(γ)∩|∆| 6= ∅ and let δxyz(g) be such that (γxyz(g)− δxyz(g), δxyz(g))
is the lowest point on S(γxyz(g)) ∩ |∆|. (αxyz(I), βxyz(I)) and (γxyz(g)− δxyz(g), δxyz(g))
are vertices of |∆|. Define εxyz(g) to be the absolute value of the largest slope of a line
through (αxyz(g), βxyz(g)) such that no points of |∆| lie below it.
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We now define

Ω(g;x, y, z) = (βxyz(g),
1

εxyz(g)
, αxyz(g)),

which is in the ordered set (by the Lex order)(
1
r!

N
)
× (Q ∪∞)×

(
1
r!

N
)

We observe that:

1. The vertices of |∆| are points of ∆, which lie in the lattice 1
r!Z×

1
r!Z.

2. νR(g) < r holds if and only if |∆| contains a point on S(c) with c < 1 which holds
if and only if there is a vertex (a, b) with a+ b < 1.

3. αxyz(g) < 1 if and only if g 6∈ (x, z)r.
4. A vertex of |∆| lies below the line b = 1 if and only if g 6∈ (y, z)r.

10.2. Well preparation. (x, y, z) will be called good parameters for g if νT (g) = r and
b00r 6= 0. Good parameters exist if τ(g) = 1.

Suppose that νT (g) = r and and (x, y, z) are good parameters for g. Let ∆ = ∆(g;x, y, z)
and suppose that (a, b) is a vertex of |∆|. Define

S(a,b) =
{
k | k < r, and (

i

r − k
,

j

r − k
) = (a, b)

}
,

and

{g}abxyz = b00rz
r +

∑
k∈S(a,b)

ba(r−k),b(r−k),kx
a(r−k)yb(r−k)zk.

We will say that the vertex (a, b) is not prepared on |∆| if a, b are integers and there
exists η ∈ K such that

{g}abxyz = b00r(g)(z − ηxayb)r.

We will say that the vertex (a, b) is prepared on |∆| if such an η does not exist.
If the vertex (a, b) is not prepared, then we can make an (a, b) preparation, which is the

change of parameters

z1 = z − ηxayb.

If all vertices (a, b) of |∆| are prepared, then we say that (g;x, y, z) is well prepared.

Lemma 10.1. Suppose that νT (g) = r, τ(g) = 1, and (x, y, z) are good parameters of g.
Then z = 0 is an approximate manifold of g if and only if the vertices (0, 1) and (1, 0) are
prepared on |∆(g;x, y, z)|.

Proof. Suppose that (0, 1) and (1, 0) are prepared on |∆(g;x, y, z)|. Since τ(g) = 1, there
is a linear form ax+ by+ cz with a, b, c ∈ K such that V (ax+ by+ cz) is an approximate
manifold of g. There exists 0 6= dg ∈ K such that the r-leading form of g is dg(ax+by+cz)r.

As (x, y, z) are good parameters for g, b00r(g) 6= 0, so we must have c 6= 0. If a 6= 0,
then (1, 0) is a vertex of |∆(g;x, y, z)|, which is not prepared since

{g}(1,0)
xyz = dgc

r(z +
a

c
x)r.
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Thus a = 0. If b 6= 0, then (0, 1) is a vertex of |∆(g;x, y, z)| which is not prepared since

{g}(0,1)
xyz = dgc

r(z +
b

c
y)r.

Thus a = b = 0 and z = 0 is an approximate manifold of g.
The proof of the converse also follows from the above arguments. �

Lemma 10.2. Consider the terms in the expansion

(22) h =
k∑

λ=0

ηk−λ
(
k

λ

)
xi+(k−λ)ayj+(k−λ)bzλ1

obtained by substituting z1 = z− ηxayb into the monomial xiyjzk. Define a projection for
(a, b, c) ∈ N3 such that c < r,

π(a, b, c) = (
a

r − c
,

b

r − c
).

1. Suppose that k < r. Then the exponents of monomials in (22) with nonzero coef-
ficients project into the line segment joining (a, b) to ( i

r−k ,
j

r−k ).
a. If (a, b) = ( i

r−k ,
j

r−k ), then all these monomials project to (a, b).
b. If (a, b) 6= ( i

r−k ,
j

r−k ), then xiyjzk1 is the unique monomial in (22) which
projects onto ( i

r−k ,
j

r−k ). No monomial in (22) projects to (a, b).
2. Suppose that r ≤ k, and (i, j, k) 6= (0, 0, r). Then all exponents in (22) with

nonzero coefficients and z1 exponent less than r project into(
(a, b) + Q2

≥0

)
− {(a, b)}.

3. Suppose that (i, j, k) = (0, 0, r). Then all exponents in (22) with nonzero coeffi-
cients and z1 exponent less than r project to (a, b).

Lemma 10.2 is proved by a straight forward calculation. We deduce Lemma 10.3 from
Lemma 10.2. Detailed proofs are given in Lemma 7.17 and Lemma 7.18 of [11].

Lemma 10.3. Suppose that the vertex (a, b) is not perpared on |∆|, and z1 = z − ηxayb

is an (a, b) preparation. Then
1. |∆(g;x, y, z1)| ⊂ |∆(g;x, y, z)| − {(a, b)}.
2. If (a′, b′) is another vertex of |∆(g;x, y, z)|, then (a′, b′) is a vertex of
|∆(g;x, y, z1)|, and {g}a

′,b′
x,y,z1 is obtained from {g}a

′,b′
x,y,z by substituting z1 for z.

Lemma 10.4. Suppose that Singr(g) has dimension < 2, νT (g) = r, τ(g) = 1 and (x, y, z)
are good parameters for g. Then there is a formal series Ψ(x, y) ∈ K[[x, y]] such that under
the substitution z = z1 − Ψ(x, y), (x, y, z1) are good parameters for g and (g;x, y, z1) is
well prepared.

Lemma 10.4 is proved by successive removal of vertices which are not prepared, using
Lemma 10.3.

Remark 10.5. It is not always possible to well prepare after a finite number of prepara-
tions, so that z1 could be a formal series in z, x, y. An example is given in Example 7.19
[11].
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10.3. Very Well Preparation. We will also consider change of variables of the form

y1 = y − ηxn

for η ∈ K, n a positive integer, which we will call translations.

Lemma 10.6. Consider the expansion

(23) h =
j∑

λ=0

ηj−λ
(
j

λ

)
xi+(j−λ)nyλ1 z

k

obtained by substituting y1 = y − ηxn into the monomial xiyjzk. Consider the projection
for (a, b, c) ∈ N3 such that c < r defined by

π(a, b, c) = (
a

r − c
,

b

r − c
).

Suppose that k < r. Set (a, b) = ( i
r−k ,

j
r−k ). Then xiyj1z

k is the unique monomial in (23)
whose coefficients project onto (a, b). All other monomials in (23) with non-zero coefficient
project to points below (a, b) on the line through (a, b) with slope − 1

n .

Lemma 10.6 is proved by a straight forward calculation. We deduce Lemma 10.7 from
Lemma 10.6 and the definition of well preparedness. A detailed proof is given in Lemma
7.21 [11].

Lemma 10.7. Suppose that (g;x, y, z) is well prepared, y1 = y−ηxn is a translation, and
z1 = z − ψ(x, y1) is a subsequent well preparation. Then

αx,y1,z1(g) = αxyz(g), βx,y1,z1(g) = βxyz(g) and γx,y1,z1(g) = γxyz(g).

Definition 10.8. Suppose that I ⊂ R is an ideal such that νT (g) = r, τ(g) = 1, Singr(g)
has dimension < 2 and (x, y, z) are good parameters for g. Let α = αxyz(g), β = βxyz(g),
γ = γxyz(g), δ = δxyz(g), ε = εxyz(g). (g;x, y, z) will be said to be very well prepared if it
is well prepared and one of the following conditions holds.

1. (γ − δ, δ) 6= (α, β) and if we make a translation y1 = y − ηx, with subsequent well
preparation z1 = z −Ψ(x, y1), then

αxy1z1(g) = α, βxy1z1(g) = β, γxy1z1(g) = γ

and
δxy1z1(g) ≤ δ.

2. (γ − δ, δ) = (α, β) and one of the following cases hold:
a. ε = 0
b. ε 6= 0 and 1

ε is not an integer
c. ε 6= 0 and n = 1

ε is a (positive) integer and for any η ∈ K, if y1 = y − ηxn

is a translation, with subsequent well preparation z1 = z − Ψ(x, y1), then
εxy1z1(I) = ε. Further, if (c, d) is the lowest point on the line through (α, β)
with slope −ε in |∆(g;x, y, z)| and (c1, d1) is the lowest point on this line in
|∆(g;x, y1, z1)|, then d1 ≤ d.
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Lemma 10.9. Suppose that g ∈ T is such that νT (g) = r, τ(g) = 1, Singr(g) has dimen-
sion < 2 and (x, y, z) are good parameters for g. Then there are formal substitutions

z1 = z −Ψ(x, y), y1 = y − ϕ(x)

where Ψ(x, y), ϕ(x) are series such that (g;x, y1, z1) is very well prepared.

Proof. By Lemmas 10.4 and 10.7, we can find good parameters x, y, z for g such that
(g;x, y, z) is well prepared, α, β, γ do not change under translation y1 = y − ηx followed
by subsequent well preparation, and δ is maximal. If (γ − δ, δ) 6= (α, β), then we have
achieved case 1 of Definition 10.8, so that (g;x, y, z) is very well prepared.

We now assume that (g;x, y, z) is well prepared, and (α, β) = (γ − δ, δ). If ε = 0 or 1
ε

is not an integer then (g;x, y, z) is very well prepared.
Suppose that n = 1

ε is an integer. We then choose η ∈ K such that with the translation
y1 = y− ηxn, and subsequent well preparation, we maximize d for points (c, d) of the line
through (α, β) with slope −ε on the boundary of |∆(g;x, y1, z1)|. By Lemma 10.7, α, β
and γ are not changed. If we now have that d 6= β, we are very well prepared.

If the process does not end after a finite number of iterations, then we construct formal
series y′ = y − ϕ(x) and z′ = z − ψ(x, y) such that |∆(g;x, y′, z′)| has the single vertex
(α, β), and (g;x, y′, z′) is thus very well prepared. �

10.4. Effect of a permissible blow up on ∆.

Definition 10.10. Suppose that g ∈ T is such that νT (g) = r, τ(g) = 1, Singr(g) has
dimension < 2, and (x, y, z) are good parameters for g.

We consider 4 types of transformations T → T1, where T1 is the completion of the local
ring of a blow up of T , and T1 has regular parameters (x1, y1, z1) related to the regular
parameters (x, y, z) of T by one of the following rules. In all cases, if νT1(g1) = r and
τ(g1) = 1, then (x1, y1, z1) are good parameters for g1.

Tr1 Singr(g) = V (x, y, z),

x = x1, y = x1(y1 + η), z = x1z1,

with η ∈ K. Then g1 = g
xr
1

is the strict transform of g in T1.
Tr2 Singr(g) = V (x, y, z),

x = x1y1, y = y1, z = y1z1.

Then g1 = g1
yr
1

is the strict transform of g in T1.
Tr3 Singr(g) = V (x, z),

x = x1, y = y1, z = x1z1.

Then g1 = g1
xr
1

is the strict transform of g in T1.
Tr4 Singr(g) = V (y, z),

x = x1, y = y1, z = y1z1.

Then g1 = g1
yr
1

is the strict transform of g in T1.
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Lemma 10.11. Suppose that assumptions are as in Definition 10.10. Further suppose
that (x, y, z) and (x1, y1, z1) are related by a transformation of one of the above types Tr1
- Tr4, and νT1(g1) = r, τ(g1) = 1. Then there is a 1-1 correspondence

σ : ∆(g, x, y, z) → ∆(g1, x1, y1, z1)

defined by

1. σ(a, b) = (a+ b− 1, b) if the transformation is a Tr1 with η = 0.
2. σ(a, b) = (a, a+ b− 1) if the transformation is a Tr2.
3. σ(a, b) = (a− 1, b) if the transformation is a Tr3.
4. σ(a, b) = (a, b− 1) if the transformation is a Tr4.

The proof of Lemma 10.11 is a straight forward calculation. We deduce Lemma 10.12
from Lemma 10.11. Details are given in Lemma 7.26 [11].

Lemma 10.12. In each of the four cases of the preceeding lemma, if σ(a, b) = (a1, b1) is
a vertex of |∆(g1;x1, y1, z1)|, then (a, b) is a vertex of |∆(g;x, y, z)|, and if (g;x, y, z) is
(a, b) prepared then (g1;x1, y1, z1) is (a1, b1) prepared. In particular, (g1;x1, y1, z1) is well
prepared if (g;x, y, z) is well prepared.

Lemma 10.13. Suppose that assumptions are as in Definition 10.10 and (x, y, z) and
(x1, y1, z1) are related by a Tr3 transformation. Suppose that νT1(g1) = r and τ(g1) = 1.
If (g;x, y, z) is very well prepared, then (g1;x1, y1, z1) is very well prepared,

βx1y1z1(g1) = βxyz(g), δx1y1z1(g1) = δxyz(g), εx1y1z1(g1) = εxyz(g)

and
αx1y1z1(g1) = αxyz(g)− 1, γx1y1z1(g1) = γxyz(g)− 1.

We further have Singr(g1) ⊂ V (x1, z1).

Proof. Well preparation is preserved by Lemma 10.12. We deduce from the definition of
Tr3 that (g1;x1, y1, z1) is also very well prepared.

Since Singr(g) = V (x, z), we have Singr(g1) ⊂ V (x1), the exceptional divisor of our
Tr3 transformation. Singr(g1) is either the maximal ideal, or the germ of a nonsingular
irreducible curve, by Lemma 8.5.

Suppose that Singr(g1) is a nonsingular curve C. Then C has formal local equations

x1 = z1 −
∞∑
t=1

aty
t
1 = 0

for some at ∈ K by Lemma 8.4. Expand

g = (
∑
i+k=r

∞∑
j=0

bijkx
iyjzk) + h

with h ∈ (x, z)r+1.

g

xr1
=

 ∑
i+k=r

∞∑
j=0

bijky
j
1z
k
1 )

 + x1
h

xr+1
1

with h
xr+1
1

∈ T1.
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νT ( gxr
1
) = r and g

xr
1
∈ (x1, z1 −

∑∞
t=1 aty

t
1)
r implies∑

i+k=r

∞∑
j=0

bijky
j
1z
k
1 = b00r(z1 −

∞∑
t=1

aty
t
1)
r.

Thus

g = b00r(z −
∞∑
t=1

atxy
t)r + h.

Suppose that at 6= 0 for some t. Let t0 be the smallest value of t for which at 6= 0. Then
(α, β) = (1, t0), since g ∈ (x, z)r. But (1, t0) is then a vertex of |∆(g;x, y, z)| which is
not prepared, a contradiction. Thus at = 0 for all t and C = V (x, z1). We conclude that
Singr(g1) ⊂ V (x1, z1)

The remaining statements of the lemma follow from Lemma 10.11.

Lemma 10.14. Suppose that assumptions are as in Definition 10.10, (x, y, z) and (x1, y1, z1)
are related by a Tr1 transformation with η = 0, (g;x, y, z) is very well prepared and
νT1(g1) = r, τ(g1) = 1. Let (g1;x1, y

′, z′) be a very well preparation of (g1;x1, y1, z1). Let

α = αxyz(g), β = βxyz(g), γ = γxyz(g), δ = δxyz(g), ε = εxyz(g),

α1 = αx1y′z′(g1), β1 = βx1y′z′(g1), γ1 = γx1y′z′(g1), δ1 = δx1y′z′(g1), ε1 = εx1y′z′(g1).

Then
(β1,

1
ε 1
, α1) < (β,

1
ε
, α)

in the lexicographical order. If β1 = β, and ε 6= 0, then 1
ε1

= 1
ε − 1.

We further have Singr(g1) ⊂ V (x1, z
′).

Proof. (g1;x1, y1, z1) is well prepared by Lemma 10.12.
Let σ : ∆(g;x, y, z) → ∆(g1;x1, y1, z1) be the 1-1 correspondence of 1 in Lemma 10.11,

which is defined by σ(a, b) = (a+ b− 1, b). σ transforms lines of slope m 6= −1 to lines of
slope m

m+1 , and transforms lines of slope -1 to vertical lines.
We deduce the formulas for transformation of α, β, γ, δ, ε from consideration of the effect

of a Tr1 transformation followed by very well preparation on (g;x, y, z) in the different
cases of Definition 10.8. We need the assumption Singr(g) = V (x, y, z) so that β < 1, to
conclude that α1 < α if ε = 0.

By Lemmas 8.4 and 10.1, Singr(g1) ⊂ V (x1, z1). If Singr(g1) = V (x1, z1), then all
vertices of |∆(g1;x1, y1, z1)| have the first coordinate ≥ 1, and thus Singr(g1) = V (x1, z

′).

Lemma 10.15. Suppose that assumptions are as in Definition 10.10, (x, y, z) and (x1, y1, z1)
are related by a Tr2 or a Tr4 transformation and (g;x, y, z) is well prepared. Sup-
pose that νT1(g1) = r and τ(g1) = 1. We have that (g1;x1, y1, z1) is well prepared and
Singr(g1) ⊂ V (y1, z1). Let (g1;x1, y

′, z′) be a very well preparation. Then

βx1,y1,z1(g1) = βx1,y′,z′(g1) < βxyz(g).

Proof. First suppose that T → T1 is a Tr2 transformation. The correspondence σ :
∆(g;x, y, z) → ∆(g1;x1, y1, z1) of 2 in Lemma 10.11 is defined by σ(a, b) = (a, a+ b− 1).
σ takes lines of slope m to lines of slope m+ 1 Thus

(αx1y1z1(g1), βx1y1z1(g1) = (αxyz(g), αxyz(g) + βxyz(g)− 1).
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Since Singr(g) = V (x, y, z) by assumption, we have αxyz(g) < 1, and thus

βx1y1z1(g1) < βxyz(g).

(g1;x1, y1, z1) is well prepared by Lemma 10.12. Thus the vertex (αx1y1z1(g1), βx1y1z1(g1))
is not affected by very well preparation. We thus have βx1y′z′(g1) < βxyz(g).

Now suppose that T → T1 is a Tr4 transformation. The 1-1 correspondence σ :
∆(g;x, y, z) → ∆(g1;x1, y1, z1) of 4 in Lemma 10.11 is defined by σ(a, b) = (a, b − 1).
Thus βx1y1z1(g1) < βxyz(g). (g1;x1, y1, z1) is well prepared by Lemma 10.12, and the ver-
tex (αx1y1z1(g1), βx1y1z1(g1)) is not affected by very well preparation. Thus βx1y′z′(g1) =
βx1y1z1(g1) < βxyz(g).

The proof that Singr(g1) ⊂ V (y1, z1) is as in the proofs of Lemma 10.13 and Lemma
10.14. �

Lemma 10.16. Suppose that p is a prime, s is a nonnegative integer and r0 is a positive
integer such that p 6 | r0. Let r = r0p

s. Then

1.
(
r
λ

)
≡ 0 mod p, if ps 6 | λ, 0 ≤ λ ≤ r is an integer.

2.
(
r
λps

)
≡

(
r0
λ

)
mod p, if 0 ≤ λ ≤ r0 is an integer.

Proof. Compare the expansions over Zp of (x+ y)r = (xp
s
+ yp

s
)r0 . �

The following theorem is the most delicate part of the proof, where we really see the
difference between characteristic 0 and characteristic p.

Theorem 10.17. Suppose that assumptions are as in Definition 10.10, (x, y, z) and
(x1, y1, z1) are related by a Tr1 transformation with η 6= 0 and (g;x, y, z) is very well
prepared. Suppose that νT1(g1) = r, τ(g1) = 1 and βxyz(g) > 0. Then there exist
good parameters (x1, y

′
1, z

′
1) in T1 such that (g1;x1, y

′
1, z

′
1) is very well prepared, with

βx1,y′1,z
′
1
(g1) < βx,y,z(g) and Singr(g1) ⊂ V (x1, z

′
1).

Proof. Let α = αxyz(g), β = βxyz(g), γ = γxyz(g), δ = δxyz(g). Lemma 10.1 implies z = 0
is an approximate manifold of g. Thus since τ(g) = 1,

(24) α+ β > 1.

Apply the translation y′ = y− ηx and well prepare by some substitution z′ = z−Ψ(x, y′).
This does not change α, β or γ. Set δ′ = δx,y′,z′(g).

First assume that δ′ < β. We have regular parameters (x1, y1, z1) in T1 such that
x = x1, y

′ = x1y1, z
′ = x1z1, so we have, by 1 in Lemma 10.11, a 1-1 correspondence

σ : ∆(g;x, y′, z′) → ∆(g1;x1, y1, z1)

defined by σ(a, b) = (a + b − 1, b). (g1;x1, y1, z1) is well prepared by Lemma 10.12.
Since δ′ < β, the line segment in |∆(g;x, y′, z′)| through (α, β) and (γ − δ′, δ′) has slope
≤ −1, so it is transformed by σ to a segment with positive slope or a vertical line in
|∆(g1;x1, y1, z1)|. We have that for α1 = αx1y1z1(g1) and β1 = βx1y1z1(g1), (α1, β1) =
σ(γ − δ′, δ′) and β1 = δ′ < β. Since (I1;x1, y1, z1) is well prepared, very well preparation
does not effect the vertex (α1, β1), by Lemma 10.7. After very well preparation, we thus
have regular parameters x1, y

′
1, z

′
1 in T1 such that (g1;x1, y

′
1, z

′
1) is very well prepared and

βx1,y′1,z
′
1
(g1) < βxyz(g). Singr(g1) ⊂ V (x1, z

′
1) as in the proof of Lemma 10.14.
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We have thus reduced the proof to showing that δ′ < β.
If (α, β) 6= (γ − δ, δ), we have δ′ ≤ δ < β by Lemma 10.7, since (g;x, y, z) is very well

prepared.
Suppose that (α, β) = (γ − δ, δ). Set

W =
{

(i, j, k) ∈ N3 | k < r and
(

i

r − k
,

j

r − k

)
= (α, β)

}
.

Expand g =
∑
aijkx

iyjzk, and set

Fg =
∑

(i,j,k)∈W

aijkx
iyjzk.

By assumption, (α, β) is prepared on |∆(g;x, y, z)|, which implies that if α, β are integers,
then there does not exist λ ∈ K such that

a00rz
r + Fg = a00r(z − λxαyβ)r.

Moreover,

(25) Fg(x, y, z) = Fg(x, y′ + ηx, z) =
∑

(i,j,k)∈W

j∑
λ=0

aijkη
λ

(
j

λ

)
xi+λ(y′)j−λzk.

By Lemma 10.6, the terms in the expansion of g(x, y′ + ηx, z) contributing to (γ, 0) in
|∆(g;x, y′, z)|, where γ = α+ β, are

Fg,(γ,0) =
∑

(i,j,k)∈W

aijkη
jxi+jzk.

If (g;x, y′, z) is (γ, 0) prepared, then δ′ = 0 < β. Suppose that (γ, 0) is not prepared on
|∆(g, x, y′, z)|. Then γ ∈ N, and there exists ψ ∈ K such that

(26) a00r(z − ψxγ)r = a00rz
r + Fg,(γ,0),

so that, with ω = −ψ
ηβ ∈ K, for 0 ≤ k < r, we have

1. If
(
r

r−k
)
6= 0 (in K) then i = α(r − k), j = β(r − k) ∈ N, and

(27) aijk = a00r

(
r

r − k

)
ωr−k.

2. If i = α(r − k), j = β(r − k) ∈ N and
(
r

r−k
)

= 0 (in K), then aijk = 0.

Thus by Lemma 10.16, for (i, j, k) ∈W , aijk = 0 if ps 6 | k.
If K has characteristic zero, we obtain a contradiction to our assumption that (γ, 0) in

not prepared on |∆(g, x, y′, z)|. Thus 0 = δ′ < β if K has characteristic zero.
Now we consider the case where K has characteristic p > 0, and r = psr0 with p 6 | r0,

r0 ≥ 1. Then by Lemma 10.16, for (i, j, k) ∈ W , we have aijk = 0 if ps 6 | k. By (27), and
Lemma 10.16, we have that i = αps, j = βps ∈ N, and f ai,j,(r0−1)ps 6= 0.

We have an expression βps = ept where p 6 | e. Suppose that t ≥ s. Then β ∈ N, which
implies that α = γ − β ∈ N, so that

a00r(z + ωxαyβ)r = a00rz
r + Fg,
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a contradiction, since (α, β) is by assumption prepared on |∆(g;x, y, z)|. Thus t < s.
Suppose that e = 1. Then β = pt−s < 1 and α < 1 (since we must have that Singr(g) =
V (x, y, z)) which implies (since γ is an integer) that γ = α + β = 1, a contradiction to
(24). Thus e > 1. Also,

(28)
a00rz

r + Fg = a00r(zp
s
+ ωp

s
xαp

s
yβp

s
)r0

= a00r(zp
s
+ ωp

s
xαp

s
(y′ + ηx)βp

s
)r0

= a00r(zp
s
+ ωp

s
xαp

s
[(y′)p

t
+ ηp

t
xp

t
]e)r0 .

Now make the (γ, 0) preparation z = z′−ηβωxγ (from (26)) so that (g;x, y′, z′) is (γ, 0)
prepared. Let Gg = a00rz

r + Fg. Then

Gg = a00r

(
(z′)p

s
+ eωp

s
ηp

t(e−1)(y′)p
t
xαp

s+pt(e−1) + (y′)2p
t
Ω(x, y′))

)r0
= a00r

[
(z′)p

sr0 + r0

[
eωp

s
ηp

t(e−1)(y′)p
t
xαp

s+pt(e−1) + (y′)2p
t
Ω

]
(z′)p

s(r0−1)
]

+Λ2(x, y′)(z′)p
s(r0−2) + · · ·+ Λr0(x, y

′)

for some polynomials Ω(x, y′),Λ2, . . . ,Λr0 , where (y′)ip
t | Λi for all i. All contributions of

S(γ)∩ |∆(g;x, y′, z′)| must come from these polynomials Gg. Recall that we are assuming
(α, β) = (γ − δ, δ). The term of lowest second coordinate on S(γ) ∩ |∆(g;x, y′, z′)| is

(a, b) =
(
αps + pt(e− 1)

ps
,
pt

ps

)
,

which is not in N2 since t < s, and is not (α, β) since e > 1. (a, b) is thus prepared on
|∆(g;x, y′, z′)|, and

δ′ =
pt

ps
<
ept

ps
= β.

Example 10.18. With the notation of Theorem 10.17, it is possible to have (γ, 0) solvable
in | ∆(g;x, y′, z) | if K has positive characteristic, as is shown by the following simple
example. Suppose that the characteristic p of K is greater than 5.

Let g = zp + xyp
2−1 + xp

2−1y2.
The origin is isolated in Singp(g = 0), and (g;x, y, z) is very well prepared. The vertices

of | ∆(g;x, y, z) | are (α, β) = (γ − δ, δ) = (1
p , p−

1
p) and

(
p− 1

p ,
2
p

)
. Set y = y′ + ηx with

0 6= η ∈ K.
g = zp + x(y′ + ηx)p

2−1 + xp
2−1(y′ + ηx)2

= zp +
(∑p2−1

i=0

(
p2−1
i

)
ηp

2−1−ixp
2−i(y′)i

)
+η2xp

2+1 + 2ηy′xp
2
+ xp

2−1(y′)2

The vertices of | ∆(g;x, y′, z) | are (α, β) =
(

1
p , p−

1
p

)
and (γ, 0) = (p, 0). However, (γ, 0)

is solvable. Set z′ = z + η
p− 1

pxp.

g = (z′)p +

p2−1∑
i=1

(
p2 − 1
i

)
ηp

2−1−ixp
2−i(y′)i

 + η2xp
2+1 + 2ηy′xp

2
+ xp

2−1(y′)2

Since (
p2 − 1

1

)
≡ −1 mod p,
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δ1 = δxy′z′(g) = 1
p and the vertices of | ∆(g;x, y′, z′) | are (α, β) = (1

p , p−
1
p), (γ1−δ1, δ1) =

(p− 1
p ,

1
p) and (p+ 1

p , 0).

10.5. Construction of the sequence Ω(qn).

Theorem 10.19. For all n ∈ N, there are good parameters (xn, yn, zn) in Rn for gn ∈ Rn,
where In = (ISn,qn)Rn = gnRn such that

Ω(gn+1;xn+1, yn+1, zn+1) = (βn+1,
1

εn+1
, αn+1)

< Ω(gn;xn, yn, zn) = (βn, 1
εn
, αn).

Further, if βn+1 = βn, εn+1 6= εn and 1
εn
6= ∞, then

1
εn+1

=
1
εn
− 1.

Proof. We inductively construct regular parameters (xn, yn, zn) in Rn such that (xn, yn, zn)
are good parameters for gn, Singr(gn) ⊂ V (xn, zn) or Singr(gn) ⊂ V (yn, zn) and (gn;xn, yn, zn)
is well prepared. If Singr(gn) ⊂ V (xn, zn), we will further have that (gn;xn, yn, zn) is very
well prepared. Let Ωn = Ω(gn;xn, yn, zn).

We first choose possibly formal regular parameters (x, y, z) in R which are good pa-
rameters for g = g0, such that |∆(g;x, y, z)| is very well prepared (see Remark 10.5). By
Lemma 10.1, z = 0 is an approximate manifold for g. Let α = αx,y,z(g), β = βx,y,z(g).

By assumption, q is isolated in Singr(S).
Suppose that regular parameters (xi, yi, zi) in Ri have been defined for i ≤ n as specified

above.
If Singr(gn) = V (yn, zn), then Rn → Rn+1 must be a Tr4 transformation, by Lemma 8.4,

since V (zn) is an approximate manifold of gn. Rn+1 has regular parameters x′n+1, y
′
n+1, z

′
n+1

defined by
xn = x′n+1, yn = y′n+1, zn = y′n+1z

′
n+1.

Thus (gn+1;x′n+1, y
′
n+1, z

′
n+1) is well prepared by Lemma 10.15. Further Singr(gn+1) ⊂

V (y′n+1, z
′
n+1) by Lemma 10.15. If Singr(gn+1) = V (x′n+1, y

′
n+1, z

′
n+1), make a change of

variables, subtracting a series in x′n+1, y
′
n+1 from z′n+1, to very well prepare, with resulting

variables xn+1, yn+1, zn+1. Otherwise, set xn+1 = x′n+1, yn+1 = y′n+1, zn+1 = z′n+1. We
have βn+1 < βn by Lemma 10.15, and Ωn+1 < Ωn.

If Singr(gn) = V (xn, zn) then (gn;xn, yn, zn) is very well prepared. Rn → Rn+1 must be
a Tr3 transformation by Lemma 8.4, since V (zn) is an approximate manifold of gn. Rn+1

has regular parameters xn+1, yn+1, zn+1 defined by

xn = xn+1, yn = yn+1, zn = xn+1zn+1.

Thus (gn+1;xn+1, yn+1, zn+1) is also very well prepared, αn+1 < αn and Ωn+1 < Ωn by
Lemma 10.13. Further Singr(gn+1) ⊂ V (xn+1, zn+1).

Now suppose that Singr(gn) = V (xn, yn, zn). Then (gn;xn, yn, zn) is very well prepared,
and Rn+1 must be a Tr1 or Tr2 transformation of Rn by Lemma 8.4, since V (zn) is an
approximate manifold of gn.

IfRn+1 is a Tr2 transformation ofRn, thenRn+1 has regular parameters x′n+1, y
′
n+1, z

′
n+1

defined by
xn = xn+1y

′
n+1, yn = y′n+1, zn = yn+1z

′
n+1.
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(gn+1;xn+1, y
′
n+1, z

′
n+1) is well prepared by Lemma 10.15. Further, Singr(gn+1) ⊂ V (y′n+1, z

′
n+1)

by Lemma 8.4. If Singr(gn+1) = V (xn+1, y
′
n+1, z

′
n+1), then make a further change of vari-

ables to very well prepare. Otherwise, set yn+1 = y′n+1, zn+1 = z′n+1. βn+1 < βn by
Lemma 10.15, and Ωn+1 < Ωn.

IfRn+1 is a Tr1 transformation ofRn, thenRn+1 has regular parameters x′n+1, y
′
n+1, z

′
n+1

defined by
xn = xn+1, yn = xn+1(y′n+1 + η), zn = xn+1z

′
n+1.

Singr(gn+1) ⊂ V (xn+1, z
′
n+1) by Lemma 8.4.

If βn 6= 0 and η 6= 0 in the Tr1 transformation relating Rn and Rn+1, we can change
variables to xn+1, yn+1, zn+1 to very well prepare, with βn+1 < βn, Ωn+1 < Ωn and
Singr(gn+1) ⊂ V (xn+1, zn+1) by Theorem 10.17.

If η = 0 in the Tr1 transformation of Rn, and xn+1, yn+1, zn+1 are regular parameters
of Rn+1 obtained from xn+1, y

′
n+1, z

′
n+1 by very well preparation, then by Lemma 10.14,

(gn+1;xn+1, yn+1, zn+1) is very well prepared and Ωn+1 < Ωn. If βn+1 = βn, and εn 6= 0,
then

1
εn+1

=
1
εn
− 1.

Further, Singr(gn+1) ⊂ V (xn+1, zn+1) .
If βn = 0 we can make the translation y′n = yn − ηxn, and have that (gn, xn, y′n, zn)

is very well prepared, and βn, γn, δn, εn, αn are unchanged. Thus we are in the case of
η = 0. �

We now prove that (15) cannot have infinite length. Set Ω(qn) = Ω(gn;xn, yn, zn) for
n ∈ N. By Theorem 10.19, we have a contradiction if (15) has infinite length, as the
sequence Ω(qn) cannot decrease indefinitely.

11. Exercise Set 3.

1. Show that the Tschirnhausen transformation gives a formal hypersurface of max-
imal contact (for a characteristic zero surface embedded in a nonsingular 3-fold).

2. (Narasimhan [28]) Let K be an algebraically closed field of characterisitc 2, and
let X be the 3-fold in A4

K with equation

f = w2 + xy3 + yz3 + zx7 = 0.

a. Show that the maximal multiplicity of a singular point on X is 2, and the
locus of singular points on X is the monomial curve C with local equations

y3 + zx6 = 0, xy2 + z3 = 0, yz2 + x7 = 0, w2 + zx7 = 0

which has the parameterization t → (t7, t19, t15, t32). Thus C has embedding
dimension 4 at the origin, so there cannot exist a hypersurface (or formal
hypersurface) of maximal contact for X at the origin.

b. Resolve the singularities of X.
3. (Hauser [17]) Let K be an algebraically closed field of characteristic 2, and let S

be the surface in A2
K with equation f = x2 + y4z + y2z4 + z7 = 0.

a. Show that the maximal multiplicity of points on S is 2, and the singular locus
of S is defined by the singular curve y2 + z3 = 0, x+ yz2 = 0.
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b. Suppose that X is a hypersurface on a non-singular variety W , and p ∈ X

is a point in the locus of maximal multiplicity r of X. A hypersurface H
through p is said to have permanent contact with X if under any sequence of
blow ups π : W1 →W of W , with non-singular centers, contained in the locus
of points of multiplicity r on the strict transform of X, the strict transform
of H contains all points of the intersection of the strict transform of X with
multiplicity r which are in the fiber π−1(p). Show that there does not exist
a non-singular hypersurface of permanent contact at the origin for the above
surface S. Conclude that a hypersurface of maximal contact does not exist
for S.

c. Resolve the singularities of S.
4. (Hauser [18]) Let K be a field, and let f = z2 + (x7 + xy4) ∈ K[x, y, z]. Analyze

a resolution of singularities of f = 0 when K has characteristic 6= 2, and when K

has characteristic 2. At each step of the resolution process (where the multiplicity
is 2), we have regular parameters x, y, z such that the strict transform of f = 0
has a local equation z2 + Mg(x, y) = 0 for some polynomial g, and monomial g
in local equations of the exceptional locus, such that M and g have no common
divisors. After well preparation (in the variable z), how does the multiplicity of g
change under blow ups in different characteristics?
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[25] Levi. Beppo, Risoluzzione delle singolarità punctuali delle superficie algebriche, Atti Accad. Sci. Torino

33 (1897), 66–68.

[26] Lipman, J., Desingularization of 2-dimensional schemes, Annals of Math, 107 (1978), 115–207.

38



[27] Matsumura, H., Commutative Ring Theory, Cambridge University Press, Cambridge, 1986.

[28] Narasimhan, R., Hyperplanarity of the equimultiple locus, Proc. Amer. Math. Soc. 87 (1983), 403–408.

[29] Orbanz, U., Embedded Resolution of algebraic surfaces after Abhyankar (characteristic 0), in Cossart

V., Giraud J. and Orbanz U., Resolution of singularities, Lect. Notes in Math, 1101, Springer Verlag,

Heidelberg, Berlin, New York, 1980.

[30] Rotthaus, C., Nicht Ausgezeichnete, universell japanische Ring, Math. Z. 152 (1977), 107–125.

[31] B. Teissier, Valuations, deformations and toric geometry, Valuation theory and its applications II,

F.V. Kuhlmann, S. Kuhlmann and M. Marshall, editors, Fields Institute Communications 33, Amer.

Math. Soc., Providence, RI, 361 – 459.

[32] Zariski, O.. The concept of a simple point on an abstract algebraic variety, Trans. Amer. Math. Soc.

62 (1947), 1–52.

[33] Zariski, O., Reduction of singularities of algebraic three-dimensional varieties, Ann. of Math. 45

(1944), 472–542.

[34] Zariski, O. and Samuel, P., Commutative Algebra, Volumes I and II, Van Nostrand, Princeton, 1958

and 1960.

Steven Dale Cutkosky, Mathematics Department, 202 Mathematical Sciences Bldg, Uni-

versity of Missouri, Columbia, MO 65211 USA

E-mail address: dale@math.missouri.edu

39


