
Poincaré series of line bundles on varieties

Steven Dale Cutkosky

Abstract. We associate a Poincaré series to the dimension of global
sections of multiples of r line bundles on a proper variety X. We show
that this series is rational on a nonsingular characteristic 0 curve, but
can be irrational on a singular curve, and can be irrational in higher
dimensions. We also show that the series can be irrational in positive
characteristic, even on a nonsingular curve.

Dedicated to Professor Seshadri on the occasion of his 70th birthday

1. Introduction

Suppose that X is a projective variety over an algebraically closed field of
characteristic zero, and that L1, . . . ,Lr are line bundles on X. We consider
the function

h(n) = h0(X,Ln1
1 ⊗ · · · ⊗ L

nr
r )

for n = (n1, . . . , nr) ∈ Nr, and the Poincaré series

f(n) =
∑
n∈Nr

h(n)tn

where tn = tn1
1 · · · tnrr is a monomial in the variables t1, . . . , tr.

If X is a nonsingular curve, then h(n) is a little complicated. An illus-
trative example is as follows.

Let C be a nonsingular elliptic curve, over an algebraically closed field
k.

Fix a point p∞ ∈ C as the 0 in the group law on C. For p ∈ C, let p be
the divisor p− p∞. We then have a group isomorphism C → Pic0(C) given
by p 7→ p. Let p ∈ C be a point such that p has infinite order in Pic0(C).

Let L1 = OC(p), L2 = OC(−p). Then

h(n1, n2) = h0(C,Ln1
1 ⊗ L

n2
2 ) =

{
1 if n1 = n2

0 otherwise

However, this is essentially the most complicated situation that can arise
on a nonsingular curve (in characteristic zero), and in fact we have that the
Poincaré series

f(n) =
∑
n∈Nr

h(n)tn
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on a nonsingular curve is a rational series. We prove this in Theorem 4.1 of
Section 4.

We also have that the series f(n) is always rational on a singular curve,
as long as r ≤ 2. When r = 1 this is immediate from the Riemann-Roch
formula and Theorem 2.2. The case r = 2 follows from the method of
proof of Theorem 4.1, using Theorem 15 of [2] in place of Proposition 2.1.
Theorem 15 of [2] is a general statement for cyclic subgroups of algebraic
groups.

However, if C is a singular curve, r ≥ 3 and Pic0(C) is not semi-abelian,
then the Poincaré series may be irrational. We give in Example 4.2 an
example of a singular curve C with Pic0(C) ∼= C2, and 3 line bundles such
that the associated Poincaré series is irrational.

In Section 5 we consider the corresponding problem on a nonsingular
surface X. If X is a nonsingular projective surface over a field of charac-
teristic zero, and r = 1, we have that the series f(n) is rational, since h(n)
is a polynomial with periodic coefficients for large n (Theorem 4 [2]). In
Example 5.1 of Section 5, we give an example of a nonsingular surface S
and two line bundles L1 and L2 (r = 2) such that the associated Poincaré
series is not rational. This example is based on the construction of Example
4 [2]. Essential use is made of the fact that L1 and L−1

2 are ample. This
leaves open the question of rationality for the more classical case where the
line bundles are associated to effective divisors, that is h0(X,Li) > 0 for
1 ≤ i ≤ r. In Example 6.1 we give an example of 3 line bundles L1,L2,L3

on a nonsingular surface X such that h0(X,Li) > 0 for 1 ≤ i ≤ 3, and
the associated Poincaré series is not rational. The underlying idea of this
example is the explict calculation of the Abel-Jacobi map of a singular curve
C embedded in X, with Pic0(C) ∼= C2 of Section 3. This is also the curve
used in Example 4.2. We show that the image of C in Pic0(C) is just the
curve y = 2x3 (Lemma 3.2), which contains infinitely many rational points.

A related example is constructed in [3], where the Poincaré series associ-
ated to the exceptional divisors of a resolution of a normal surface singularity
is considered.

Over a field of characteristic p > 0 the Poincaré series can be irrational
if X is a nonsingular curve and r = 2 (this follows from an analysis of
the line bundles on the supersingular curve constructed in Example 3 of
[2]). An analysis of the Poincaré series of Example 3 of [2] shows that if
X is a nonsingular surface of characteristic p > 0, then the Poincaré series
associated to a singular line bundle can be irrational.

2. Preliminaries

Suppose that X is a nonsingular projective surface over a field k. If L is
a line bundle (or a divisor D) on X and C is an integral curve on X, then
L·C (or D ·C) will denote the line bundle L⊗OC (or the linear equivalence
class of OC ⊗OX(D)). (L ·C) (or (C ·D)) will denote the degree of L⊗OC
(or of OX(D)⊗OC).

If M is a coherent sheaf on X, then H i(X,M) has finite length as a
k-vector space for 0 ≤ i. We will denote

hi(X,M) = dimkH
i(X,M).
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The following result is a direct consequence of Lang’s conjecture, proven
by McQuillan in [6]. Recall that a semi-abelian variety is a commutative
algebraic group such that there is an exact sequence

0→ Ga
m → G→ A→ 0

where A is an abelian variety, and a ∈ N.
Proposition 2.1. Suppose that G is a semi-abelian variety over an al-

gebraically closed field k of characteristic 0, H is a finitely generated abelian
group, and π : H → G(k) is a group homomorphism. Suppose that Y ⊂ G
is a closed integral subvariety such that Y (k) ∩ π(H) is Zariski dense in Y .
Then there exists a subgroup M of H and n0 ∈ H such that

π(n) ∈ Y (k) iff n ∈ n0 +M.

Proof. Let Γ = π(H), and

Γ = {x ∈ G(k) | nx ∈ Γ for some n ∈ N}.
Y (k) ∩ Γ is Zariski dense in X, so by Lang’s conjecture (proven in [6])
Y = b + ∆ for some b ∈ G(k) and semi-abelian subvariety ∆ of Γ. By
assumption, there exists an n0 ∈ H such that π(n0) ∈ b + ∆, so we can
assume that b = π(n0). Let

M = {n ∈ H | π(n) ∈ ∆(k)}
a subgroup of H. We have

n0 +M = {n ∈ H | π(n) ∈ Y (k)}.
�

By a rational convex polyhedral set in Qr we mean a set of the form

(1) P = {n ∈ Qr / Li(n) ≥ bi, 1 ≤ i ≤ m}
where m ∈ N and, for 1 ≤ i ≤ m, Li is an integral linear form on Qr and
bi ∈ Z.

Theorem 2.2. Let P ⊆ Qr
≥0 be a rational convex polyhedral set in Qr.

Let m ∈ Zr, M ⊂ Zr be a subgroup and suppose that q(n) is a polyno-
mial in Q[t1, . . . , tr]. Then, there exist di ∈ N, ai ∈ Nr and a polynomial
p(t1, . . . , tr) ∈ Q[t1, . . . , tr], such that∑

n∈P∩(m+M)

q(n)tn =
p(t1, . . . , tr)∏s
i=1(1− tai)di

.

This is proven in Section 7 of [3].

3. The Abel-Jacobi map of a special quintic curve

The results of this section are Lemma 9.3 and Lemma 9.4 of [3], which
we reproduce for the reader’s convenience.

Lemma 3.1. There exists a rational, complex Gorenstein projective curve
C which has an isolated singularity p̃, with local ring

OC,p̃ ∼= C[t2, t5](t2,t5),

and the following properties:
(1) C has arithmetic genus pa(C) = 2.
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(2) If L is a line bundle on C and deg(L) ≥ 8 then L is generated by
global sections.

(3) If L is a line bundle on C and deg(L) ≥ 10 then L is very ample.
(4) If L is a line bundle on C of negative degree, there exists a non-

singular projective surface S and an embedding C ⊂ S such that
C · C ∼ L.

Proof. Let C0 = V (x3
2x

2
1−x5

0) ⊂ X0 = P2
C. C0 is a rational curve with

two singular points, q0 = (0 : 0 : 1) and q1 = (0 : 1 : 0). We will resolve the
singularity at q1. There are regular parameters y = x0

x1
, z = x2

x1
at q1.

OC0,q1 = (C[y, z]/z3 − y5)(y,z).

Let π1 : X1 → X0 be the blowup of q1. Let C1 be the strict transform of
C0 on X1. Let E1 = π−1

1 (q1), q2 = E1 ∩ C1. Let (y1, z1) be the regular
parameters at q2 defined by y = y1, z = y1z1. z3

1 − y2
1 = 0 is a local equation

of C1 at q2. Let π2 : X2 → X1 be the blowup of q2. Let C2 be the strict
transform of C1 on X2, E2 = π−1

1 (q2), q3 = E2 ∩ C2. Let (y1, z1) be the
regular parameters at q2 defined by y1 = y2z2, z1 = z2. z2 − y2

2 = 0 is a
local equation of C2 at q3, and C2 is thus nonsingular at q2. Set π = π1 ◦π2.
Identify E1 with its strict transform on X2. q0 is the only singular point on
C2.

π∗1(C0) = C1 + 3E1. π∗(C0) = C2 + 5E2 + 3E1.

C2 · C2 ∼ π∗(C0) · C2 − 5E2 · C2 − 3E1 · C2.

C2 ·E2 and C2 ·E1 are supported at q2, y2 = 0 is a local equation of E1 at q2

and z2 = 0 is a local equation of E2 at q2. Thus C2 ·E1 = q2, C2 ·E2 = 2q2,
and

C2 · C2 ∼ π∗(C0) · C2 − 13q2.

Let V be a general cubic curve on X0.

V · C0 = p1 + · · ·+ p25

where p1, . . . , p25 ∈ C0 are distinct nonsingular points.

π∗(C0) · C2 ∼ π∗(V ) · C2 = p1 + · · ·+ p25.

Thus
C2 · C2 ∼ p1 + · · ·+ p25 − 13q2.

Set D = C2 · C2. deg(D) = 12.

ÔC2,q0 = C[[
x0

x2
,
x1

x2
]]/(

x1

x2
)2 − (

x0

x2
)5 ∼= C[[t2, t5]] ⊂ C[[t]]

and `(C[[t]]/ÔC2,q0) = 2. Let C = C2.
The arithmetic genus of C is thus

pa(C) = pa(P1) + 2 = 2

(c.f. Exercise IV 1.8 [5]).
Since C is a local complete intersection, the Riemann-Roch Theorem is

applicable on C (c.f Exercise IV 1.9 [5]). In particular, there is a canonical
bundle ωC on C such that for any line bundle L on C, h1(C,L) = h0(C,ωC⊗
L−1) (Serre duality) and χ(L) = deg(L) + 1 − pa(C). We further have
deg(ωC) = 2pa(C)− 2 = 2.
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C has an affine cover by opens sets U1 = spec(C[t2, t5]) and U2 =
spec(C[1

t ]. Let ∞ be the point on C with maximal ideal (1
t ). ∞ is the

point q2 on C2. Let p̃ be the point q1 on C. The maximal ideal of the point
p̃ is m = (t2, t5) ⊂ C[t2, t5]). Consider the line bundle L1 defined by

H0(U1,L1) = C[t2, t5]t2

H0(U2,L1) = C[1
t ],

and the line bundle L2 defined by

H0(U1,L2) = C[t2, t5]t5

H0(U2,L2) = C[1
t ].

multiplying L1 by 1
t2

and L2 by 1
t5

we see that L1
∼= OC(−2∞) and L2

∼=
OC(−5∞). We thus have short exact sequences

(2) 0→ K1 → OC(−2∞)⊕OC(−5∞)→ m→ 0

(3) 0→ K2 → OC(−4∞)⊕OC(−7∞)→ m2 → 0

of coherent OC modules, for some modules K1 and K2.
Let a ∈ C be a closed point, with ideal sheaf ma. From the exact

sequence
0→ Lma → L → L/Lma → 0

we see that L is generated by global sections if H1(C,Lma) = 0 for all
a ∈ C. By Serre Duality, we have that if N is a line bundle of degree > 2
then H1(C,N ) = 0. By (3) we see that L is generated by global sections if
deg(L) ≥ 8.

By Proposition II.7.3 [5] a line bundle L on C is very ample if
(1) L is generated by global sections
(2) H0(C,Lma)→ H0(C,Lma/Lmamb) is surjective for distinct closed

point a, b ∈ C
(3) H0(C,Lma) → H0(C,Lma/Lm2

a) is surjective for every closed
point a ∈ C.

From the exact sequences

0→ Lmamb → Lma → Lma/Lmamb → 0

and
0→ Lm2

a → Lma → Lma/Lm2
a → 0,

Serre Duality, (2) and (3), we see that L is very ample if deg(L) ≥ 10.
Suppose that L ∈ Pic(C2) has degree −e < 0. Let r = e+ 12. deg(D −

L) = r > 10 implies D − L is very ample, so by Bertini’s theorem,

D − L ∼ a1 + · · ·+ ar

where a1, . . . , ar ∈ C2 are distinct nonsingular points in C2. Let λ : X3 → X2

be the blowup of a1, . . . , ar. Let Fi = λ−1(ai) for 1 ≤ i ≤ r. Let C3
∼= C be

the strict transform of C2. λ∗(C2) = C3 + F1 + · · ·+ Fr.

C3 · C3 ∼ λ∗(C2) · C3 − a1 − · · · − ar ∼ D − a1 − · · · − ar ∼ L.

�
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Let C be the curve of Lemma 3.1, with singular point p̃. Let π : P1 → C
be the normalization of C, with function field C(P1) = C(t) where t = 0 is
a local equation of q = π−1(p̃). Let ∞ ∈ C be the point with local equation
1
t = 0. Let

Div0 = Group of Weil divisors of degree 0 on C − p̃.

Pic0(C) ∼= Div0/ ∼
where D1 ∼ D2 if D1 −D2 = (f) for some f ∈ C(t) which is a unit in OC,p̃
(c.f. II.6 [5]).

Suppose that D ∈ Div0. There exists fD ∈ C(t) such that (fD) = D
(divisor computed on P1), and fD is unique up to multiplication by a nonzero
constant in C. Define Λ : Div0 → C2 by

Λ(D) =
(
d

dt
log(fD) |t=0,

d3

dt3
log(fD) |t=0

)
.

Λ(D) is a well defined group homomorphism.
For D ∈ Div0, we have an expansion

fD =
∞∑
i=0

ait
i ∈ ÔP1,q = C[[t]].

fD ∈ ÔC,p̃ if and only if a1 = a3 = 0. Since fD ∈ C(t) and OC,p̃ =
ÔC,p̃ ∩ C(t) (c.f. Lemma 2 [1]), fD ∈ OC,p̃ if and only if a1 = a3 = 0.
Since Λ(D) = 0 if and only if a1 = a3 = 0, Λ(D) = 0 if and only if D ∼ 0.
By allowing a1 and a3 to vary, we see that Λ is onto. Thus Λ is a group
isomorphism of Pic0(C) with C2.

We will consider the Abel-Jacobi map

AJ : C − {p̃} → C2

defined by AJ(α) = Λ(α−∞).

AJ(α) =
(
dlog(t−α)

dt |t=0,
d3log(t−α)

dt3
|t=0

)
=
(

1
−α ,

2
−α3

)
.

Define the image of the Abel-Jacobi map to be

W = AJ(C − {∞}).

W is the subvariety of C2 defined by y = 2x3.
Lemma 3.2. Suppose that D ∈ Div0. Then

h1(C,OC(D +∞)) = h0(C,OC(D +∞)) =
{

0 if Λ(D) 6∈W
1 if Λ(D) ∈W

Proof. There exists f ∈ C(t) such that (f) = D (divisor computed on
P1).

H0(P1,OP1(D +∞))

has C basis 1
f ,

t
f and

H0(C,OC(D +∞)) =
{
λ ∈ H0(P1,OP1(D +∞)) | λ ∈ OC,p̃

}
.
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There is an expansion
t

f
= a1t+ a2t

2 + · · ·

in C[[t]] = ÔP1,q where a1 6= 0, so t
f 6∈ OC,p̃. For 0 6= α ∈ C,

t−α
f ∈ OC,p̃ ⇔ Λ(−D + α−∞) = 0

⇔ Λ(D) = AJ(α)

We further have
1
f
∈ OC,p̃ ⇔ Λ(−D) = 0⇔ Λ(D) = AJ(∞) = 0.

Since pa(C) = 2, the equality of h0 and h1 follows from the Riemann-Roch
Theorem. �

4. The function h(n) on a curve

Theorem 4.1. Suppose that C is a nonsingular projective integral curve
over an algebraically closed field k of characteristic zero, and L1, . . . ,Lr are
line bundles on C. Then the Poincaré series∑

n∈Nr

h(n)tn

is a rational series, where

h(n) = h0(C,Ln1
1 ⊗ L

nr
r ).

Proof. Let χ(N ) be the Euler characteristic of a line bundle N . Let g
be the genus of C. Let di = deg(Li) for 1 ≤ i ≤ r.
(4) h(n) = χ(Ln1

1 ⊗ · · · L
nr
r )

if n1d1+· · ·+nrdr > 2g−2. Thus h(n) is a polynomial for n1d1+· · ·+nrdr >
2g − 2, and ∑

n∈Nr,n1d1+···+nrdr>2g−2

h(n)tn

is a rational series by Theorem 2.2. For s ∈ N, let

Hs = {n ∈ Zr | n1d1 + · · ·+ nrdr = s}.
Since h(n) = 0 if n1d1 + · · ·+ nrdr < 0, we are reduced to proving that the
2g − 1 series

(5)
∑

n∈Hs∩Nr

h(n)tn

are rational for 0 ≤ s ≤ 2g − 2.
For the rest of this proof we will fix s with 0 ≤ s ≤ 2g − 2, and prove

the rationality of (5).
Fix a base point p0 ∈ C and set Li = Li ⊗OC(−dip0) for 1 ≤ i ≤ r.
We have a group homomorphism

π : Zr → Pic0(C)

defined by
π(n) = Ln1

1 ⊗ · · · ⊗ L
nr
r .
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Let
Ωs,i = {M ∈ Pic0(C) | h1(M⊗OC(sp0)) ≥ i}.

The Ωs,i are closed sets in Pic0(C) (as shown in the proof of Theorem 8 of
[2]). There exists ωs such that Ωs,l = ∅ for l > ws.

By Proposition 2.1 there exists an index set ∆s,i with corresponding
mδ ∈ Zr and subgroup Mδ < Zr to each δ ∈ ∆s,i such that for n ∈ Zr,

π(n) ∈ Ωs,i ⇔ n ∈ ∪δ∈∆s,i
(mδ +Mδ).

Define
Ψi : Zr → N

by

Ψi(n) =
{

1 if n ∈ ∪δ∈∆s,i
(mδ +Mδ)

0 otherwise
Now define

Ψs : Zr → N
by

Ψs(n) =
ωs∑
i=1

Ψs,i(n).

we have
Ψs(n) = h1(C,Ln1

1 ⊗ · · · ⊗ L
nr
r ⊗OC(sp0))

for n ∈ Zr, and for n ∈ Hs,

h1(Ln1
1 ⊗ · · · ⊗ L

nr
r ) = Ψs(n).

Thus ∑
n∈Hs∩Nr

h1(Ln1
1 ⊗ · · · L

nr
r )tn =

ωs∑
i=1

(
∑

n∈Hs∩Nr

Ψs,i(n)tn).

Fix i with 1 ≤ i ≤ ωs. Well order the set ∆s,i. To prove the rationality of
(5) we are reduced to proving the rationality of

(6)∑
n∈Hs∩Nr

Ψs,i(n)tn =
∑
j≥1

(−1)j−1

 ∑
δ1<···<δj

(
∑

n∈Hs∩Nr∩(nδ1
+Mδ1

)∩···∩(nδj+Mδj
)

tn)


where δ1, . . . , δj ∈ ∆s,i.

If n0 ∈ (nδ1 +Mδ1) ∩ · · · ∩ (nδj +Mδj ), then

(nδ1 +Mδ1) ∩ · · · ∩ (nδj +Mδj ) = n0 +Mδ1 ∩ · · · ∩Mδj .

The rationality of (6) now follows from Theorem 2.2. �

If we allow C to be singular, but require C to have semi-abelian Pic0,
then the same proof shows the rationality of the series∑

n∈Nr

h(n)tn.

Furthermore, we get rationality in general on a singular curve, as long as
r ≤ 2. If r = 1 this is a trivial statment (it is immediate from the Riemann-
Roch formula and Theorem 2.2). The case r = 2 follows from the method
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of the proof of Theorem 4.1, using Theorem 15 of [2] in place of Proposition
2.1. Theorem 15 of [2] is a general statement for cyclic groups on algebraic
groups.

However, if r ≥ 3 and Pic0(C) is not semi-abelian, then the Poincaré
series may not be rational, as is shown by the following example, where
Pic0(C) ∼= C2 is not semi-abelian.

Example 4.2. There exists a complex, integral (singular) projective curve
C, and line bundles L1, L2, L3 on C such that the Poincaré series∑

n∈N3

h(n)tn

is not rational, where

h(n) = h0(C,Ln1
1 ⊗ L

n2
2 ⊗ L

n3
3 ).

Proof. Let C be the curve of Lemma 3.1. Let notation be that pre-
ceding Lemma 3.2. Set

L1 = (1, 0),L2 = (0, 1) ∈ Pic0(C),

L3 = OC(∞).
Since pa(C) = 2, we have by Serre duality that

h(n1, n2, n3) = χ(Ln1
1 ⊗ L

n2
2 ⊗ L

n3
3 )

if n3 > 2.

h(n1, n2, 0) =
{

0 if n1 or n2 6= 0
1 if n1 = n2 = 0

By Serre duality, h(n1, n2, 2) = 0 with one possible exception, that is if
n1, n2 are such that

ωC ∼= Ln1
1 ⊗ L

n2
2 ⊗OC(2∞).

The interesting case (which follows from Lemma 3.2) is

h(n1, n2, 1) =
{

1 if n2 = 2n3
1

0 otherwise

Thus ∑
n∈Nr

h(n)tn

is irrational if and only if
∞∑

n1,n2=0

h(n1, n2, 1)tn1
1 tn2

2

is irrational.
Set

an1,n2 = h(n1, n2, 1) =
{

1 if n2 = 2n3
1

0 otherwise
We will assume that f =

∑∞
m,n=0 am,nt

m
1 t

n
2 is rational, and derive a

contradiction. Assuming that the series is rational, there exist r > 0 and a
nonzero polynomial

Q =
r∑

i,j=0

bijt
i
1t
j
2
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such that fQ is a polynomial. Thus there exists a constant σ such that
∞∑

i,j=0

am−i,n−jbij = 0

whenever m+ n > σ and m,n ≥ r.
We make the following simple observation. Given n > 0, there exists

m(n) > 0 such that if x0 > m(n) is an integer, and we set y0 = 2x3
0, then

[x0 − n, x0 + n]× [y0 − n, y0 + n] ∩ Z2 ∩ {y = 2x3} = {(x0, y0)}.
Choose (x0, y0) as above (with n = r) and x0 so big that x0, y0 > r and

x0 + y0 > σ.
For fixed a, b with 0 ≤ a ≤ r, 0 ≤ b ≤ r, set m = x0 + a, n = y0 + b.

Then

0 =
r∑

i,j=0

am−i,n−jbij = bab.

Thus Q = 0, a contradiction. �

5. Irrationality on Surfaces I

If X is a normal projective surface over a field k of characteristic 0, and
L is a line bundle on X, then it follows from Theorem 4 of [2] that h0(X,Ln)
is a polynomial with periodic coefficients for n >> 0. Thus the series

∞∑
n=0

h0(X,Ln)tn

is a rational series by Theorem 2.2.
We show in the following example that rationality fails for surfaces if

r = 2.
Example 5.1. There exists a nonsingular (integral) projective surface S

and line bundles L1, L2 on S such that the series

(7)
∞∑

i,j=0

h0(S,Li1 ⊗ L
j
2)ti1t

j
2

is an irrational series.
We will use a construction of [2]. As in Example 4 of [2], Let C be an

elliptic curve over an algebraically closed field k, and let S = C × C. Let
∆ ⊂ S be the diagonal, p ∈ C be a closed point, A = π−1

1 (p), B = π−1
2 (p),

where πi : S → C, i = 1, 2 are the projections.
Let L1 = OS(A+ 2B + 3∆), L2 = OS(−A−B −∆),

h(i, j) = h0(S,Li1 ⊗ L
j
2).

We will show that the associated Poincaré series

f =
∞∑

i,j=0

h(i, j)ti1t
j
2

is irrational. Let

τ = 2−
√

3
3
,
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an irrational number. For i, j ≥ 0,

h(i, j) =


χ(Li1 ⊗ Lj) = 1

2

(
(Li1 ⊗ L

j
2)2
)
> 0 if j < iτ

0 if j > iτ
1 if i = j = 0

as follows from the calculations of Example 4 [2].
Suppose that f is rational. Then there exist r > 0 and a nonzero poly-

nomial

Q =
r∑

i,j=0

bijt
i
1t
j
2

such that fQ is a polynomial. Thus there is σ > 0 such that
r∑

i,j=0

am−i,n−jbi,j = 0

whenever m+ n ≥ σ and m,n ≥ r.
Let λ be the largest real number such that there exists a nonzero coef-

ficient bij of Q such that
j − iτ = λ.

Since τ is irrational, there exists a unique solution in natural numbers (i0, j0)
to j − iτ = λ. We necessarily have bi0,j0 6= 0. We further have that bij = 0
if j − iτ > λ.

Lemma 5.2. Suppose that N is a given constant. Then there exists
(α0, β0) ∈ N2 such that β0 < α0τ , α0, β0 > N and if (α, β) ∈ N2 is such
that

(1) α0 − r ≤ α ≤ α0 + r
(2) β0 − τα0 ≤ β − τα ≤ 0

Then (α, β) = (α0, β0).

Proof. If x is a real number, dxe will denote the smallest integer ≥ x.
Choose a real number ε such that

0 < ε < min {diτe − iτ | i ∈ {−r,−r + 1, . . . ,−1, 1, 2, . . . , r}}.

As a consequence of Kroneker’s theorem (c.f. Theorem 438 [4]) there
exist natural numbers (α0, β0) such that α0 > N and 0 < α0τ − β0 < ε. Set
λ = α0τ−β0. Suppose there exists (α, β) ∈ N2 such that α0−r ≤ α ≤ α+r
and 0 < ατ − β < λ. Then there exists a nonzero integer i such that
−r ≤ i ≤ r and α = α0 + i.

(α0 + i)τ − λ < β < (α0 + i)τ.

We have
α0τ − λ+ iτ < β < α0τ + iτ

β0 + iτ < β < β0 + λ+ iτ

iτ < β − β0 < iτ + λ.

There can be no integral solutions in β by our choice of ε. �
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With the notation of the Lemma 5.2, taking N = max {σ, r}, set

m = i0 + α0, n = β0 + j0.

Then (α0, β0) = (m− i0, n− j0).
(8)

0 =
∑r

ij=0 bijam−i,n−j
=
∑

j−iτ>λ bijam−i,n−j +
∑

j−iτ<λ bijam−i,n−j +
∑

j−iτ=λ bijam−i,n−j
=
∑

j−iτ<λ bijam−i,n−j + bi0,j0am−i0,n−j0

.

Make a change of variables

(α, β) = (m− i, n− j)

and set (α0, β0) = (m− i0, n− j0), ψ = β0 − α0τ .
j0 − i0τ = λ implies ψ = β0 − α0τ = (n−mτ)− λ.
If j − iτ < λ then

β − ατ = (n−mτ) + (iτ − j) > (n−mτ)− λ = ψ.

(9)
∑

j−iτ<λ
bijam−i,n−j =

∑
β−ατ>ψ

aα,βbm−α,n−β .

We have 0 ≤ m− α ≤ r implies

α0 − r ≤ α0 + i0 − r = m− r ≤ α ≤ m = α0 + i0 ≤ α0 + r

so aα,β = 0 in this range. Thus (9) is zero, and substituting into (8), we
conclude that bi0,j0 = 0, a contradiction to our assumption that Q is nonzero.
Thus the series f is irrational.

6. Irrationality on Surfaces II

In Example 5.1 of Section 5, the fact that L1 was ample and L−1
2 was

ample played a critical role in the construction. This leaves open the ques-
tion if an example can be constructed on a surface of effective divisors with
irrational Poincaré series. We construct such an example in this section.

We construct an example of 3 line bundles which have nonzero global
sections (they are the line bundles associated to effective divisors) on a
nonsingular complex projective surface such that the associated Poincaré
series is not rational.

The construction is similar to that of Theorem 9.1 of [3], which shows
that the Poincaré series of a resolution of singularities of a surface singularity
with 3 exceptional components can be irrational.

Example 6.1. There exists a nonsingular complex projective surface X
of and line bundles N1, N2, N3 on X such that

h0(X,N1) > 0, h0(X,N2) > 0, h0(X,N3) > 0

and the series

(10)
∞∑

i,j,k=0

h0(X,N i
1 ⊗N

j
2 ⊗N

k
3 )ti1t

j
2t
k
3

is an irrational series.
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Let C be the curve of Lemma 3.1. Suppose that M is a line bundle on
C of degree −d with d ≥ 3, and p1, p2 are distinct points on C − {p̃}. Let
L = M⊗OC(p1 + p2). Lemma 3.1 shows that there exists a nonsingular,
complex projective surface S and an embedding C ⊂ S such that C ·C = L.

Let X → S be the blowup of S at the points p1 and p2, with exceptional
divisors F1 and F2 (both isomorphic to P1). Identify C with its strict
transform on X. Then C · C ∼ M, C · F1 = p1, C · F2 = p2, (F 2

1 ) = −1,
(F 2

2 ) = −1.
Recall from the proof of Lemma 3.1 that we have a birational morphism

S → P2 such that C is the strict transform of a curve of degree 5 in P2.
Let H be the pullback on X of a hyperplane section of P2. We will now fix
d = 3, and continue to assume that M is a line bundle of degree −d = −3
on C. Set

∆1 = H + 3F1 + 4F2 + 4C
∆2 = H + 4F1 + 3F2 + 4C
∆3 = H + 4F1 + 4F2 + 4C

If we set F3 = C, then we have (∆i · Fj) = δij . Let H = H · C − 5∞,
p1 = p1 −∞, p2 = p2 −∞, L =M+ 3∞. Now choose L to be

L = (1,
9
4

)− 1
4
H,

Set p1 =∞, and choose p2 so that p2 = (−1,−2) ∈W . Then

∆1 · C = H + 4p2 + 4L = H + (−4,−8) + (4, 9)−H = (0, 1)

∆2 · C = H + 3p2 + 4L = H + (−3,−6) + (4, 9)−H = (1, 3)

Lemma 6.2. There exists at most 2 divisors D = a∆1 + b∆2 + c∆3 on
X such that D ·C ∼ ωC + (F1 +F2 +C) ·C or D ·C ∼ ωC , where ωC is the
canonical bundle of C.

Proof. Suppose that D · C ∼ ωC + (F1 + F2 + C) · C. Then

c = (D · C) = deg ωC − 1 = 1.

D · C ∼ a(0, 1) + b(1, 3) + ∆3 · C
implies

(b, a+ 3b) ∼ ωC + (F1 + F2 + C) · C −∆3 · C
so there is at most one solution in a and b.

If D · C ∼ ωC , we have c = 2 and (b, a+ 3b) ∼ ωC − 2∆3 · C so there is
at most one solution in a and b. �

Lemma 6.3. There exists λ > 0 such that a, b, c ≥ 0 and a + b + c > λ
implies

h1(X,OX(a∆1 + b∆2 + c∆3)) =

 0 if c ≥ 2
1 if c = 1, a = 2b3 − 3b− 1
0 if c = 1, a 6= 2b3 − 3b− 1

Proof. By Lemma 6.2 we can choose λ so that a, b, c ≥ 0 and a+b+c >
0 implies

(a∆1 + b∆2 + c∆3) · C 6∼ ωC + (F1 + F2 + C) · C
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and
(a∆1 + b∆2 + c∆3) · C 6∼ ωC .

Suppose that N is a line bundle on X. We have exact sequences
(11)
0→ OF1+F2(−n(F1+F2+C)−C)⊗N → O(n+1)(F1+F2+C)⊗N → On(F1+F2+C)+C⊗N → 0

for n ≥ 0,
(12)
0→ OC(−n(F1+F2+C))⊗N → On(F1+F2+C)+C⊗N → On(F1+F2+C)⊗N → 0

for n ≥ 1,
(13)
0→ OF1(−n(F1+F2+C)−C)⊗N → On(F1+F2+C)+F1+C⊗N → On(F1+F2+C)+C⊗N → 0

for n ≥ 0, and
(14)
0→ OF2(−n(F1+F2+C)−C)⊗N → On(F1+F2+C)+F2+C⊗N → On(F1+F2+C)+C⊗N → 0

for n ≥ 0. Observe that we have

H1(X,OF1+F2(−n(F1 + F2 + C)− C)⊗N ) = 0 if (N · Fi) ≥ 0 for i = 1, 2
H1(X,OF1(−n(F1 + F2 + C)− C)⊗N ) = 0 if (N · F1) ≥ 0
H1(X,OF2(−n(F1 + F2 + C)− C)⊗N ) = 0 if (N · F2) ≥ 0.

We also have
H1(X,OC(−n(F1 + F2 + C))⊗N ) = 0

if n+ (N · C) > 2 or
n+ (N · C) = 2 and − n(F1 + F2 + C) · C +N · C 6∼ ωC .

Let ∆i = ∆i −H for 1 ≤ i ≤ 3. From the exact sequence

0→ OX((a+b+c)H)→ OX(a∆1+b∆2+c∆3)→ Oa∆1+b∆2+c∆3
(a∆1+b∆2+c∆3)→ 0

we see that

H1(X,OX(a∆1 + b∆2 + c∆3)) ∼= H1(X,Oa∆1+b∆2+c∆3
(a∆1 + b∆2 + c∆3)).

For 0 ≤ α ≤ a, 0 ≤ β ≤ b, 0 ≤ γ ≤ c,
a∆1+b∆2+c∆3−(α∆1+β∆2+γ∆3) = (a−α)∆1+(b−β)∆2+(c−γ)∆3+(α+β+γ)H.

Consider the exact sequences, with 0 ≤ α ≤ a, 0 ≤ β ≤ b, 0 ≤ γ ≤ c
(15)
0→ O∆1

((a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H)→
O(α+1)∆1+β∆2+γ∆3

(a∆1 + b∆2 + c∆3)→ Oα∆1+β∆2+γ∆3
(a∆1 + b∆2 + c∆3)→ 0

with α < a,
(16)
0→ O∆2

((a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H)→
Oα∆1+(β+1)∆2+γ∆3

(a∆1 + b∆2 + c∆3)→ Oα∆1+β∆2+γ∆3
(a∆1 + b∆2 + c∆3)→ 0

with β < b,
(17)
0→ O∆3

((a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H)→
Oα∆1+β∆2+(γ+1)∆3

(a∆1 + b∆2 + c∆3)→ Oα∆1+β∆2+γ∆3
(a∆1 + b∆2 + c∆3)→ 0

with γ < c.
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Set

N = (a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H

with a, b ≥ 0 and c ≥ 1. (N · F1) = a − α, (N · F2) = b − β, (N · C) =
(c − γ) + 5(α + β + γ). If a + b + c > 0, we get the necessary vanishing in
(11)-(14) to conclude that

(18) H1(X,O∆1
((a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H)) = 0

if 0 ≤ α < a, 0 ≤ β ≤ b, 0 ≤ γ ≤ c, α+ β + γ > 0

(19) H1(X,O∆2
((a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H)) = 0

if 0 ≤ α ≤ a, 0 ≤ β < b, 0 ≤ γ ≤ c α+ β + γ > 0,

(20) H1(X,O∆3
((a− α)∆1 + (b− β)∆2 + (c− γ)∆3 + (α+ β + γ)H)) = 0

if 0 ≤ α ≤ a, 0 ≤ β ≤ b, 0 ≤ γ < c, α + β + γ > 0. From (15) - (20) it
follows that

H1(X,OX(a∆1 + b∆2 + c∆3)) ∼= H1(X,O∆3
(a∆1 + b∆2 + c∆3)).

It then follows from (11) - (14) and our choice of λ that

H1(X,OX(a∆1 + b∆2 + c∆3)) ∼= H1(X,OC(a∆1 + b∆2 + c∆3))

if a, b, c ≥ 0, c ≥ 1 and a + b + c > λ. The conclusions of Lemma 6.3 now
follow from Lemma 3.2 if c = 1, since

a∆1 + b∆2 + ∆3 ∼ (a+ 1)∆1 + b∆2 + F1

and

(a+ 1)∆1 · C + b∆2 · C = (a+ 1)(0, 1) + b(1, 3) = (b, a+ 3b+ 1).

If c ≥ 2, we have H1(C,OC(a∆1 + b∆2 + c∆3)) = 0 by Serre duality and
our choice of λ. �

We will now give the proof of Theorem 6.1. Let notation be as above
for the surface X. Set aijk = h1(X,OX(i∆1 + j∆2 + k∆3)). We will show
that the series

f =
∞∑

i,j,k=0

aijkt
i
1t
j
2t
k
3

is not rational.
We first observe that, given n > 0, there exists m(n) > 0 such that if

x0 > m(n) is an integer, and y0 = 2x3
0 − 3x0 − 1, then

(21)
([x0 − n, x0 + n]× [y0 − n, y0 + n]) ∩ Z2 ∩ {y = 2x3 − 3x− 1} = {(x0, y0)}.

Suppose that f is rational. Then there exist r > 0 and a nonzero poly-
nomial

Q =
r∑

i,j,k=0

bijkt
i
1t
j
2t
k
3

such that fQ is a polynomial. Thus there is σ > 0 such that
r∑

i,j,k=0

al−i,m−j,n−kbi,j,k = 0
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whenever l +m+ n ≥ σ and l,m, n ≥ r, and

0 =
r∑

i,j=0

(
α∑
k=0

al−i,m−j,α−kbijk)

if l + m + α ≥ σ, l,m ≥ r, 0 ≤ α < r. Suppose that l,m are such that
l +m ≥ σ. Then by lemma 6.3

0 =
r∑

ijk=0

al−i,m−j,r+1−kbijk =
r∑

i,j=0

bijral−i,m−j,1.

By (21) and lemma 6.3 we can choose l,m to conclude that bijr = 0 for
0 ≤ i, j ≤ r.

Suppose that α is such that 1 ≤ α ≤ r and bijk = 0 for 0 ≤ i, j ≤ r and
α ≤ k ≤ r. Suppose that l,m are such that l +m ≥ σ. Then by lemma 6.3

0 =
∑r

i,j=0

∑α
k=0 bijkal−i,m−j,α−k

=
∑r

i,j=0 al−i,m−j,0bijα +
∑r

i,j=0 al−i,m−j,1bi,j,α−1

=
∑r

i,j=0 al−i,m−j−1,1bi,j,α−1.

By (21) and lemma 6.3, we can choose l,m to conclude that bi,j,α−1 = 0 for
0 ≤ i, j ≤ r. Thus we conclude be descending induction on α that Q = 0, a
contradiction, so that

∞∑
i,j,k=0

h1(X,OX(i∆1 + j∆2 + k∆3))ti1t
j
2t
k
3

is irrational. Since ∆1,∆2,∆3 are effective,
∞∑

i,j,k=0

h2(X,OX(i∆1 + j∆2 + k∆3))ti1t
j
2t
k
3

is a polynomial by Serre Duality. Since
∞∑

i,j,k=0

χ(OX(i∆1 + j∆2 + k∆3))ti1t
j
2t
k
3

is rational, (where χ(OX(i∆1 + j∆2 + k∆3) is the Euler characteristic and
is consequentially a polynomial) we must then have that

∞∑
i,j,k=0

h0(X,OX(i∆1 + j∆2 + k∆3))ti1t
j
2t
k
3

is irrational.
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