DUALITY AND TAMENESS

MARC CHARDIN, STEVEN DALE CUTKOSKY, JURGEN HERZOG AND HEMA SRINIVASAN

ABSTRACT. We prove a duality theorem for certain graded algebras and show by various
examples different kinds of failure of tameness of local cohomology.

INTRODUCTION

The purpose of this paper is to construct examples of strange behavior of local coho-
mology. In these constructions we follow a strategy that was already used in [CH] and
which relates, via a spectral sequence introduced in [HR], the local cohomology for the
two distinguished bigraded prime ideals in a standard bigraded algebra.

In the first part we consider algebras with rather general gradings and deduce a similar
spectral sequence in this more general situation. A typical example of such an algebra
is the Rees algebra of a graded ideal. The proof for the spectral sequence given here is
simpler than that of the corresponding spectral sequence in [HR].

In the second part of this paper we construct examples of standard graded rings A,
which are algebras over a field K, such that the function

(1) j = dimg (H}  (A);)

is an interesting function for j > 0. In our examples, this dimension will be finite for all
7.

Suppose that Ay is a Noetherian local ring, A = € >0 A; is a standard graded ring and
set Ay = @j>0 Aj. Let M be a finitely generated graded A-module and F := M be the
sheafification of M on Y = Proj(A). We then have graded A-module isomorphisms

HG (M) = P H'(Y, F(n))
nez
for ¢« > 1, and a similar expression for ¢ = 0 and 1.

By Serre vanishing, Hf4+ (M); = 0 for all i and j > 0. However, the asymptotic
behaviour of H , (M)-; for j > 0 is much more mysterious.

In the case when Ay = K is a field, the function (1) is in fact a polynomial for large
enough j. The proof is a consequence of graded local duality ([BS, 13.4.6] or [BH, 3.6.19])
or follows from Serre duality on a projective variety.

For more general Ay, Ha (M)_; are finitely generated Ay modules, but need not have
finite length.

The following problem was proposed by Brodmann and Hellus [BrHe].

The second author was partially supported by NSF.
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Tameness problem: Are the local cohomology modules Hf4+(M ) tame? That is, is it
true that either

{H}y (M); #0, Vj <0} or {Hy (M); =0, Vj < 0}?

The problem has a positive solution for Ay of small dimension (some of the references
are Brodmann [Br], Brodmann and Hellus [BrHe|, Lim [L], Rotthaus and Sega [RS]).

Theorem 0.1 ([BrHe]). If dim(Ay) < 2, then M is tame.

However, it has recently been shown by two of the authors that tameness can fail if
dim(Ap) = 3.

Theorem 0.2 ([CH]). There are examples with dim(Ag) = 3 where M is not tame.

The statement of this example is reproduced in Theorem 3.1 of this paper. The function
(1) is periodic for large j. Specifically, the function (1) is 2 for large even j and is 0 for
large odd j.

In Theorem 3.3 we construct an example of failure of tameness of local cohomology
which is not periodic, and is not even a quasi polynomial (in —j) for large j. Specifically,
we have for j > 0,

1 ifj=0 (mod) (p+ 1),
dimK(Hfbr (A)_;) =< 1 if j =p" for some odd t > 0,
0 otherwise,

where the characteristic of K is p. We have p! = —1 (mod) (p + 1) for all odd ¢ > 0.

We also give an example (Theorem 3.5) of failure of tameness where (1) is a quasi
polynomial with linear growth in even degree and is 0 in odd degree.

In Theorem 3.6, we give a tame example, but we have

dimg (H2 (A)_;

im
Jj—00

so (1) is far from being a quasi polynomial in —j for large j.

While the example of [CH] is for M = w4, where wy is the canonical module of A, the
examples of the paper are all for M = A. This allows us to easily reinterpret our examples
as Rees algebras in Section 4, and thus we have examples of Rees algebras over local rings
for which the above failure of tameness holds.

In the final section, Section 5, we give an analysis of the explicit and implicit role of
bigraded duality in the construction of the examples, and some comments on how it effects
the geometry of the constructions.

1. DUALITY FOR POLYNOMIAL RINGS IN TWO SETS OF VARIABLES

Let K be any commutative ring (with unit). In later applications K will be mostly
a field. Furthermore let S = K[z1,...,Zm,Y1,.--,9n), P = (z1,...,2m) and @ =

(ylv v 7yn)



The homology of the Cech complex Cp(_) (resp. Co(-)) will be denoted by Hp(_) (resp.
Hg(-)). Notice that for any commutative ring K, this homology is the local cohomology
supported in P (resp. @), as P and @ are generated by a regular sequences.

Assume that S is I'-graded for some abelian group I, and that deg(a) = 0 for a € K.
If 2°yP € R, deg(x°y?) = I(s) +1'(p) with I(s) :=3_,; s; deg(x;) and I'(p) := >, p; deg(y;).

Definition 1.1. Let I C S be a I'-graded ideal. The I'-grading of S is I-sharp if H:(S),
is a finitely generated K-module, for every ¢ and v € T.

Lemma 1.2. The following conditions are equivalent:
(i) the I'-grading of S is P-sharp.
(ii) the I'-grading of S is Q-sharp.
(ii) for ally €T, {(a, ) : «>0,8>0, l(a)=v+1V(B)} < occ.

Note that if K is Noetherian, M is a finitely generated I'-graded S-module, and the
I'-grading of S is I-sharp, then Hi(M), is a finite K-module, for every i and v € I'. This
follows from the converging I'-graded spectral sequence H,_q(HY (F)) = H} (M), where F
is a I'-graded free S-resolution of M with F; finite for every i.

We will assume from now on that the I'-grading of S is P-sharp (equivalently Q-
sharp). Set o = deg(z1 -+ Tmy1---yn), and if N is a [-graded module, then let NV =
Homg (N, S(—0)) and N* = *Homg (N, K') where the I'-grading of N* is given by (N*), =
Hompg (N_, K). More generally, we always denote the graded K-dual of a graded mod-
ule N (over what graded K-algebra soever) by N*. Finally we denote by ¢ the map
S(—a) — S(=b) induced by multiplication by z%y” where a = degz® and b = — degy”.
Then

Lemma 1.3. HE'(@ag)y = Hi(pus)"

Proof. The free K-module H%(S) is generated by the elements z~*~1y? with s,p > 0 and
—l(s) = 1(1) + I'(p) = v, and H{(S5) is generated by the elements oy~ with ¢,¢ > 0
and I(t) —U'(q) = U'(1) =+

Let dy: Hp(S)y — (HG(SY)*)y = HJ(S)-y—0 be the K-linear map defined by

1, ifs=tandp=yg,

—s—1,p t, —q—1\ __
ey ={ o e

Then d, is an isomorphism (because the I'-grading of R is Q-sharp) and there is a com-
mutative diagram

HEZ (pap)
HP(S)y-a 0 HE(S)y

dml dw_bl
H (o))" n .
(HB(S)—ta—o)" —— (HB(S) 50"
The assertion follows. O

As an immediate consequence we obtain
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Corollary 1.4. (a) Let f € S be an homogeneous element of degree a—b, and ¢: S(—a) —
S(—b) the graded degree zero map induced by multiplication with f. Then

HE (¢) ~ Hy(e")".
(b) Let F be a I'-graded complex of finitely generated free S-modules. Then
(1) HL(F) =0 fori 7\é/m and Hj(F) =0 for j #n,
(i) Hp'(F) ~ Hp((F)")".
As the main result of this section we have

Theorem 1.5. Assume that K is Noetherian, the T'-grading of S is P-sharp (equivalently
Q-sharp) and M s a finitely generated I'-graded S-module. Set wg g := S(—0). Let F be
a minimal U'-graded S-resolution of M. Then,

(a) For all i, there is a functorial isomorphism
Hp(M) =~ Hpi(HP (F)).
(b) There is a convergent I'-graded spectral sequence,
Hp(Bxtl(M,ws/x)) = HH(HE(F)).
In particular, if K is a field, there is a convergent I'-graded spectral sequence,
HY (Exty (M, ws)) = Hp™ 5~ (A,

Proof. Claim (a) is an immediate consequence of Corollary 1.4 via the I'-graded spec-
tral sequence H,_;(H}(F)) = Hb(M). For (b), the two spectral sequences arising from
the double complex CoF" have as second terms respectively 'E5 = H&(EX%(M, Ws/K))s
"EY =0 for i # n and "EY = HI (Hp(FV)) ~ HI(HZ(F)"). If further K is a field,
HI(H (F)*) o= (H (3 (F))* = Hp ) (F)" O

Corollary 1.6. Under the hypotheses of the theorem, if K is a field, then for any v € T,
there are convergent spectral sequences of finite dimensional K -vector spaces

; j dim S—(i+j
Hy (Bxty (M, wr))y = Hp™ (1),

i j dim S—(i+j
Hp(Extly(M,wr)), = Ho™ 5 (1),

We now consider the special case that I' = Z2, S := Kl[x1,...,Zm,Y1,.-.,Yn] With
deg(z;) = (1,0) and deg(y;) = (d;,1) with d; > 0. Set T := K[x1,...,2y] and let M be
a I'-graded S-module. We view M as a Z-graded module by defining M) = € i M k-
Observe that each My, itself is a graded T-module with (My); = M; ) for all j. We also

note that Hp(M)y, =2 Hp, (My), as can been seen from the definition of local cohomology
using the Cech complex. Here Py = (x1,...,2m) is the graded maximal ideal of T'.

Corollary 1.7. With the notation introduced, let s := dimS = m +n and d := dim M.
Then

(a) HY(Exty (M, wg)) = HE(M)* for any k,
(b) there is an exact sequence
0 b (Bxty (M, ws))— HE L (M) — Y (Exty (M, wg)).
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(c) Leti>2. [fExtg(M, wg) is annihilated by a power of P for all s—d < j < s—d+i,
then there is an exact sequence

Exty N (M, ws)— Hp (Extg (M, ws))—Hg " (M)*—Hp(Extg (M, ws)).

In particular, if Extg(M, wg) has finite length for all s —d < j < s —d + ig, for some
integer ig, then

Hp, (Exty (M, ws)i) = (HE (M) _g)*  for all i < iy and k> 0.

Consequently, if M is a generalized Cohen-Macaulay module (i.e. Extfg*i(M, ws) has
finite length for all i # d), and if we set N = Ext‘g_d(M, ws), then

Hp, (Ng) & (Hg?_i(M)_k)* for all i and all k> 0.

Proof. (a), (b) and (c) are direct consequences of Corollary 1.6. For the application, notice
that if v = (¢, k) € T with & > 0 one has Ext},(M,wg)y =0for all s —d < j < s —d +ip.
Therefore, for such ~, the desired conclusion follows. ]

A typical example to which this situation applies is the Rees algebra of a graded ideal
I in the standard graded polynomial ring 7' = K|[z1,...,2]. Say, I is generated be the
homogeneous polynomials fi,..., f, with deg f; = d; for j = 1,...,n. Then the Rees
algebra R(I) C T[t] is generated the elements f;t. If we set deg f;t = (d;,1) for all j
and degx; = (1,0) for all 7, then R(I) becomes a I'-graded S-module via the K-algebra
homomorphism S — R([) with z; — z; and y; — f;t.

According to this definition we have R(I); = I* for all k.

Since dim R(I) = m + 1, the module wg () = Ext% ' (R(I),ws) is the canonical module
of R(I) (in the sense of [HK, 5. Vortrag]). Recall that if a ring R is a finite S-module
of dimension m + 1, the natural finite map R— Hom(wg,wr) = Ext® '(wg,ws) is an
isomorphism if and only if R is So. Thus in combination with Corollary 1.7 we obtain

Corollary 1.8. Let R := R(I). Suppose that Ry is Cohen-Macaulay for all p # (m, R,)
where m = (21, ...,2y) and Ry = @y I*tF. Then

HL(IF) = (ngl_i(wR),k)* for all i and all k> 0.

Proof. Since wpr localizes, the conditions imply that (wr)p is Cohen-Macaulay for all p #
(m, R;). Hence the natural into map R—R’ := Ext% '(wpg,ws) has a cokernel of finite
length. In particular, R}, = Ry, = I¥ for k> 0. Thus Corollary 1.7 applied to M = wg
gives the desired conclusion. O

Remark 1.9. Let R := R(I). If the cokernel of R— Hom(wg,wg) is annihilated by a
power of R (in other words, the blow-up is Ss, as a projective scheme over Spec(T)),
then R, =1 k for k> 0 and therefore one has an exact sequence

0—HY(T/I")—(HE, (wR)_k)*HHgl(Extg(wR,wg)k)HHél(T/Ik)—»(Hgtl(wR)_k)*

for such a k.



2. A METHOD OF CONSTRUCTING EXAMPLES

Suppose that R = @WZO R;; is a standard bigraded algebra over a ring K = Rgp.
Define R’ = @) Rij and Rj = @, Rij. Define ideals P = @, R' and Q = @, R;
in R. Suppose that M = @ijez M;; is a finitely generated, bigraded R-module. Define
M = D ez Mij and M; = P,z Mij. M is a graded R%-module and M, is a graded
Ro-module. Let Qo = Ro1 R, so that Q = QoR. Let Py = RigRp so that P = RigR. We
have K module isomorphisms

HG(M)mpn = Hp,(M™),,
for m,n € Z. Let M™ be the sheafification of the graded R%-module M™ on Proj(RY).
We have K module isomorphisms
Hp, (M™),, = H' ' (Proj(R"), M™(n))
for [ > 2 and exact sequences
0— Hoy(M™)y — (R™)y = Ry — H(Proj(R"), M™(n)) — Hp, (M™), — 0.

We have similar formulas for the calculation of Hb(M).
Now assume that X is a projective scheme over K and JF; and F» are very ample line
bundles on X. Let
Ryp =T(X, FE™ @ F&M).
We require that R = ®m,n>0 R, be a standard bigraded K-algebra. We have

X 2 Proj(Ry) = Proj(R%).

The sheafification of the graded R°-module R™ on X is Rm = f{em, and the sheafification
of the graded Rp-module R, on X is R, = 73" (Exercise 11.5.9 [Hal).
For [ > 2 we have bigraded isomorphisms

HY(R) = P Hy,(R™)n = P HT'(XF" o FF).
m>0 m>0,n€Z
Viewing R as a graded R algebra, we thus have graded isomorphisms
(2) Hy(R), = @ H'7H(X, FP™ @ F5™),
m>0
for ! > 2 and n € Z. Let d = dim(R) = dim(X) + 2.
We now further assume that K is an algebraically closed field and X is a nonsingular
K variety. Let
V = P(}—l D .7'—2),

a projective space bundle over X with projection 7w : V — X. Since F; & F» is an ample
bundle on X, Oy (1) is ample on V. Since

R=DT(V,0v (1))
t>0
with
T(V,0v(t)) 2T(X,5"(F & F) = P Ry
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and R is generated in degree 1 with respect to this grading, Oy (1) is very ample on V' and
R is the homogeneous coordinate ring of the nonsingular projective variety V', so that R
is generalized Cohen Macaulay (all local cohomology modules HE+ (R) of R with respect
to the maximal bigraded ideal Ry of R have finite length for i < d). We further have that
V' is projectively normal by this embedding (Exercise 11.5.14 [Ha|) so that R is normal.

3. STRANGE BEHAVIOR OF LOCAL COHOMOLOGY

In [CH], we constructed the following example of failure of tameness of local cohomology.
In the example, Ry has dimension 3, which is the lowest possible for failure of tameness
[Br].

Theorem 3.1. Suppose that K is an algebraically closed field. Then there exists a normal
standard graded K -algebra Ry with dim(Ry) = 3, and a normal standard graded Ry-algebra
R with dim(R) = 4 such that for j > 0,

. 2 if 7 1s even,
dlmK(Hg(wR)_j)_{ 13

0 ifj is odd,
where wg is the canonical module of R, Q = @,,~ Rn.

We first show that the above theorem is also true for the local cohomology of R.

Theorem 3.2. Suppose that K is an algebraically closed field. Then there exists a normal
standard graded K -algebra Ry with dim(Ry) = 3, and a normal standard graded Ry-algebra
R with dim(R) = 4 such that for j >0,

' 2 if j is even,
dlmK(Hgg(R)—j) = { 0 ifj is odd
where Q = P,,50 Bn-

Proof. We compute this directly for the R of Theorem 3.1 from (2) and the calculations of
[CH]. Translating from the notation of this paper to the notation of [CH], we have X = S
is an Abelian surface, F; = Og(ralaH) and Fo = Og(r2(D + alH)).
By (2) of this paper, for n € N, we have
dimg (H3(R)n) = Xm0 b (X, F7™ @ FF")
= Ym0 hY(S, Og((m + n)roal H + nryD)).

Formula (1) of [CH] tells us that for m,n € Z,

1 2 if m =0 and n is even,
H+nD)) =
(3) P (S, Os(mH +nD)) { 0 otherwise.

Thus for n < 0, we have

2 if n is even,

dlmK(HQ(R)") N { 0 if nis odd,
giving the conclusions of the theorem. g

The following example shows non periodic failure of tameness.
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Theorem 3.3. Suppose that p is a prime number such that p = 2 (mod) 3 and p > 11.
Then there exists a normal standard graded K-algebra Ry over a field K of characteristic
p with dim(Ry) = 4, and a normal standard graded Ry-algebra R with dim(R) = 5 such
that for j > 0,

1 ifj=0 (mod) (p+1),
dimK(Hé(R),j) =< 1 ifj=pl for some odd t >0,
0 otherwise,

where Q = @,,~o Rn. We have p' = —1(mod)(p + 1) for all odd t > 0.
To establish this, we need the following simple lemma.

Lemma 3.4. Suppose that C is a non singular curve of genus g over an algebraically closed
field K, and M, N are line bundles on C. If deg(M) > 2(2g+1) and deg(N') > 2(2g+1),
then the natural map

T(C, M) ® T(C,N) — T(C, M & N)

18 a surjection.

Proof. If L is a line bundle on C, then H(C, L) = 0 if deg(£) > 2g — 2 and L is very
ample if deg(L) > 2¢g + 1 (Chapter IV, Section 3 [Ha).

Suppose that £ is very ample and G is another line bundle on C. If deg(G) > 2g — 2 —
deg(L), then G is 2-regular for £ (Lecture 14, [M1]). Thus if deg(G) > 2g — 2 + deg(L),
then

['C,g)e(C,L)—T(C,gx L)
is a surjection by Castelnuovo’s Proposition, Lecture 14, page 99 [M1].

We now apply the above to prove the lemma. Write M = A®? @ B where A is a
line bundle such that deg(A) = 29 + 1, and 29 + 1 < deg(B) < 2(29 + 1). deg(N) >
2g — 2 + deg(.A). Thus there exists a surjection

I'NC,N)T(C,A) - T(C, A N).
We iterate to get surjections
I(C,A¥ @ N) @ T'(C, A) — I'(C, A2 @ N)
for ¢+ < ¢, and a surjection
I'C, A% @ N)®TI'(C,B) = T(C,MxN).
O

We now prove Theorem 3.3. For the construction, we start with an example from
Section 6 of [CS]|. There exists an algebraically closed field K of characteristic p, a curve
C of genus 2 over K, a point ¢ € C' and a line bundle M on C of degree 0, such that for
n >0,

1 if n = p’ for some t > 0,
0 otherwise.

H'(C, Oc(q) © ME™) = {

Further, H(C, O¢(29) ® M®™) = 0 for all n > 0.
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Let a = p+ 1. Let E be an elliptic curve over K, and let T'= F x E, with projections
mi:T — E. Let b € E be a point and let A = 7] (Og(b)) @ 75(Or(b)). Let X =T x C,
with projections ¢ : X — T, p3: X — C. Let L = O¢(q). Let

Fi = 1A @ p3(L£)%",

Fa = (A1 © (L0 o M)

For m,n > 0, we have
(4)
(X, FPm e F9™) = T(T, A@(ma+n(1+a))) ® T(C, L£®(matn(1+a)) g M)
= I(T, A®9)®m @ (T, A®(1+a))®n 2 T(C, £L9®™ @ T(C, £80+a) g M-1yEn
= I'(X,F)®" (X, F)®"

by the Kiinneth formula (IV of Lecture 11 [M1]) and Lemma 3.4.

Let Ry =D(X, FP"RFS"). R= ©D,n.n>0 Bomon 18 a standard bigraded K-algebra by
(4). Thus (2) holds. -

By the Riemann Roch Theorem, we compute,

(5) hO(C, L9 @ M™®%) = WM (C, L5 @ M™®*) +r — 1,
and for s < 0,
1—r r<Qo,
1 r=20,s <0,
~ 1 r=1,5s = —pt, for sometc N
1 ®r ®s) ’ ’ ’
(6) h(CvE ® M )_ 0 r:1’s7é—ptforsomet€N,
0 r=2,5 <0,
0 r>3.
We further have
0 r#0
1 ®ry _ ’
(7) fﬂﬂA)—{sza
and
0 r<o0,
(8) (T, A®) =< 1 r=0,
2 r>0.

By (2), for n € Z, we have
dimp (Hy(R)n) = > bM(X, FP™ @ F™).

m>0

By the Kiinneth formula,

1{1()(7 ]:?m ® ‘7-3@”) o~ HO(T, A®(ma+n(1+a))) ® H! (c, L£&(matn(1+a)) o M_®n)
EDHl(T, A®(ma+n(1+a))) ® HO(C, £ ®(ma+n(1+a)) ® M7®n).

Thus by (5) - (8), we have for j > 0,



1 j=0 (mod) a,
dimg (H§(R)—j) =4 1 j=p' for some odd t € N,
0 otherwise.
and we have the conclusions of Theorem 3.3.

Theorem 3.5 gives an example of failure of tameness of local cohomology with larger
growth.

Theorem 3.5. Suppose that K is an algebraically closed field. Then there exists a normal
standard graded K-algebra Ry over K with dim(Ry) = 4, and a normal standard graded
Ry-algebra R with dim(R) =5 such that for j > 0,

‘ 6j if j is even,
dlmK(Hgg(R)—j) = { 0 ifj is odd

where Q = @,,<¢ R

Proof. Let E be an elliptic curve over K, and let ¢ € E be a point. Let £L = Og(3q). By
Proposition IV.4.6 [Ha], £ is very ample on E, and

(9) @nzor(E, [,®n)

is generated in degree 1 as a K-algebra. For n € N,

0 n<0,
(10) RO, L%) =8 1 n=0,

3n n>0.
and

—-3n n<0,
(11) Ri(C, L) = 1 n =0,

0 n > 0.

Let X = E3, with the three canonical projections m; : X — E. Define
F1 =} (L%%) @ 75 (L5?) @ m5(L9?)
and
Fy =7 (L) @ m3(L) @ 75 (LD?).
Let
R = T(X, FP™ @ F5"),
R= P Rmn
m,n>0

By (9) and the Kiinneth formula, R is standard bigraded. By (2), the fact that wyx = Ox
and Serre duality,

dimg (HY(R)—j) = > W (X, FPm @ F®) =Y (X, FP" © Fy7)
m>0 m<0
for j € Z.
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Now by (10), (11) and the Kiinneth formula, we have that for n > 0,

0 if2m+n#0

1 Xm RN\ )

WX, P © 5y )_{2hO(X,£®”) if 2m +n = 0,

Thus the conclusions of Theorem 3.5 hold. O

The following theorem gives an example of tame, but still rather strange local cohomol-
ogy. Let [z] be the greatest integer in a real number z.

Theorem 3.6. Suppose that K is an algebraically closed field. Then there exists a normal
standard graded K -algebra Ry with dim(Ry) = 3, and a normal standard graded Ry-algebra
R with dim(R) = 4 such that for j >0,

s = (5] 4) -4 4] (4] ) 012 )

and
_dimg (HZ(R)-;)
lim =
J—00 J

= 54v2

where Q = @, Rn.

Proof. We use the method of Example 1.6 [Cu]. Let E be an elliptic curve over an
algebraically closed field K, and let p € E be a point. Let X = E x E with projections
m: X — E. Let C; = 7j(p), C2 = m3(p) and

A={(ga)lqe E}
be the diagonal of X. We compute (as in [Cu]) that

(12) (C}) =(C3)=(A%) =0
and
(13) (A-C1) = (A-Cy) = (C1 - Cp) = 1.

If A is an ample line bundle on X, then
(14) H'(X,N) =0 fori>0

by the vanishing theorem of Section 16 [M2].
Suppose that £ is a very ample line bundle on X, and M is a numerically effective (nef)
line bundle. Then M is 3 regular for £, so that

[(X,M® L) @T(X,L) — (X, M £20)

is a surjection if n > 3. C7 + 2C5 is an ample divisor by the Moishezon Nakai criterion
(Theorem V.1.10 [Ha]), so that 3(C1+2C?2) is very ample by Lefschetz’s theorem (Theorem,
Section 17 [M2]). Let

F1=0x(9(C1 + 2C3)).

Then Ox is 3 regular for Ox(3(Cy + 2C5)), so we have surjections
DX, FE" @ T(X, F1) — T(X, 7L )

for all n > 1.
11



A+ (5 is ample by the Moishezon Nakai criterion. Let D = 3(A+C5). D is very ample
by Lefschetz’s theorem, and thus Ox (D) ® F; is very ample. Let

Fo = Ox(3D) ® F2.
Ox is 3 regular for Ox (D) ® Fi, so we have surjections
['(X, 7" @ T(X, F) — D(X, F2 )

for all n > 1.
for n > 0 and m > 0, we have

FE™ @ FE" = Ox (3nD) @ FL .,
Since D is nef, it is 3 regular for F1, and we have a surjection for all m >0, n > 0,
DX, FP™ @ F3™) @ T(X, F1) — DX, F 0 @ 75,
Let
Rin =T(X, FP" @ FS™).
We have shown that @, ,>0Rm,» is a standard bigraded K-algebra. Thus (2) holds.

For m,n € Z, let G = FP™ @ F$™. As in Example 1.6 [Cu], and by (14) and Serre
Duality (wx = Ox since X is an Abelian variety), we deduce that
1. (G?) >0 and (G- F1) > 0 imply G is ample and h!(X,G) = h?(X,G) = 0.
2. (G?) < 0 implies h°(X,G) = h3(X,G) = 0.
3. (G*) >0 and (G- F1) <0 imply G~ is ample and h°(X,G) = h!(X,G) = 0.
Let ;= —4 — ? and 74 = —4—1—@.
Using (12) and (13), we compute
(F2) =2-162,(F)? = 31-162, (F, - F) = 8- 162.
We have
(G% = 324(m*+8mn + 3n?)
324(m — min)(m — man).
and
(G- F1) = 324(m + 4n).
Since 79 < —4 <71 <0, for n <0 and m € Z, we have

1. m > mnif and only if G2 >0 and G- F; >0
2. 7in < m < 7on if and only if (G?) < 0
3. m < 7yn if and only if (G?) > 0 and (G - F1) < 0.

By the Riemann Roch Theorem for an Abelian surface (Section 16 [M2]),

1
X(6) = 5 ()
Thus for m € Z and n < 0,

(X, G) = { (;;(QQ) = —162(m? + 8mn + %nz) if mn <m < mn,

otherwise.
12



Forn € Z, let o(n) = dimK(H%(Rn)). By (2),

o(n) =) WX FP" @ FP).

m>0

For n < 0, we have

o(n) =—162( 3 (m?+8mn+ on?).

2
TIn<m<man
Setting » = m + 4n, we have
- 2 _ 1,2
o(n) 162(Z§n<r<_§n(r 51°)
= —324 Zq[;lﬁ]( 2 In?) +81n?

e AT LA LA )

We thus have the conclusions of the theorem. O

4. STRANGE EXAMPLES OF REES ALGEBRAS

Let notation and assumptions be as in Section 2. Since Fj is ample, there exists [ > 0
such that T'(X, F®' @ F; 1) # 0. Thus we have an embedding 7, ® F;' € Ox. Let
A=FrF l, which we have embedded as an ideal sheaf of X. For j > 0 and i > jl, let

T, = D(X. " © A%) = By,

For j > 0,let Tj = @5, Tij and T = D ,5¢ 1;. Let B =D,;.(Tj. R =T as graded rings

over Ry =2 Tj, although they have different bigraded structures. Thus for all ¢, j we have
(15) Hp(T); = Hy(R);.

T1 is a homogeneous ideal of Ty, and T is the Rees algebra of T7. Thus all of the exam-
ples of Section 3 can be interpreted as Rees algebras over normal rings Ty with isolated
singularities.

We thus obtain the following theorems from Theorems 3.2 - 3.6. Theorems 4.1, 4.2 and
4.3 give examples of Rees algebras with non tame local cohomology.

Theorem 4.1. Suppose that K is an algebraically closed field. Then there exists a normal,
standard graded K algebra Ty with dim(Ty) = 3 and a graded ideal A C Ty such that the
Rees algebra T = Ty[At] of A is normal, and for j > 0,

2 if j is even,

dimye (H5(T)-j) = { 0 ifj is odd.
where B is the graded ideal AtT of T.

Theorem 4.2. Suppose that p is a prime number such that p = 2(mod)3 and p > 11.
Then there exists a normal standard graded K-algebra Ty over a field K of characteristic
p with dim(7Tp) = 4, and a graded ideal A C Ty such that the Rees algebra T = Ty[At] of

A is normal, and for j > 0,
13



1 ifj=0(mod)(p+1),
dimK(H(%(T),j) =< 1 ifj=pt for some odd t >0,
0 otherwise,
where B is the graded ideal AtT of T. We have p' = —1(mod)(p + 1) for all odd t > 0.

Theorem 4.3. Suppose that K is an algebraically closed field. Then there exists a normal,
standard graded K-algebra Ty with dim(Ty) = 4 and a graded ideal A C Ty such that the
Rees algebra T' = Ry[At] of A is normal, and for j > 0,

' 65 if j is even,
dim (HE(T)-;) = { 0 ifjis odd

where B is the graded ideal AtT of T.

Theorem 4.4. Suppose that K is an algebraically closed field. Then there exists a normal
standard graded K algebra Ty with dim(Ty) = 3, and a graded ideal A C Ty such that the
Rees algebra T' = Ty[At] of A is normal, and for j > 0,

s = (5[] -2) -4 ] () ) 012 )

and

dimg (HZ(T)—;
Ji JE0C ,f( )=i) _5av2
j—o0 J
where B is the graded ideal AtT of T.

By localizing at the graded maximal ideal of Tp, we obtain examples of Rees algebras
of local rings with strange local cohomology.

In all of these examples, Tj is generalized Cohen Macaulay, but is not Cohen Macaulay.
This follows since in all of these examples,

Hp, (Ro)o = H'(X,0x) # 0.
5. LOCAL DUALITY IN THE EXAMPLES

The example of [CH], giving failure of tameness of local cohomology, is stated in The-
orem 3.1 of this paper. The proof of [CH| uses the bigraded local duality theorem of
[HR], which now follows from the much more general bigraded local duality theorem, The-
orem 1.5 and Corollary 1.7 of this paper, to conclude that in our situation, where R is
generalized Cohen Macaulay,

(16) (H H(wr)—;)* = Hp(R);
for 7 > 0.
In [CH], the formula
Hp(R); = Hp (R;) -
(17) = Dyez H' X, R;(m))

@mez Hiil(Xa f?m ® }—5@])
for i > 2 and j > 0 is then used with formula (1) of [CH] ((3) of this paper) to prove

Theorem 3.1.
14



In Section 2 we derive (2) from which we directly compute the local cohomology in the
examples of this paper. We make essential use of Serre duality on X in computing the
examples.

In this section, we show how (16) can be obtained directly from the geometry of X and
V', and how this formula can be directly interpreted as Serre duality on X.

Let notation be as in Section 2, so that K is an algebraically closed field, F; and F»
are very ample line bundles on the nonsingular variety X.

Let wg be the dualizing module of R, and let wy be the canonical bundle of X (which
is a dualizing sheaf on X). For a K module W, let W/ = Homg (W, K).

Lemma 5.1. We have that
DX, FPoF @uwyx) ifi>1andj>1
(WRr)ij = :
0 otherwise.
Set (wg)' = D ,cz(wr)ij, a graded R® module. The sheafification of (wgr)® on X is
FPlouwx ifi>1
0 ifi <0.
Set (wr)j = @Djcz(wr)ij, a graded Ry module. The sheafification of (wr); on X is

(18) (wr)' =

Fouwyx ifj>1
1 = 2 =
Proof. Give R the grading where the elements of degree e in R are [R]e =, j—e Rij-

We have realized R (with this grading) as the coordinate ring of the projective embed-
ding of V' = P(F; @ F2) by the very ample divisor Oy (1), with projection 7 : V' — X.

Let wy be the canonical line bundle on V. We first calculate wy. Let f be a fiber of
the map 7 : V — X. By adjunction, we have that (f - wy) = —2. Since

Pic(V) =2 ZOy (1) & n*(Pic(X)),
we see that there exists a line bundle G on X such that
wy = Oy (=2) @ 7(G).
The natural split exact sequence
(20) 0O—-F—-FoF—F —0
determines a section Xy of X, such that m, of the exact sequence
0— Oy (1) ® Oy (—=Xo) — Ov(1) = Oy(1) ® Ox, — 0

is (20) (Proposition I1.7.12 [Hal). Thus

Ov (1) ® Oy (—=Xo) = 7" (F2)

and
Ov(l) ® Ox, = Fi1.

By adjunction, we have that the canonical line bundle of X is

wx, = wy ®@ Oy (Xo) ® Ox,.
15



Putting the above together, we see that
G§=2F1®F@uwy.
Thus
wy 20y (-2) @7 (F1 @ Fa Quwx).
We realize R as a bigraded quotient of a bigraded polynomial ring

S = K[xlv"'vxm>yla"'>yn]a
with deg(x;) = (1,0) for all i and deg(y;) = (0,1) for all j. Viewing S as a graded K-
algebra with the grading determined by d(x;) = d(y;) = 1 for all 7, j, we have a projective
embedding V' C P = Proj(S). Since V is nonsingular, we see from Section II1.7 of [Ha]
that
wy = Ea;trp((’)v, (’)p(—e))

where e = m + n is the dimension of S, and r = e — dim(R). wg is defined as

wr = *Exty(R, S(—¢)) = €P Extp(Ov, Op(m — ¢)).

meZ

For m > 0,

I'(P,Extp(Oy, Op(m — €))) = Extp(Oy, Op(m —e))
(by Proposition II1.6.9 [Hal]). Thus wgr and

T.(wy) = @ T(V,wy(m))
meZ

are isomorphic in high degree. Since both modules have depth > 2 at the maximal bigraded
ideal of R, we see that

WR = F*(wv).
Thus
WR = @mez P(V, WV(m))
= DnezI'(V,Ov(m —2) @ m*(F1 @ F2 @ wx)).
Since a fiber f of 7 satisfies (f - Oy (m —2) @ m*(F1 ® F2)) < 0 if m < 2, we see that (with
this grading) [wg]m = 0 if m < 2 and For m > 2, we have
wrlm = TI(X, Sm_Q(fl D F) @F @ F2)
= DiyjemI'X, —7'_?(”1) ® ff(jﬂ) ® wx).

The conclusions of the lemma now follow. O

Suppose that 2 < i < d — 2. Since F; and F» are ample, and d — (i + 1) > 0, there
exists a natural number ng such that

(21) HEED(X, FPm @ 3 @wyx) =0

for n > ng and all m > 0.
By (18), we have graded isomorphisms
(22) Hy(wr)n = P HHX, FP™ @ F5" @ wx)

m2>1
16



for n € Z.
By Serre duality,

(23) Hy(wr)n = @ HTHX, Fom @ Fy#)).
m>1

By (21), there exists ng such that

(24) Hy(wr)—n = @ (HTH X, FTo™ 0 F))'
meZ
for n > ng.
Now apply the functor L* = Homg (L, K) on graded Ryp-modules, with the grading
(L*)z == HOHIK(L_%', K)

to (24), and compare with (17), to obtain

(25) Hp ™ (R)n = (Hg(wR)-n)"

for n > ng, from which (16) immediately follows.
We can now verify that Theorem 3.1 is in fact true for all j > 0, using (22) and (3).
We finally comment that an alternate proof of Theorem 3.2 for j > 0 is obtained
from Theorem 3.1, Formulas (2) and (22), the fact that X is an Abelian variety so that
wx = Ox, and the observation that

WX FO) = B FS) =0

for n > 0.
REFERENCES
[A] Aoyama, On the depth and the projective dimension of the canonical module, Japan J. Math.
6(1980), 61-69.
[BrHe] Brodmann, M. and Hellus, M., Cohomological patterns of coherent sheaves over projective
schemes, J. Pure and Appl. Alg. 172 (2002), 165-182.
[Br] Brodmann, M., Asymptotic behaviour of cohomology: tameness, supports and associated primes,

Joint International Meeting of the American Mathematical Society and the Indian Mathematical
Society on Commutative Algebra and Algebraic Geometry, Bangalore/India, December 17-20,
2003, Contemporary Mathematics 390(2005), 31-61.

[BS] Brodmann, M. and Sharp, R., Local cohomology, Cambridge Univ. Press, Cambridge, (1998).

[BH] Bruns, W. and Herzog, J., Cohen-Macaulay rings (Revised edition), Cambridge Studies in Ad-
vanced Mathematics 39, Cambridge University Press, 1998.

[Cy] Cutkosky, S.D., Zariski decomposition of divisors on algebraic varieties, Duke Math. J. 53 (1986),
149 -156.

[CH] Cutkosky, S.D. and Herzog, J., Failure of tameness of Local Cohomology, to appear in Journal
of Pure and Applied Algebra.

[CS] Cutkosky, S.D. and Srinivas, V., On a problem of Zariski on dimensions of linear systems,
Annals of Math. 137 (1993), 531 - 559.

[E] Eisenbud, D., Commutative algebra, with a view towards algebraic geometry, Springer Verlag,
New York, Heidelberg, Berlin (1995).

[Ha] Hartshorne, R., Algebraic Geometry, Springer Verlag, New York, Heidelberg, Berlin, 1977.

17



[HK] Herzog, J. and Kunz, E., Der kanonische Modul eines Cohen-Macaualy Rings, Lecture Notes in
Mathematics 238, Springer, 1971.

[HR] Herzog, J. and Rahimi, A., Local Duality for Bigraded Modules, math.AC/0604587.

L] Lim, C.S., Tameness of graded local cohomology modules for dimension Ry = 2, the Cohen-
Macaulay case, Menumi Math 26, 11 - 21 (2004).

M1] Mumford, D., Lectures on curves on an algebraic surface, Annals of Math Studies 59, Princeton
Univ. Press, princeton (1966).

[M2] Mumford, D., Abelian Varieties, Oxford University Press, Bombay, 1970.

[RS] Rotthaus, C. and Sega, L.M., Some properties of graded local cohomology modules, J. Algebra

283, 232 - 247 (2005).

MARC CHARDIN, INSTITUT MATHEMATIQUE DE JUSSIEU UNIVERSITE PIERRE ET MARIE CURIE, BOITE
247, 4, PLACE Jussieu, F-75252 PARIS CEDEX 05
E-mail address: chardin@math. jussieu.fr

DALE CUTKOSKY, MATHEMATICS DEPARTMENT, 202 MATHEMATICAL SCIENCES BLDG, UNIVERSITY
OF MissoURI, COLUMBIA, MO 65211 USA
E-mail address: dale@math.missouri.edu

JURGEN HERZOG, FACHBEREICH MATHEMATIK UND INFORMATIK, UNIVERSITAT DUISBURG-ESSEN,
CaAMPUS ESSEN, 45117 ESSEN, GERMANY
E-mail address: juergen.herzog@uni-essen.de

HEMA SRINIVASAN, MATHEMATICS DEPARTMENT, 202 MATHEMATICAL SCIENCES BLDG, UNIVERSITY
OF MissouRrli, COLUMBIA, MO 65211 USA

E-mail address: srinivasanh@math.missouri.edu <srinivasan@math.missouri.edu>

18



