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Abstract. We study generalized symbolic powers and form ideals of powers and com-

pare their growth with the growth of ordinary powers, and we discuss the question when

the graded rings attached to symbolic powers or to form ideals of powers are finitely

generated.

Introduction

Let (R,m) be a local ring (or a graded ring with graded maximal ideal) of dimension d,
and I ⊂ R be an ideal. Let

Ĩ = I : m∞ = ∪∞i=1I : mi

denote the saturation of I. In this paper we study the asymptotic behavior of the length
λ(Ĩk/Ik) of the R-module Ĩk/Ik, for large k. This length appears naturally in a number
of equivalent formulations, as there are identities

(1) λ(Ĩk/Ik) = λ(H1
m(Ik))

if R has depth ≥ 2, and thus by local duality,

(2) λ(Ĩk/Ik) = λ(Extd
R(R/Ik, R))

if R is Gorenstein. The motivation for this problem come from two directions. One of
them is the investigation of regularity of powers of ideals and of powers of ideal sheaves.
The other direction is the subject of multiplicities.

To compute regularity, we consider a homogeneous ideal I in the polynomial ring S =
K[x1, . . . , xn] over a field K, with graded maximal ideal m. let P = Proj(R) be the
projective space, and I be the sheafification of I.

The regularity (Castelnouvo-Mumford regularity) of the sheaf I is computed by the
formula

reg(I) = max{i | Hj
m(I)i−j 6= 0 for some j > 1}.

The regularity of the ideal I (introduced by Eisenbud and Goto [10]) is given by the
formula

reg(I) = max{i | Hj
m(I)i−j 6= 0 for some j}.

The two definitions of regularity are related by the formula reg(Ĩ) = reg(I). We further
have that reg(Ĩ) ≤ reg(I), and their difference is computed from H1

m(I).
It was shown by Cutkosky, Herzog and Trung [9], and by Kodiyalam [24], that reg(Ik)

is a linear polynomial for k � 0. Thus
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lim
k→∞

reg(Ik)
k

exists, and is a rational number.
However, the behavior of reg(Ĩk) is not as good. It is shown in [7] that the limit

lim
k→∞

reg(Ĩk)
k

does exist, but it is shown in examples in [9], [5] and [7] that the limit could be an irrational
number. This limit is the Seshadri constant of the sheaf I.

A second tie in comes from multiplicity. Kirby [23] and Theodorescu [31] have shown
that if I is an m-primary ideal in a Cohen Macaulay local ring R of dimension d, then

(3) λ(Extd
R(R/Ik, R))

is a polynomial in k of degree ≤ d. If R is Gorenstein (of dimension d ≥ 2), then by local
duality, (3) is just the Hilbert function

λ(Ĩk/Ik) = λ(R/Ik),

which is a Hilbert polynomial for large enough k. In particular, in this special case (R is
Gorenstein and I is m-primary),

lim
k→∞

λ(Ĩk/Ik)
kd

=
eI(R)

d!
,

where eI(R) is the multiplicity of R with respect to I.
Cutkosky, Hai, Srinivasan and Theodorescu have shown in Theorem 1.3 of [8] that

(4) lim
k→∞

λ(Ĩk/Ik)
kd

exists whenever I is a homogeneous ideal in a polynomial ring (over a field of characteristic
zero). They also compute the function λ(Ĩk/Ik) for a homogeneous ideal in the example
of Theorem 0.2 [8]. The example is far from polynomial in behavior, and the limit (4) is
irrational.

In Theorem 1.1 of this paper, we prove that the limit

(5) lim
k→∞

λ(Ĩk/Ik)
kd

exists, whenever I is an ideal in a regular local ring R of dimension d, which is essentially
of finite type over a field of characteristic zero and spec(R/I) has an isolated singularity.
With this assumption, we have that Ĩk is the ordinary symbolic power I(k) of I, and we
have that

lim
k→∞

λ(I(k)/Ik)
kd

exists (as a real number). This includes the case when I is a reduced equidimensional
ideal of height d− 1 in R (spec(R/I) is a germ of a singular curve).
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As mentioned above, an example in [8] shows that λ(H0
m(R/Ik)) = λ(Ĩk/Ik)) is not

a well behaved function in general. However, in [32], Ulrich and Valedashti consider a
modified function, which in the case of an ideal I is defined by

ΣI(k) =
k−1∑
i=1

λ(H0
m(Ii/Ii+1)).

They show that for k � 0, ΣI(k) is a polynomial of degree ≤ d = dim(R), and is of
degree d if and only if `(I) = d, where `(I) is the analytic spread of I (the dimension of
grI(R)/m grI(R), where grI(R) =

⊕
n≥0 In/In+1). ΣI(k) gives a polynomial approxima-

tion to λ(H0
m(R/Ik)), as

λ(H0
m(R/Ik)) ≤ ΣI(k)

for all k. We deduce that

lim
k→∞

λ(Ĩk/Ik)
kd

= 0

if `(I) < d = dim(R).
When `(I) < d, we show that for k � 0, the function λ(Ĩk/Ik) is actually a quasi-

polynomial in k of degree ≤ `(I)− 1, with constant k`(I)−1 term. It follows that

(6) lim
k→∞

λ(Ĩk/Ik)
k`(I)−1

is a rational number if `(I) < d. This is a consequence of Theorem 2.1, which we discuss
below.

The limit (6) may be zero. For example, consider I = (x1, · · · , xr) ⊂ K[[x1, . . . , xd]]
with r < d. In this case `(I) = r < d and Ĩk = Ik for all k. So the limit is certainly zero.

We do not know of an example with `(I) = d = dim(R) such that the limit (5) is zero.
An extremely interesting question is to determine the rates of growth possible for the

function λ(Ĩk/Ik). A function f(k) of the natural numbers has the growth rate of a
function g(k) if there exist positive constants a < b such that ag(k) ≤ f(k) ≤ bg(k) for all
k � 0.

We see that if `(I) < d, the only possible growth is the rate ki with i a natural number
with 0 ≤ i ≤ d − 2. When `(I) = d, we only know that λ(Ĩk/Ik) is bounded above by
a polynomial of degree d. In the example of Theorem 0.2 [8], where the limit (5)) is an
irrational number, its growth is of the rate kd (d = 4 in this example).

The reason for the much better behavior of λ(Ĩk/Ik) when `(I) < d = dim(R) than in
the case `(I) = d is that the algebra

⊕
k≥0 Ĩk =

⊕
k≥0 Ik : m∞ is a finitely generated R-

algebra when `(I) < d (Theorem 2.1), but it may be not finitely generated when `(I) = d.
In the paper [15], Herzog, Puthenpurakal and Verma consider a generalization of the

function λ(Ĩk/Ik). Let J ⊂ R be an ideal. They replace Ĩk = Ik : m∞ with the generalized
symbolic powers Ik(J) = Ik : J∞ = ∪∞i=1(I

k : J i), and replace length with the multiplicity
e(Ik(J)/Ik). If depth(RP ) ≥ 2 for all P ∈ V (J), we have Ik(J)/Ij ∼= H1

J(Ik) for all k.
Generalized symbolic powers occur naturally in many situations. Besides the saturation

(J = m) considered above, another case of interest is obtained when we choose for J the
intersection of all asymptotic associated prime ideals of I which are not minimal. In this
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case SJ(I) =
⊕

k≥0 Ik(J) is the symbolic Rees algebra. This is why we call for any choice
of J the ideals Ik : J∞ generalized symbolic powers of I. If I happens to be a prime ideal,
then these are the classical symbolic powers. Finite generation of symbolic Rees algebras
has been studied in many papers, for instance in [21], [30], [22], and remarkable examples
have been found where these algebras are not finitely generated, see [27] and [13]. Symbolic
Rees algebras of squarefree monomial ideals can be identified with vertex cover algebras.
This class of algebras is always finitely generated, as shown in [14].

It is shown in Theorem 2.5 of [15] that if I and J are monomial ideals, then for k � 0,
e(Ik(J)/Ik) is a quasi-polynomial, with constant leading term. An essential part of the
proof is to show that

⊕
k≥0 Ik(J) is a finitely generated R-algebra (with the assumption

that I and J are monomial ideals).
In Section 2 of this paper, we restrict to the situation where R is an excellent local do-

main, and I, J are proper ideals of R. We show that e(Ik(J)/Ik) is a quasi-polynomial with
constant leading term whenever there exists an integer r > 0 such that `((Ir : J∞)P ) < RP

for all P ∈ V (J). It follows that (with the assumption that `((Ir : J∞)P ) < RP ) we have
that limk→∞ e((Ik : J∞)/Ik)/k`(I)+dim R/J−1 exists and is a rational number. These results
are a consequence of finite generation of the R-algebra SJ(I) =

⊕
k≥0 Ik(J).

We give very general necessary and sufficient conditions for finite generation of the
algebras SJ(I). Suppose that R is an excellent local domain, and I, J are proper ideals
of R. We show in Theorem 2.6 that SJ(I) is finitely generated if and only if there exists
an integer r > 0 such that `((Ir : J∞)P ) < dim RP for all P ∈ V (J). In Theorem 2.1,
we give a short direct proof of the fact that under the above conditions on R and J ,
SJ(I) is a graded subalgebra of the integral closure of the Rees algebra of I, provided that
`(IP ) < dim RP for all P ∈ V (J). This fact is also a consequence of Theorem 6.5 [30],
and in the case when J = m, Theorem 4.1 [21]. We further show that limk→∞ e((Ik :
J∞)/Ik)/k`(I)+dim R/J−1 exists and is a rational number. In particular it follows from the
above results that the saturated power algebra

⊕
k≥0 Ĩk is finitely generated if `(Ĩ) <

dim R, and that in this case limk→∞ λ(Ĩk/Ik)/k`(I)−1 exists and is a rational number.
The results of Section 2 are inspired by a result of McAdam [26] on ideals with small

analytic spread. This theory has been extensively developed, giving very general conditions
for SJ(I) to be finitely generated, by Huckaba [17], Katz [21], Katz and Ratliff [22], Ratliff
[28], Schenzel [30], Verma [34] and others.

Section 3 of this paper deals with the form ideal I∗ of I. Let grm(R) =
⊕

k≥0 mk/mk+1

denote the associated graded ring of a Noetherian local ring R. For an ideal I of R, the
form ideal I∗ ⊂ grm(R) is the graded ideal in grm(R) generated by the leading forms of
all the elements in I. Alternately, this is the kernel of the natural epimorphism grm(R) →
grm(R/I). Here m is the maximal ideal of R/I. Thus, the Hilbert function H(R/Ik, j) of
R/I is given by H(R/Ik, j) =

∑j
i=0 dimK(grm(R)/(Ik)∗)i. When R is graded and I is a

graded ideal of R, (Ik)∗ = Ik. So, in this case the algebra A(I) =
⊕

k≥0(I
k)∗ is finitely

generated over R. However, in general A(I) is not finitely generated, even if I is generated
by quasi-homogeneous polynomials. We give such an example in 3.4. There we show that
for the ideal I = (x2, y3−xy) ⊂ K[[x, y]] the algebra A(I) is not finitely generated. Notice
that I is quasi-homogeneous if we set deg x = 2 and deg y = 1. This example is also
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remarkable, since it is an m-primary complete intersection. We also show in Example 3.5
that the finite generation of A(I) may depend on the characteristic of the residue class
field.

A motivation for the study of A(I) comes from a result of Hoang and Trung in [18]
where they showed that the Hilbert coefficients of the powers Ik of a graded ideal I in
the polynomial ring S = K[x1, . . . , xn] are polynomial functions in k for k � 0. In an
explicit form this statement is given in [15]. In the same paper the question is raised
whether for any ideal in a Noetherian local ring (R,m,K) a similar statement is true. We
do not have any counterexamples yet. On the other hand, a positive answer is unlikely
by the following reason: Hoang and Trung’s proof makes essential use of the fact that in
the graded case, A(I) is finitely generated over R, indeed is equal to the Rees algebra of I

and hence is standard graded over R. Unfortunately, this is not true in general as shown
by our example 3.4 in section discussed in the preceding paragraph.

General criteria for the finite generation of A(I) seem to be unavailable. However if
I is an ideal in the power series ring R = K[[x1, . . . , xn]] the following strategy can be
applied: as explained in Lemma 3.6 and Proposition 3.7 there is an ideal I] ⊂ R[[s]]
attached to I in a natural way with the property that A(I) is finitely generated if and
only if

⊕
k≥0(I

])k : s∞ is finitely generated.
We show in Corollary 3.3 that if (R,m) is a regular local ring of dimension d, I ⊂ R is a

complete intersection ideal of height d and if either R is 2-dimensional or I∗ is a monomial
ideal, then the following conditions are equivalent:

(a) A(I) is standard graded,
(b) I∗ is a complete intersection,
(c) for infinitely many integers k we have (Ik)∗ = (I∗)k.

It would be interesting to know whether these equivalent conditions hold without the extra
assumptions on R or I∗.

The authors want to thank Bernd Ulrich for several useful discussion concerning The-
orem 3.2.

1. The existence of a limit of asymptotic growth

Theorem 1.1. Suppose that (R,m) is a regular local ring of dimension d, which is essen-
tially of finite type over a field K of characteristic zero. Suppose that I ⊂ R is an ideal
such that the singular locus of Spec(R/I) is m. Then the limit

lim
k→∞

λ(I(k)/Ik)
kd

= lim
k→∞

λ(Ĩk/Ik)
kd

∈ R

exists.

Proof. If I is m-primary, then Ĩk = R for all k, and thus λ(Ĩk/Ik) = λ(R/Ik) is a polyno-
mial in k of degree d for k � 0. Thus the limit exists.

Now assume that I is not m-primary. Since R is regular and the singular locus of
Spec(R/I) is m, we have that Ik

P is a complete ideal in RP for all P ∈ Spec(R)−{m} and
k ≥ 0. Thus

Ĩk = Ik : m∞ = Ik : m∞ ⊃ Ik
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for all k > 0.
Consider the exact sequence of finite length R-modules

0 → Ik/Ik → Ĩk/Ik → Ĩk/Ik → 0.

Since
⊕

k≥0 Ik is a finitely generated
⊕

k≥0 Ik-module, the quotient
⊕

k≥0 Ik/Ik is a
finitely generated

⊕
k≥0 Ik module, which is annihilated by mr for some r. Thus λ(Ik/Ik)

is a polynomial of degree ≤ d− 1 for k � 0, and we have reduced to showing that

lim
k→∞

λ(Ĩk/Ik)
kd

exists.
The blow up Proj(

⊕
k≥0 Ik) of I is nonsingular away from the fiber over the maximal

ideal m of R. Let Y → Proj(
⊕

k≥0 Ik) be a resolution of singularities which is an iso-
morphism away from the fiber over the maximal ideal m of R. Let X = Spec(R), and
f : Y → X be the natural map. Let L = IOY . L = OY (−F − E) where E is an effective
divisor such that f(E) = m, and F is a reduced effective divisor whose components are
the prime divisors corresponding to the PP -adic valuations in RP , where P ranges over
the minimal primes of I.

For k ∈ N, we have exact sequences

0 → OY (−kE) → OY → OkE → 0.

Tensoring with OY (−kF ), we have exact sequences

0 → Lk → OY (−kF ) → OkE(−kF ) → 0,

where OkE(−kF ) denotes the invertible sheaf OkE⊗OY (−kF ) on the scheme kE. Taking
global sections, we have exact sequences

(7) 0 → Ik → Ĩk → H0(kE,OkE(−kF )) → H1(Y,Lk).

Let N =
⊕

k≥0 H1(Y,Lk). Then N is naturally a
⊕

k≥0 Ik ∼=
⊕

k≥0 H0(Y,Lk)-module.
We will show that N is a finitely generated

⊕
k≥0 Ik-module.

Let Z = Proj(
⊕
≥0 Ik), and N = IOZ . Since Y is normal and dominates the blowup

of I, the map f : Y → X factors as

Y
g→ Z

h→ X.

From the first terms of the Leray spectral sequence, we have an exact sequence

(8) 0 → H1(Z, g∗(Lk)) → H1(Y,Lk) → H0(Z,R1g∗(Lk)).

We have g∗(Lk) ∼= N k and R1g∗(Lk) ∼= N k ⊗ R1g∗OY since Z is normal, and by the
projection formula. Since N is ample on Z, there exists k0 such that H1(Z, g∗(Lk)) = 0
for k ≥ k0. Since h is proper, H1(Z,N k) is a finitely generated R-module for all k. Thus⊕

k≥0 H1(Z, g∗(Lk)) is a finitely generated
⊕

k≥0 Ik =
⊕

k≥0 H0(Z,N k)-module. Since g

is proper, R1g∗OY is a coherent OZ-module. Since N is ample, there exists s ∈ N and
ai ∈ Z such that there is a surjection

s⊕
i=1

N ai → R1g∗OY
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of OZ-modules. Let K be the kernel of this map. We have an exact sequence⊕
n≥0

(
s⊕

i=1

H0(Z,N n+ai)) →
⊕
n≥0

H0(Z,N n ⊗R1g∗OY ) →
⊕
n≥0

H1(Z,K ⊗N n).

Since N is ample, there exists an n0 such that H1(Z,K⊗N n) = 0 for n ≥ n0. Since R is
normal, we have

H0(Z,N i) =

{
R if i ≤ 0
Ii if i > 0.

Thus
⊕

n≥0(
⊕s

i=1 H0(Z,N n+ai) is a finitely generated
⊕

n≥0 H0(Z,N n)-module. Since
H1(Z,K ⊗ N n) are finitely generated R-modules for all n, which are zero for n ≥ n0, it
follows that

⊕
n≥0 H0(Z,N n⊗R1g∗OY ) is a finitely generated

⊕
n≥0 H0(Z,N n)-module.

From (8), we see that N is a finitely generated
⊕

k≥0 Ik-module.
Since N is a finitely generated

⊕
k≥0 Ik-module, and the support of H1(Y,Lk) is con-

tained in {m} for all k, there exists a positive integer r such that mrN = 0. Since

dim(
⊕
k≥0

Ik)/m(
⊕
k≥0

I
k) ≤ dim R = d,

there exists a constant c such that λ(H1(Y,Lk)) ≤ ckd−1 for all k. From comparison with
(7), we have reduced to showing that

(9) lim
k→∞

λ(H0(kE,OkE(−kF )))
kd

exists.
If R/m is algebraic over K, let K ′ = K. If R/m is transcendental over K, let t1, . . . , tr be

a lift of a transcendence basis of R/m over K to R. The rational function field K(t1, . . . , tr)
is contained in R. Let K ′ = K(t1, . . . , tr). We have that R/m is finite algebraic over K ′.
There exists a nonsingular affine K ′-variety U such that R is the local ring of a closed
point α of U . Let X be a nonsingular projective closure of U , and let I be an extension of
I to an ideal sheaf on X. Let f : Y → X be a resolution of singularities such that Y → X

factors through the blow up of I, and f
−1(X) ∼= Y . We may identify E (and kE for all

positive integers k) with a closed subscheme of Y . Let F be the Zariski closure of F in
Y . Since the singular locus of Spec(R/I) is m, we may choose U , X and Y so that the
singular locus of the scheme Spec(OX/I) is the isolated point α, and f∗OY (−F ) ∼= Iβ for
β ∈ X − {α}.

There exists a line bundle M on Y such that M⊗ OY
∼= L is generated by global

sections and is big (the global sections of a high multiple of L give a birational map on
Y ). We can construct M by taking any ample line bundle A on X, and taking

M = f
∗(At)⊗ IOY

for t sufficiently large. Let B = M⊗OY (E). We have an exact sequence

0 → OY (−kE) → OY → OkE → 0.

Tensoring with Bk, we have exact sequences

0 →Mk → Bk → OkE(−kF ) → 0.
7



Taking global sections, we have exact sequences

(10) 0 → H0(Y ,Mk) → H0(Y ,Bk) → H0(kE,OkE(−kF )) → H1(Y ,Mk).

Since M is semiample (generated by global sections and big), we have that

lim
k→∞

h1(Y ,Mk)
kd

= 0

(for instance as a special case of [11] or by consideration of the Leray spectral sequence
of the mapping from Y given by the global sections of a high power of M). Further,⊕

n≥0 H0(Y ,Mk) is a finitely generated K ′-algebra of dimension d + 1. Thus

lim
k→∞

h0(Y ,Mk)
kd

∈ Q

exists. Since B is big, by the corollary given in [25] or [8] to [12], we have that

lim
k→∞

h0(Y ,Bk)
kd

∈ R

exists. From the sequence (10), we see that

lim
k→∞

h0(kE,OkE(−kF ))
kd

∈ R,

and the conclusions of the theorem now follow, by applying the formula

h0(kE,OkE(−kF )) = dimK′H0(kE,OkE(−kF )) = [R/m : K ′]λ(H0(kE,OkE(−kF )))

to equation (9). �

Corollary 1.2. Suppose that R = K[[x1, . . . , xn]] is a power series ring over a field K of
characteristic zero, and I ⊂ R is an equidimensional ideal such that the singular locus of
Spec(R/I) is m = (x1, . . . , xn). Then the limit

lim
k→∞

λ(I(k)/Ik)
kd

= lim
k→∞

λ(Ĩk/Ik)
kd

∈ R

exists.

Proof. By [19, Theorem 1] or [6, Theorem A], there exists an ideal J ⊂ K[x1, . . . , xn]
and a K-algebra isomorphism ϕ : R → R such that ϕ(I) = JR. Thus ϕ(Ik) = JkR and
ϕ(Ĩk) = J̃kR = J̃kR for all k. We have that

λ(Ĩk/Ik) = λ(J̃kR/JkR) = λ(J̃k/Jk)

for all k ∈ N. Now by Theorem 1.1,

lim
k→∞

λ(Ĩk/Ik)
kd

= lim
k→∞

λ(J̃k/Jk)
kd

∈ R.

�
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2. Generalized symbolic powers

Let (R,m) be a local ring or a positively graded K-algebra with graded maximal ideal
m, where K is a field, and let I and J be proper ideals in R that are graded if R is
graded. In this section we want to study the algebra SJ(I) =

⊕
k≥0 Ik : J∞ of generalized

symbolic powers of I with respect to J . The Rees ring of I will be denoted by R(I) and
its integral closure by R(I) in case R is a domain. It turns out that the analytic spread
`(I) of I, which is defined to be the Krull dimension of R(I)/mR(I), plays an important
role in the study of these algebras. The multiplicity of a finitely generated R-module M

will be denoted by e(M).
Conclusion (a) of Theorem 2.1 below is inspired by results of McAdam [26], Ratliff [28],

Katz [21], Schenzel [30], Huckaba, [17], Verma [34] and others on the asymptotic associated
primes of ideals of small analytic spread. In fact, (a) follows from results of Katz when
J = m (Theorem 4.1 of [21]) and of Schenzel for arbitrary J (Theorem 6.5 [30]) both of
which are valid over general Noetherian rings. Over excellent domains, we get an elegant
statement which has a rather simple proof.

Theorem 2.1. Let (R,m) be an excellent domain. Assume that `(IP ) < dim RP for all
P ∈ V (J). Then

(a) SJ(I) ⊂ R(I). In particular, SJ(I) is a finitely generated R-algebra.
(b) limk→∞ e((Ik : J∞)/Ik)/k`(I)+dim R/J−1 exists and is a rational number.

Proof. (a) Notice that R(I) = R ⊕ It ⊕ I2t ⊕ · · · . Since Ik : J∞ ⊂ Ik : RJ∞R̄ for all
k, it suffices therefore to show that Ik : R̄J∞R̄ = Ik for all k ≥ 0. Recall that (see [2,
Proposition 1.2.10])

grade(JR,R) = inf{depth RP , P ∈ V (JR)}.(11)

Now let P ∈ V (JR) and Q = P ∩ R. Then Q ∈ V (J), and our assumptions imply that
dim RQ > `(IQ) > 0, so that dim RQ ≥ 2. Applying [2, Corollary A.8] to the ring extension
R/R we obtain that dim R/P = dim R/Q. Hence since R is an excellent domain, we get

dim RP = dim R− dim R/P = dim R− dim R/Q = dim RQ ≥ 2.

Being a normal ring, the ring R satisfies Serre’ s condition S2. Thus, depth RP ≥ 2 for all
P ∈ Spec(R) with dim RP ≥ 2. Altogether we see that depthRP ≥ 2 for all P ∈ V (JR)
and conclude that grade(JR,R) ≥ 2. This implies that H0

JR
(R) = H1

JR
(R) = 0 (see [1,

Theorem 6.2.7]), and hence Ik : RJ∞R/Ik = H0
JR

(R/Ik) ∼= H1
JR

(Ik) for all k. Therefore,
if A = R(I), it remains to be shown that H1

J(A) = 0 which, by [1, Theorem 6.2.7], is
equivalent to saying that grade(JA,A) ≥ 2.

We apply (11) again, this time to the ideal JA and the ring A, and obtain that

grade(JA,A) = inf{depth AQ, Q ∈ V (JA)}.

Again, since A is normal, it satisfies Serre’s condition S2, and it remains to be shown that
dim AQ ≥ 2 for all Q ∈ V (JA). Let P = Q∩R. Then P ∈ V (J). Localizing at P we may
assume that P = m. Our assumption on R guarantees that dim AQ = dim A− dim A/Q.
Notice that dim A = dim R(I) = dim R + 1, since A is a finite R(I)-module, and that

9



dim A/Q ≤ dim A/mA = dim R(I)/mR(I) = `(I). Thus the condition `(I) < dim(R)
implies that dim AQ ≥ dim R + 1− `(I) ≥ 2, as desired.

(b) By part (a), the algebra SJ(I) is finitely generated. Thus [15, Theorem 3.2] im-
plies that there exist polynomials P0, . . . , Pg−1, all of same degree and with same leading
coefficient, such that e(Img+i : J∞/Jmg+i) = Pi(m) for i = 0, . . . , g − 1 and all m � 0.
For each i, the modules Img+i : J∞/Jmg+i have constant dimension for m � 0, say di.
Since they are supported in V (J) it follows that di ≤ dim R/J for all i. Thus applying
[15, Proposition 5.5] we see that deg Pi ≤ `(I) + dim R/J − 1 for all i, and thus statement
(b) follows. �

Example 2.2. Let R = K[[x, y, z]]/(xy, xz) and I = (x, y)R. Then `(I) = 1 < dim R = 2,
however Ĩk = (x, yk)R, and so A(I) is not finitely generated. This examples illustrates
that the domain assumption on R in Theorem 2.1 is necessary.

Example 2.3. (Marc Chardin) Let I = (xw − yz, x2, z2) ⊂ S = K[x, y, z, w]. Then
`(I) = 3 < dim S and e(Ĩk/Ik) = λ(Ĩk/Ik) =

(
k+1
2

)
. It follows that

lim
k→∞

e(Ĩk/Ik)/k`(I)−1 = 1/2.

This example shows that the limit would not exist, if we would choose a smaller power of
k than `(I)− 1.

To prove the assertions about the example, we consider a presentation of the Rees ring
R = S[y1, y2, y3] → R(I) with y1 7→ (xw − yz)t, y2 7→ x2t and y3 7→ z2t. The kernel J of
this map is:

(z2y1 + yzy3 − xwy3, yzy1 + xwy1 − w2y2 + y2y3,

xzy1 − zwy2 + xyy3, z2y2 − x2y3,−x2y1 − yzy2 + xwy2).

Thus `(I) = 3.
If we set deg x = deg y = deg y = deg z = (1, 0) and deg yi = (0, 1) then R(I) is a

bigraded algebra with

R(I)(j,k) = (Ik)j+2k for all j and k.

The bigraded R-resolution of R(I) is of the form

F : 0 → R(−4,−1) → R(−3,−1)4 ⊕R(−2,−2) → R(−2,−1)5 → R → R(I) → 0

where the last map R(−4,−1) → R(−3,−1)4 ⊕ R(−2,−2) is given by the 1 × 5-matrix
(−x, y,−z, w, 0)t.

If we take the graded pieces F(∗,k) =
⊕

j F(j,k) of the resolution we obtain the exact
sequences of S-modules

0 → R(−4,−1)(∗,j) → R(−3,−1)4(∗,j)⊕ R(−2,−2)(∗,k) →

R(−2,−1)5(∗,k) → R(∗,k) → Ik(2k) → 0.

10



Since R(−a,−b)(∗,k) =
⊕

a1+a2+a3=k−b S(−a)ya1
1 ya2

2 ya3
3
∼= S(−a − 2k)(

k−b+2
2 ), we obtain

for each k the free S-resolution

0 → S(−4)(
k+1
2 ) → S(−3)4(

k+1
2 )⊕ S(−2)(

k
2) →

S(−2)5(
k+1
2 ) → S(k+2

2 ) → Ik(2k) → 0,

where the last map in the resolution maps the basis element ya1
1 ya2

2 ya3
3 with a1 +a2 +a3 =

k − 1 to −xya1
1 ya2

2 ya3
3 − yya1

1 ya2
2 ya3

3 − zya1
1 ya2

2 ya3
3 + wya1

1 ya2
2 ya3

3 . Since the cokernel of the
transpose of this map is Ext3S(Ik, S) we obtain, applying local duality,

Ĩk/Ik ∼= H0
m(S/Ik) ∼= Ext4S(S/Ik, S)∨ ∼= Ext3S(Ik, S)∨ ∼= K(k+1

2 ),(12)

as desired. Here N∨ denotes the dual of N with respect to the injective hull of K.

Let R be the polynomial ring in n variables over a field of characteristic 0 and I ⊂ R

be a graded ideal. In [8, Theorem 0.1] it is shown that limk→∞ `(Ĩk/Ik)/kn exists, but
may be an irrational number. Of course, according to Theorem 2.1, this limit can be an
irrational number only if `(I) = dim R. In the following example this limit is a nonzero
rational number.

Example 2.4. Let I = (xy, xz, yz). It is easily seen that `(I) = dim K[x, y, z] = 3 and
that Ĩ2 = (I2, xyz). It is shown in [14, Proposition 5.3 and Example 4.7] that

Ĩ2k = (Ĩ2)k = (I2, xyz)k = (I2k, xyzI2(k−1), . . . , (xyz)jI2(k−j), . . . , (xyz)k) for all k.

Let Gen(Ik) denotes the minimal set of monomial generators of Ik. We claim that the
set of the monomials B =

⋃k
j=1(xyz)jG(I2(k−j)) forms K-basis of Ĩ2k/I2k. Indeed, for all

j = 0, . . . , k we have

{x, y, z}(xyz)j Gen(I2(k−j)) = (xyz)j−1{x, y, z}(xyz) Gen(I2(k−j))

⊂ (xyz)j−1 Gen(I2k) Gen(I2(k−j)) = (xyz)j−1 Gen(I2(k−j+1)).

This together with (12) implies that B is system of generators of the K-vector space
Ĩ2k/I2k. Since for j = 1, . . . , k the degree of the elements in xyzj Gen(I2(k−j)) is 4k − j,
it follows that the elements in B are K-linearly independent modulo I2k.

We have |Gen(Ik)| =
(
k+2
2

)
, since `(I) = 3. Thus we conclude that

λ(Ĩ2k/I2k) =
k−1∑
j=0

|Gen(I2j)| =
k−1∑
j=0

(
2j + 2

2

)
=

2
3
k3 +

1
2
k2 − 1

6
k.

Since we know that limk→∞ `(Ĩk/Ik)/k3 exists, we see that

lim
k→∞

λ(Ĩk/Ik)/k3 = lim
k→∞

λ(Ĩ2k/I2k)/(2k)3 = 1/12.

Theorem 2.1 has the following surprising consequences:

Corollary 2.5. Let I ⊂ S = K[x1, . . . , xn] be a graded ideal generated in degree d.

(a) If `(I) < n, then all generators of Ĩ are of degree ≥ d.
(b) Suppose that `(I) < n and all powers of I have a linear resolution, and that

depth S/Ir = 0 for some r. Then `(I) = n and limk→∞ λ(Ĩk/Ik)/nk 6= 0.
11



Proof. (a) Suppose there exists g ∈ Ĩ with deg g = c < d. Then gj(Ik−j)(k−j)d ⊂ Ĩk for
j = 1, . . . , k, and the elements in gj(Ik−j)(k−j)d are homogeneous of degree jc+(k− j)d <

kd. It follows that λ(Ĩk/Ik) ≥
∑k

j=1 dimK(Ik−j)(k−j)d. Thus we see that λ(Ĩk/Ik) grows
like a polynomial of degree ≥ `(I), contradicting Theorem 2.1(b).

(b) Assuming that Ir has a linear resolution and that depthS/Ir = 0 implies that
the (n − 1)th syzygy module of Ir has a generator of degree rd + n − 1 which in turn
implies that there is an element f ∈ Ĩr of degree rd − 1. It follows from part (a) that
`(I) = `(Ir) = n. The proof of part (a) also shows that λ(Ĩk/Ik) ≥ p(k), where p is a
polynomial of degree ≥ `(I). Since limk→∞ λ(Ĩk/Ik)/nk exists it follows that deg p = `(I)
and that limk→∞ λ(Ĩk/Ik)/nk is greater than or equal to the leading coefficient of p. �

Theorem 2.1 can be used to derive the following finiteness criterion. A related result for
ordinary symbolic powers was proven by Katz and Ratliff in Theorem A and Corollary 1
of [22].

Theorem 2.6. Let (R,m) be an excellent domain, and let I and J be proper ideals of R.
Then the following conditions are equivalent:

(a) SJ(I) is finitely generated.
(b) There exists an integer r > 0 such that `((Ir : J∞)P ) < dim RP for all P ∈ V (J).

Proof. We use the criterion which says that SJ(I) is finitely generated if and only if for
some integer d > 0 the dth Veronese subalgebra SJ(I)(d) is standard graded, see for
example [14, Theorem 2.1]

(a) ⇒ (b): We choose an integer r such that SJ(I)(r) is standard graded. Then
(Ir : J∞)k = (Irk : J∞) for all k. Hence if for a given P ∈ V (J) we set L = (Ir : J∞)P ,
then it follows that all powers Lk of L are saturated in RP , and assertion (b) is a con-
sequence of the following claim: let (R,m) be a local ring, and I ⊂ R an ideal with the
property that all powers of I are saturated. Then `(I) < dim R.

Indeed, let grI(R) be the associated graded ring of I, and assume that `(I) = dim R.
Then dim grI(R) = dim R = dim R(I)/mR(I) = dim grI(R)/m grI(R). Therefore m grI(R)
is contained in a minimal prime ideal of grI(R), and hence the elements of m grI(R) are
zerodivisors of grI(R). Since m grI(R) is a graded ideal in the graded ring grI(R), there
exist a homogeneous element x = f + Ik+1, f ∈ Ik \ Ik+1 such that mx = 0. It follows
that mf ⊂ Ik+1 which shows that Ik+1 is not saturated.

(b) ⇒ (a): Let r > 0 be the integer such that `((Ir : J∞)P ) < RP for all P ∈ V (J),
and set L = Ir : J∞. Then by Theorem 2.1(a) we know that SJ(L) is finitely generated.
Thus there exists an integer s > 0 such that SJ(L)(s) is standard graded. In other words,
(Ls : J∞)k = Lks : J∞ for all k. Since L = Ir : J∞ this is equivalent to saying that

[(Ir : J∞)s : J∞]k = (Ir : J∞)ks : J∞.(13)

Now we claim that for any two integers i, j > 0 one has that (Ii : J∞)j : J∞ = Iij : J∞.
The claim and (13) then implies that (Irs : J∞)k = Irsk : J∞ for all k. Hence SJ(I)(d)

with d = rs is standard graded, and so SJ(I) is finitely generated.
In order to prove the claim first notice that Ii ⊂ Ii : J∞, so that Iij ⊂ (Ii : J∞)j

and hence Iij : J∞ ⊂ (Ii : J∞)j : J∞. On the other hand, if f ∈ (Ii : J∞)j : J∞, then
12



Jrf ∈ (Ii : J∞)j for some r > 0. Therefore there exist g1, . . . , gt ∈ Ii : J∞ and cj1,...,jt ∈ R

such that Jrf =
∑

cj1,...,jtg
j1
1 · · · g

jt
t where the sum is taken over all sequences (j1, . . . , jt)

of nonnegative integers with j1 + j2 + · · · + jt = j. For each gjk
there exists an integer

rk > 0 such that Jrkgjk
∈ Ii. Thus for a suitably large positive integer, we get that

Jρf ∈ Ii. In other words, f ∈ Ii : J∞. �

Corollary 2.7. The algebra
⊕

k≥0 Ĩk is finitely generated, if and only if `(Ĩr) < dim R

for some integer r > 0.

3. Form ideals of powers of complete intersections

Let (R,m) be a Noetherian local ring, I ⊂ m an ideal. For any local ring (S, n) we let
grn(S) =

⊕
k≥0 nk/nk+1 denote the associated graded ring of S. The canonical epimor-

phism R → R/I induces an epimorphism grm(R) → grm(R/I) whose kernel we denote by
I∗. Here m denotes the maximal ideal of R/I. The graded ideal I∗ is called the form ideal
of I. If f ∈ R and d is the maximal number such that f ∈ md, then we set f∗ = f + md+1

and call it the leading form of f . The leading forms f∗ with f ∈ I generate I∗. Any system
of generators f1, . . . , fm of I such that f∗1 , . . . , f∗m generates I∗ is called a standard basis
of I. A standard basis of I is a system of generators of I, but is usually not a minimal
system of generators.

The following result, due to Robbiano and Valla [33], is well-known.

Lemma 3.1. Let (R,m) be a local ring such that grm(R) is domain, and I ⊂ R an ideal.
Let f1, . . . , fm be a system of generators of I. Then f1, . . . , fm is a standard basis of I if
all relations of f∗1 , . . . , f∗m can be lifted. In other words, whenever there is a homogeneous
relation

g1f
∗
1 + g2f

∗
2 + · · ·+ gmf∗m = 0,

with gi ∈ grm(R), then there exist hi ∈ R with gi = h∗i for i = 1, . . . ,m such that

h1f1 + h2f2 + · · ·+ hmfm = 0.

Moreover it is sufficient to test the lifting property for a system of homogeneous generators
of the relation module of f∗1 , . . . , f∗m.

We are interested in the algebra A(I) =
⊕

k≥0(I
k)∗. If this algebra happens to be

finitely generated, then for k � 0 the coefficients of the Hilbert polynomials PR/Ik(t) are
quasi-polynomials as functions of k.

For the formulation of the next result we need the following definition: let A be graded
K-algebra and J ⊂ A a graded ideal. We say that J is liftable, if there exists a graded
ideal J̃ ⊂ A[t1, . . . , tr] in a polynomial ring extension A[t1, . . . , tr] of A with deg ti > 0
satisfying the following properties: (i) J̃ is generically a complete intersection, (ii) t1, . . . , tr
is a regular sequence on A[t1, . . . , tr]/J̃ , and (iii) A[t1, . . . , tr]/J̃ modulo (t1, . . . , tr) is
isomorphic to A/J . If J is liftable to J̃ , then J is called a specialization of J̃ .

Theorem 3.2. Let (R,m) be a local ring such that grm(R) is a domain, and I ⊂ R an
ideal. Then A(I) =

⊕
k≥0(I

k)∗ is standard graded, if I∗ is a complete intersection.
Conversely, suppose that grm(R) is Cohen-Macaulay and I ⊂ R is a complete intersec-

tion ideal, satisfying:
13



(i) dim R/I = 0,
(ii) (I∗)k = (Ik)∗ for infinitely many k > 1 (for example, if A(I) is standard graded),
(iii) I∗ is liftable.

Then I∗ is a complete intersection.

Proof. Let g1, . . . , gm be the regular sequence generating I∗, and let f1, . . . , fm ∈ I with
f∗i = gi for i = 1, . . . ,m. Then f1, . . . , fm is a regular sequence generating I, and in
particular it is a standard basis of I. Now fix an integer k > 1. We claim that the
monomials fa = fa1

1 fa2
2 · · · fam

m in f1, . . . , fm of degree k form a standard basis of Ik. This
will then imply that (Ik)∗ = (I∗)k for all k, so that A(I) is standard graded.

In order to see that the monomials fa of degree k form indeed a standard basis of Ik

we just need to show that all generating relations of the ideal generated by the leading
forms of the elements (fa)∗ with a ∈ Nm and |a| = k can be lifted. Observe that (fa)∗ =
ga1
1 ga2

2 · · · gam
m . Since g1, . . . , gm is a regular sequence, the relation module of (g1, . . . , gm)k

is generated by relations of the form

gj(ga1
1 ga2

2 · · · gai+1
i · · · gam

m )− gi(ga1
1 ga2

2 · · · gaj+1
j · · · gam

m ).

These relations can obviously all be lifted.
For the second part of the theorem let J = I∗. Since I is a complete intersection ideal

with dim R/I = 0, (ii) implies that for infinitely many integers k > 1 we have

λ(grm(R)/Jk) = λ(grm(R)/(Ik)∗) = λ(R/Ik)(14)

=
(

d + k − 1
k − 1

)
λ(R/I) =

(
d + k − 1

k − 1

)
λ(grm(R)/J),

where d = dim grm(R).
Let J̃ ⊂ grm(R)[t1, . . . , tr] be a lifting of J . Since J̃ is generically a complete intersection,

the associativity formula for multiplicities ([2, Corollary 4.7.8]) implies that

e(grm(R)[t1, . . . , tr]/J̃k) =
(

d + k − 1
k − 1

)
e(grm(R)[t1, . . . , tr]/J̃).(15)

Since e(grm(R)[t1, . . . , tr]/J̃) = λ(grm(R)/J), the equations (14) and (15) imply that

e(grm(R)[t1, . . . , tr]/J̃k) = λ(grm(R)/Jk)

for infinitely many k > 1 which in turn implies that grm(R)[t1, . . . , tr]/J̃k is Cohen–
Macaulay, see [2, Corollary 4.7.11]. Thus by a result of Cowsik and Nori [4] and its
generalization by Waldi [35, Korollar 1] it follows that J̃ is a complete intersection. Hence
I∗ = J is a complete intersection as well. �

Corollary 3.3. Let (R,m) be a regular local ring and I ⊂ R be a complete intersection
ideal with dim R/I = 0. Assume further that either (R,m) is 2-dimensional or I∗ is a
monomial ideal. Then the following conditions are equivalent:

(a) A(I) is standard graded;
(b) I∗ is a complete intersection;
(c) for infinitely many integers k we have (Ik)∗ = (I∗)k.
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Proof. Under the given assumptions the ideal I∗ is liftable. Indeed, if I∗ is a monomial
ideal, then one applies polarization, see [2, Lemma 4.2.16], and if dim R = 2, then I∗

is perfect of codimension 2. Hence if I∗ is generated by m elements, the Hilbert–Burch
theorem [2, Theorem 1.4.17] implies that I∗ is the specialization of the ideal of maximal
minors of an m × (m + 1)-matrix of indeterminates. This ideal is generically a complete
intersection.

Now we see that Theorem 3.2 yields the implications (c) ⇒ (b) and (b) ⇒ (a). The
implication (a) ⇒ (c) is trivial. �

It would be interesting to know whether for a complete intersection the conditions (a),
(b) and (c) in Corollary 3.3 are equivalent without the assumption that I∗ is liftable.

The following simple example shows that even for a complete intersection the algebra
A(I) need not to be finitely generated.

Example 3.4. Let K be a field and consider the ideals I = (x2, y3− xy) ⊂ S = K[[x, y]].
We claim that

(Ik)∗ = ((xy, x2)k, {xiy4k−3i+1}i=0,...,k−1).(16)

The claim implies that y4k+1 is a minimal generator of (Ik)∗. It follows that for each
k, the element y4k+1 ∈ (Ik)∗ is a minimal generator of degree k of the form algebra
A =

⊕
k≥0(I

k)∗ of I. It particular, we see that A is not finitely generated.
We prove (16) by induction of k, and set f = x2 and g = y3 − xy. In order to prove

(16)for k = 1 we first notice that y5 ∈ I. Indeed, we have y5 = (y3 + x)g + yf . It
follows that (x2, xy, y5) ⊂ I∗. Applying the Buchberger criterion we see immediately that
x2, xy − y3, y5 is a Groebner basis of I with respect to the lexicographical order. Hence
in(I) = (x2, xy, y5) is the initial ideal of I with respect to this monomial order. Therefore
λ(S/(x2, xy, y5)) = λ(S/I). On the other hand we have λ(S/I∗) = λ(S/I). This implies
that (x2, xy, y5) = I∗ and proves the claim for k = 1. It also shows that λ(S/I) = 6.

Now let k > 1 and assume that (16) holds for all j < k. Then

I∗(Ik−1)∗ + (y4k+1) = ((xy, x2)k, {xiy4k−3i+1}i=0,...,k−1) ⊂ (Ik)∗.(17)

Thus it remains to be shown that

(Ik)∗ = I∗(Ik−1)∗ + (y4k+1).(18)

Since I is generated by a regular sequence it follows that all the modules Ij/Ij+1 are free
S/I-modules of rank j + 1. From this we deduce that

λ(S/(Ik)∗) = λ(S/(Ik)) = λ(S/I)
(

k + 1
2

)
= 6

(
k + 1

2

)
.

Now we compute the length of S/I∗(Ik−1)∗+(y4k+1). In view of formula (17) we see that
S/I∗(Ik−1)∗ has the following monomial K-basis: C ∪

⋃k−1
i=0 Bi where

C = {xk(xiyj)}i+j≤k−1, and Bi = {xiyj}j≤4k−3i.
15



Counting the number of elements of this basis we see that

λ(S/I∗(Ik−1)∗) + (y4k+1)) = |C|+
k−1∑
i=0

|Bi|

=
(

k + 1
2

)
+

k−1∑
i=0

(4k − 3i + 1) = 6
(

k + 1
2

)
.

Thus

λ(S/I∗(Ik−1)∗ + (y4k+1)) = λ(S/(Ik)∗),(19)

and hence it suffices to show that y4k+1 ∈ Ik. Indeed, we will show that for i = 0, 1, . . . , 2k

the monomials x2k−iy2i+1 belong to Ik. We proceed by induction on i. For i = 0 we have
x2ky = fky ∈ Ik. Now let i > 0 and suppose that x2k−jy2j+1 ∈ Ik for j < i. Let the
integers a and b be defined by the equations

2k − i = 2a + r1, 0 ≤ r1 ≤ 1, and 2i + 1 = 3b + r2, 0 ≤ r2 ≤ 2.

Then 4k+1 = 4a+3b+2r1 +r2 which implies that 4a+3b ≥ 4k−3. From this we deduce
that a+b ≥ k. Therefore xr1yr2(x2)a(y3−xy)b ∈ Ik and x2k−iy2i+1−xr1yr2(x2)a(y3−xy)b

is a linear combination of monomials of the form x2k−jy2j+1 with j < i. Since by induction
hypothesis these monomials belong to Ik, we conclude that x2k−iy2i+1 ∈ Ik.

We can slightly modify Example 3.4 to get finite generation of the algebra A(I) depend-
ing on the characteristic of the base field.

Example 3.5. Let I = (x2 + y2, (x + y)y + y3) ⊂ K[[x, y]]. Then the algebra A(I) =⊕
k≥0(I

k)∗ is standard graded if charK 6= 2, and it is not finitely generated if charK = 2.
Indeed, if charK 6= 2, then the leading forms f∗ = x2+y2 and g∗ = (x+y)y of f = x2+y2

and g = (x + y)y + y3 are prime to each other. Hence Theorem 3.2 implies that A(I) is
standard graded. On the other hand, if charK = 2, then f∗ = (x + y)2. Applying the
linear automorphism ϕ : K[[x, y]] → K[[x, y]] with ϕ(x) = x + y and ϕ(y) = y we see that
ϕ(I) = (x2, xy + y3). It follows that A(I) is not finitely generated since A(ϕ(I)) is not
finitely generated.

At present we do not know of a complete intersection ideal I for which A(I) is finitely
generated but not standard graded.

We now describe the relationship between form ideals of powers and symbolic powers.
We fix a field K and consider an ideal I ⊂ R = K[[x1, . . . , xn]]. The following lemma
establishes the link between the two concepts.

Lemma 3.6. Let R[[s]] be a power series ring over R, and let α : R → R[[s]] be the K-
algebra homomorphism with α(xi) = xis for i = 1, . . . , n. We denote by α(I) the ideal
in R[[s]] generated by the elements α(f) with f ∈ I, and set I] = α(I) : s∞. Then s is a
regular element on A = R[[s]]/I] and A/(s) ∼= R/I∗R.

Proof. We first observe that s is a regular element on A = R[[s]]/I]. Indeed, if sf ∈ I]

for some f ∈ R[[s]], then there exists exists an integer k such that sk+1f = sk(sf) ∈ α(I).
Then f ∈ I].
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In order to prove the isomorphism A/(s) ∼= R/I∗R, we show that I] is generated by the
elements f ] with f ∈ I, where for f = fd + fd+1 + · · · ∈ R with each fi homogeneous of
degree i and fd 6= 0, we set f ] = fd+sfd+1+ · · ·+si−dfi+ · · · . Observe that f ] = s−dα(f),
where d is the initial degree of f . This shows that f ] ∈ I] for all f ∈ I.

Conversely, let f ∈ I]. Then there exists an integer k such that skf ∈ α(I). Assigning
to s the degree −1 and to each xi the degree 1, we see that the generators of α(I) are
homogeneous of degree 0. Here we call a power series h ∈ R[[s]] homogeneous, if all
monomials in the support of h are of same degree. Let h ∈ R[[s]] be a power series, and
i ∈ Z. We let hi be the sum of those terms in h whose degree is i. Then h is the formal
sum of the hi and each hi is homogeneous of degree i. We call hi the ith homogeneous
component of h. The expression h =

∑
i hi makes sense, because the monomial support

of hi and hj is disjoint for i 6= j. Suppose now that g is homogeneous of degree j.
Then (hg)i = hi−jg for all j. Thus if J ⊂ R[[s]] is an ideal generated by homogeneous
elements g1, . . . , gr of degree j1, . . . , jr, respectively, then h belongs to J if and only if all
its homogeneous components belong to J , as is the case for a positively graded algebra.
Indeed, if h =

∑r
i=1 aigi, then the ith homogeneous component of h is

∑r
i=1(ai)i−jigi, and

thus it belongs to J .
Hence, since α(I) is generated by homogeneous elements, we may assume skf is homo-

geneous. In particular f is homogeneous, say deg f = d. Hence there exist l1, . . . , lr ∈ I

such that skf =
∑r

i=1 giα(li) with each gi ∈ R[[s]] homogeneous of degree di and such
that d = di + k for i = 1, . . . , r.

Since gi is homogeneous, it is of the form
∑

j≥0 gijs
j where for all j, gij is a homogeneous

polynomial in the variables x1, . . . , xn of degree di + j. Let hi =
∑

j≥0 gij . Then there
exist integers ki such that gi = skiα(hi) for i = 1, . . . , r. We have ki = −di for all i, since
deg α(hi) = 0. It follows that

skf =
r∑

i=1

s−diα(bi) with bi = hili ∈ I.

Write f =
∑

l fls
l where each fl is a homogeneous polynomial of degree d − l in the

variables x1, . . . , xn, and write each bi =
∑

j bij , where bij is a homogenous polynomial of
degree j in the variables x1, . . . , xn. Then we get

skf =
∑

l

fls
l+k =

r∑
i=1

(
∑

j

bijs
j−di) =

r∑
i=1

(
∑

j

bijs
j+k−d) =

∑
j

(
r∑

i=1

bij)sj+k−d.

Comparing coefficients we see that fl =
∑r

i=1 bi,l+d for all l. This shows that
∑

l fl =∑r
i=1 bi ∈ I. Thus if we set g =

∑r
i=1 bi, then g ∈ I and f = smg] for some nonnegative

integer m, as desired. �

We set J = (s). Then we get

Proposition 3.7. The following conditions are equivalent:

(a) SJ(I]) =
⊕

k≥0(I
])k : s∞ is finitely generated (resp. standard graded).

(b) A(I) =
⊕

k≥0(I
k)∗ is finitely generated (resp. standard graded).
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Proof. We first notice that

(I])k : s∞ = (α(I) : s∞)k : s∞ = α(I)k : s∞ = α(Ik) : s∞.(20)

An argument as in the proof of Corollary 2.6 shows the second equation in (20).
Set Jk = (I])k : s∞ and Ik = (Ik)∗R. Then SJ(I]) is finitely generated if and only if

for some integer d > 0 one has (Jk)d = Jdk for all k, and a corresponding statement holds
for A(I), see for example [14, Theorem] or [27].

For an R[[s]]-module M , we set M = M/sM . Then since s is regular on R[[s]]/Jdk, the
exact sequence

0 → Jdk/(Jk)d → R[[s]]/(Jk)d → R[[s]]/Jdk → 0

induces the exact sequence

0 → Jdk/(Jk)d → R/(Ik)d → R/Idk → 0,

see [2, Proposition 1.1.4]. Therefore, Jdk/(Jk)d = Idk/(Ik)d, and hence Nakayama’s lemma
implies that (Jk)d = Jdk if and only if (Ik)d = Idk, which is the case if and only if
((Ik)∗)d = (Idk)∗. This shows that SJ(I) is finitely generated if and only if A(I) is finitely
generated. In the same way one shows that SJ(I) is standard graded if and only if A(I)
is standard graded. �

Example 3.8. Let J = (x2, xy − sy3, y5) ⊂ K[[x, y, s]]. Then J = I] for the ideal
I = (x2, xy − y3) in Example 3.4. The ideal J is a Cohen–Macaulay ideal of codimension
2 and has the relation matrix (

y −x + sy2 s2

0 −y4 x− sy2

)
Since A(I) is not finitely generated, Proposition 3.7 tells us that

⊕
k Jk : s∞ is not finitely

generated as well.
Since (J, s) is (x, y, s)-primary it follows that Jk : s∞ = J̃k. Computations with CoCoA

suggests that limk→∞ λ(J̃k/Jk)/k3 exists and is equal to 1/3. The existence of this limit
cannot be deduced from the results of Section 1 or from [8].
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