COMPLETIONS OF VALUATION RINGS

STEVEN DALE CUTKOSKY AND LAURA GHEZZI

1. INTRODUCTION

Suppose that k is a field of characteristic zero, K is an algebraic function field over
k, and V is a k-valuation ring of K (that is, k C V and the quotient field of V' is K).
Zariski’s theorem of local uniformization [23] shows that there exist algebraic regular
local rings R; with quotient field K which are dominated by V', and such that the
direct limit

UR; =V.

Now suppose that K* is a finite algebraic extension of K and V* is a k-valuation ring
of K* such that V = V* N K. Let I'* be the value group of V*, and I" be the value
group of V.

The first author has shown with Olivier Piltant in [9] that a relative local uni-
formization theorem holds for the extension K* of K, which gives the strongest
possible generalization of the classical ramification theory of Dedekind domains to

general valuations. The following theorem is a summary of some of the conclusions
of Theorem 6.3 [9].

Theorem 1.1. Suppose that assumptions and notations are as above. Let k' be an
algebraic closure of V*/my~«. Then there exist a directed system of algebraic regular
local rings S; with quotient field K* which are dominated by V*, and a directed system
of algebraic normal local rings R; with quotient field K which are dominated by V' such
that

(1) US,‘ =V* and URi =V.
i 1S a localization at a maximal ideal of the integral closure of R; in or
2) S local l ideal h gral cl R K*
all i.
ere exist actions o on Ai®s, me. k' which are compatible with the
3) Th 2 ) f I*/T Si®s,/ Slk’ hich bl h th
directed system so that

(S’i®5¢/msi k/)F*/F =~ Ei@)m/mm K.

It was shown by an example of Abhyankar [2] that it is in general not possible
to find an algebraic regular local ring S with quotient field K* which is dominated
by V* such that there exists an algebraic regular local ring R with quotient field K
such that S is a localization of the integral closure of R in K*. The fact (proven in
[9] and [7]) that normal local rings R exist satisfying this property proves the “local
weak simultaneous resolution conjecture” of Abhyankar, posed by Abhyankar in [2]
and [5]. The R; found in the proof of Theorem 1.1 in fact have toric singularities.
This is reflected in the fact stated above that their completions are abelian quotient
singularities.

From this theorem we obtain the following.
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Theorem 1.2. Let notations be as in Theorem 1.1. Let U* = USi@Si/mSi k' and let

U= URi®R'i/mRi k'. Then U* and U are Henselian normal domains, and Q(U*) is
a finite Galois extension of Q(U) with Galois group T* /T .

We give a proof of Theorem 1.2 in Section 3.

In this paper we compare the “completion” of Theorem 1.2 with other notions of
completion of a valuation ring ([16], [18], [19], [14], [21], [22]).

Let us briefly allow & to be an arbitrary field. We summarize some of the results of
Section 4. Suppose that {R;} is a directed system of normal algebraic local rings which
are dominated by V', and such that UR; = V. The ring T = UR; does not depend
on our choice of {R;} whose union is V' (Lemma 4.1), and is Henselian (Proposition
4.2). Thus T can be considered to be a “completion” of the valuation ring V. We
give an example showing that 7' is in general not a valuation ring, and we show that
T is itself a valuation ring if and only if for each ¢ there exists a unique valuation ring
V; with quotient field K; (where K; is the quotient field of Ri) which dominates V
and R;. (Theorem 4.4). We make use of a theorem of Heinzer and Sally [14] on the
uniqueness of extensions of valuations dominating a local ring to their completion in
proving this result.

We give an example (Example 7.5) showing that even if V and T are rank 1
valuation rings, then 7" is in general not complete and in particular is not a maximal
immediate extension, as defined in [18] and [16].

The essential obstruction to T being a valuation ring is the problem of the rank
of the valuation increasing upon extending the valuation dominating a particular R
to a valuation dominating its completion (Corollary to Theorem 4.4). In the case of
rank 1 valuations, this problem can be handled in a very satisfactory way, and (in
characteristic zero) we will obtain a good valuation theoretic explanation of Theorem
1.2.

In Section 5, we define the prime ideal p(R)oo of elements of infinite value of
the completion R of an algebraic local ring R dominated by a rank 1 valuation V.
This prime has previously been defined and considered in [6] and [22], as well as
by Spivakovsky. The essential point here is that there is a unique extension of the
valuation ring V' to a valuation ring of the quotient field of ]:2/ p(R)Oo which dominates
R/ p(f%)oo. We conclude that there is a unique valuation ring V of the quotient field
of the ring T = URi/p(Ri)oo which contains 7.

In the case when V has rank greater than 1 there is no natural ideal in R which
contains the obstruction to the jumping of the rank of an extension of V' to R, although
this obstruction is obtained in a series of prime ideals in quotient rings of R.

For the remainder of this introduction we assume that k has characteristic zero,
and V has rank 1. We prove that T is in fact a valuation ring in Theorem 7.3, and
that (T, Q(T)) is an immediate Henselian extension of (V, K) in Theorem 7.4.

We further show (in Theorem 7.4) that we can choose our system of regular local
rings R; so that each Rl / p(Ri)oo is a regular local ring. The main new technical result
used in this statement is Theorem 6.5, which shows that we can simultaneously resolve
the primes of infinite value in a finite extension. In this case the “finite extension” is
just the identity, but we will need this more general result later.

We now turn to an analysis of our finite extension K* over K, in the case when
V* (and V = V* N K) are rank 1 valuation rings and k has characteristic zero. We
make essential use of Theorem 6.5 (on simultaneous resolution of the primes of infinite
value). We obtain in Theorems 8.1 and 8.2 a generalization of Theorem 5.1 [6] and
Theorem 1.1 (Theorem 6.3 [9]) in this context. Let k' be an algebraic closure of
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V*/my«. We find a system of regular local rings S; whose union is V*, and a system
of normal local rings R; whose union is V, such that for all ¢, S; is a localization at a
maximal ideal of the integral closure of R; in K*. If ¢; and p; are the respective primes
of infinite value, then S; /qi is a regular local ring and R; /p; is a normal local ring
with toric singularities. There are compatible actions of T*/T' on (S;/¢;)®s, yms, K
such that

((Si/0)®s, jms, )" /T = (Ri /D)@ R, jmn, K-

From Theorems 8.1 and 8.2 we obtain the following.

Theorem 1.3. Let notations be as in Theorem 1.1. Assume that V* (and V =
V*N K) have rank 1, and that k = V*/my+ is algebraically closed of characteristic
zero. Then there exist directed systems of algebraic local rings R; and S; satisfying
the conclusions of Theorem 1.1 and such that Ri/pi and Si/qi, where q; and p; are the
primes of elements of infinite value, satisfy the conclusions of the above paragraph.
Let U = US’i/qi and let U = URi/pi. Then U and U are Henselian valuation
rings, such that (U ,Q(U")) and (U,Q(U)) are immediate extensions of (V*,K*)
and (V, K) respectively, and Q(U") is a finite Galois extension of Q(U) with Galois
group T'* /T,

We give the proof of Theorem 1.3 in Section 8.

2. NOTATIONS

We will denote the maximal ideal of a local ring R by mpg or m(R). We will denote
the quotient field of a domain R by Q(R). Suppose that R C S is an inclusion of
local rings. We will say that R dominates S if mg N R = mpg. Suppose that K is an
algebraic function field over a field k. We will say that a subring R of K is algebraic
if R is essentially of finite type over k. Suppose that K* is a finite extension of an
algebraic function field K, R is a local ring with quotient field K and S is a local ring
with quotient field K*. We will say that S lies over R and R lies below S if S is a
localization at a maximal ideal of the integral closure of R in K*. If R is a local ring,
R will denote the completion of R at its maximal ideal.

Good introductions to the valuation theory which we require in this paper can be
found in Chapter VI of [24] and in [3]. A valuation v of K will be called a k-valuation
if v(k) = 0. We will denote by V,, the associated valuation ring, which necessarily
contains k. A valuation ring V of K will be called a k-valuation ring if £ C V. The
residue field V/my of a valuation ring V' will be denoted by k(v). The value group
of a valuation v with valuation ring V will be denoted by I', or I'yy. If R is a subring
of V,, then the center of v (the center of V) on R is the prime ideal R Nmy;,,.

Suppose that R is a local domain. A monoidal transform R — R; is a birational
extension of local domains such that Ry = R[g]m where P is a regular prime ideal
of R, 0 # x € P and m is a prime ideal of R[%} such that mN R =mpgr. R — Ry is
called a quadratic transform if P = mg.

If R is regular, and R — R; is a monoidal transform, then there exists a regular

system of parameters (z1,...,2,) in R and r < n such that
x x
RlzR[Q,... } .
I X m

Suppose that v is a valuation of the quotient field R with valuation ring V,, which
dominates R. Then R — R; is a monoidal transform along v (along V) if v dominates
R;.
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3. COMPLETION OF RELATIVE LOCAL UNIFORMIZATION

We now give the proof of Theorem 1.2.

Let S; = §i®5i/msi kK, R; = Ri@Ri/mRi k' for i € I and let G =T*/T. U* is the
directed union of the S; and U is the directed union of the R;. The fact that R; is a
normal domain implies Ri is a normal domain (Chapter VIII, Section 13, Theorem 32
[24]) and thus R; is a normal local domain (Proposition 1V.6.7.4 [11]). Thus U (and
U*) are normal domains. The fact that U and U* are Henselian follows from the proof
of Proposition 4.2. The action of G on U* extends to an action on Q(U*). Suppose
that h € U* and o(h) = h for all ¢ € G. There exists i such that h € Q(S;). Since S;
is finite over R; and S, = R;, it follows that Q(S;)¢ = Q(R:). Thus h € Q(U). We
conclude that Q(U*)¢ = Q(U), so that Q(U*) is a finite Galois extension of Q(U)
(c.f. Theorem V.2.15 [15]).

Remark 3.1. The statement that Q(U*) is finite over Q(U) can be seen directly
from the fact that the minimal polynomial of each Q(S;) over Q(R;) is a factor of the
minimal polynomial of an appropriate primitive element of K* over K (by Proposition

L1]).

The fact that the extension considered in Theorem 1.2 is Galois, even when the
original field extension K*/K is not, is a condition that can be easily seen in the case
when U and U* are valuation rings, as the first author realized with Franz-Viktor
Kuhlmann in a discussion.

Theorem 3.2. Suppose that V is a Henselian valuation ring of a field K, such that
V' contains an algebraically closed field k of characteristic zero, with k =2 V/my . If L
is a finite extension of K, then there is a unique valuation ring W of L such that W
dominates V, and L is Galois over K with Galois group T'w /Ty, where Ty and Ty
are the respective value groups.

Proof. Let J be a finite Galois extension of K which contains L. Let G be the Galois
group of J over K. Since V is Henselian, there exists a unique valuation ring U of J
such that U dominates V' ((16.4), (16.6) [10]). Thus the splitting group G*(U/V) = G
by Proposition 1.46 [3]. We have U/my = V/my = k since k is algebraically closed.
Thus the inertia group G*(U/V) = G*(U/V) = G by Theorem 1.48 [3]. Finally,

G=GU/V)=Ty/Ty

by Theorem 3 [17] or Chapter VI, Section 12, Corollary [24].
Since G is abelian, all intermediate subfields of J are Galois over K. Thus L is
Galois over K, and the Galois group of L over K is I'y /Ty . O

4. COMPLETIONS OF VALUATION RINGS

Suppose that K is an algebraic function field over a field &k, and V' is a valuation
ring of K with maximal ideal my and value group I'. Suppose that {R; |i € I} is a
directed system of normal local rings such that

(a) V = UierRi.

(b) I has a minimum 0.

(¢) Each R; is essentially of finite type over k and has quotient field K.
(d) If ¢ < j then R; dominates R;.

Let K; be the quotient field of R;. By Zariski’s subspace theorem ((10.13) [4]) we
have natural inclusions R; — R; if i < j, and {R; | i € I} is a directed system of
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normal local rings (Scholie 7.8.3 [11]). Let
T = Uer R
and K., = UK;. T is a normal domain with quotient field K., and maximal ideal
mr = UmRi.
Given a valuation ring V as above, there exists a directed system of normal local
rings {R; } whose union is V. A particular construction is as follows. We take Ry to be
any normal local ring which is dominated by V. If m € N and f1,..., fi, € V we set

i=(f1,...,fm) and let R; be the localization of the normalization of Ry[f1,... , fm]
which is dominated by V'

Lemma 4.1. The ring T = Uig}%i is independent of choice of directed system {R; |
i € I} satisfying (a),(b),(c), and (d).

Proof. Let J be a partially ordered set, and let {S}| j € J} be a collection of algebraic
local rings with quotient field K, such that {S;} satisfies (a),(b),(c) and (d). We show
that UzejR = UJGJS

Let ¢ € I. Since R; is essentially of finite type over k£ and dominated by V,
there exist fi,..., f, € V such that R; = k[f1,..., fmlmynk[fr,....frn]- Since V =
UjesS; and J is directed, there exists j € J such that fq,...,f, € S;, and so
E[fi,- s fmlmyaklfr.....fm] C Sj, since S is dominated by V. Hence R; C S;. There
is then a natural inclusion Ri C Sj, and thus U;e I]A%i C Uje JS'j. The other inclusion
is proven in the same way. O

Proposition 4.2. The ring T = U,EIRZ- is Henselian.

Proof. Let F' € T[z] and ¢1,¢2 € T'/mr[z] be monic polynomials such that ¢; and
¢2 are relatively prime and F = 7(F) = ¢1¢3, where 7 : T — T/my is the natural
projection. We need to show that there exist monic polynomials Fy, F» € T[z] such
that 7T(F1) gbl, ( ) ¢2, and F = F1F2

Since both T = URl and T'/mp = URZ/mRi are directed unions, there exists ¢ € I
such that F € Rc[x] and ¢1, ¢ € Rc/méc.

Since RC is complete, there exist monic polynomials Fy, Fy € R;[gc] such that
7' (F1) = ¢1, @' (F2) = ¢2, and F = F1F,. Since F1, Fy € T[z], F1 and F; are the
desired polynomials. ]

Example 4.3. In general, T is not a valuation ring.

Proof. Let k be a field and R = k[z,y,2](z,y,.). We will define a valuation v on
K = Q(R) which dominates R. Let p(t) = > 2, a;t" € k[[t]] be a transcendental
series. If f € k[z,y, z] write f = 2"¢g(z,y, z) where g(z,y,0) # 0. We define

v(f) = (r, ord g(t,p(t),0)).
The value group of v is Z @ Z with the lexicographic order. Let V be the valuation
ring of v and let R; be a directed system of regular local rings satisfying (a), (b), (c)
and (d) with Ry = R. Such a system exists by Theorem 1.1. In particular, V = UR;.
We will suppose that T is a valuation ring and derive a contradiction. Let 7 be
an extension of v to Q(T) such that T is the valuation ring of 7. There is a natural

embedding of value groups

I'n=ZoZCTIy.
i € QD). U (5=5) 2 0 let f = 2. T (5= ())<Oletf y=pz) By
construction 7(f) > O so that f € T (by our assumptlon that T is a valuation ring).
Thus there exists R; such that fe R;. By our hypothesis, R; dominates R. Since
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R; is essentially of finite type over R, Q(R) = Q(R;) and R is a UFD, there exists an
ideal I C R of height > 2 and a € I with

v(a) =min{v(h) | h € I'}
such that R[Z] C V and

I
R; = R[*]mmmi]
Since I ¢ (2), we have that v(a) € {0} @ Z. Let R’ = R[L]

’ITLTQR[ N
feEQRNR, =QR)NR =R
For the last equality, c.f. Lemma 2.1 [6].

We can thus write f = ¢ with g,h € R[ ] and b & mp N IA%[ ]. Thus w(h

) =

There exists n € N such that a"g = go, a"h = ho and go,ho € R. Thus v(ho )
nv(a) + P(h) (0, m) for some m € N.

Iff=- p(m), we have zhy = (y — p(z))go implies y — p(z) divides hg in R. But

m+1 [ee)
y—p@)=(y— > am’)—a™2( > a7,
i=1 i=m-+2

Thus 7(y — p(x)) > (0,m), which is a contradiction.
If f = 2@ then (y — p(x))ho = 2go implies z divides ho in R.
This is a contradiction since v(z) = (1,0) > (0,m) = T(hg).
O

As an extension of the above example, we construct valuations v, vo of Q(E) which
extend v and dominate R such that v is an immediate extensions of v! (k(v) = k(1)
and T', =T,,) but vs is a rank 3 valuation, of higher rank than v.

We first define v1. For f € R, write

(z,9,2) = > aij(y — p(x (1)
with a;; € k[[z]]. Let
a =min{i + j | a;;(z) # 0},
b = min{ord(a;j(z)) | i +j = a}.
Set v1(f) = (a,b) € Z ® Z. v, defines a valuation on Q(R) which dominates R. We
will now verify that 14 extends v. For f € k[z,y|, write

f=> b

with each b; € klz,y]. Suppose that v(f) = (r,s). Comparing with (1), we see that

for all 7,
y) =Y ay(z)(y —plx))"
Thus we either have that b; = 0 or ag; (;é 0, since y — p(z) Jb;(x,y). Thus
a = min{j | by(e,) # 0} = .
Set g = <. We have
b = ord(ag,(z)) = ord(g(z,p(x))) = s.

1This should read “T'v; =T'W”. In fact, it can be easily checked that this is not an immediate
extension, as k(v1) is a a transcendental extension of k(v).
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Thus v;(f) = v(f). It follows that v, is an immediate extension of v 2

Now we define the extension vo. For f € R, write f = 2%g(x,y, z) where
z [ g(a,y,2). Write g(z,y,0) = (y — p(x)) h(z,y) where y — p(z) } g(z,y,0). Set
v = ord(h(z,p(z))). Define v5(f) = (o, 3,7) € Z>, where Z> has the lexicographic
order. v5 extends to a valuation of (E) which dominates R, and such that v, extends
v.

Theorem 4.4. T is a valuation ring if and only if for all i, there exists a unique
valuation ring V; with quotient field K; which dominates V and R;.

Proof. Suppose that for all i, there exists a unique valuation ring V; with quotient
field K; which dominates V' and R;. By Proposition 4.1 [14]

‘/;; = Rl[v]’rnvﬁil[v] C K?,
is a valuation ring for all 7. Let
Ve, = UV, = (URi)[V]mV(uRi)[V] C Kuo

where K, is the quotient field of T'. f € K, implies f € K; for some ¢ which implies
feV;or % € V;. Thus f € V4 or % € V. Thus V4 is a valuation ring. V C UR;

implies Vo = UR; = T, and we conclude that T is a valuation ring.

Now suppose that 7" is a valuation ring. Let m = Ump, R; be the maximal ideal of
T. Without loss of generality, we may assume that V/my is algebraic over k. For if
this is not the case, we can replace k with a rational function field k¥’ over k contained
in all of the R; such that V/my is algebraic over k'.

Suppose that for some index i, V7 is a valuation ring with quotient field K; which
dominates R; and V. We will show that there exists a valuation ring W with quotient
field K, which dominates T" and such that W7 N K; = V.

Consider the domain A = T[V;] C K. Let I C A betheideal I = (m+my,)A. We
will first establish that 1 ¢ I. If it were true that 1 € I, then there would exist an index
J > isuch that 1 € (mg; + my, )R;[V1]. Since R; — R; is birational, there exists an
ideal b C R; and = € b such that 2 C V and R; is a localization of R;[2] at a maximal
ideal. Thus RL[%] C V1 since V' .C V4. Let ¥ be a valuation of K; which has V; for its
valuation ring. We have ﬁ(]%z[%]) > 0 and 7(mg,;) > 0 since mg; = my, N R;. Thus

me, Rz[%] C my,, and V; dominates Ri[é] Thus there exists a valuation

zimpg; R,[%]
ring Uy of K such that U; N K; = V; and U; dominates Rj (as follows from page 177
of [14]). (mg, + my, )R;[Vi] C my, implies 1 ¢ (mg, + my, ) R;j[Vi]. Thus we have a
contradiction, and 1 ¢ I.

Let a be a prime ideal in A which contains I. Suppose that h € A/a. There
exists an index j such that we can write h as a class h = [>_ f,¢,] with f, € V1 and

gr € R;. We have natural inclusions Rj/ij — A/a and Vi /my, — A/a such that
h is the image of the induced map Rj/ij @rVi/my, — A/a. Thus h is algebraic
over Vi/my,, since Rj/mR]_ is finite over k. We conclude that A/a is algebraic over
Vi/my,.

There exists a valuation ring W; which contains A such that my, N A = @ and
Wi/mw, is algebraic over A/a, by Corollary 3 to Theorem 5’ of Section 4, Chapter
VI [24]. Let Wy = Wi N K;. Wy contains V4 and my, C myy, . But Wl/mW1 is
algebraic over Vi /my, since Wy /myy, is algebraic over V;/my,. Thus V; = W, by

2This should read “It follows that ry, =Ty,
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Theorem 2 of Section 3, Chapter VI [24] and Corollary 1 to Theorem 5 of Section 4,
Chapter VI [24].

We have thus proved the existence of an extension Wy of V; to K, which restricts
to V1 and dominates T'.

Continuing with the proof of the theorem, suppose that for some index i, the
extension of V' to K; which dominates RZ is not unique. There are then extensions
Vi and V5 of V to K; which dominate Rl such that V7 ¢ V5 and Vo ¢ V.

We have shown that there then exist valuation rings W7 and Ws of K, such that
TCcWinW, WinKk; =V; and WonN K; = V,. Thus Wy ¢ Wy and Wy ¢ Wi.
But this is impossible since T is a valuation ring of K., by Theorem 3, Section 3,
Chapter VI [24]. O

Corollary 4.5. T is a valuation ring if for all i there does not exist an extension of
V to K; which dominates R; of higher rank than the rank of V.

Proof. This follows from Theorem 4.4 and the remark on page 181 of [14] which shows
that if the extension of V' to K; which dominates R; is not unique then there must
be an extension of higher rank. (I

The converse to the above corollary is false, as is seen by the following simple
example. Let p(t) € k[[t]] be a transcendental power series with constant term zero.
Consider the rank 1 discrete valuation v on k(z,y) defined by the embedding of k-
algebras

k(z,y) — k<t>

generated by « = t,y = p(t) where k < t > denotes the quotient field of k[[t]]. v
dominates R = k[z,y](s,). The valuation ring V' of v extends uniquely to a rank 2
valuation ring of the quotient field of k[[x, y]] which dominates k[[z, y]]. Furthermore,
the construction gives a unique extension of V' to a rank 2 valuation ring which
dominates Q(S’ ) for any algebraic normal local ring S of k(x, y) such that V' dominates
S and S dominates R.

It follows from Theorem 4.4 that the examples in [14] of valuation rings dominating
regular local rings R which do not have unique extensions in Q(R) dominating R
generate examples where T is not a valuation ring.

5. THE PRIME IDEAL OF ELEMENTS OF INFINITE VALUE

We will assume in this section that V has rank 1, that is, the value group of V is
a (possibly nondiscrete) subgroup I" of R. Other notations and assumptions will be
as in Section 4.

Lemma 5.1. Suppose that V' has rank 1 and that R is an algebraic normal local ring
of K such that V. dominates R and f € R. Then one of the following must hold.

(1) There exists p € T such that if {f.} is any Cauchy sequence in R which
converges to f, then v(f,) = p for all n>> 0.

(2) If peT and if {fn} is any Cauchy sequence in R which converges to f, then
v(fn) > p for n> 0.

Proof. We first argue that (1) or (2) must hold for a fixed Cauchy sequence {f,} in
R which converges to f. Suppose that (2) doesn’t hold. Then there exists p € I' such
that given ng € N, there exists m > ng such that v(f7) < p. Let ¢ € N be such that
iv(mpg) > p, and let ng be such that f,, — f,, € m% if m,n > ng. There exists 7 > ng
such that v(fz) < p. Then v(f,) = v(fz) if n > ng, so (1) holds for {f,}.
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If {f.} and {g;} are two distinct Cauchy sequences in R which converge to f, then
for all ¢ € N, there exists n(i) such that f, — g € m'; if n,l > n(:). Thus (1)(or (2))
holds for {f,} if and only if (1) (or (2)) holds for {g;}. O

Definition 5.2. Let R be as in the statement of Lemma 5.1. Let

{f € R|(2) of Lemma 5.1 holds for a Cauchy sequence {f,} in R which converges to f}

Lemma 5.3. Let R be as in the statement of Lemma 5.1. Then
(1) p(R)oo is a prime ideal of R such that p(R)s N R = (0).
(2) There exists a unique extension U of v to the quotient field K of R/p(]:?)oo
which dominates R. Let V be the valuation ring of 7. Then (V,K) is an

immediate extension of (V, K). That is, I';; = 'y and k(V) = k(V).

Proof. The facts that p(R)e is prime and p(R)e N R = (0) are immediate from
Lemma 5.1. Suppose that 0 # f + p(R)os € R/p(R)se. We can find a Cauchy
sequence {f,} in R such that {f,} satisfies (1) of Lemma 5.1 and {f,} converges to
f- Let p =v(f,) for n >> 0. We necessarily have that 7(g) = pif g = f—l—p(f%)oo. O

By a classical abuse of notation, we will say that v(f) = oo if f € p(]:?)oo.

6. SIMULTANEOUS RESOLUTION OF Poo

Definition 6.1. Suppose that R is a normal local ring which is essentially of finite
type over a field k of characteristic zero, with quotient field K. A normal uniformizing
transformation sequence (NUTS) is a sequence of ring homomorphisms

R—>Tg—>To

£/ — \ —
T —- T, — T
l—/ —1 ~ —
Ty — Ty — To
! N (2)
l—/ —1 —_
T, — T, — T,

such that Ty = R, the completion of R with respect to its maximal ideal, and for all
i, T; 1s the completion with respect to its mazimal ideal of a birational extension T;
ofT;LI. For all 1, T; is a mormal local ring, Tg is a normal local ring, essentially of
finite type over T; with quotient field K; such that T? - T;I C T; and Ky is a finite
extension of K, K;y1 is a finite extension of K; for all i > 0.

Definition 6.1 is the extension of the definition of a UTS in Chapter 3 of [6] to
normal local rings.

To simplify notation, we will often denote the NUTS (2) by (R, T;:;Tn) or by
R—Ty—T1—T,.
We will denote the NUTS consisting of the maps
T;—l - TZ—I — Tp

/ —

T — T

n

N\
- T,

n
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by Tn—l — Tn

Suppose that v is a rank 1 k-valuation of K, and R is dominated by v. Suppose
that 7 is an extension of v to the quotient field of T',, which dominates T',,. Then we
will say that To — T, is a NUTS along v. When there is no danger of confusion, we
will denote 7 by v.

We define

p(Tn)oo = {f € Tn ‘ P(f) = oo},
MT,) = MT,) = dim Ty /p(T) .
We define R R
A(R) = MTo) = dim R/p(R)so-

Lemma 6.2. Suppose that
T—T(1)— - —T(t)

is a NUTS along v. Then X(T) > X(T'(t)).

Lemma 6.2 is the generalization of Lemma 6.3 of [8] to a NUTS. The proof is the
same.
Let V be the valuation ring (in K) of v and let

Av = min {A(R) | R is a normal algebraic local ring of K which is dominated by V}.

Theorem 6.3. There exists an algebraic regular local ring R of K such that if
(Rl,TN(t),T(t)) is a NUTS along v with Ry an algebraic normal local ring of K
such that R, dominates R, then

AT(t) = Ay

Proof. Suppose that R is an algebraic normal local ring such that A(R) = Ay. Let
R be an algebraic regular local ring of K such that R dominates R and V dominates
R. AM(R) = Ay by Lemma 6.2. Suppose that (Rl,TN(t),T(t)) is a NUTS along v
with, R; an algebraic normal local ring of K such that R; dominates R. We have
A(R1) = Ay and A\(T(t)) < Ay by Lemma 6.2. Let L be the quotient field of T/I(t). L
is a finite extension of K. By Theorem 4.2 [9] there exists an algebraic normal local
ring Rg of K and an algebraic regular local ring 75 of L such that our extension of
V to L dominates Ty, T5 dominates T//(t), Ty dominates R3 and R3 dominates Ry,
with the property that T5 is finite over Rs. Since p(Tg)OC N Ry = p(l’%g)o07 we have
that A(R3) = A(T2). By Lemma 6.2,

Ay = A(R1) 2 AT () > MT2) = A(Rs) = Av.
O

Theorem 6.4. Suppose that K* is a finite field extension of K and v* is an extension
of v to K*. Then Ay~ = Ay and there exists an algebraic regular local ring R of K such
that the conclusions of Theorem 6.3 hold with R = R and if S is an algebraic normal
local ring of K* which is dominated by V* and dominates R, and (S, T//(t),T(t)) is
a NUTS along v*, then \(T(t)) = A\y.

Proof. Let R be the regular local ring of the conclusions of Theorem 6.3. Let S; be a
normal algebraic local ring of K* such that V* dominates S; and A\(S1) = Ay-. Let
S be an algebraic regular local ring such that V* dominates S, S dominates S; and
Sy dominates R. By Lemma 6.2, A\(S3) = Ay+. By Theorem 4.2 [9] there exists an
algebraic normal local ring Ry of K and an algebraic regular local ring S5 of K* such

that V* dominates S3, S3 dominates S, S3 dominates Ry and R; dominates R, with
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the property that S is finite over Ry. Since p(S95)se N Ry = p(R1)so, A(R1) = A(S53).
By Theorem 6.3 and Lemma 6.2,

Av = A(R1) = A(S5) = A(S2) = Ay

By Lemma 5.3 [9] there exists an algebraic regular local ring R of K such that V
dominates R, R dominates R and if S is an algebraic normal local ring of K* which
is dominated by V* and which contains R, then S dominates Ss.

By Theorem 6.3 applied to S C K* which dominates S5, the conclusions of Theo-
rem 6.4 hold. 0

We now state a generalization of Theorem 5.1 [6] which resolves the prime ideal of
infinite value terms.

Theorem 6.5. Let k be a field of characteristic zero, K an algebraic function field,
K* a finite algebraic extension of K, v* a k-valuation of K*, v =v* | K, such that
rank v =1, rat rank v = s and

s< A=Ay <n,

where V' is the valuation ring of v and n = trdeg, K — trdegiV/my . Suppose that S*
is an algebraic local Ting with quotient field K* which is dominated by v* and R* is
an algebraic local ring with quotient field K which is dominated by S*. Let V* be the
valuation ring of v*. Then there exists a commutative diagram

Ry — S cV~

T T
R - 9

where S* — S and R* — Ry are sequences of monoidal transforms along v* such that
Ry has reqular parameters (z1,...,2,) and S has reqular parameters (yi1,... ,Yn)
such that there are units 61,...,0s € S and a s x s matric A = (a;5) of natural
numbers such that det(A) # 0,

1 =yt Yooy

Ts =Yy (3)
Ts+1 — Ys+1

Ln = Yn

and {v(x1),... ,v(xs)}, {v(y1),...,v(ys)} are rational bases of T, @ Q =T, ® Q.
Furthermore,

P(Ro)oo = (g1,--- ,9n—2)
with
gi = Tsyi mod m(Rg)?
for1<i<n-—A, and

p(S)oo = p(R0>ooS
are reqular primes.
Remark 6.6. Suppose that in the hypothesis of Theorem 6.5 we further assume that

R* — S* is such that R* and S* have regular parameters (x3,...,x%), (Y5,...,y5)
satisfying (3) and such that {v(z7),... ,v(z)}, {v(Y]),... ,v(y})} are rational bases
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of T, ® Q =T, ® Q. Then in the conclusions of Theorem 6.5 we further have that
there exist b;(i) € N, units o; € Ry such that

w _bi(d) bs(5)
xf =" a2V

for 1 < i <s and there exist c;(i) € N, units 3; € S such that

yi =9y,

for1 <i<s.
This follows since all transformations in the proof of Theorem 6.5 are “CUTS in
the first n variables” (page 49 [6]).

Proof. (of Theorem 6.5). Let R be the regular local ring of the conclusions of Theorem
6.4. We first construct a commutative diagram

R, —- S cCV*
T T
R* — S
such that the conclusions of Theorem 5.1 [6] hold, and R; dominates R. Let R = Ry,

T' = Ry and T = Ry. We will now show that we can construct a CUTS T — T(t)
along v, which is in the first n variables (with the notation of Theorem 4.7 of [6]),
such that p(T(t))so has the form of (53) of page 49 of [6],

p(T(t))oo = (zr(l)(t) - Qr(l) (zl (t)7 s 727’(1)71@))7 s azr(nf)\) (t) - Qr(nf)\) (El (t)a ce -

with s <7(1) <r(2) <--- <r(n—A) <n and such that for 1 <i<n—J,
Qrisy = 21 (O Tz ()4 Dy,

where wu,(;) is a unit series in Z1 (%), ... ,Z.;)(t) with coefficients in k(co, ... ,c;) (with
the notation of (53) of page 49 of [6]).

The construction of T — T(t) follows from the proof of (53) of [6], with the insertion
of the following at the bottom of page 54. “Since v(Qm) = v(Zm(t)) < co we can per-
form by (54) [6] a UTS in the first m — 1 variables to get Qm = Z1(t')** -+ - Z:(t)) **umz
where um € k(co, ... ,c)[[Z1(t), ... ,Zm—1(t')]] is a unit series”.

Set S =6, U =81, U =258. We can now construct a CUTS U — U(t') so
that (B, T ('), T(#)) and (S1, T (¢'),U(t')) is a CUTS along v*, by Lemma 4.3 and
Lemma 4.4 [6].

S<i\t 3;(Z1 (), Ze (1) = Zoy () = Quiy(Z1(t), -+ Zp(ya (') for 1 < j <
n— A\

We will now show that the strict transform of p(Ry)ee in T(t') is p(T(t'))os. It
suffices to show that the strict transform of p(R1)so in T(1) is p(T(1))so. Then the
result follows by induction on #'. Let p = p(R1)es. There exists an ideal I in Ry,

—

f €I, and a maximal ideal n in ]A%l[ﬂ such that T(1) = R1[§]n. Let

P U2, (muﬁn : P‘Rl[ﬁn)

be the strict transform of p in R; [%]n P#R [%]n since the strict transform in R, [%]n
of an element of infinite value must have infinite value. p is a prime ideal in Rl[ﬁn,
and

Rafp— R1[§1n/p

; 27"(717)\)71 (t)))
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is birational (Section 0.2 [13], Corollary I1.7.15 [12]).
pT(1) is a prime contained in p(T(1))s and dim T'(1)/p(
(since Ry contains R). Thus pT(1) = (T(l))oo.

Hence there exist f1,..., fax € p(R1)oo, €1(i),... ,cs(i) € Nfor 1 < i <n— X
and b;; € T(t') such that det(b;;) is a unit in T(t'), fi = M(En,/\b”gj) where
M; =7z ()@ .z, ()% for 1 <i<n— \and

P(T(t)) oo = (Af;l , AJZ;—AA) .

Let m be a positive integer such that

Thus dim T'(1)/pT(1) = A.
T(1))s = A by Theorem 6.4

> WExii<n-ar(Zrp (1)) Jt (maxs <i<n—ar(Mi)) 5)
v(m(T(t')))
By Theorem 4.8 [6] (with | = n) there exists a CRUTS along v, (R1, R1,T(t')) and
(S1,51,U(t')) with associated MTSs

S — S)

T T
R — R()

such that (with the notation of Theorem 4.8 [6])

= Mi(z by @ (t), .. Ta(t)F5 (@1 (), Ty () + hi € P(R(E))oo

with M; = Ty ()@ - - 2(')* D, h; € m(T(#'))™ (where m is the integer of (5)) for
1 <4 < n— A, and such that (by (A3) of page 83 of [6]) v(z:(¢')) = v(Z;(¥)) for
1<i<n,and
v(Zo) (1) = v(@riy (21 (), Zri -1 (1))
= V(Qr (i) (El( ) s 7fr(i)—1(t/)))
= V(T (1))
for1<i<n-—A\
Now we perform the MTS
Si) — S
T 1
R({') — R
of the proof of Theorem 4.9 [6] (with [ = n). Because of the form of the g;, we have
for1<j<n-—A\
g =71 (t//)ln(j) T (t//)bs(j)gj

where
9, = Ay (1) mod (T(t"), .., Ty () R + m(R(E")?
for some nonzero d; € R(t")/m(R(t")), where
(@ (") -z (1)) = w(@ ) (1) = v(Ee( (1)) (6)
We further have
Ei _ 7 (t//)el(i) . 'fs(t”)es(i)ﬁi

for 1 <i<n—\with h; € R(t’) and
v(@ ()@ T () D) > max v(Z,;) (1) (7)
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for 1 < j <n—X\by (5). By Lemma 4.2 [6], (6) and (7), we can further choose the
final CUTS of type (M1) (on the top of page 89 of [6]) so that

ej(z') > maxlgagn_xbj(a)

forl<j<sand1<i<n-—A\
Let A = (bj;)~', a matrix with coefficients in R(t").

S -
Mll g +di
Al =
Tn=a Gn-x +dn_x
Moy T T

where for 1 <i <n —
di =T (t//)bl(i)'i‘l .. .fs(t”)bs(i)-i-lal_
for some d; € R(t"). Thus
9i=7; +d; € p(R(t"))oo

and

9i = diT, i (") mod (@1 ("), ..., Tpy—1 (")) R({E") +m(R(t"))>.
Thus (g1,...,9n—x) is a complete intersection and a regular prime ideal in R(t”).
Since A(R(t")) = A (by Theorem 6.3), we have that (g1,...,gn—)) is a basis of

P(R(t"))oo. Since (g1,. .., gn-x)S(t") is a prime ideal and A\(S(¢")) = A (by Theorem
6.4), it follows that p(R(t"))soS (") = p(S(t"))se-

We can now make a change of variables in the regular parameters (21 ("), ... ,z,(t"))
and (y1(t"),... ,yn(t")) of the proof of Theorem 4.9 [6] to get the desired forms of
the g;.

{v(x1),...,v(zs)} and {v*(y1),...,v*(ys)} are rational bases of I'* @ Q by the
construction of the sequence R* — Ry and S* — S. ([l

7. RANK 1 VALUATIONS

Let notations be as in Section 4. Further assume that V has rank 1. Consider our
directed set {R; | i € I'} satisfying (a), (b), (¢) and (d). For i € I, we define

pi =p(Ri)oe = {f € Ri| v(f) = o0},

For ¢ < j, the natural inclusions R, — Rj induce inclusions R; /pi — ]%j /pj. Thus
{R;/pi | i € I'} is a directed system, and we have a local domain

T = hmRZ/pl = URi/pi.
Let Ko be the quotient field of T.

Lemma 7.1. Suppose that V has rank 1. Then the ring T = UieIRi/pi does not
depend on the directed system of rings {R; | i € I} satisfying (a), (b), (¢) and (d).

Proof. The proof is essentially the same as that of Lemma 4.1. We must observe
that the inclusion R; — S; of the proof of Lemma 4.1 induces a natural inclusion

Ri/piﬁgj/qj,where qj:{fegj | v(f) = oo}. -

Theorem 7.2 is a generalization of Zariski’s local uniformization theorem [23]. Our
proof is an extension in rank 1 of the proof for general rank in [9, 6.2]. We incorporate
the conclusions of Theorem 6.5 which resolves the prime ideal of infinite value terms.
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Theorem 7.2. Let k be a field of characteristic zero, K an algebraic function field

over k, and let v be a rank 1 k-valuation of K, of rational rank s, with valuation ring
V. Let

n = trdegy K — trdegpV/my,

A = Ay (defined before Theorem 6.5).
Then there exists a partially ordered set I and algebraic regular local rings {R; |
i € I} with quotient field K which are dominated by V' such that

V = hmR] = Uje]Rj

and R; has regular parameters (z1(j), ... ,xn(j)) such that
(1)
{V($1(j))7 cee >V(‘Ts(j)}

s a rational basis of I ® Q.
(2) If j < k € I then there are relations

zi(§) = [ Jau(k)*6; (8)
I=1

for1 <i < s where d; € Ry are units. The s x s matriz D(j,k) = (d;;) of (8)
has nonzero determinant.
(3) The prime ideal

Pi =p(Rj)oo = {f € Rj | v(f) = 00} = (91(4); -, gn-r())
with
9:(§) = @44(j) mod m(R;)*.

In particular, p; is a regular prime.
(4) For j €I, let Aj be the free Z-module Aj =7 v(xi(j))Z. Then

I'= hmAJ = UjEIAj~

Proof. Let R* be an algebraic regular local ring such that V' dominates R*. By
Theorem 6.5 (with K = K* and R* = S*), there exists a sequence of monoidal
transforms R* — Ry along V such that (1) and (3) of this theorem hold on Ry.

Suppose that m is a positive integer and f = (f1,..., fm) € V™. We will construct
a sequence of monoidal transforms Ry — Ry along V' such that fi,..., fm, € Ry, (1)
and (3) of this theorem hold for Ry and (2) of this theorem holds for Ry — Ry. We
will further have v(f1),...,v(fm) € Ay.

By Theorem 4.9 [9] with the R*, S* of the statement of Theorem 4.9 set as R* =
S* = Ry, and v; = ;(0) if 1 < i < s, and vs41 = f1,... ,Vs4m = [fm, there
exists a sequence of monoidal transforms Ry — R; along V such that (1) of this
theorem holds for Ry, (2) of this theorem holds for Ry — Ry, f1,...,fm € Ry and
v(z1),...,v(xs) € A;. By Theorem 6.5 (with K = K*, R* = §*) and Remark 6.6,
there exists a sequence of monoidal transforms Ry — R along V' such that (1), (2)
and (3) of this theorem hold for Ry — Ry and v(f1),...,v(fm) € Ay. We have
detD(0, f) # 0 since {v(z;(0)) | 1 < i < s} and {v(z;(f)) | 1 < i < s} are two bases
of ' ® Q.

Let I = Upen, V™ be the disjoint union. For f € I we construct Ry as above. If
f =0 we let Ry be the Ry constructed above. Define a partial order on I by f < g if
Rf - Rg.
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Suppose that R, C Rg. We have Ry C R, C Rg.
2;(0) = [T 20
j=1
for 1 <i < s with §; a unit in R, and
2:(0) = [[ =;(8)" e
j=1
for 1 <7 < s with ¢; a unit in Rg. Thus in Rg there are factorizations
zi(o) = [ (8 x
=1

for 1 <i < sand \; a unit in Rg. We have det(D(«, 3)) # 0 since (1) holds for R,
and Rg. Thus (2) holds for R, — Rg. To show that V = lim_, R;, we must verify
that I is a directed set. That is, for «, 3 € I, there exists v € I such that R, C R,
and Rg C R,.

There exists f1,...,f: € V such that if A = k[f1,...,ft], m = AN my then
R, = A,,. There exists g1,...,gn € V such that if B = k[g1,... ,9n], n = BNmy
then Rg = B,,. Set v = (f1,..., ft,91,... ,9n). By construction, A, B C R,. Since
my N R, = m, is the maximal ideal of R,, we have R,, Rg C R,.

(4) holds by our construction, since v(f) € Ay if f € V. O

Theorem 7.3. Suppose that V' has rank 1 and k has characteristic zero. Then the
ring T = User(R;/p;) is a valuation ring.
Proof. Let s denote the rational rank of v. By Lemma 7.1 we can assume that the
rings R;’s are as in Theorem 7.2. R; has regular parameters x1(i),...,2,(7) and
R, = Ri/m}%[[ml(i),...,:zzn(i)]].

Let f € R;. We recall that if v(f) < oo, then by Theorem 4.8 and Theorem 4.10
[6] after a MTS R; — R(1) along v

f=m )"z (D) B u(@(1),... , Fn(1))
where Z(1), ... ,%,(1) are regular parameters in the ring R(1), v(Z(1)),... ,v(Ts(1))

are rationally independent and u € R(1) is a unit power series. Further, there exist
units a; € R(1) such that

(i) = z (1)) .. .fs(l)ﬂs(j)aj

for1<j<s.

Let h € Q(T). We want to show that either h € T, or 1/h € T. So it suffices
to show that if v(h) > 0, then h € T. Write h = a/b where a € UieIRi/pi and
0#b¢€ Uig]%i/pi. Then a € ]i;j/pj for some j € I, and b € Rk/pk for some k € I.
After a MTS R; — R(1) along v we have

a = Tl(l)dl o 'fs(l)dsu(fl(l)ﬂ s ajn(l))

—

where 71 (1),... ,%,(1) are regular parameters in the ring R(1) and u € R(1) is a
unit. Further, there exist units a;; € R(1) such that
23() =T (A0 7,14 Oa, )

for1 <j<s.
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After another MTS Ry — R(2) along v we have
b=m1(2)° - Ts(2)% U (T1(2), ... ,Tn(2))

where T1(2),...,7,(2) are regular parameters in the ring R(2) and v/ € R(2) is a
unit. Further, there exist units v; € R(2) such that

2i(k) = 71207, (2O (10)

for1 <j<s.

We have that R(1) = Elfi,- s fmlmyoklfr,... f] for some fi,..., f,, € V, and
R(2) = kg1, - -, Inlmynklgr.....gn) for some g1,...,g, € V.

Let ¢ = (f1,- oy fmsG1y---,9n) € V™™ Let R, be constructed as in the proof of
Theorem 7.2. Then R. € U;erR; and R(1) C R, R(2) C R,.. The ring R. has regular
parameters x1(c),...,zy(c) and by (2) of Theorem 7.2 and (9) and (10) the “good
form” of a and b is preserved in R.:

a=z1(c)"...zs(c)*u(z1(c),...,2n(c))

b=uaz1(c)" ... zs(c) @ (z1(c), ..., 2n(c))

where % and @ are units in R..

Let g = x1(c)® ... 25(c)% /z1(c) ... 24(c)?. Since g € K = Q(R.) and v(g) =
v(h) > 0, we have that g € V and g € R, which is in the directed system I. We have
g=z1(9)"" ... 25(g)*w(z1(g),...2,(g)) with f; > 0 for every i and w a unit in R,.
There exists v € I such that R. C R, and R, C Ry. Then

h=az(y)" .. as(y) = w0(z1(y), - 2a(7)),
with ¢; > 0 for every i and w a unit in ]/%,y. Hence h € ]/%7 andsoheT. O

Theorem 7.4. Suppose that V has rank 1 and k has characteristic zero. Then
(1) (T,Q(T)) is an Henselian immediate extension of (V, K).
(2) There exists a directed system of regular local rings {R;} satisfying (a), (b),
(¢), and (d) such that each R;/p; is a regular local ring, and T = UR; /p;.

Proof. Let K; be the quotient field of f%i/pi. Then for all i € I, (T N K;, K;) is
an immediate extension of (V, K) by Lemma 5.3. Thus (T,Q(T)) is an immediate
extension of (V, K).

By an extension of Proposition 4.2, T is Henselian.

Statement (2) follows from the construction of Theorem 7.2. O

Suppose that W is a rank 1 valuation ring, with valuation w. Let ¢(x) = e~*(®)
for x € L = Q(W). A sequence (z;);en of elements of L is ¢-Cauchy if given € > 0,
there exists ng such that ¢(z, —x.,) < € for all m,n > ng (Section 2, [10]). W is said
to be complete if all ¢-Cauchy sequences (x;) converge to an x € L.

Example 7.5. Even if V has rank 1 and T =T is a valuation ring, (which necessarily
has residue field k(T) = k(V) and value group Ty = T'1), (T, Ks) is not in general
complete. In particular, it is not a mazimal immediate extension (in the sense of
Krull [18] and Kaplansky [16]).

Proof. Let K = k(x,y) be a rational function field in two variables over a field k
of characteristic zero. Let R = k[z,9y](,,). Let v be the rank one valuation of K
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with nondiscrete value group which we can take to be Q and residue field k£ which
dominates R constructed in Example 3, page 102 of [24]. Let

R— R —Ry— - — R — -

be the system of regular local rings for ¢ € N of the construction such that UR; =V
is the valuation ring of v.

We will first establish that T = UR; is a valuation ring with residue field k(V) and
value group Q. For any fixed i, let ¢; = {f € R; | v(f) = o}. By Lemma 5.3 v
extends uniquely to a valuation of Q(ﬁl /qi) which dominates R; /q; and has residue
field k& and value group Q. If ¢; # (0), then R; /q; is a 1 dimensional excellent local
ring, so the only valuation rings of Q(R;/¢;) which dominate R;/q; are discrete, which
is a contradiction. Thus ¢; = 0. By Theorems 7.3 and 7.4, T =T is a valuation ring
with value group Q and residue field k.

In each regular local ring R; there is the sequence of all valuation ideals

s CI,(i) C - C () C Io(i) = m(R;) C R;.
Let p;j (i) = v(I;(7)). For fixed j, lim;j_op;(i) = 0o (c.f. Lemma 2.3 [6]). Notice that
UienUjen {p; (i)} = Q4+, but arbitrarily large elements of Q. are not in Ujen{p;(¢)}
for a fixed i since Ujen{p;(?)} is not discrete.

We can inductively construct for all i € N, (i), A(i) € N and a; € I5;)(o(é)) such
that i < o(i), o(i — 1) < 0(i), v(a;) = prq) (o (7)),

v(a;) > max {px)(a(0)),...,paa—1)(o(i —1)),i},

and px(i)(0(7)) & Ur<o(i) Yjen {p;(k)} for every i.
For i € N, set a; = a1 + --- + a;. For i < j, we have

V(Oéj — Oéi) = Z/(ClH_l) > 1.

Thus {a;} is a ¢-Cauchy sequence. Suppose that there exists a limit 7 € Ko, of {a;}.
Then

V(T — i) = pag+n(o(i + 1)) (11)
for all ¢, by the definition of a limit. We have 7 € T so that 7 € Ro(i) for some 1.

Thus 7 —oy; € ]?g(i). But by (11) we have that v(7 — ;) is not the value of an element
of Ra(i), a contradiction. O

8. RAMIFICATION OF COMPLETIONS OF RANK 1 VALUATION RINGS

Theorem 8.1 is a generalization of Theorem 6.3 [9], which resolves the prime ideal
of infinite value terms.

Theorem 8.1. Let k be a field of characteristic zero, K an algebraic function field
over k, K* a finite algebraic extension of K, V* a rank 1 k-valuation ring of K* of
rational rank s, V. =V* N K. Let

e=[":T]
be the ramification index of V* relative to V,
f = [V*/mv* : V/mv]

be the residue degree of V* relative to V', and let T be a primitive element of V* /my «
over V/my . Let

n = trdegy K* — trdeg,V* /my~ = trdegpy K — trdegpV/my,
A=Ay = Ay~ (as shown in Theorem 6.4).
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Then there exists a partially ordered set I and algebraic reqular local rings {S; | i €
I} with quotient field K* which are dominated by V* where S; has reqular parameters

(v1(5), -

(1)

(2)

3)

,Yn(J)) such that

(), v (ws ()}
s a rational basis of T'* ® Q.

For all k € I there exist algebraic regular local rings Ro(k) with quotient field
K which are dominated by V such that there exist factorizations

Ro(k) — Rk — Sk

so that there are regular parameters (x1(k), ..., xn(k)) in Ro(k), units §1(k), . ..
Sk and a s x s matriz A(k) = (ai;(k)) of nonnegative integers such that
det(A(k)) # 0 and

x1(k) — yl(k)au(k) .. .ys(k)als(k)él(k)

z4(k) : yl(k)asl(k) . ..ys(k)ass(k)(ss(k)
Tsi1(k) = ysy1(k)

ra(k) = ynlk).

Ry is a normal local ring with quotient field K (which is obtained by a
toric blowup of Ro(k)) such that Sy is a localization at a maximal ideal of the
integral closure of Ry in K*. The prime ideals

pi =P(Rj)se ={f € B | v(f) = 00} = (91(4), - » gn-2(4))
with
9i(j) = @54i(j) mod m(R;)?
and

45 = P(5j)o0 = ()05 = (91(4); -+ » Gn-2(4))
with
9:(J) = Ys1(j) mod m(S;)*.
Furthermore, there are isomorphisms of abelian groups

/T = 75/ A(k)Z°,

[Sk/ms, : Ri/mp,] = f, | det(A(k)) |= e, [QF(Sk): QF(Ry)] = ef
and Si/ms, = Ri/mpg,[T].

Let k' be an algebraic closure of V* /my . Suppose that j < k € I.
(a) There are relations

yi(4) = [ ] ve(k)“ e (13)

where d;. are natural numbers and €; € Sy is a unit for 1 < i <s. Let
D(j,k) be the s x s matriz of (13). Then det(D(j,k)) # 0.
(b) There exists a commutative diagram

R, — Sk

1 1 (14)
Rj — Sj
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c) We have actions of I'* /T on S@S me K such that
785 /ms;
(Sj®sy‘/msj k/)F*/F = Rj@Rj/ij K

for all j, and this action is compatible with restriction.
We have an isomorphism

i@, fms, K =K1 () T (D]
where §1(3), ..., Y, (4) are defined by
() :{ 71(G) D g () f1<i<s
v:(J) ifs+1<i<n
Let (ba’g(j))A: adjA(j) and w be a primitive e-th root of unity. The action
of T*/T on Sj®5j/msj E =2 K{g,4),--,9,4)]] is defined for
c€Z°/A(J)Z® = T*)T

by
oc(Ta(j)) = “’Zﬂ:lb“’ﬁ(j)cﬁ?a(j) ifl<a<s
o Ya(d) ifs+1<j<n.
(4)
V*=lmS; = U;erS;
and

V= hmRJ = UjejRj.

For j € I, let Aj be the free Z module Aj = Y ;_  v(xi(4))Z, and let Q; be
the free Z module Q; = >"°_, v*(yi(§))Z. Then

I' = lim Aj = UjEIAj

and
' = th] = UjGIQj~

Proof. Suppose that R’ is the regular local ring of Theorem 6.1 [9], and R is the
regular local ring of Theorem 6.4. By Theorem 6.1 [9], there exists a sequence of local
rings

Ry(0) — Ro — So
such that R’ C Ry(0), R C Ry(0) and the conclusions of Theorem 6.3 [9] and Theorem
6.5 hold for this sequence. In particular, (1) and (2) of the theorem hold for Ry(0) —
Ry — Sp and p(So)oo, p(]fio)oo have the desired form.

Suppose that m is a positive integer, f = (f1,..., fm) € (V*)™. Set u; = 3;(0),
1<i<n. Setupy;=fiforl<i<m. If fy e V*NK =V, also set v; = f;.

By Theorem 4.9 [9] and Theorem 6.1 [9], with the R*, S* in the assumptions of
Theorem 4.9 [9] set as R* = Ry(0), S* = Sy, and with the {u;} and {v;} defined as
above, and then applying Theorem 6.5 (and Remark 6.6), there exists a commutative
diagram

Ro(f) — Ry — 5f
T T
Ro(0) — So
such that the vertical arrows are sequences of monoidal transforms along V*, (1) and
(2) of this theorem hold for
Ro(f) = Ry — S
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and (3)(a) of this theorem holds for

Ry — S
f T
RO — S()

We have that det(D(0, f)) # 0 since (1) holds for Sy and Sy. Define a partial ordering
on I = Upen, (V)™ by f < gif Sy C S;. We will associate to 0 € V* the sequence
Ry(0) — Ry — Sy constructed in the beginning of the proof. Suppose that a < .
We have
So C Sq C Sp
so the proof of (2) of Theorem 7.2 shows that (3)(a) of this Theorem holds for «, 3.
(3)(b) holds since
RQZSQOKCSBHK:RB.

(3)(c) is immediate, since the conclusions of Theorem 6.1 [9] hold. In particular, (11)
of Theorem 4.7 [9] holds.

Finally, we will establish (4) of the Theorem. By construction, V* = U;¢;S;. If
feV,wehave f € Sy N K = Ry, thus V = Ujer R;. By construction, Ujer2; =1,
since v*(f) € Qg for f € V*. We also have UjerA; =T, since v(f) € Ay for f € V.
I is a directed set as shown in the proof of Theorem 7.2. [

Theorem 8.2. Let assumptions be as in Theorem 8.1. There exists a partially ordered
set I and algebraic regular local rings {S; | ¢ € I} with quotient field K* which are
dominated by V* and algebraic local rings with toric singularities {R; | i € I} such
that

(1)
V*=1lm§S; = UierS;, V =lim R; = U;er R;
and each S; is a localization at a mazimal ideal of the integral closure of R;
in K*.
(2) S;/p(Sj)se are regular local rings for all j and

T* =1im 8, /p(5;) s
is a Henselian valuation ring such that (T*, Q(T™)) is an immediate extension

of (V*,K*).
(3) R;j/p(Rj)oc has normal toric singularities for all j and

T = lim Rj/p(Rj)oo

is a Henselian valuation ring such that (T, Q(T)) is an immediate extension
of (V,K).

(4) Further suppose that k = V*/my~« is algebraically closed (of characteristic
zero). Then the action of T* /T on Sj by k-algebra isomorphisms extends to
an action of T*/T on S;/p(S;)ee, and an action of T*/T on T* such that
Ry [p(Ry)oe = (8/p(S))oc) /¥ and T = (T7)F.

Proof. The theorem follows from Theorems 8.1, 7.3 and 7.4. The fact that p(S’j)oo is
fixed by I'*/T" follows from (2) of Theorem 8.1. O

Now the proof of Theorem 1.3 follows from Theorem 8.2. The proof that Q(U™*) is
Galois over Q(U) is as in Theorem 1.2.
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