BASIC ALGORITHMS IN LINEAR ALGEBRA

STEVEN DALE CUTKOSKY

Matrices and Applications of Gaussian Elimination

1. Systems of Equations. Suppose that A is an n X n matrix with coefficents in a
field F, and = (x1,...,2,)7 € F". Let v-w = vTw be the dot product of the vectors
v,w € F". Writing A = (A!, A%2,... A") where A® € F'™ are the columns of A, we obtain
the formula

Az =2 Al + - 4 2, A"

Writing
Ay
A
A= .
Am
where A; € F,, are the rows of A, we obtain the formula
AlfL‘ A? - T
Aoz AT
Am = . =
A,z Aﬁ -x

2. Computation of the inverse of a matrix. Suppose that A is an n x n matrix.
Transform the n x 2n matrix (A|I,) into a reduced row echelon form (C|B). A is invertible
iff C = I,,. If A is invertible, then B = A~

3. Computation of a basis of the span of a set of row vectors. Suppose that

v, ...,y € F,. Transform the m x n matrix
U1
U2
Um
into a reduced row echelon form B. The nonzero rows of B form a basis of Span({vi,...,vmn}).

4. Computation of a subset of a set of column vectors which is a basis of

the span of the set. Suppose that wq,...,w, € F™. Transform the m X n matrix
(w1, w2, ..., wy) into a reduced row echelon form B. Let (1) < 0(2) <... < a(r) be the
indices of the columns B* of B which contain a leading 1. Then {wy(y), ..., W)} is a

basis of Span({w1,ws, ..., wy}).



5. Extension of a set of linearly independent row vectors to a basis of F),.
Suppose that wi,...,w,, € F, are linearly independent. Let {ej,...,e,} be the standard
basis of F),. Transform the m x n matrix

w1
w2

W

into a reduced row echelon form B. Let o(1) < 0(2) < ... < o(n —m) be the indexes of
the columns of B which do not contain a leading 1. Then {w1, ..., Wm,€x(1); -+ €o(n—m)}
is a basis of Fj,. (Some different algorithms are given later in the pages on inner product
spaces.)

6. Computation of a basis of the solution space of a homogeneous system of
equations. Let A = (a;;) be an m x n matrix, and X = (x;) be a n x 1 matrix of
indeterminates. Let N(A) be the null space of the matrix A (the subspace of F™ of all
X € F" such that AX = 0,,). A basis for N(A) can be found by solving the system
AX = 0,, using Gaussian elimination to find the general solution, putting the general
solution into a column vector and expanding with indeterminate coeflicients. The vectors
in this expansion are a basis of N(A).



Calculation of the Matrix of a Linear Map

1. Coordinate vectors. Suppose that V' is a vector space, with a basis # = {v1,...,v,}.
Suppose that v € V. Then there is a unique expansion

vV=cCcv+- -+ cpup
with ¢; € R. The coordinate vector of v with respect to the basis (3 is
(U)g = (Cl, ... ,Cn)T € M,x1.

2. The transition matrix between bases. Suppose that V is a vector space, and
B =A{vi,...,vn}, B = {wr,...,w,} are bases of V. The transition matrix Mﬂﬁ, from the

basis 3 to the basis 4 is the unique n x n matrix M, g, which has the property that

M (v) = (v)g
for all v € V. It follows that
My = ((v1)g, (v2)gs - - (vn)g)-

We have that M} = (M})~", and if 8" is a third basis of V, then M}, M} = M},. The
n X 2n matrix (wy,ws,...,W,,v1,...,0,) is transformed by elementary row operations

into the reduced row echelon form (1I,,, M, g,)

3. The matrix of a linear map. Suppose that F' : V — W is a linear map. Let
B =A{vi,...,v,} be a basis of V, and ' = {w1,...,wn,} be a basis of W.
The matrix M g/(F) of the linear map F' with respect to the bases 3 of V and ' of W

is the unique m x n matrix M g,(F) which has the property that

MJ,(F)(v) = (F(v))g
for all v € V. It follows that

M,(F) = (F(1))p, (F(v2))grs -, (F(vn)) ).

If F is the identity map id (so that V = W), then Mg,(id) is the transition matrix Mg,
defined above. Suppose that G : W — X is a linear map, and (3" is a basis of X. The
composition Go F' : V — X of F' and G can be represented by the diagram
vEwEx

We have )

M}, (G o F) = M, (G)M,(F).
A particularly important application of this formula is

M, (F) = S™'MJ(F)S,

where F' : V — V is linear, 8 and (' are bases of V, and S = Mgl.

A convenient method for computing M g,(F ) is the following. Let 5* be a basis of W
which is easy to compute with (such as a standard basis of W). The m x (m + n) matrix
((w1)g, (W2) g, - ..y (Wm) g, (F'(v1))g*, - .-, (F(vn))p+) is transformed by elementary row
operations into the reduced row echelon form (I,,, M g,(F ))-
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Inner Product Spaces

1. The Orthogonal Space. Suppose that A is an m x n matrix with coefficients in a
field F'. R(A) is the column space of A, and N(A) is the solution space to Ax = 0. R(A)
is a subspace of F*, which has a nondegenerate inner product given by the dot product
v-w = v w for v,w € F™. For x € R™, we have the formula

A1 ATZL‘
T = )
A A%‘:c

and thus we have the formulas

N(A) = [R(AT)]* and N(AT) = R(A)™ .
2. Pythagoras’s Theorem. Suppose that V is a finite dimensional real vector space
with positive definite inner product <,>. Suppose that v,w € V and v L w. Then

1o+ wl[[? = [[vl|* + [Jwl]*.

3. The Gram Schmidt Process. Suppose that V is a finite dimensional real vector

space with positive definite inner product <, >, and that {zj,...,x,} is a basis of V. Let
vT = I1
1
Y= ™
V2 = To— < T2,U1 > Ul
1
Y27 T2
v3 = 3— < T3,U1 > U1— < T3,U2 > U2
_ 1
Us = Tal]V3
Then {ui,us,...,u,} is an orthonormal (ON) basis of V.

4. Coordinate Vector With Respect to an ON Basis. Suppose that V is a finite
dimensional real vector space with positive definite inner product <,>. Suppose that
B ={u1,...,u,} is an ON basis of V and v € V. Then

(V) = (< v,01 >, < v,09 >,...,<v,0, >)T.

5. Projection Onto a Subspace. Suppose that V is a finite dimensional real vector
space with positive definite inner product <, >, and that W is a subspace of V. Then
V =W @ W+, that is, every element v € V has a unique decomposition V = w + w’ with
w € W and w’ € W+. This allows us to define the projection my : V — W by my (v) = w.
mw is a linear map onto W. mpy (v) is the element of W which is the closest to v; if z € W
and x # 7y (v) then
lo = 7w (0)]] <[ —=]].
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mw(v) can be computed as follows. Let {ui,...,us} be an orthonormal basis of W. For
v eV, let ¢; =< v,u; > be the component of v along u;. Then

S
= Z CrUL.
k=1

Now let us restrict to the case where V is R" with < v,w >= vTw. Let {uy,...,us} be
an orthonormal basis of W. Let U be the n x s matrix U = (u1,...,us). Let A =UUT,
an n X n matrix. The linear map L4 : R™ — R” is the projection my : R” — W, followed
by inclusion of W into R”.

6. Orthogonal Matrices. An n x n real matrix A is orthogonal if ATA = I,,. In the
following theorem, we view R™ as an inner product space with the dot product.
Theorem 0.1. The following are equivalent for an n X n real matriz A.

1) A z's cm orthogonal matric.

2) A
3) The lmear map L : R™ — R"™ preserves length (||Az|| = ||z|| for all x € R™).
4) The columns of A form an ON basis of R™

7. Least Squares Solutions. Let A be an m X n real matrix and b € R™. A least
squares solution of the system Ax = b is a vector = & € R™ which minimizes ||b — Az||
for z € R™. The least squares solutions of the system Az = b are the solutions to the
(consistent) system AT Az = ATb.

8. Fourier Series. Let C[—m, 7] be the continuous (real valued) functions on [—m,7].
C[—m,m] is a real vector space, with the positive definite inner product

<fg>=— [ e

The norm of f € C[—m,n] is defined by ||f||> =< f, f >. For a positive integer n, let T},
be the subspace of C[—7r 7] which has the orthonormal basis

{ 7
Suppose that f € C[—m, 7]. The projection of f on T, (T is for “trigonometric functions”)
is

,sin(t), cos(t),sin(2t), cos(2t), .. .,sin(nt), cos(nt)}.

1
fu(t) = ag—= + by sin(t) + ¢1 cos(t) + - - - + by, sin(t) + ¢, cos(nt)

V2
where
1

<I0 5= |

" Fwa

and for 1 < k <n,
1 ™
b =< f(t),sin(kt) >= — f(t)sin(kt)dt,
7r —T7

cr =< f(t),cos(kt) >= % ’ f(t) cos(kt)dt.

—T



ag, b, ¢ are called the Fourier coefficients of f. f,, is the best approximation of f in T;,,
in the sense that g = f,, minimizes ||f — g|| for g € T,,.
The infinite series

1
g(t) = s + by sin(t) 4 ¢1 cos(t) + « - - + by sin(t) + ¢y, cos(nt) + - - -

7%

converges to f on the interval [—m,7]. ¢(t) is defined everywhere on R. g(t) is periodic of
period 27; that is g(a + 27) = g(a) for all @ € R. Thus in general, ¢g(¢) will only be equal
to f(t) on the interval [—m, w]. There is an infinite Parseval’s formula,

fIP =af+bf+ci+--.

9. Extension of a set of LI vectors to a basis of R". Let vy,...,vs be a set of
linearly independent vectors in R™. Let
vy
T
v
A=| 2
Vs
Let {vs41,...,v,} be abasis of N(A) (which can be computed using Gaussian elimination).
Then {v1,...,0s,Vs41,-..,0n} is a basis of R”. Warning: This algorithm does not work

in C". The reason is that C* might not be equal to W @ W if W is a subspace of C".
To fix this problem, we need the notion of Hermitian inner product. An extension of this
algorithm that works over any subfield F' of C will be given below in 11.



10. Hermitian Inner Product Spaces. Suppose that V' is a complex vector space.
Then the notion of positive definite inner product is generalized to that of Hermitian
inner product (warning: an Hermitian inner prouduct is not a bilinear form, so it is not
a nondegenerate inner product). The dot product on C™ is not Hermitian. C™ has the
Hermitian inner product < v,w >= vTw for v,w € C* (here w is the complex conjugate
of w). The statements of 1 through 9 above all generalize to Hermitian inner products
(with R replaced by C). The statement of 1 for a complex matrix A becomes

Ay <Al z> <x,ET>
A < AL T> <, Ay >
and thus R(A" )+ = N(A) and R(A)L = N(A").

The projection matrix A of 5 becomes A = U U". The orthogonal matrix defined in 6
generalizes to a unitary matrix. An n x n complex matrix A is unitary if A'A= I,,. The
criterion of 2) of the theorem of 6 then becomes A" = A7'. The least squares solutions
to Az = b are the solutions to A' Az = A" b. The inner product in 8 becomes

<ho>=- [ swgwa.

11. Extension of a set of LI vectors to a basis of F. Let I’ be a subfield of C, and

let vy,...,vs be a set of linearly independent vectors in F™. Let
WlT
A= v
el
Let {vst1,...,vn} be abasis of N(A) (which can be computed using Gaussian elimination).
Then {v1,...,Vs,Vs41,...,Upn} is a basis of F™.



Eigenvalues and Diagonalization

1. Eigenvalues and Eigenvectors. Suppose that A € My, (F) is an n X n matrix.
A € F is an eigenvalue of A if there exists a nonzero vector v € F™ such that Av = \v.
Such a v is called an eigenvector of A with eigenvalue A. For A € F,

EN) ={ve F"| Av = \v}

is a subspace of F™. X is an eigenvalue of A if and only if E(A) # {0}. The nonzero
elements of F(\) are the eigenvectors of A with eigenvalue A. If X is an eigenvalue of A,
then F()\) is called an eigenspace of A. Thus A is not invertible if and only if A = 0 is an
eigenvalue of A. The eigenspace FE(\) is the solution space N(A — A\I,,).
2. The Characteristic Polynomial. The characteristic polynomial of A € M, x,(F') is
P(t) = Det(tl,, — A). Observe that P4(t) = (—1)"Det(A — tl,). The roots of P4(t) =0
are the eigenvalues of A.
3. Diagonalization of Matrices. Suppose that A € M,y,(F). We say that A is
diagonalizable (over F') if A is similar to a diagonal matrix; that is, there exists an invertible
n X n matrix B € M,,x,(F) such that B"'AB = D is a diagonal matrix.

Let 8* = {e!,...,e"} be the standard basis of F". By 2, we have that a matrix
A € Myxn(F) has only finitely many distinct eigenvalues, say A1, Ao, ..., A

Suppose that dim E(\;) =s; for 1 <i¢<r. For 1 <7 <7, let vi1,...,v;s be a basis of
E()\;). Then

V1,155 V1,51502,15- -5 Urs,

is a linearly independent set of vectors (It can be proven that if wy, ..., ws are eigenvectors
for A with distinct eigenvalues, then w; + wy + -+ + ws = 0 implies w; = 0 for all 7.) If
they form a basis 8 of F", then we have an equation

A1

B* gafB _ 1y A1
MB AMﬁ*—D— o

A

where all nondiagonal entries of D are zero. Thus we have diagonalized A. The matrix
Mﬁﬁ* = ('Ul,la e ,'ULSI,UQJ, e 7Ur,sr)

and M} = (MJ.)"".

Working backwards through this construction, we see that an n x n matrix A is diago-
nalizable over F' if and only if F™* has a basis of eigenvectors of A. In summary, we always
have that s1 +--- + s, < n, and A is diagonalizable if and only if s1 +--- 4+ s, = n.

4. Eigenvalues and Diagonalization of Operators. Everything above generalizes to

an operator 1 : V — V, where V is an n dimensional vector space over a field F'. A € F is

an eigenvalue of T if there exists a nonzero vector v € V such that Tv = Av. Such a v is

called an eigenvector of T' with eigenvalue A. We can then form the eigenspace F(\) of an

eigenvalue \ of T', which is a subspace of V. Suppose that 3 is a basis of V. Then we can

compute the matrix M 6’8 (T') of T with respect to the basis 5. Further, we can compute
8



the characteristic polynomial PM;;(T) (t) of M g (T'). This polynomial is independent of
5

the choice of basis 3 of V. Thus we can define the characteristic polynomial of T" to be
Pr(t) =P, ) (t), computed from any choice of basis 3 of V. We have that the roots of
B
Pr(t) = 0 are the eigenvalues of T'.
We say that T is diagonalizable if there exists a basis 8 of V' consisting of eigenvectors

of T. In this case, the matrix M g (T) is a diagonal matrix.

5. Diagonalization of Real Symmetric Matrices. Suppose that A € M, ., (R) is
a symmetric matrix. Then the spectral theorem tells us that all eigenvalues of A are
real and that R™ has a basis of eigenvectors of A. Further, eigenvectors with distinct
eigenvalues are perpendicular. Thus R” has an orthonormal basis of eigenvectors. This
means that we may refine our diagonalization algorithm of 3, adding an extra step, using
Gram Schmidt to obtain an ON basis u; 1, ..., u;s of E()\;) from the basis v;1,...,v;g,.
Since eigenvectors with distinct eigenvalues are perpendicular, we may put all of these ON
sets of vectors together to obtain an ON basis

ul,lu e 7u1,515u2,1) cee 7ur,sT
of R". Let U = (u11,...,U1,5,,U21,-.-,Urs,.). U is an orthogonal matrix, so that Ul =
UT. We have orthogonally diagonalized A,
A1
UTAU =D = A
A2

A

where all nondiagonal entries of D are zero, and U is an orthogonal matrix.



6. Triangularization of Matrices. Suppose that A € M,, ,,(F'). A triangularization of
A (over F) is a factorization P~YAP =T where P,T € M,,,(F), P is invertible and T is
upper triangular.

A is triangularizable over F' if and only if all of the eigenvalues of A are in F' (this will
always be true if F' = C is the complex numbers). The following algorithm produces a
triangularization of A.

1. Let v1,...,vs be a maximal set of linearly independent eigenvectors for A, with
respective eigenvalues A1, \a, ..., As. Extend {v1,...,vs} to a basis v,...,v, of
F™ (This can be done for any F' by algorithm 5 in “Matrices and applications”,
or by algorithm 9 or its extension algorithm 11 in “Inner product spaces” if F' is

contained in R or C). Then P; = (v1,v2,...,v,) satisfies
A0 ... 0 %
0 )\2 0 *
PlAP = ,
0 0 ... Xg =
0 O 0 B

where B is an (n — s) X (n — s) matrix.
2. The eigenvalues of B are a subset of the eigenvalues of A.
3. If Q7'BQ = S is an upper triangular matrix (Q triangularizes B), then

1 Ogx(n—
P, — s sx(n—s) >
2 < O(n—s)x(n—s) Q

triangularizes A.
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Jordan Form

For A € C, the Jordan block B, (\) is the n x n matrix

A1 00 --- 00
O Ax10 --- 00
Bn(A): .
00 00 --- A1
00 00 --- 0 X

B, ()\) has the characteristic polynomial
P(t) = Det(tl, — Bn(N) = (t — \)"™.

The only eigenvalue of By, (\) is A\. The eigenspace of A for B, ()) is the solution space to
(Br(A) — AI,) X = 0.

01 00 00
0010 0 0
B,(\) — A\, = _
0 00O 01
00 0O 0 0
So the solutions are x9 = x3 = --- = x,, = 0, and a basis of the eigenspace F(\) of By ()
consists of the single vector
1
0
0
0
0

In particular, By, () is diagonalizable if and only if n = 1. In this special case, B1(\) = (\).
A Jordan Matrix J is a matrix

Bny, (A1) 0 0 e 0
S 0 Bu,,, (M) 0 e 0
0 0 By, (A2) - 0

0 0 0 -+ Bu,, (N)

where J is a block (partitioned) matrix whose diagonal elements are the Jordan blocks
Bnij ()\z) Set
ti = nip + nig + -+ + Mgy
for 1 < ¢ <s. Jis an n X n matrix where n = t; +t9 + --- + ts. The characteristic
polynomial of J is
Py(t) = Det(tl, — J) = (t — M) (t — A2)™2 -+ (L — Ag)"e.
11



The eigenvalues of J are Aj,--- , ;. Let e(i) be the column vector of length n with a 1 in

the ith place and zeros everywhere else.
A basis for E(\) is

{e(1),e(ni1 +1),....e(ni1 4+ +n1p—1+ 1)}
A basis for E()\g) is
{e(ti +1),...,e(t1 +na1 +---+nap-1+1)}
and a basis of E()y) is
{e(ti +---+tsm1+1),..e(ti+- +tem1 + 0+ +ngp—1 + 1)}

In particular, E()\;) has dimension 7;, the number of Jordan blocks of J with eigenvalue
A

Example 1.
310000
03 0000
002000
A= 000210
0000 21
0 00 0O0 2

A is a Jordan matrix with 3 Jordan blocks:
210
(3 ;) 2, [0 21
0 0 2

Theorem 0.2. Every square matriz A with complex coefficients is similar to a Jordan
Matriz J; that is, there is an invertible complex matriz C' such that

J=CtAC.
J is called a Jordan form of A.

The Jordan form of a matrix A is uniquely determined, up to permuting the Jordan
blocks of a Jordan form.

This theorem fails over the reals. Even if A is a real matrix, it will in general not
be similar to a real Jordan matrix. The essential point that makes everything work out
over the complex numbers is the “fundamental theorem of algebra” which states that a
nonconstant polynomial with complex coefficients has a complex root, so that it must
factor into a product of linear factors (with complex coefficients). Thus every complex
matrix has a complex eigenvalue (since the characteristic polynomial must have a complex
root). However, there are real matrices which do not have a real eigenvalue.

Example 2. Suppose that P4(t) = (¢t —2)%(t +3)%. Then A has (up to permuting Jordan
blocks) one of the following Jordan forms:

20 0 0 21 0 0
02 0 0 02 0 0
FB=loo0o 3 0 "= 00 -3 0o |
00 0 -3 00 0 -3
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20 0 0 21 0 0
02 0 0 02 0 0
Bs=1lo9o0 -3 1 |"F=]00 -3 1
00 0 -3 00 0 -3

Suppose that A is an n X n matrix with complex coefficients. Let J be a Jordan form
of A (with all of the above notation), so that P4(t) = Pj(t). There is a factorization

Pa(t) = (t=A)" (t = X)2 -+ (t = Ag)"*
where \; are the distinct complex eigenvalues of A, and t;+to+---+ts = n. The algebraic

multiplicity of A for \; is ¢;, and the geometric multlphclty of A for \; is dim E()\;), the
dimension of the eigenspace of \; for A. For each eigenvalue \; of A, we have

1 <dim E(\) <t;

A is diagonalizable if and only if we have equality of the algebraic and geometric multi-
plicities for all eigenvalues \; of A.

A polynomial f(t) € C[t] is monic if its leading coefficient is 1; that is, f(¢) has the form
ft) =t" +an_1t" ' 4+ --- + ap with ag, a1, ...,a,_1 € C. The minimal polynomial g (t)
of A is the (unique) monic polynomial in C[t| which has the property that g4(A) = 0,
and if f(t) € CJt] satisfies f(A) = 0, then ga(t) divides f(t). If B is similar to A, then
qB(t) = qa(t), so that ga(t) = ¢s(t). Let p(i) = max{n;; | 1 <i <r;}. Then

qa(®) = (t = A\)PW (= AP oo (£ — A,)?).
The Cayley-Hamilton theorem tells us that p4(A) = 0, so that g4(t) divides pa(t). This
gives us a method of computing g4 (t). Assuming that we are able to factor the characteris-
tic polynomial of a matrix A, we can thus calculate fairly easily a lot of information about
the Jordan form. For matrices of small size, just knowing the characteristic polynomial,
the minimal polynomial, and the geometric multiplicities will often uniquely determine

the Jordan form. Of course, this is not enough information to compute the Jordan form
for general matrices!

Exercises on Jordan Form.

1. Which of the following are Jordan matrices?

1 00 310
0 3 1 03 1],
0 0 3 0 0 2
10 00O
t1oN (005 Y g
00 3 ’ 00020
00000
2. What are the possible Jordan forms of A (up to permutation of Jordan blocks) if

A has the given characteristic polynomial?
a) Pa(t) = (t —4)%t(t +2)%.
b) Pa(t) = (t —2)3.
3. Suppose that A is a 4 x 4 matrix with eigenvalues 2 and 5. Suppose that E(2) has
dimension 1 and E(5) has dimension 3. What are the possible Jordan forms of A
(up to permutation of Jordan blocks)?
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