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ABSTRACT. A concise, complete proof of resolution of singularities of 3-folds in
positive characteristic > 5 is given. Abhyankar first proved this theorem in 1966.

1. INTRODUCTION

The purpose of this paper is to give a complete proof of resolution of singularities
of 3-folds in positive characteristic which is concise. The paper is essentially self
contained, and includes proofs of resolution of singularities of curves and surfaces in
positive characteristic.

Resolution of singularities of algebraic varieties over fields of characteristic zero
was solved in all dimensions in a very complete form by Hironaka [H1] in 1964.

Resolution of singularities of varieties over fields of positive characteristic is sig-
nificantly harder. One explanation for this is the lack of “hypersurfaces of maximal
contact” in positive characteristic, which is the main technique used in characteris-
tic zero proofs to reduce to a lower dimension (“Maximal contact and approximate
manifolds” of this introduction and Sections 6.2 and 7.4 [C2]).

There are several proofs of resolution of singularities of surfaces in positive char-
acteristic. The first one is by Abhyankar [Abl] which appeared in 1955. There are
later proofs by Hironaka, outlined in his notes [H2], and by Lipman [L2] for excellent
surfaces.

Abhyankar proved resolution of singularities of positive characterisitic 3-folds in
1966. The proof appears in his book [Ab7] and the papers [Ab5], [Ab6], [AbS] and
[Ab9]. The entire proof is extremely long and difficult. It encompasses 508 pages.

Within the last few years there has been a resurgence of interest in resolution in
positive characteristic. Some papers making progress on resolution in positive charac-
teristic are Cossart [Col], [Co2], [Co3], [Cod], Giraud [G], Hauser [Haul], de Jong [Jo],
Hironaka [H9], Kawanoue [Ka], Kawanoue and Matsuki [KM], Kuhlmann [Ku], Moh
[M], Piltant [P], Spivakovsky [S] and Teissier [T]. Several simplifications of Hironaka’s
proof of characteristic zero resolution have appeared, making the proof quite acces-
sible now, including Abramovich and de Jong [AJo], Bierstone and Milman [BrM],
Bogomolov and Pantev [BP], Bravo, Encinas and Villamayor [BEV], Encinas and
Hauser [EH], Encinas and Villamayor [EV], Hauser [Hau2], Kollar [Ko], Villamayor
[V], Wlodarczyk [W].

Most recently, Cossart and Piltant [CP1], [CP2] have proved resolution of singu-
larities for a 3-fold over an arbitrary field. The proof is extremely long and difficult.

We give a self contained and concise proof of the following theorem in this paper.

Theorem 1.1. Suppose that V is a projective variety of dimension 3 over an alge-
braically closed field k of characteristic # 2,3 or 5. Then there exists a nonsingular
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projective variety W and a birational morphism ¢ : W — V| which is an isomorphism
above the nonsingular locus of V.

The restrictions on the field k in the statement of Theorem 1.1 are those of Ab-
hyankar’s original statement.

It is our hope that this paper will motivate study of the fundamental open problems
in resolution. Our proof could have been written in 1967, as it only makes use of
methods known at that time.

Essential ingredients in the proof are the following theorems on embedded resolu-
tion of surface singularities.

Theorem 1.2. (Embedded resolution of surface singularities) Suppose that V is a
nonsingular 3-dimensional variety over an algebraically closed field k, S is a reduced
surface (a pure 2-dimensional reduced closed subscheme) in V and E is a simple
normal crossings divisor on V. Then there exists a sequence of blow ups

A A e

such that the strict transform Sy, of S on Vi, is nonsingular, and the divisor 7*(S+ E)
is a simple normal crossings divisor on S,,. Further, each V; — V;_1 is the blow up
of a point or nonsingular curve in the locus in V;_1 where the preimage of S + E is
not a stimple normal crossings divisor.

An effective divisor is a simple normal crossings divisor if its components are non-
singular and intersect transversely (Section 4). The morphisms V; — V;_; of Theorem
1.2 are required to be permissible (Definition 5.5). In particular, the centers blown
up are required to be transversal to the preimage of F.

Theorem 1.3. (Principalization of ideals) Suppose that V is a nonsingular 8 dimen-
stonal variety over an algebraically closed field k and T C Oy is a nonzero ideal sheaf
on V. Then there exists a sequence of blow ups

VnHVn—IH"'HV

such that TOv;, is locally principal. Further, each V; — Vi_y is the blow up of a point
or nonsingular curve in the locus in V;_1 where ZOy,_, 1is not invertible.

Theorems 1.2 and 1.3 were first proven by Abhyankar in the book [Ab7], relying
on material proven in [Ab5], [Ab6], [Ab8] and [Ab9]. This is the most difficult part
of Abhyankar’s proof.

We give self contained proofs of these theorems in Sections 5 - 11. The algorithm
that we follow for resolution is essentially that of Levi [Le] to resolve the singularities
of a two dimensional hypersurface, embedded in a nonsingular 3-fold. This method
was given a completely rigourous proof in characteristic zero by Zariski in [Z4]. The
algorithm will be discussed at greater length in Section 2 on resolution of surfaces.
The first part of this algorithm extends without much trouble to positive character-
istic. Hironaka constructs in [H2] an invariant and outlines a proof that in arbitrary
characteristic, the invariant drops under the resolution algorithm of Levi. This in-
volves overcoming new major obstacles in positive characteristic. Our proof requires
an extension of Hironaka’s proof for a 2 dimensional hypersurface to resolution of ideal
sheaves on a nonsingular 3-fold of arbitrary characteristic, with the further condition
that the resolution procedure produces transversality with the exceptional divisor.
Our main resolution theorem for ideal sheaves on a nonsingular 3-fold is stated in
Theorem 5.6. We use the philosophy of Bravo, Encinas and Villamayor in [EV] and
[BEV], resolving by taking the weak transform of an ideal rather than the strict trans-
form. Our main resolution invariant is then the order of an ideal, rather than the
multiplicity. This leads to vast simplifications in the proofs of resolution theorems.
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The most fundamental problem of resolution in positive characteristic (open at
the time of this writing) is to construct an embedded resolution of a 3 dimensional
hypersurface in a nonsingular 4 dimensional variety.

To circumvent the difficulty of constructing an embedded resolution of a 3-fold,
Abhyankar proves and makes use of the following theorem, which is a generalization
of a method of Albanese.

Theorem 1.4. Suppose that K is an algebraic function field of dimension d over an
algebraically closed field k. Then there exists a normal projective variety V such that
K is the function field of V', and all points of V' have multiplicity < d!.

Abhyankar then shows that 3-fold singularities of multiplicity less than p can be
resolved essentially using characteristic zero techniques. This is where the restriction
p > 5 comes in, as 3!=6. Abhyankar uses a generalization of Jung’s method of local
resolution, resolving the branch locus of a finite projection to a nonsingular 3-fold,
using Theorem 1.2.

Our proof of Theorem 1.1 can be broken down into 5 steps, which we enumerate.

1. Prove Theorems 1.2 and 1.3 (embedded resolution of surface singularities and
principalization of ideals).

2. Prove that a projective variety of dimension n is birationally equivalent to a

normal projective variety all of whose points have multiplicity < n!.

Prove that points of multiplicity < p can be resolved locally.

4. Patch local resolutions to produce a nonsingular projective variety, bira-
tionally equivalent to V.

5. Modify a resolution of singularities W — V to produce a resolution Wy — V'
which is an isomorphism over the nonsingular locus of V.

@

Steps 1 - 4 appear in Abhyankar’s original proof [Ab7]. They draw on almost all
classical approaches to resolution. Steps 1 and 4 already appear in the characteristic
zero proof of resolution of algebraic 3-folds of Zariski in [Z4]. Step 5 appears in
Cossart’s article [Co4].

Step 2 (Theorem 1.4) produces a variety Vj, birationally equivalent to our given
3-fold V, such that all points of V{ have multiplicity < 3! = 6. Thus all points of
Vo have multiplicity less than the characteristic p of the ground field k (if k has
positive characteristic). Step 3 produces for all p € V} local resolutions of singular-
ities W), — Up, where U, is an affine neighborhood of p in Vy and W, — U, is a
birational projective morphism such that W, is nonsingular. We have thus proven
local uniformization of the function field of V. The concept of local uniformization
is explained in “Valuation rings and local uniformization” in Section 3. Now in Step
4, we show that we can construct from these local resolutions a projective morphism
V1 — V such that V7 is nonsingular. In Step 5, we show that we can construct from
V1 a resolution of singularies Vo — V such that this morphism is an isomorphism
away from the singular locus of V. This will complete the proof of Theorem 1.1.

In Section 2 we outline the proof of Step 1, (embedded resolution of surfaces) and
in Section 3, we outline the proof of Steps 2-5. The actual proof of Theorem 1.1 starts
with Section 4.

There is another, later, proof of Step 3 of Theorem 1.1, making use of contributions
of Hironaka, Giraud and Cossart. We outline the proof in “Hypersurfaces of maximal
contact for singularities of low multiplicity” in Section 3. In this proof, the essential
point is also that 3-fold singularities of multiplicity less than p can be resolved es-
sentially using characteristic zero techniques, but in this case it is accomplished by
showing that under this restriction on multiplicity, a hypersurface of maximal contact
exists.
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and critical reading, and for their constructive comments.
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2. ON RESOLUTION OF SURFACES

In this section, we give an overview of the proof of the embedded resolution theo-
rem, Theorem 5.6, and its corollaries, Theorem 1.2 and Theorem 1.3. These theorems
are proven in Sections 5 - 11 of this paper. This will complete the proof of the first
step of the proof of Theorem 1.1. These theorems are generalizations of the proof
of resolution of two dimensional hypersurfaces outlined in Hironaka’s lectures [H2],
which is itself a generalization of the characteristic zero proof of Levi [Le| and Zariski
[Z4] to arbitrary characteristic. Hironaka’s invariant is given an elegant geometric
interpretation by Hauser in [Haul], which we will discuss later in this section. All
particulars of Hironaka’s proof are worked out in Chapter 7, “Resolution of Sur-
faces in Positive Characteristic”, in the book “Resolution of Singularities” [C2]. This
method of resolution for a hypersurface on a nonsingular 3-fold extends to resolve an
ideal sheaf on a nonsingular 3-fold. To accomplish this, we make a slightly different
definition of the 7 invariant from the classical one of Hironaka.

Maximal contact and approximate manifolds. Suppose that V is a nonsingular
variety over an algebraically closed field k. We use the definition of order, v4(Z),
given in Section 4. v4(Z) is the largest power of the maximal ideal of Oy, 4 containing
Z,. Let

r=r(T)=max{ry(Z) [q €V},
and let
Sing,.(Z) = {qg € V [ 1,(T) = r}.

We summarize a few basic properties of the behavior of the order v under blow ups.
This topic is discussed in depth in [C2], especially in Chapter 4. Some definitions and
basic facts about resolution are given in Sections 4 and 5 of this paper.

Sing,.(Z) is a closed subset of V. Suppose that W C Sing,(Z) is a nonsingular
subvariety. Let m : V1 — V be the blow up of W. The weak transform 7; of Z, is
defined to be ZZ;", where £ = 77 H(W) is the exceptional divisor of 7, and Zg is
the ideal sheaf of E' in V3. We have that r1 = r(Z7) < r.

Suppose that ¢ € Sing,.(Z). Let R = Oy,4. A nonsingular subvariety Y C Spec(R)
is called a manifold of maximal contact for Z at ¢ if Y contains the germ of Sing,.(Z)
at ¢, and if W C Sing,.(Z) is a nonsingular subvariety, and m : V3 — V is the blow
up of W, then 77 *(¢) N Sing,.(Z1) is contained in the strict transform Y7 of Y on V;.
Further, if ¢; € 7 '(g) N Sing,.(Z1), then Y; is a manifold of maximal contact for Z;
at q.

The fundamental theorem of resolution of singularities in characteristic zero is that
manifolds of maximal contact always exist (for any dimension of V). This allows all
theorems on resolution to by reduced by induction to appropriate resolution state-
ments in lower dimension.

We associate a positive integer 7 = 77(q) to ¢ € Sing,.(Z) such that if a manifold
of maximal contact Y exists at ¢ for Z, we have dim Y = 7. The number 7 can be
thought of as the minimal number of variables in the tangent cone of Z.

Unfortunately, manifolds of maximal contact do not generally exist in positive
characteristic. This can be considered as the major obstacle to resolution. We can
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however approximate a manifold of maximal contact to first order, at least over alge-
braically closed fields of arbitrary characteristic. Such a (nonsingular) subvariety will
be called an approximate manifold. The dimension of an approximate manifold is 7.

The method of approximate manifolds, which he formulates slightly differently and
calls the directrix, was introduced by Hironaka [H2].

Resolution of an ideal. In this section, we give an overview of our proof of prin-
cipalization of an ideal sheaf 7 on a nonsingular 3-fold V. We adapt the resolution
algorithm of Levi [Le] and Zariski [Z4], and Hironaka’s resolution invariant and ter-
mination proof in [H2] to this situation. The main theorem is stated precisely in
Theorem 5.6 of Section 5. We use the philosophy of Bravo, Encinas and Villamayor
in [EV] and [BEV], resolving by taking the weak transform of an ideal rather than the
strict transform. Our main resolution invariant is then the order of an ideal, rather
than the multiplicity. This leads to vast simplifications in the proofs of resolution
theorems.

Let r = r(Z). We will construct a sequence of blow ups of points and nonsingular
curves W,

(1) s Vo V> =V

such that if 7,, is the weak transform of Z,,_; on V,,, then W), is contained in Sing,.(Z,,).
Further, we will have that two dimensional irreducible components of Sing,.(Z) are
isolated, and at a point of such a component, 7 is locally principal, and is generated
by f" where f = 0 is a local equation of a nonsingular surface S. We may thus assume
that 2 dimensional components never appear in Sing,.(Z,), as they may be eliminated
by blowing up the nonsingular surface S.

Our goal is to construct a sequence which terminates after a finite number of steps
with Sing,.(Z,,) = 0.

As shown in Section 8, without too much difficulty, we can reach a V,, where
Sing,.(Z,,) is a finite set of points, so we may as well assume that Sing,.(Z) is a finite
set of points. We then apply (in Section 8) the following algorithm to construct (1).

1. If Sing,.(Z,,) contains a nonsingular curve C, then blow up C.
2. If Sing,.(Z,,) is a finite set of points, then blow up a point in Sing,.(Z,,).

We will show that the sequence (1) is finite, and terminates with Sing,.(Z,,) = 0.

The number 7 can never go down in such a sequence, so we are reduced to assuming
that there is an infinite sequence (1), with points g, € V;,, such that g, maps to ¢,_1
for all n, and vy, (Z,,) = v4(T) = r, 7(gn) = 7(g) for all n.

With our assumptions, in a neighborhood of ¢, Sing,.(Z,,) is an isolated point, or a
nonsingular curve contained in the exceptional divisor. We can thus find approximate
manifolds Dg, containing the germ of Sing,.(Z,) at g,. Let our blow up be mp41 :
V41 — Vi. By the theory of approximate manifolds, we have that ﬂ;il(qn) NnD
is the intersection of !, (g,) and the strict transform of D, .

We now distinguish several cases, according to the value of 7. The case 7(q) = 3 is
trivial. In this case ¢ is an approximate manifold and the strict transform of ¢ under
the blow up of ¢ is the empty set, so m; *(¢) N Sing,.(Z;) = 0.

In a similar way, if 7(¢) = 2 and there exists a (nonsingular) curve C through ¢, then
C'is an approximate manifold. The blow up 7; of C' then satisfies 7 *(¢)NSing,.(Z;) =
0.

The case of 7(q) = 2 and ¢, isolated in Sing,.(Z,,) for all n is the first nontrivial
case. In this case we can actually find a manifold (curve) of maximal contact, by the
process of well preparation. This is a generalization of the method used by Newton,

dn+1
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to compute the branches of an algebraic function of two variables. This case is worked
out in Section 9. The simpler case of an ideal sheaf on a nonsingular surface is in
Section 6.

The most difficult case is when 7(¢) = 1. This case is in Section 10. We start with
a regular system of parameters z,y, z at ¢, where z = 0 is an approximate manifold
of T at ¢, and make a formal change of variables, replacing z with 2’ = z — U(z,y)
for some appropriate series ¥(z,y), to well prepare (Subsection 10.2). We will have
that 2/ = 0 is an approximate manifold for Z at ¢. Even if we start with regular
parameters z,y, z in Oy,4, our resulting well prepared parameter 2z’ might be formal,
existing only in @Vﬂ. We may also need to very well prepare (Subsection 10.3), which
involves making a change of variables replacing y with an expression ¢y = y — ¢(x),
for some appropriate series ¢(z).

We associate elements Q(q,,) = (Gn, é,an) € Qi to qn, in an ordered set, and
show that Q(gn+1) < Q(gn) for all n, and that Q(g,) cannot decrease indefinitely.
This is sufficient to show that (1) has finite length.

Let R,, be the completion of Oy, 4, and I, = Z,, 4, Rp.

We inductively construct a series of (formal) approximate manifolds D,, in Spec(Ry,)
by taking a local equation of the strict transform of D,,_1, and modifying if necessary
by very well preparation. Let x,,yn, 2z, be the resulting regular parameters in R,
where V(z,) = D,,. We insist that our parameters x,,, Y, z, are such that

Sing(1,,) C V(znyn, 2n) = V(n, 20) NV (Yn, 2n)

for all n. This may prevent very well preparation, if Sing(I,,) = V (yn, 2n)-

Q will depend on our choice of regular parameters x,,, y,, z, in R,. We construct
a polygon |A| = |A(I,, Tn,Yn, 2n)| contained in the real upper half plane, from a
projection of the nonzero coefficients of monomials in x,,y,, 2z, in R, of elements

felr,.
We choose the parameters x,, yn, 2, in R, to obtain the smallest polygon possible
under substitutions 2’ = z, — U(z,,y,) (to well prepare) or under substitutions

2=z, — U(xn,yn) and ¥’ =y, — ¢(x,) (to very well prepare).

(tn, Br) is the upper left hand corner of |A|, and —e,, is the slope of the non vertical
boundary line segment through (o, 5,)-

There are only 4 possible types of maps R,, — R,+1 which can occur in (1), which
are denoted by Trl - Tr4. In each case, Sing([,,) is a curve or point (Subsection 10.4).

Most of the cases of Trl - Tr4 are just monomial substitutions in the parameters,
except for the case n # 0 of Trl. Local equations of Trl are recalled two paragraphs
below.

The monomial substitutions cause combinatorially simple transformations of the
Newton polygon, and do not involve characteristic p phenomena.

The really interesting case, and only non monomial substitution, is when a point
is blown up by a Trl transformation, with 7 # 0 (Theorem 10.17). Local equations of
the map are then z,, = 2’,y, = 2/(y' + 1), 2, = ’2’. The blow up is not a monomial
substitution in x,,y,, z, in this case, but becomes a monomial substitution after a
linear change of variables (a “translation”) y!, = y, — nz,. Then the proof becomes
a detailed study of the binomial theorem in positive characteristic.

In characteristic zero the proof is much simpler and reduces to the statement that
the term na™ 'b is nonzero in the expansion

(a+b)"=a" +na" b+ .

This observation was used by Zariski in his proof [Z1] of resolution of algebraic surface
singularities, and in his subsequent proofs of resolution.
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Flags. Hauser [Haul] gives a beautiful formulation of Hironaka’s invariant used in
the proof of termination of the resolution algorithm, which we will outline here, as it
makes the construction more intuitive. Hauser assumes that Z is the ideal sheaf of a
reduced surface.

We define a flag through ¢, € Sing,.(Z,,) to be the germs at ¢, of a nonsingular
surface F5 in V,, and a nonsingular curve F} in F5. We assume that F} is transversal
to an approximate manifold D, at g,. If the connected component of Sing,.(Z,) is a
(nonsingular) curve C, then we require that either F; and Fy are both transversal to
C, or F; is transversal to C and Fy contains C.

We say that parameters x,,yn, 2, at ¢, are subordinate coordinates for the flag
if x, = 0 is a local equation of F» and x, = y, = 0 is a local equation of Fj.
All subordinate coordinates for the flag are (essentially) obtained from x,, y,, z, by
making changes of variables

Zp = Zn — \I/(fﬁmyn)a and y; =Yn — ¢($n),

for appropriate series ¥ and ¢. These are the type of change of variables which
we consider in the local resolution algorithm, to well prepare and very well prepare.
Hauser shows that §2(g,,) then becomes an actual invariant of the flag. We maximize
(8, %, «) for subordinate changes of variables for the flag, by well preparing and very
well preparing.

Suppose that we have a sequence of points {¢,} in (1) with ¢, € Sing,.(Z,) and ¢,
mapping to g,—1 for all n.

Hauser shows that a flag at ¢,—1 transforms to a flag at ¢,, under the sequence (1),
that we can always choose subordinate coordinates so that R,,_1 — R, is monomial
in these coordinates, and the invariants computed from these flags satisfy Q(g,) <
Q(gn—1). The descending invariants Q(g,) on the sequence are then computed by
taking the transforms of an initial choice of a flag at g.

Embedded resolution.

The concepts of simple normal crossings (SNCs) and of transversal intersection
are defined in Section 4. It is discussed in more depth in [C2], especially in Chapter
4 of [C2]. The geometric idea is that all components are nonsingular and intersect
transversely. Our notion of simple normal crossings is sometimes called “strict normal
crossings” in the literature.

To give the full proof of embedded resolution of singularities of an ideal sheaf Z on
a nonsingular 3-fold V' (Theorem 5.6) we must start with a SNC divisor E on V as
well as our ideal sheaf Z. We then want to construct a sequence (1) so that not only
is Sing,.(Z,,) = 0, but the divisor FE,, on V,, consisting of the sum of the exceptional
divisor of V;, — V and the preimage of E on V,, is a SNC divisor. Fortunately,
essentially no new characteristic p problems occur in this proof, beyond those we
have already encountered.

A little care must be taken however in making sure that all blow ups are of centers
which are transversal to the exceptional divisor. The problem is that we cannot
deviate from the resolution algorithm, which is to blow up a curve if there is a curve
in the singular locus (we can ensure that the curve will always be nonsingular after a
little preliminary blowing up before starting the algorithm), and to blow up a point
if there is no curve in the singular locus. Hironaka’s invariant which we use to show
termination does not behave well if there is deviation from this procedure.

In order for E,, to be a SNC divisor on V,,, we require that all blow ups V; — V;_1
(with ¢ < n) be permissible (Definition 5.5). This means that they are the blow up
of a nonsingular subvariety of Sing,.(Z;_1) which is transversal to E;_;.
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To accomplish this, we make use of the 7 invariant. This invariant is used by
Abhyankar in his “good point” proof of embedded resolution of (characteristic zero)
surface singularities, which is presented in [Ab10], in the lectures [O] of Orbanz, and
in Lecture 3 of Lipman’s Arcata notes [L1]. We define 7 as follows.

OnV, set EY =0 and E~ = E. At a point ¢, € V,, where vy, (Z,) = v,(Z) =,
define E;, to be the strict transform of E~ = E, and E;I to be the preimage of the
exceptional divisor of V,, — V. If v, (Z,,) drops to less than r, we define E, to be
E, and E;' to be the empty set.

For g, € Sing.(Z,), let n(g,) be the number of irreducible components of E
containing ¢,. We have 0 < n(q,) < n(gn—1) <3 if vy, (In) = vq, ,(Tn-1) =7.

In Section 8, we reduce by descending induction on 7 to the case of n =0 (E,, is
disjoint from Sing,.(Z,,)) and Sing,.(Z,) C E;}. This is achieved by noticing that our
resolution problem reduces to a resolution problem on a nonsingular subvariety of V'
of dimension 3 —7(gq) < 2 (an intersection of components of E~).

Further, we show that the exceptional divisor of V,, — V is transversal to an
approximate hypersurface of Z,.

Now any blow up that we make in our algorithm (given after (1)) to reduce the
order of Z,, will automatically be permissible. The point is that one dimensional
components of Sing,.(Z,) N E,, are not well controlled, while those of Sing,.(Z,,) N E;"
are projective lines transversal to E.

Further generalization of the algorithm. The most interesting generalization
would be to make the above reduction argument work for a hypersurface X in a
nonsingular variety V' of dimension d > 4. The major problems occur in making the
local reduction argument work for small 7. The cases of

(2) 0<d—7(Txg) <2

are analogous to the cases of 7(Z,) = 3,2, 1 which we analyze in this paper for ideal
sheaves on a nonsingular variety of dimension 3. However, the case of d—7(Zx 4) > 2
appears to be very difficult.

Resolution of excellent surfaces. Hironaka announced in his notes [H2] a proof
of resolution of singularities of an arbitrary excellent surface. In the notes he gives a
few comments about the realization of the general proof, and gives some parts of the
proof in [H3], [H4] and [H5] (see also Cossart’s paper [Col]).

We outline this approach, when S is a surface which is embedded in a nonsingular
variety V of arbitrary dimension d, over an algebraically closed field k.

Making the proof work over a non perfect base field, or for an arbitrary excellent
surface requires an excursion into a further series of complexities and treacherous
pitfalls which we will not address here. Some details on this are given in [H4], [H5],
[H6] and [Col]. A complete proof of resolution of excellent surfaces using a different
method, is given by Lipman in [L2].

When d = 3, the order and multiplicity of Zg are the same. Also, under permissible
blow ups, the weak transform and strict transforms of Zg are the same. For larger d,
however, this is not the case. We now take r to be the largest multiplicity of Zg, and
define Sing,.(Z) to be the locus of points of maximal multiplicity. Under permissible
transforms, we take Z,, to be the strict transform of Z,,_1. Z,, is the ideal sheaf of the
strict transform S,, of S on V,.

The first part of the proof when d = 3 (in “Resolutions of ideals” above) now
goes through without trouble for general d. We reduce to the assumption that the
locus of maximal multiplicity Sing,.(Z) is a finite set of points, and we have an infinite
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sequence of blow ups of points and nonsingular curves (1), constructed by following
the algorithm stated after (1). As in the analysis for the case d = 3, we reduce to
consideration of a sequence of points ¢, € S, such that ¢, maps to ¢,_1 for all n,
and the multiplicity of S, at ¢, is r for all n.

Let R = @V,q, with maximal ideal m, and let I = Zg (R.

We can obtain any value 7(q) = 7(I) > 1, and as we have commented above in
“Further generalization of the algorithm”, our local argument for the reduction of the
order of an ideal does not extend to d — 7(I) > 2. We can however get around this
by using 7 instead of 7, which we now define. We are in fact already forced to use
this new concept, since when we are using multiplicity and taking strict transform,
instead of using the simpler concepts of order and weak transform. We point out that
Hironaka defines 7 to be what we call 7 in this paper, and does not consider what we
call 7, although 7 = 7 for locally principal ideals.

Let in(I) be the ideal of gr,,(R) = &;>om?/m*! generated by initial forms of
elements of I. We define 7(I) to be the dimension of the smallest R/m linear subspace
T of gr,,(R) such that the initial forms of all elements of I are contained in the
polynomial ring R/m[T] C gr,,(R).

Since in(I) is contained in the ideal (T) of gr,,,(R) generated by T', we see that

2 =dim R/I = dim gr,, g/ (R/I) = dim gr,,(R)/in(I) > dim gr,,(R)/(T).

Thus 7(I) > dim R — 2.

The problem becomes to extend the reduction argument used in “Resolution of an
ideal” in the case when d = 3, using 7 instead of 7. This is feasible as 7(I) > d — 2
for the ideal of a surface. The price of this is that we must then use the full range
of sophisticated methods developed by Hironaka in [H1] to control the reduction of
multiplicity of the strict transform of an ideal under a permissible blow up (instead of
just the order of the weak transform of an ideal), and requires a more sophisticated
analysis of the polyhedra associated to a singularity which incorporates information
from an appropriate standard basis of I. Some of this analysis is done in [H3], in a
very general setting.

Abhyankar’s proof of embedded resolution of surfaces. We conclude this
section with a quick overview of Abhyankar’s proof in [Ab7] and [Ab5], [Ab6], [AbS],
[Ab9].

The main resolution theorem in Abhyankar’s proof is Theorem 1.1 of [Ab6], which
is restated in Theorem 5.1 in [Ab7].

Suppose that k is an algebraically closed field of characteristic p, and A = k[, y] (5,
is a regular local ring. Suppose that

(3) f2)=2"+ hZ" '+ fa

is a monic polynomial with coefficients in A, and w is a rank 1 nondiscrete valuation
which dominates A. Let

(4) A Al = Ay s e

be the sequence of blow ups of the maximal ideals of the local rings A; which are
dominated by w. Theorem 1.1 of [Ab6] states that f(Z) has a nice form for all ¢ > 0.
The idea of an approximate manifold is implicit in this argument.

Local uniformization can be easily deduced from Theorem 1.1 of [Ab6]. The essen-
tial case is when our germ of a singular surface S has the local equation f(Z) = 0,
and the f; have order > 4. Let v be a valuation which dominates f(Z) = 0. Let w
be the restriction of v to A. The most difficult case where the worst complexities of
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characteristic p occur is when w is nondiscrete of rational rank 1. We may as well
assume then that w satisfies the assumptions of Theorem 1.1 of [Ab6]. We then easily
deduce from the theorem that for ¢ > 0, there exists a substitution in Z which gives
a birational extension such that the center of v has multiplicity less than n on the
strict transform of S.

Local uniformization is discussed in “Valuation rings and local uniformization”
in Section 3. In his characteristic zero proof of resolution of surface singularities in
[Z4], Zariski introduces the notion of the dominant character of a normal sequence.
This is the statement that if embedded local uniformization is true by possibly quite
different local resolution sequences along each valuation centered on a two dimensional
hypersurface, then a reasonable global algorithm of resolution will lead to a global
resolution. Zariski proves this in [Z4].

Abhyankar generalizes this notion to resolution of ideals supported on an arbitrary
characteristic nonsingular 3-fold, and requires that the resolution procedure generate a
resolved object which makes SNCs with the exceptional divisor. This is accomplished
in a very difficult proof in Chapter 1 of [Ab7]. In this way, Abhyankar deduces in
[Ab7] the embedded resolution theorems for surfaces, stated as Theorems 1.2 and 1.3
in this paper.

The proof of Theorem 1.1 of [Ab6] is realized in the papers [Ab6] and [Ab9], with
the aid of a technical result from [AbS].

The idea is to consider a splitting field L of the polynomial f(Z) over the quotient
field K of A. In [ADb6], making ingenious use of the norm and discriminant of a field
extension, as well as the observation that the coefficients of a monic polynomial are
the elementary symmetric functions in its roots, the proof of Theorem 1.1 of [AbG]
is reduced to the case where f(Z) is irreducible in K[Z], n = p™ for some integer
m, and the valuation w does not split under extension to L. The point is that this
isolates the part of the resolution procedure where characterstic p is an obstacle. Now
that we have made the reduction, we have obtained nonsplitting type and ramified
type for f(Z) (Section 2 of [Ab9]). Lemma 2.6 [Ab6] reduces the proof of Theorem
1.1 of [Ab6] in this case to the technical result of Theorem 5.3 of [Ab9]. The goal
is to find ¢ sufficiently large in (4) such that f,, has small positive order, and that
this cannot be changed after translation of Z by an element of A;. Recall that n is a
power of p. If we translate by an element r of Ay, replacing Z with Z + r, we get

Z" + f1’th71 +---+ fn,t
where f;+ € A, and
fot = fn+r" + contributions from the coefficients of 7 with 0 < i < n.

The non splitting type and ramified type assumptions tell us that the contributions
from the coefficients of Z* with 0 < ¢ < n cannot interfere too much in low degree
with f, +r". We write

b
fnt = oy H(e, y1)
for appropriate regular parameters z;,y; in A, where x;, 1y, do not divide H;. Let

ord(H:(0,y1)) = .

We want to find a ¢ such that ¢; is small, and we cannot remove the term x?‘y?”ct

from f,+ by translation of Z. We may reduce to the case where the xta‘yf e term
cannot be removed if at least one of a; and b; + ¢; is not divisible by n. Sections
6 through 9 of [Ab9] give an algorithm for achieving this. The idea is that after
translation of Z to remove appropriate monomials in z; and y; which are powers of

n, if we blow up we have that ¢ can only go up under a very special circumstance



Resolution of singularities for 3-folds 11

(this is where Lemma 27 of [Ab8] comes in), and after enough blow ups, there must
actually be a drop in ¢;.

The problem with order going up under resolution also occurs in resolution of vec-
tor fields (Seidenberg [Se], Cano [Ca] and Panazzolo [Pa]) and in monomialization
of morphisms (Cutkosky [C1], [C3]; and Cutkosky and Piltant [CP]). In the case of
dimension two (as in the case of resolution of surfaces) this problem is not overwhelm-
ing, but the level of complexity goes up tremendously in dimension three ([Cal, [C1],
[C3]).

To compare Abhyankar’s proof with Hironaka’s invariant used in this paper, we
point out that the well preparations of Section 10 of this paper are essentially Ab-
hyankar’s translations, and the numbers (¢, 3) of Section 10 of this paper are analo-
gous to Abhyankar’s (a,b+ c).

3. ON RESOLUTION OF 3-FOLDS

In this section we give some indication of the proofs of the different steps, discuss
some of the history, review some of the background material, and point out a few
subtle considerations which come up in the proof. We translate Abhyankar’s proof
into language which will be more easily accessible to the reader familar with the
language of schemes. We have also simplified some of the proofs, partly by simplifying
the statements to the case of an algebraically closed ground field, which is all that we
need. We assume throughout this section that k is an algebraically closed field.

Step 2. In Section 12, we prove the projection theorem, Theorem 1.4. The simple
idea of the proof is as follows. Suppose that Vj is a projective variety of dimension d,
with function field K = k(V;), and ¢ € V. The first observation (in Theorem 12.1) is
that the multiplicity e(Oy,q) of the local ring Oy,4 is less than or equal to the degree
deg(Vp) of V.

The idea of the proof of Theorem 1.4 is to project from points of high multiplicity
until we get a rational map from V{ to a variety V,, such that V{, and V,, have the
same dimension, and if [V : V;,] is the degree of the extension of function fields
k() over k(V,,), then every point of V,, has multiplicity < ﬁ Then we take
the normalization of V,, in k(V4), to get a variety V birational to Vj, such that
deg(V) < d!, and thus every point of V' has multiplicity < d!.

Albanese [Alb] used this method in resolution of algebraic surfaces. Abhyankar
gives an algebraic proof of this theorem, valid in all dimensions in Section 12 of his
book [AbT7]. Lipman also gives a survey of the proof in all dimensions, in geometric
language closer to that of Albanese, in Section 5 of Lecture 1 of his Arcata notes [L1].

In Section 12, we essentially present Lipman’s argument in his survey [L1], but fill
in a few details.

Zariski analyzes Albanese’s proof on pages 21 and 22 of his 1935 book [Z6]. Zariski
points out that Albanese’s proof makes extensive use of intersection properties of
curves on a surface, which are well defined for nonsingular surfaces, but for surfaces
with singularites, present new difficulties. Zariski cautions us that “with this distinc-
tion in mind, Albanese’s proof should be closely scrutinized”.

The first instance where this issue is apparent is in the necessity to use multiplicity
instead of the more intuitive local intersection number (H? - Vp), at a point q €
Vo, obtained by computing the length of Oy, ,/(x1,...,24), where x; = 0 are local
equations of general hyperplane sections of V[ through ¢. This invariant is related to
multiplicity by the inequality

6(0\/07(1) < (Hd ’ VO)qv
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with equality if and only if V4 is Cohen Macaulay at ¢ (Theorem 23, Chapter VIII,
Section 10 [ZS]). Intuitively, we might expect that (H¢-Vp), is the correct number to
use (instead of the multiplicity e(Oy, 4)) in the projection formulas of Theorem 12.1.
However, we see that this naive approach fails in general.

Another subtle point which comes up is the necessity of using a sophisticated
Bézout theorem in the proof to show that we do not eventually reach a situation
where the dimension of the image drops (in Theorem 12.3). This issue only appears
when the dimension d of V) is > 3. Abhyankar proves the theorem we need in
Theorem 12.3.1 of [Ab7]. A slightly more general version of this theorem appears
in Fulton’s book [F] (Example 12.3.1 of the Refined Bézout Theorem). The only
instance where characteristic p appears as an issue in the proof of Theorem 1.4, is in
the use of Bertini’s theorem for general hyperplane sections, again in the proof that
the dimension of the image does not drop (Theorem 12.3).

Valuation rings and local uniformization. Suppose that K is an algebraic func-
tion field over k, and V is a valuation ring of K (containing k), whose residue field
is k. Suppose that X is a projective (or even proper) variety with function field K.
Then there is a unique closed point p € X such that V dominates (Section 4) the
local ring Ox .

The problem of local uniformization is to show that for every valuation ring V of
K, there exists a regular local ring R, which is essentially of finite type over k and
has K as its quotient field, such that V' dominates R.

Zariski proved local uniformization over characteristic zero function fields in [Z2].
The most difficult problems in local uniformization occur for valuations whose value
groups are not finitely generated.

The Zariski Riemann manifold. Zariski introduced the idea of local uniformiza-
tion along a valuation to give a local formulation of resolution of singularities.

Suppose that K is an algebraic function field. Zariski constructed a ringed space
ZR(K) which we call the Zariski Riemann manifold of K. A nice survey of this
concept is given by Lipman in his appendix to Chapter II of [Z6]. The points of
ZR(K) are the valuation rings of the function field K, which contain k and whose
residue field is k [Z5]. Such valuations are called zero dimensional. The local ring of
the point is the valuation ring. Zariski proved that this space is quasi compact in [Z5]
and Section 17, Chapter VI of [ZS].

There is a natural continuous morphism of ringed spaces ®x : ZR(K) — X for
any projective variety X whose function field is K. A valuation ring A of K maps to
the point of X whose local ring is dominated by A. The point is called the center of
A on X. The mappings ®x are natural, so that if ¥ : X; — X is a birational map,
then ‘IJO‘I)Xl = \Ifx.

Because of the quasi compactness of ZR(K), the construction of a resolution of
singularities will follow from patching together a finite number of local resolutions.
Zariski accomplished this for (characteristic zero) surfaces [Z3] and 3-folds [Z4].

Step 3. In Section 14, we generalize the method of Jung [J], for locally resolving
singularities. This method is discussed (for surfaces in characteristic zero) by Zariski
on pages 16 and 17 of [Z6]. This method is also discussed by Lipman in Lecture 2
of [L1], and by Giraud in [G2]. Abhyankar has generalized the method to the case
of tame ramification in positive characteristic, and has shown that the situation is
extremely complicated when the ramification is wild [Ab2].
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Our proof is a simplification of the proof by Abhyankar given in “Uniformization of
points of small multiplicity”, in Section 10 of Chapter 3 of [Ab7]. Our final statement
is a proof in Theorem 14.4 of local uniformization for the function field of V.

In characteristic zero the method is very simple and elegant. The fundamental
result is the following. Suppose that f : X — Y is a finite map from a normal variety
X (of arbitrary dimension) to a nonsingular variety Y. Then by the purity of the
branch locus, the branch locus of f is a divisor Dy on Y. If D is a SNC divisor,
then X must have abelian quotient singularities, which have a very simple form, and
can be easily resolved. In fact, with respect to the toroidal structures determined by
Dy and f~Y(Dy), f: X — Y is a morphism of toroidal varieties. We can thus use
one of the combinatorial algorithms (such as in [KKMS] or [BrM2]) to resolve the
singularities of Y.

This gives us a way to deduce local uniformization (assuming characteristic zero)
in dimension d, assuming embedded resolution in dimension d — 1. We take a singular
variety V, and a (zero dimensional) valuation ring A of the function field of V', whose
center is a (closed) point p on V. We choose a finite map f from an open neighborhood
X of pin V to an open subset Y of the affine space A{. Then we apply embedded
resolution of singularities to construct a birational, projective morphism 7 : Y7 — Y
so that m; 1(Df) is a SNC divisor on the nonsingular variety Y;. Finally, we take X;
to be the normalization of the variety (X xy Yl)red‘ X, is birational to X. Let p;
be the center of A on X;. Then by the above, X; has a toric singularity at p;, which
we can now easily resolve.

In Section 14, we extend this argument to the case when k has characteristic > 0,
and the local ring Oy, has multiplicity less than p.

Our main local resolution statement is Theorem 14.4, which proves local uni-
formization for the function field of V.

A slightly different formulation of the theory of ramification from the one we
present in Sections 13 and 14, written in the language of etale mappings, is given
by Grothendieck and Murre in [GM], especially in Section 2.3, “Tame Ramification
and Abhyankar’s Theorem”.

Hypersurfaces of maximal contact for singularities of low multiplicity. Here
we outline an alternate proof of Step 3 of Theorem 1.1, which was pointed out to us
by one of the reviewers. We start with a variety V' such that all points of V’ have
multiplicity < p. We now make a local study of V.

Cossart has shown (Theorem II1.3 [Co3]) that a hypersurface of maximal contact
always exists for singularities at points of multiplicity < p. For the sake of motivation,
we point out that the existence of a hypersurface of maximal contact is easy to see in
an important special case, that of a hypersurface singularity

Y t+a(x)y" "+ 4 an(z) =0

where x represents a system of variables, and » < p. In this case we may obtain a
hypersurface of maximal contact § = 0, just as in characteristic zero, by making a
Tschirnhaus transformation §y = y + ‘“T(z), to eliminate the 7"~ coefficient.

Cossart’s proof makes a detailed local analysis, using information obtained from
the Hilbert Samuel function of the singularity and a theorem of Giraud [G] to con-
clude that there is a hypersurface of maximal contact for the singularity. Specifically,
Cossart shows that if (f1,..., fm) is a local standard basis of the singularity, with
v; =ordy(f;), for 1 < i < m, then v; < p, for all 7, and there exists a regular system
of parameters (y1,...,Yr, U1,...,uq) with d < 3 such that W = V(yi,...,y,) has
maximal contact, by Giraud’s Theorem [G].
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Now using techniques of Hironaka on the Hilbert-Samuel function, the resolution of
the singularity reduces to the resolution of the idealistic exponent € = Ni<i<m ((fi, ¥i)),
which is supported by W and is equivalent to an idealistic exponent ((I,b)) with I
an ideal of Oy, b € N. € is solved by principalizing I, which is done by a straight
forward generalization of Theorem 5.6 of this paper to idealistic exponents.

Step 4. In Step 3, we proved local uniformization for the function field of V', so we
have reduced, by quasi compactness of the Zariski Riemann manifold as we commented
in “The Zariski Riemann manifold”, to patching together a finite number of local
resolutions. The problem is to take several projective varieties which are birationally
equivalent to V', and such that every valuation has a nonsingular center on at least
one of the varieties. We must construct a variety V/ which birationally dominates all
of these varieties and is nonsingular. Zariski’s original characteristic zero proof [Z4]
made use of general Bertini theorems which are not valid in positive characteristic. His
method was to study a birational morphism through an associated linear system. We
eliminate the need for Bertini theorems by using the fact that a birational morphism
is the blow up of a sheaf of ideals, and using the universal property of blow ups of
ideal sheaves (Proposition I1.7.14 [Ha], Theorem 4.2 [C2]). This is essentially the
approach of Abhyankar’s proof of this step, although he states and proves it in his
own language (Section 8 of Chapter 2 of [Ab7]).

This step is where the theorem on principalization of ideals (Theorem 1.3) is re-
quired. It is essential in this application that we blow up only above the locus where
the ideal sheaf is not principal. Another essential ingredient of the proof is that a
birational morphism of nonsingular 3-folds factors in a canonical way over the general
point of a curve. It is just a sequence of blow ups of curves which dominate the
original curve. This fails completely in higher dimensions.

The fourth step is proven in Sections 15 and 16.

Step 5. The final fifth step is accomplished in Section 17. The original proof of Ab-
hyankar does not produce a resolution which is an isomorphism over the nonsingular
locus. The fact that a resolution can be birationally modified (in dimension 3) to
produce a resolution which is an isomorphism over the nonsingular locus is due to
Cossart [Cod]. Our proof of this section is based on his extremely simple argument.
Again, the main point is that a birational morphism of nonsingular 3-folds factors in
a canonical way over the general point of a curve.

4. PRELIMINARIES

In this section we establish notation, and review a few results that we will use in
the course of the proof.

If R is a local ring, we will denote the maximal ideal of R by M(R). Suppose
that S is another local ring, and R — S is an inclusion of rings. We will say that S
dominates R if M (S) N R = M(R).

Suppose that A C R is a subset. We define the closed subset

V(A) = {P € Spec(R) | A C P}
of Spec(R). We will consider the order vr(I) of an ideal I in R. vg(I) is defined to

be the largest integer n such that I C M(R)™. If ¢ is a point on a variety W, and J
is an ideal sheaf on W, then we denote v4(J) = voy, , (Jq)-
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Multiplicity. Suppose that R is a d dimensional Noetherian local ring, and that ¢
is an M (R) primary ideal of R. There exists a degree d polynomial P,(n) which has
the property that the length
U(R/q") = Fy(n)

for n > 0. The multiplicity e(q) is defined to be d! times the leading coefficient of
P,(n). The multiplicity of R is defined to be e¢(R) = e(M(R)). From the definition
we infer that if ¢’ C g are M (R)-primary, then e(q) < e(q’). Suppose that R* is the
M (R)-adic completion of R. We see that e(¢R*) = e(q).

The multiplicity has the important property that e(R) = 1 if and only if R is
regular (Theorem 23, Section 10, Chapter VIII [ZS]).

Theorem 4.1. Suppose that R/M(R) is infinite. Then there exists an ideal ¢ C g
generated by a system of parameters such that e(q') = e(q).

This is proven in Theorem 22, Section 10, Chapter VIII [ZS].

Theorem 4.2. Suppose that R is a local domain, and T is an overring of R which
is a domain and a finite R module. Then T is a semilocal ring. Let p1,...,ps be the
mazimal ideals of T. Let K be the quotient field of R and M be the quotient field of
T. Then

S

[M : Kle(q) =) _[T/p; : R/M(R)]e(qTy,).

=1

This is proven in Corollary 1 to Theorem 24, Section 10, Chapter VIII [ZS].

Intersection multiplicity and degree. We use the notation of Fulton [F| for
intersection theory. The intersection class of a k-cycle a with a Cartier divisor D
on a scheme X is denoted by D - «a. If Dy,..., Dy are Cartier divisors on X, the
intersection number of Dy, ..., Dy and a is denoted by [ Dy -...- Dy - a.

The degree deg Y of a subscheme Y of P™ of dimension d is d! times the leading
coefficient of the Hilbert Polynomial Py (n) of the homogeneous coordinate ring of
Y. It can also be computed as deg Y = fpm H®.Y where H is a hyperplane of P™.
Proofs are given in Section 7 of Chapter 1 [Ha] and the Corollary of Section 8.5 [I],
or in Examples 2.5.1 and 2.5.2 [F].

Lemma 4.3. Suppose that R is a local ring of dimension d, and let
Y = Proj(@nz0M(R)" /M(R)").
Then deg Y = e(R).
This follows from comparing the Hilbert polynomial of Y, which is equal to
(M(R)" /M(R)")
for all large n, and the polynomial Pys(g)(n).

Completion. Suppose that k is an algebraically closed field, and R is a normal local
ring, which is essentially of finite type over k (a localization of a ring which is of finite
type over k). The M(R)-adic completion R* of R is a normal local ring (Theorem
32, Section 13, Chapter VIII [ZS]). Suppose that L is a finite field extension of the
quotient field of R*. Then the integral closure of R* in L is a local domain (since R*
is Henselian, Corollary 2 to Theorem 18, Section 7, Chapter VIII [ZS]).
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We also state here the Zariski subspace theorem. For a proof, see (10.10) [Ab7].
A ring R is essentially of finite type over a ring T if R is a localization of a finitely
generated T algebra.

Theorem 4.4. Suppose that R and S are normal local rings which are locally of finite
type over k. Suppose that S dominates R. Let R* be the M (R)-adic completion of R
and S* be the M(S)-adic completion of S. Then the natural morphism R* — S* is
an inclusion.

Birational geometry. In this paper, a variety is an open subset of an integral,
closed subscheme of P™. A curve, surface or 3-fold is a variety of the corresponding
dimension.

The definition of variety in [C2] is a little more general. In [C2], a variety is an
open subset of a reduced, equidimensional subscheme of P". The resolution theorems
for varieties in [C2] are thus valid for reduced equidimensional subschemes of P™.

Suppose that X is a projective variety over an algebraically closed field k. Let K
be the function field of X. Suppose that V is a valuation ring of K which contains
k. Then there exists a unique (not necessarily closed) point p € X such that V
dominates the local ring Ox . p is called the center of V on X.

Suppose that ® : X — Y is a birational morphism of normal projective varieties.
The exceptional locus of ® is the closed subscheme of X on which ® is not an isomor-
phism. Irreducible components T of the exceptional locus may have any dimension
1 <dim T < dim X—1. If Y is nonsingular all components have dimension dim X —1.

Now suppose that & : X — Y is a birational map of normal projective varieties.
There is a largest open set U of X such that ® | U is a morphism. The complement,
F = X —U is called the fundamental locus of ®. By Zariski’s main theorem (Lemma
V.5.1 and Theorem V.5.2 [Ha]), the fundamental locus F' has codimension > 2 in X.

Suppose that X is a variety and Y is a subscheme. The ideal sheaf of Y in X will
be denoted by Zy.

Suppose that X is a nonsingular variety, and Y is a nonsingular subvariety. The
blow up of X with center Y is the blow up X; — X of Zy. X; is a nonsingular
variety.

Suppose that X; — X is the blow up of the nonsingular center Y, V' is a valuation
ring of the function field K of X, the center of V' on X is p and the center of V on
X1 is p1. Then Ox , — Ox, p, Will be called a local blow up of Ox , along V. The
induced homomorphism @X,p — @thl will also be called a local blow up.

We will make use of the fact that any birational morphism X — Y of projective
varieties is the blow up of an ideal sheaf (Theorem 7.17 [Ha]), and the “universal
property of blow ups” (Proposition 7.14 [Ha]). Foundational material on blow ups,
strict transforms, and other matters are covered in Chapter 4 of [C2].

Suppose that X — Y is a dominant rational map of varieties. If the extension of
function fields k(Y) — k(X) is finite, we denote [X : Y] = [k(X) : k(Y)].

Suppose that X is a nonsingular variety. An effective divisor D on X is a sim-
ple normal crossings divisor on X if for each p € X there exist regular parameters
Z1...,&, in Ox,)p and ay,...,a, € N such that D is the divisor z7* ---z%* =0 1in a
neighborhood of p. We will abbreviate a simple normal crossings divisor as a SNC
divisor. Suppose that X is a nonsingular variety, D is a SNC divisor on X and Y
is a subscheme of X. We will say that Y is transversal to D if Y is nonsingular,
and for p € Y N D, there exist regular parameters z;...,z, in Ox,, 7 < n and
a1,...,an € N such that D is the divisor 7' - - - 2% = 0 in a neighborhood of p, and
V(z1,...,2r) C Spec(Ox p) is the germ of Y.



Resolution of singularities for 3-folds 17

If Dy, Dy are two Cartier divisors on a variety X, we will write D1 ~ Dy if D; is
linearly equivalent to Ds.

5. THE v AND 7 INVARIANTS

Suppose that V' is a nonsingular variety over an algebraically closed field k of
arbitrary characteristic, and Z is a nonzero ideal sheaf of V. Suppose that ¢ € V
is a (not necessarily closed) point. If Z is a subscheme of V' with ideal sheaf Z,
define v,(Z) = v4(Tz) (with notation as in Section 4). Foundational material on
singularities can be found in [C2].

For t € N, let

Singy(Z) ={p € V | p(I) = t},
which is a Zariski closed subset of V' (Theorem A.19 [C2]). Let
r = max{t | Sing,(Z) # 0} = max{v,(Z) |p e V}.

Suppose that Y is a nonsingular, integral subvariety of V. Let 71 : Vi — V be the
blow up of ¥ with exceptional divisor F. Let t = v4(Z,), where ¢ is the generic point
of Y. Then the weak transform Z; of Z on V; is defined by (cf page 65 [C2])

IOy, = Oy, (—tF)I;.

vq(Z) =t implies that Z; is an ideal sheaf on V. If Z is the subscheme of V' defined
by Z, then the weak transform Z; of Z is the subscheme of V; defined by Z;. If Z is
a divisor on V', then the weak transform of Z is the strict transform of Z (page 38,
page 65 [C2]).

Suppose that p € Sing,.(Z) is a closed point, x1,...,x, are regular parameters in
Oy, and f € Z,. There is an expansion

f = Z a;i17___7inx1ilxé2 e x:’Ln
G121
with a;, 4,,...4, € kin @V,p = k][z1,...,2,]]. The r-leading form L of f (with respect
to Z1,...,2,) is defined to be

L(xy, @0, ..., x,) = Z @iy g i T1 T
T R
Define 7(p) = 7z(p) to be the dimension of the smallest linear subspace T of the k-
subspace spanned by z1, z2, . .., T, in k[[z1, ..., 2,]] such that L € k[T] for all f € Z,,.
We will call the subvariety M, = V(T') of Spec(Oy,;,) an approzimate manifold to T
at p. T depends on our choice of regular parameters at p. However, the tangent space
to M, does not depend on T, and the dimension n — 7(p) of M, does not depend
on T. After making a choice of x1,...,2,, T is uniquely determined. It follows
that if Y C Sing,(Z) is a nonsingular subvariety with p € Y, then there exists an
approximate manifold M, to Z at p such that the germ of Y at p is contained in M),.

Lemma 5.1. Suppose that Y C Sing,.(Z) is a nonsingular subvariety of V., m :
Vi — V is the blow up of Y, I, is the weak transform of T on Vi, p €Y, M, is an
approximate manifold to Z at p containing the germ of Y at p, and q € ﬂ'l_l(p). Then
1. ve(Zy) <.
2. vy(Zv) = r implies q is on the strict transform M, of M, and 7(p) < 7(q).
3. Suppose that vy(Z1) = r and 7(p) = 7(q). Then there exists an approrimate
manifold M, to T at q such that M,Nwy ' (p) = M, N7yt (p) where M, is the
strict transform of M, on V.

Proof. This follows from a local calculation, as in Lemma 6.4 and Lemma 7.5 [C2]. O
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With the hypotheses of Lemma 5.1, we immediately conclude that 7(p) < n—dim Y
and 7(p) = n —dim Y implies vy (Z;) < r.
We deduce from Lemma 5.1 the following important corollary.

Lemma 5.2. Suppose that V is a nonsingular 3-fold, Y C Sing,(Z) is a nonsingular
subvariety of V, m : V1 — V is the blow up of Y, and Iy is the weak transform of T
on Vi. Let F be the reduced exceptional divisor of w1. Suppose that F'NSing, (Z1) # 0.
Then

1. IfY is a point, then FNSing,(Z1) is either an isolated point, or an irreducible
nonsingular curve.

2. IfY is a curve, then F N Sing,(Iy) is either a finite union of points, each in
a distinct fiber over a point of Y, or Sing.(Z1) is an irreducible nonsingular
curve which is a section overY .

A nonsingular hypersurface D,, C Spec(Oy) is called an approzimate hypersurface
to Z at p if D, contains an approximate manifold M, to Z at p. If D,, is an approximate
hypersurface to Z at p, and Y C Sing,(Z) is a nonsingular subvariety containing p,
then there exists an approximate hypersurface D;) to Z at p such that Y C D;) and D,
and D), have the same tangent space. We deduce the following lemma from Lemma
5.1.

Lemma 5.3. Suppose that Y C Sing,.(Z) is a nonsingular subvariety of V, w1 :
Vi — V is the blow up of Y, Iy is the weak transform of T on Vi, p €Y, D, is an
approximate hypersurface to I at p containing the germ of Y at p, and q € 7T1_1(p).
Then
1Loyg(Zh) <r
2. v(Zy) = r implies q is on the strict transform D,, of D,.
3. Suppose that vy(Z1) = r. Then there exists an approzimate hypersurface Dy
to T at q such that D,Nry *(p) = D;ﬂﬂ'l_l(p) where D), is the strict transform
of D on V;.

Definition 5.4. A resolution datum R = (ET,E~,I,V) is a j-tuple where ET
and E~ are effective divisors on a nonsingular variety V over an algebraically closed
field k, such that E = ET 4+ E~ is a SNC divisor, EY and E~ have no common
components, and I is an ideal sheaf on V.

For t > 1, let

Sing,(R) = Sing,(Z) = {p € V | 1,(Z) = t}.

Sing,(R) is a proper Zariski closed subset of V for ¢t > 1.

Let

r=v(R)=v(T) =max{v,(Z) |pe V}
For p eV, let

n(p) = the number of components of E~ containing p.

We have 0 < n(p) < dim V.

Let 7(p) = mz(p) for p e V.

Transversality is defined in the discussion of birational geometry in Section 4 on
preliminaries.

Definition 5.5. A permissible transform of R is the blow up m : Vi — V of a
nonsingular subvariety Y C Sing, (R) such that Y is transversal to E = ET + E~.
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Let F be the exceptional divisor of a permissible transform 7 : V; — V of R. Then
77 (Et 4+ E7) + F is a SNC divisor. We define the transform R, of R on V; to be
Ry = (Ef, E{,71, V1) where Z; is the weak transform of Z, and

Ef =af(EY) + F,E; = the strict transform of E~ if v(Z;) = v(R),
Ef =0,Ey =af(EY+ E7)+ Fif v(T)) < v(R).
We remark that if m1(p) = ¢ and v4(Z1) < v,(Z) = r, then n(q) < n(p).

In the next several sections we prove the following theorem, which is our main
resolution theorem for ideals on a nonsingular 3-fold.

Theorem 5.6. Suppose that V is a nonsingular 3-fold over an algebraically closed
field k, and R = (0,E,Z,V) is a resolution datum. Let r = v(R) > 1. Then there
exists a sequence of permissible transforms w : Vi — V of R such that Sing,.(R1) = 0,
where Ry is the transform of R by .

Theorem 5.6 implies the embedded resolution theorems Theorem 1.2 and Theo-
rem 1.3 stated in the introduction. Using classical techniques of resolution, and the
resolution algorithm of Levi [Le] and Zariski [Z4], we reduce in Sections 7 and 8 to
a local analysis of a sequence of points under which the order of the weak transform
of the ideal does not drop. We show that this sequence must be finite in Sections 9
and 10. The essential ingredient in this local analysis is an extension of Hironaka’s
termination invariant for surfaces [H2]. In Section 11, we deduce Theorem 1.2 and
1.3 from Theorem 5.6.

In the course of the proof of Theorem 5.6, we will construct sequences of permissible
transforms

Vi —Vp1— =V = V.
To simplify notation, we will use the convention that R, = (E}, E,,Z,,V,) where
E, = E;} + E,, is the transform of R on V.
We will also construct sequences of permissible transforms involving W,

Wi = Whno1— =Wy = V.

We will use the notational convention that R!, = ((E.)*,(E!,)",Z},,W,,) where
E! = (E/)" + (E],) is the transform of R on W,,.

6. EMBEDDED RESOLUTION ON A NON SINGULAR SURFACE

In this section, we prove resolution for an ideal sheaf on a nonsingular surface. We
define a resolution datum on a nonsingular variety over an arbitrary field in the same
way as for algebraically closed fields.

Theorem 6.1. Suppose that T is a nonsingular surface over a field L, and R =
(0, E,Z,T) is a resolution datum. Let r = v(R) > 1. Then there exists a sequence
of permissible transforms w: Ty — T of R such that Sing,.(R1) = 0, where Ry is the
transform of R by .

Proof. After a few blow ups of points on the strict transforms of components of E,
we construct T3 — T such that n(p) = 0 for all p € Sing,.(R1). We may thus assume
that this is true on 7'

Suppose that C' C Sing,.(Z) is a curve. Then C' is nonsingular, and there exists a
neighborhood U of C' in T such that Z | Oy = Z§ | U. Let my : Ty — T be the blow
up of C, Z; be the weak transform of Z on T;. Then Z; | n; *(U) = O,-1(v)- Thus
Sing,.(Z:) N7~ Y(U) = 0.

We thus reduce to the case where Sing, (Z) is a finite set of points.
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Now the proof is an extension of the proof of Theorem 3.15 [C2]. We outline
the proof here, and refer to [C2] for technical details. We construct a sequence of
projective morphisms

(5) ---—>Tnﬁ-~-—>T13>T0:T

where each w41 : Tpy1 — T, is the blow up of all points in Sing,.(Z,,), where Z,, is
the weak transform of Z,,_; on T;,. We must show that this sequence is finite.
Suppose that (5) has infinite length. We can then find closed points p,, € T), such
that m,(pn) = pn—1, and p, € Sing,.(Z,,) for all n. We then have an infinite sequence
of local rings
R=Ry— Ry —— Ry — -

where R, = Or, ,.. Let L; be the residue field of R. By Lemma 3.14 [C2], the
residue field of each of these local rings is equal to L;.

We will define d,, € 4N so that 6,, = d,,_, — 1 for all 4, leading to a contradiction
to the assumed infinite length of (5).

Suppose that x,y are regular parameters in Or, ;.. Identigy L; with a coefficient
field of Ry. For f € I =Z,,Ro, we have an expansion

f= aya'y
itj>r
with a;; € L. We will call z,y good parameters for I if there exists f € I such that

aor 7 0 (ord(f(0,y)) = r). Suppose that z,y are good parameters for I. For f € I,
we define

5(fray) = m1n{r_j|j<randaij7é0} ity" V f,
00 ify" | f
and

6(I;z,y) = min{o(f;z,y) | f € I}.
Now define

dpo = sup{0(L;z,y0) | yo =y — Zbixi with n € N and b; € L1 }.
i=1

If 6,, = oo, then there exists a series ¢ = y — Y .0, bz’ such that (¢") = I, a
contradiction to the assumption that p is isolated in Sing,.(Z). Thus d,, € %N.
Let yo € O, p, be such that §,, = §(I;z,y0). Then we check that x,y; are regular

parameters in Ry, where yo = zy1, that ,y; are good parameters for Iy = (Z1),,, and
dp, = dp, — 1. We thus see that §,, < 0 for 2 > 0, a contradiction to our assumption
that (5) has infinite length.

O

Remark 6.2. Theorem 6.1 and its proof are applicable when T = Spec(A), where A
is an excellent 2 dimensional reqular local ring containing a field.

7. REDUCTION OF EMBEDDED RESOLUTION TO RESOLUTION

In this section, we suppose that V' is a nonsingular 3-fold (a 3-dimensional variety
over an algebraically closed field k) and R is a resolution datum on V with r =
v(R) > 1. We will transform R into a nice stable form (Theorem 7.2), from which
we will obtain our main embedded resolution theorem (Theorem 5.6) in Sections 8 -
10.
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Lemma 7.1. Suppose that p € Sing,(R), and an approximate hypersurface D, of T
at p is transversal to ET and is not a component of ET. Suppose that my : Vi — V
is a permissible transform of a nonsingular subvariety Y of V' containing p. Let Rq
be the transform of R on Vi. Suppose that p; € wfl(p) N Sing,(R1). Let D,, be an
approzimate hypersurface of Iy at p1. Then Dy, is transversal to Ef, and is not a
component of By .

Proof. The proof is immediate from 3 of Lemma 5.3. O

Theorem 7.2. Let R = (0, E,Z,V). Then there exists a sequence of permissible
transforms w: Vi — V such that if Ry is the transform of R on Vi, then
1. Sing,.(R1) N E] =0, so that n(p) =0 for p € Sing,(R1).
2. Sing,(R1) C Ef and dim Sing,(R1) < 1.
3. All irreducible curves C' C Sing,(R1) are nonsingular.
4. If p € Sing,(R1), then there exists an approzimate hypersurface D, of IT; at
p which is transversal to Ef‘ and is not a component of Ef‘

Proof. We first establish 1. We begin by blowing up all triple points of E (points p
with n(p) = 3) in Sing, (R) to construct Vi — V such that n(p) < 2 for p € Sing,.(R1).
We then blow up all double curves of E (curves C' such that n(p) = 2 for all p € C') in
Sing, (R1) to construct Vo — V; such that n(p) < 2 for p € Sing,.(R2), and n(p) = 2
at only finitely many points.

Suppose that p € Sing,(R2) is an (isolated) point with n(p) = 2. Then after a
finite number of blow ups of points W; — V5 centered at the point on the strict
transform of the double curve of Fs through p which dominates p, the transform R}
of R on W satisfies 7(p1) < 2 at all points p; € Sing,.(R}) which dominate p. To see
this, let x,y, z be regular parameters in Oy, ;, such that zy = 0 is a local equation of
L5 at p. Then z = y = 0 is a local equation of the double curve C' through p, and
after blowing up n times ¢ : W,, — V along the strict transform of C, the local ring
on W, of the point p, on the strict transform of C' which dominates p has regular
parameters z = x12",y = 12", z. Substituting into generators of (Z3),, we see that
vp, (Z}) < r for n>> 0, since C' ¢ Sing, (Rs).

Repeating this for all p € Sing,(R2) with n(p) = 2, we construct V3 — V3 such
that n(p) < 1 for p € Sing,.(R3).

If there is an irreducible component F of E3 contained in Sing,.(Rs3), then we can
blow up F' by V4, — V3 to eliminate F' from Sing,.(R4). In this way we reduce to the
assumption that no irreducible components F' of E; are contained in Sing,(R4).

Now suppose that C is a curve in V3 which is contained in Sing, (R4), and there is
an irreducible component F of E; containing C (so that n(p) =1 for all p € C). By
blowing up points on the strict transform of C' we can construct W7 — Vj such that
the strict transform Cy of C on W is nonsingular and intersects E{ transversely (by
Theorem 6.1). Now we construct the sequence of permissible transforms

(6) s Wy = Wyq — - — Wy — W

where each morphism W;,; — W; is the blow up of the section C; over Cj on the
strict transform F; of F' on W; (F; is isomorphic to F; by this morphsim), and we
continue as long as C; is contained in Sing,.(R}) (where R/ is the transform of R on

Let ¢ be the generic point of C in V4, and let (; be the generic points of C; in
W; for all 4. Base change of (6) by the inclusion of Spec(Oy, ¢) = Spec(Ow, ¢, ) into
W1 induces a sequence of birational projective morphisms of regular, 2 dimensional
schemes. For all i > 1, Z¢, ®oy, Oy, ¢ is the ideal sheaf of a closed point +; in
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W; xy, Spec(Ovy, ) which dominates ~,_1, with 79 = Spec(Ov, ¢/Zc,c). We see
that by taking base change of the sequence (6) by localization at ¢, we obtain a
sequence of blow ups of closed points above Spec(Oy, ). Now by Remark 6.2 to
Theorem 6.1, we have that ~; ¢ Sing,(W; xv, Spec(Ovy,¢)) for all i > 0. Since
Ow,.c; = (’)WMV4 Spec(Oy, ¢ We See that C; & Sing,.(R;) for all i > 0.

Repeating this for all curves C' in V; which are contained in Sing,.(R4), and such
that there is an irreducible component F' of E; containing C, we construct Vs — Vi
such that n(p) <1 for all p € Sing,(R5), and there are at most finitely many points
p € Sing,.(R5) such that n(p) = 1.

Suppose that p € Sing,.(Rs5) and n(p) = 1. Let A = 6\/;, I = (fg,\)p. Let F be
the irreducible component of E containing p. Choose regular parameters z,y, z in
Oy, p such that z = 0 is a local equation of F'.

For f € I, we have an expansion

|
—

f=) ailz,y)' +z"A

in A =Xk[[x,y, 2]]. Define C(I) to be the ideal in B = 5177\,, = k[[z, y]] generated by
{ai(x,y)% fe I}.

We easily verify that for an ideal H C A, v4(H) > r if and only if vg(C(H)) > rl.
By Remark 6.2 to Theorem 6.1, applied to Spec(B) and J = C(I), there exists a
sequence of permissible transforms

(7) Ton — Tm1 — ++- — Ty = Spec(B)

Il
o

such that the weak transform J,,, of J on T, satisfies v(.J,,) < rl. Since Sing,,(J) is
the maximal ideal of B (as p is isolated in F'NSing, (Z) by our reduction) every curve
blown up in (7) is the strict transform of an exceptional divisor of some T;y1 — T;.
Thus there exists a sequence of permissible transforms

(8) Wm,*’Wm—lg’"'g’WO:%

such that each W;; — W; is either the blow up of a point on the strict transform
of F or the blow up of a nonsingular curve on the strict transform of F, and (7) is
obtained from (8) by taking the strict transforms of F' by the successive morphisms,
and taking base change by the inclusion Spec(B) — F. Let R, be the transform of
R4 on W;.

For p; in the strict transform of F' by the map W; — Vi which is also in the

—

fiber above p (where R is the transform of R on W), we verify that C((Z}),,) is
the completion of the localization at p; of the weak transform J; of J on T3, and
p1 € Sing,.(R}) if and only if p; € Sing,,(J1). By induction, we see that this property
persists throughout the sequences (7) and (8), so that Sing,.(R!,) is disjoint from the
strict transform of F' above p.

Iterating this construction for all (the finitely many) p € Sing,.(Rs) with n(p) = 1,
we construct Vg — Vs such that the conclusion 1 of the theorem holds on V.

We now establish 2.

Suppose that S is a 2 dimensional irreducible component of Sing,(Rg). Then S is
nonsingular and isolated in Sing,.(Rg). For p € S, S is an approximate hypersurface
D, for Zs at p. Eér is transversal to D,, by Lemma 7.1. Thus S is transversal to
Eg = ng + L at all p€ S. The blow up Wy — Vj of S is thus permissible. We have
Sing,.(R}) N7y 1(S) = 0 (where R} is the transform of Rg on W7).
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Repeating this construction for all 2 dimensional components of Sing,(Rg), we
construct V7 — Vg such that dim Sing, (R7) < 1.

Suppose that Cq,...,C,, are the Zariski closures in V7 of the irreducible curves
in Sing,.(R7) — E7. There exists (by Corollary 4.4 [C2]) a sequence of blow ups of
points ¢ : Wi — V7 with transform R} of Ry on Wy, such that the strict transforms
Ci,...,Cl of Cy,...,C, on Wy are nonsingular and disjoint. Suppose that p € W
is such that Ff is not transversal to C] (necessarily p ¢ (E7)~). There exist regular
parameters z,y,z in Oy, , such that z = y = 0 are local equations of C] at p. Let
f(x,y,2) = 0 be alocal equation of E} = (E})*+(F})~ at p in Ow, ,. We necessarily
have that f & (z,y)Ow, p- Let 1o : Wo — Wy be the blow up of p, and suppose that
p1 € 7, (p) is on the strict transform of C}. Then there exist regular parameters
Z1,Y1, 21 in Ow, p, such that

r=T121,Y = Y1%1,2 = 21.
Since f ¢ (x,y), we see by substituting
r= znzﬁay = ynZZaZ = Zn

into f(z,y,z), that after finitely many blow ups of points W,,;1 — Wi, the strict
transform of Cy is disjoint from the strict transform of F7.

Since C1 is nonsingular, the strict transform C} of C{ on W, 1, is transversal to
the exceptional divisor of W1 — Wi. Thus, C{ is transversal to E], ;. The blow
up Wyyo — Wyt of Cf is thus permissible.

We repeat this construction for Cs, . .., C), to construct Vg — V7 such that Sing, (Rs)—
Ey is a finite set of points. Let Vo — Vg be the blow up of these points. The conclu-
sions 1 and 2 of the theorem hold on Vy. The conclusions 3 and 4 of the theorem now
hold by Lemma 5.2 and Lemma 7.1.

(I

Now suppose that S is a reduced effective divisor on V' such that S is nonsingular,
and suppose that R = (E*, E~,Zg, V) is a resolution datum on V, such that Et* + .5
is a SNC divisor. Let

NSNC(R) ={p€ S| E* + E~ + S is not a SNC divisor at p}.

NSNC(R) is a closed subset of Sing; (R) = S.

We define a NC-permissible transform of R to be the blow up 71 : Vi — V of a
nonsingular subvariety Y of NSNC(R), such that Y is transversal to E = ET + E~.
We define the transform R, of R with respect to a NC-permissible transform 7 as
for a permissible transform in Section 5.

Observe that if m is a NC-permissible transform of R, then Z; = Zg,, where 5 is
the strict transform of S by 7. We have that S; is nonsingular, Ey" + E; is a SNC
divisor, and E; + S is a SNC divisor.

Lemma 7.3. Let R = (0, E,Zs,V) be a resolution datum on V, where S is a reduced
effective divisor on V' such that S is nonsingular. Then there exists a sequence of
NC-permissible transforms w1 : Vi — V' such that if R1 s the transform of R on Vi,
then NSNC(R1) = 0.

Proof. A simplification of the proof of 1 of Theorem 7.2, with Sing, replaced with
NSNC, shows that there exists a sequence of NC-permissible transforms 7 : V; — V|
such that n(p) = 0 for p € NSNC(R4). Since E; + S; is a SNC divisor, we thus have
that Fy + .57 is a SNC divisor, so that NSNC(R;) = (. O
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8. REDUCTION TO LOCAL RESOLUTION

In this section we reduce the proof of Theorem 5.6 to a local problem, which is
proven in Sections 9 and 10.

We may assume that the conclusions of Theorem 7.2 hold (but we now have R =
(ET,E~,I,V)).

Suppose that Y C Sing,.(R) is an irreducible component. By the conclusions of
Theorem 7.2, Y is nonsingular of dimension < 1, YN E~ =0, Y C Et and there
exists an approximate hypersurface D, to Z at p which is transversal to ET such
that Y C D,. Thus Y is transversal to E, and the blow up 7 : V1 — V of YV is a
permissible transform of R. Furthermore, it follows from Lemmas 5.2 and 7.1 that
the conclusions of Theorem 7.2 hold for the transform R; of R on V.

We may thus construct a sequence of permissible transforms

9) S .

by applying the following algorithm:

1. If there exists an irreducible curve C' C Sing,.(R,) then perform the permis-
sible transform V11 — V,, obtained by blowing up C.
2. If Sing,.(R,,) is a finite set of points, then blow up a point in Sing,.(R;,).

As remarked in the paragraph above (9), the above blow ups are permissible, and the
conclusions of Theorem 7.2 hold for all transforms R, of R along the sequence (9).

We must show that the sequence terminates after a finite number of steps with
Sing, (Rn) = 0.

We first observe that there exists a V,, in (9) such that Sing,.(R,,) is a finite set.
Suppose otherwise. Then (9) is an infinite sequence, constructed by only performing
Step 1 of the algorithm. By Lemma 5.2, there exists a curve C in Sing,. (R) such that
an infinite number of sections over C' are blown up in (9). let ¢ be the generic point
of C. As in the argument following (6) in the proof of Theorem 7.2, the sequence
of blow ups of closed points over Spec(Oy¢) obtained by making the base change of
(9) with the inclusion of Spec(Ovy,¢) into V, does not reduce the order of the weak
transform of Z,,, a contradiction to Remark 6.2 to Theorem 6.1. We may thus assume
that Sing,.(R) is a finite set.

With the assumptions that Sing,.(Z) is a finite set of points, and that the conclu-
sions of Theorem 7.2 hold, we now construct a sequence of permissible transforms

(10) i Vo V> = VSV

by applying the following algorithm:

1. If there is a curve in Sing,.(Z,), then blow up the union of one dimensional
components of Sing,.(Z,).
2. Otherwise, blow up Sing,.(Z,,), which is a finite union of points.

By Lemma 5.3, Lemma 5.2, 4 of Theorem 7.2, and since we started with Sing,.(Z)
on V being a finite set of points, under this algorithm Sing,.(Z,,) is always a disjoint
union of points and nonsingular curves, which are transversal to F,. The conclusions
of Theorem 7.2 hold on all V,.

If the sequence (10) is of finite length, then we have achieved the conclusions of
Theorem 5.6.
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Suppose that (10) has infinite length, and there does not exist a sequence of points
Gn € Sing,.(Z,,) such that ¢,+1 maps to ¢, for all n. We will derive a contradiction.

Let K = k(V) be the function field of V', and let ZR(K') be the Zariski Riemann
manifold of K (see Section 3). Let ®,, : ZR(K) — V,, be the natural projection. Let
U, =V, — Sing,.(Z,,), an open subset of V;,.

Suppose that A € ZR(K). Let g, be the center of A on V,,. By assumption,
qn & Sing,.(Z,,) for large n. Thus A € ®,,1(U,,). It follows that

n

U @, 1 (U,) = ZR(K).

n

Since ZR(K) is quasi compact ([Z5] or [ZS]), there exists an n such that ®,1(U,,) =
ZR(K), so that Sing,.(Z,) = 0, and (10) has finite length, a contradiction.

Assume that (10) is not finite. We must then have an infinite sequence of points
Gn € V,, such that ¢, € Sing,.(Z,,), and g,, maps to g,_1 for all n.

By Lemma 5.1, 7(g,) > 7(¢n—1) for all n. Thus, by induction on 7, we may assume
that 7(gn) = 7(q) for all n.

We will show that this is not possible, by associating to each point ¢, an element
Q(gp) in an ordered set such that Q(gn4+1) < Q(gn) for all n. We will further show
that € cannot decrease indefinitely. It will then follow that there exists an n such
that Sing, (V},) = 0, proving Theorem 5.6.

We have a sequence

(11) ROHRlﬂ"'

of infinite length, where R; = @V .q; is the completion of the local ring of V; at g;,
and vy, (Z;) = r for all 4. Let I; = (Z;)q, R:.

Since Oy, 4, is excellent, we have Sing,.(Z,,) N Spec(R,,) = Sing,(I,,) for all n.

We may extend our definition of 7 to an ideal in a power series ring. We have
7(gn) = 7(I,,) for all n.

We will consider separately the cases with different values of 7 in the following
Sections 9 and 10, to derive a contradiction, showing that (11) must have finite length
in all cases.

The case where 7(¢) = 3 is immediate from Lemma 5.1.

9. REDUCTION WHEN 7(q) = 2

The proof in this case is an extension of the case of an ideal sheaf on a nonsingular
surface, given in Section 6. The proof is based on Hironaka’s termination argument
in [H2].

Suppose that T is a power series ring in 3 variables over an algebraically closed
field k, and J C T is an ideal. Suppose that z,y, z are regular parameters in 7', and
r is a positive integer.

For g € T', we have an expansion

(12) g= Z bijkxiyjzk
with b;;, € k. Define

k 1
v(g;2,y,2) = min{ﬁ | bije #0and i+ j <r} € FNU {o0}.

i+7)
Define
v(Ji@,y, 2) = min{y(g; 2, 9,2) | g € J}.
We have v(J;z,y,2) = oo if and only if J C (z,y)". Further,
1. vp(J) =r if and only if v(J;x,y,2) > 1 and
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2. V(x,y) is contained in an approximate manifold of J if and only if
V(Jy2,y,2) > 1.
Let v =~(J;2,y,2). For g € J, define

(13) Gloy = Y biwa'y’Z".
(i+5)y+k=ry

There is an expansion

(14) G=ley+ S byt
(i) y+k>ry
Define
k
Ay = {(Lj) | r—(@+j) =7,i+3j <7, and b;j; # 0 for some g € J},
Then for g € J,
(15) [9l2y= = Lg(2,y) + Z bi,jﬁ(rfifj)xiij’Y(T_i_j)a

(i,7)€A

where Lg(z,y) = >, ;. bijor'y’.

Regular parameters z,y, z in T’ will be called good parameters for J if vx(JT) = r
and 7(JT) =2, where T = T/2T.

If vp(J) = r and 7(J) = 2, then regular parameters x,y, z in T such that V(x,y)
is an approximate manifold of J are good parameters for J.

Definition 9.1. Suppose that x,y, z are good parameters for J and vp(J) =r. Then
J s solvable with respect to x,y,z if v = v(J;x,y,2) € N and there exist a, 8 € k
such that

[g]wyz = Lg(x - O{Z’Y,y - ﬁZ’Y)
for all g € J with vp(g) = r.

Lemma 9.2. Suppose that x,y, z are good parameters for J, vp(J) = r and Sing, (J)
is the maximal ideal of T. Then there exists a change of variables

n n

7 7

w1=x—§ aiz,ylzy—g Biz
=1 =1

such that J is not solvable with respect to x1,y1, 2.

Proof. If there doesn’t exist such a change of variables then we construct series

oo o0
Too =T — Zaizl,ym =y— Zﬁizz
i=1 i=1
such that v(J; Zoo, Yoo, 2) = 00, and thus
oo ) (o9} )
JC(x— Zaizl,y - Zﬂizl)r cT,
i=1 i1
a contradiction to our assumption that Sing, (J) is the maximal ideal of T O

Observe that if vp(J) =r, 7(J) = 2, x,y, z are good parameters for J and J is not
solvable for z,y, z, then v(J;z,y,2) > 1.
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Lemma 9.3. Suppose that vr(J) =r, 7(J) = 2, Sing,.(J) is the mazimal ideal of T,
x,y,z are good parameters for J and J is not solvable with respect to x,y, z.

Suppose that Ty is the completion of a local ring of the blow up of the maximal ideal
of T such that the weak transform Jy of J in Ty satisfies vy, (J1) =r and 7(J;) = 2.
Then

1. T1 has regular parameters x1,y1, 21 defined by
(16) T =T121,Y = Y121,2 = 21

2. x1,y1,21 are good parameters for Jy and V(x1,y1) is an approximate manifold
Of Jl.

3. v(Jiszr, 1, 21) = v(Jsw,y,2) — L

4. Ji is not solvable with respect to x1,y1, 21.

Proof. Assertion 1 follows from Lemma 5.1, as V(x,y) is an approximate manifold
for J. Assertions 3 and 4 follow from substitution of (16) in (12), (13), (14) and (15).

Since we are assuming that 7(J1) = 2, we have that there exist a, 3 € k such that
an approximate manifold of J; has the form

(17) V(z1 + azi,y1 + B21),

and 1,4y, 21 are good parameters for J.

Since we are assuming that vp, (J1) = r, we have y(J1; 21, y1,21) > 1. I v(J1; 21,91, 21) >
1, then V(x1,y1) is an approximate manifold of 1.

Suppose that v(Jy;x1,y1,21) = 1. For g € J with vp(g) =r and g1 = w%, we have

vr,(g1) =7, and

1
[91] 219120 = E[Q]W'

Since y(J1;21,¥1,21) = 1, [g1]e1yaz i the r-leading form of g1 with respect to
x1,Y1,21. By (17), there exists a form ¥, (u,v), which depends on g, such that

[91)214120 = Yg(21 + az1,y1 + Bz1) = Lg(z1, 1) + 210

where Q € T} and Lgy(x,y) is the r-leading form of g with respect to x,y, z. Setting
z1 =0, we have Lg(x1,y1) = ¥4(x1,y1), so that

[91]w1y1Z1 = Lg(xl +az1,y1 + B21).

We conclude that J; is solvable with respect to zi,y1,21, a contradiction to the
assumption that y(Jy;21,y1,21) = 1. O

We now prove that (11) cannot have infinite length.

Since 7(g;) = 2 for all 4, the assumption that (11) is infinite and Lemma 5.1 imply
that for all 4, Sing,.(I;) is the maximal ideal of R; and R;;; is the completion of a
local ring of a closed point of the blow up of the maximal ideal of Spec(R;).

Moreover, 7(q) = 2 implies that there exist regular parameters (z,y, z) in Ry such
that V(y, z) is an approximate manifold of Iy, and thus x,y, z are good parameters
for I.

By Lemma 9.2, there exists a change of variables in Ry so that we find good
parameters x,y,z for Iy such that Iy is not solvable with respect to z,y,z. Set
Qqo) = v(o; 2, y, 2).

By Lemma 9.3, we can inductively define positive rational numbers Q(g,) such
that Q(gn+1) = Q(gn) — 1 for all n, giving a contradiction if (11) has infinite length.
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10. REpUCTION WHEN 7(q) = 1.

This is the most interesting and difficult case. The proof is based on Hironaka’s
termination argument in [H2].

10.1. Definition of 2. In this subsection we define 2 for an ideal I in a power series
ring T of three variables, over an algebraically closed field k.

Suppose that z,y, z are regular parameters in 7, and r is a positive integer.

For g € T', we have an expansion

g = Z bijkaciyjzk

with i, = bijk(g) € k. We define

A:A(I;x’y’z):{<rik’rik> €Q2k<randbijk7é0forsomegel}.

Let |A(I;2,y, )| be the smallest convex set in R? such that A C |Al, and (a,b) €
|A| implies (a+¢,b+d) € |A| for all ¢,d > 0. For v € R, let S() be the line through
(v, 0) with slope -1.

Suppose that |A]| # 0. We define oy (I) to be the smallest a appearing in any
(a,b) € |A|, Beyz(I) to be the smallest b such that (agy.(I),b) € |A]. Let ygy-(I)
be the smallest number 7 such that S(y) N |A] # 0 and let d,,.(I) be such that
(Yeyz(I) = Oay=(I), 0zy-(I)) is the lowest point on S(Vzy-(1)) N|A|. (Awy: (1), By (1))
and (Ypyz(I) — 0zyz (1), dzy-(I)) are vertices of |A|. Define €,,,(I) to be the absolute
value of the largest slope of a line through (ayy. (1), Bzy-(I)) such that no points of
|A] lie below it.

We now define

Q5 2,9, 2) = (Baye (D), %;(I)aw(n),

which is in the ordered set (by the Lex order)

1 1
r! r!
We observe that:

1. The vertices of |A| are points of A, which lie in the lattice Z x L Z.

2. vg(I) < r holds if and only if |A| contains a point on S(c) w1th ¢'< 1 which
holds if and only if there is a vertex (a,b) with a +b < 1.

3. agy(I) <lifand only if I ¢ (z,2)".

4. A vertex of |A| lies below the line b =1 if and only if I ¢ (y, 2)".

10.2. Well preparation. (z,y,z) will be called good parameters for I if vp(I) =r
and b, # 0 for all g € I such that vp(g) = r. Good parameters exist if 7(I) = 1.

Suppose that vp(I) = r and and (z,y,z) are good parameters for I. Let A =
A(I;z,y, z) and suppose that (a,b) is a vertex of |A|. Define

_ S
S(a7b){k|k<r and (—— —k; r_k)(a,b)}.
For g € I, define

{g}gZz = boor2" + Z ba(r—k),b(r_k)7kxa(r_k)yb(T_k)zk,
k€S (a,b)
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We will say that the vertex (a,b) is not prepared on |A| if a,b are integers and
there exists n € k such that

{9350, = boor(9)(z — nz“y")"
for every g € I with vr(g) = r. We will say that the vertex (a,b) is prepared on |A|
if such an 7 does not exist.
If the vertex (a,b) is not prepared, then we can make an (a,b) preparation, which
is the change of parameters
2 =z —nzy’.
If all vertices (a,b) of |A| are prepared, then we say that (I;x,y, z) is well prepared.

Lemma 10.1. Suppose that vr(I) = r, 7(I) = 1, and (z,y,2) are good parameters
of I. Then z = 0 is an approzimate manifold of I if and only if the vertices (0,1) and
(1,0) are prepared on |A(I;x,y, 2)|.

Proof. Suppose that (0,1) and (1,0) are prepared on |A(I;x,y, z)|. Since 7(I) = 1,
there is a linear form ax + by + ¢z with a,b,¢ € k such that V(az + by + cz) is an
approximate manifold of I. For each g € I with vp(g) = r, there exists 0 # d, € k
such that the r-leading form of g is dg(azx + by + cz)".

As (x,y, z) are good parameters for I, byo-(g) # 0, so we must have ¢ # 0. If
a # 0, then (1,0) is a vertex of |A([;x,y, z)|, which is not prepared since for g € I
with vr(g) =,

{g}%g) =dgc"(z+ %x)r.

Thus a = 0. If b # 0, then (0,1) is a vertex of |A([;x,y, z)| which is not prepared
since for g € I with vp(g) =1,

‘s b T
{g}y) = dygc"(z+ Zy)".

Thus a = b =0 and z = 0 is an approximate manifold of I.
The proof of the converse also follows from the above arguments. O

Lemma 10.2. Consider the terms in the expansion

k
RN i —Na, it (ke
(18) h=Z?7k A()\>x+(k ) yj+(k A)bzi\
A=0

obtained by substituting z; = z —nx®y® into the monomial 'y’ z*. Define a projection
for (a,b,c) € N3 such that ¢ < r,
a b

r—c r—c

m(a,b,c) = ( ).

1. Suppose that k < r. Then the exponents of monomials in (18) with nonzero
coefficients project into the line segment joining (a,b) to (=i, —17).

r—k’r—=k
a. If (a,b) = (=4, =L5), then all these monomials project to (a,b).
b. If (a,b) # (4, Ti—k), then x'y’ 2k is the unique monomial in (18) which

projects onto (Tik, Tﬂ—k) No monomial in (18) projects to (a,b).
2. Suppose that r < k, and (i,j,k) # (0,0,7). Then all exponents in (18) with

nonzero coefficients and z1 exponent less than r project into

((a7 b) + Q%O) - {((L, b)}
3. Suppose that (i,j,k) = (0,0,7). Then all exponents in (18) with nonzero
coefficients and z1 exponent less than r project to (a,b).
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Lemma 10.2 is proved by a straight forward calculation. We deduce Lemma 10.3
from Lemma 10.2.

Lemma 10.3. Suppose that the vertex (a,b) is not perpared on |A|, and 2z, = z—nxy®
is an (a,b) preparation. Then
L |A(L; z,y, z1)| € |A(L; 2,9, 2)| — {(a,b)}.
2. If (d',b') is another vertex of |A(I;z,y,2)|, then (a',b') is a vertex of
|A(T;2,y,z1)|, and for g € I with vr(g) = r, {g}‘,‘;,yblz1 is obtained from

{g}g/yb/z by substituting z; for z.

Lemma 10.4. Suppose that Sing,.(I) has dimension < 2, vp(I) =r, 7(I) =1 and
(x,y,2) are good parameters for I. Then there is a formal series ¥(z,y) € K[z, y]]
such that under the substitution z = z; — VU(x,y), (x,y,21) are good parameters for I
and (I;x,y, z1) is well prepared.

Lemma 10.4 is proved by successive removal of vertices which are not prepared,
using Lemma 10.3.

Remark 10.5. It is not always possible to well prepare after a finite number of

preparations, so that z1 could be a formal series in z,x,y. An example is given in
Ezample 7.19 [C2].

10.3. Very Well Preparation. We will also consider change of variables of the form
yi =y —nz"
for n € k, n a positive integer, which we will call translations.

Lemma 10.6. Consider the expansion

J .
. =S (e
A=0

obtained by substituting y1 = y — nz™ into the monomial z'y’ z
jection for (a,b,c) € N3 such that ¢ < r defined by

a b

r—c r—c

k. Consider the pro-

7(a,b,¢c) = ( )-

Suppose that k < r. Set (a,b) = (-, Tfk) Then xiy{zk 18 the unigue monomial in
(19) whose coefficients project onto (a,b). All other monomials in (19) with non-zero
coefficient project to points below (a,b) on the line through (a,b) with slope —=

e

Lemma 10.6 is proved by a straight forward calculation. We deduce Lemma 10.7
from Lemma 10.6 and the definition of well preparedness.

Lemma 10.7. Suppose that (I;x,y, z) is well prepared, y» = y—nz™ is a translation,
and z1 = z — Y(x,y1) is a subsequent well preparation. Then

a$7y1721 (I) = Oéwyz(l), ﬁahyl,zl (I) = 51?/2([) and ’Y‘T’yl,m (I) = 7wy2(1)-

Definition 10.8. Suppose that I C R is an ideal such that vp(I) = r, 7(I) = 1,
Sing,.(I) has dimension < 2 and (x,y, z) are good parameters for I. Let o = gy, (1),
B = Bayz(I), ¥ = Yay=(I), § = day=(I), € = €5y (I). (I;2,y,2) will be said to be very
well prepared if it is well prepared and one of the following conditions holds.
1. (v=196,6) # (o, B) and if we make a translation y; = y — nx, with subsequent
well preparation z1 = z — W(x,y1), then

Qzy 2 (I) = a’/BIylzl (I) = 5771.%21 (I) =7
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and
615!/121 (I) S d.
2. (y—10,0) = (a, 8) and one of the following cases hold:

a. e=0

b. € #0 and % is mot an integer

c. €0 andn = % is a (positive) integer and for any n € k, if y1 = y—na”
is a translation, with subsequent well preparation z1 = z — VU (x,y1), then
€xyiz1 (1) = €. Further, if (c,d) is the lowest point on the line through
(v, B) with slope —e in |A(L;z,y,2)| and (c1,dy) is the lowest point on
this line in |A(I;z,y1, z1)], then dy < d.

Lemma 10.9. Suppose that I C T is an ideal such that vp(I) = r, 7(I) = 1,
Sing,.(I) has dimension < 2 and (z,y, z) are good parameters for I. Then there are
formal substitutions

21 =z = \Il(xay)7y1 =Yy—- ¢($)
where U(x,y), p(x) are series such that (I;xz,y1,21) is very well prepared.

Proof. By Lemmas 10.4 and 10.7, we can find good parameters z,y,z for I such
that (I;x,y, z) is well prepared, «, 3, do not change under translation y; =y — nzx
followed by subsequent well preparation, and 4 is maximal. If (y—4,d) # (a, 3), then
we have achieved case 1 of Definition 10.8, so that (I;x,y, z) is very well prepared.
We now assume that (I;x,y, z) is well prepared, and (o, 8) = (v — §,9). If e =0
% is not an integer then (I;x,y, z) is very well prepared.
Suppose that n = % is an integer. We then choose € k such that with the
translation y; = y — nx™, and subsequent well preparation, we maximize d for points
(¢, d) of the line through («, §) with slope —e on the boundary of |A(I;z,y1, z1)|. By
Lemma 10.7, o, § and ~ are not changed. If we now have that d # (3, we are very
well prepared.

If the process does not end after a finite number of iterations, then we construct
formal series y' = y—¢(x) and 2’ = z—1)(x, y) such that |A(I;xz,y’, z’)| has the single
vertex (a, 3), and (I;x,y’,2’) is thus very well prepared. O

or

10.4. Effect of a permissible blow up on A.

Definition 10.10. Suppose that I C T is an ideal such that vr(I) =r, 7(I) = 1,
Sing,.(I) has dimension < 2, and (z,y, z) are good parameters for I.

We consider 4 types of transformations T — Ty, where Ty is the completion of
the local ring of a blow up of T, and Ty has regular parameters (z1,y1,21) related
to the regular parameters (x,y,z) of T by one of the following rules. In all cases, if
vr,(I1) =71 and 7(I1) = 1, then (x1,y1,21) are good parameters for I.

Trl Szngr(l) = V(x,y,z),
r=uw1,y=r1(y1 +1),2 = T121,
withn € k. Then I} = %ITl is the weak transform of I in T.
Tr2 Sing,(I) = V(z,y,2),
r=T1Y1,Y = Y1,z = Y121
Then I; = y%ITl 1s the weak transform of I in Ty.
1
Tr3 Sing,.(I) = V(z,z2),
T=2x1,Y =Y1,2 = T121.

Then I, = w%ITl 1s the weak transform of I in Ty.
1
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Trd Sing,(I) = V(y, 2),
T =21,y =Y1,2 = Y121

Then I, = %ITl 1s the weak transform of I in Ty.

Lemma 10.11. Suppose that assumptions are as in Definition 10.10. Further suppose
that (z,y,z) and (x1,y1,21) are related by a transformation of one of the above types
Trl - Tr4, and vy, (I1) = r, 7(I1) = 1. Then there is a 1-1 correspondence

o: Al z,y,2) — A(l,x1,y1,21)
defined by
1. o(a,b) = (a+b—1,b) if the transformation is a Trl with n = 0.
2. o(a,b) = (a,a+b—1) if the transformation is a Tr2.
3. o(a,b) = (a — 1,b) if the transformation is a Tr3.
4. o(a,b) = (a,b— 1) if the transformation is a Tr4.

The proof of Lemma 10.11 is a straight forward calculation. We deduce Lemma
10.12 from Lemma 10.11.

Lemma 10.12. In each of the four cases of the preceeding lemma, if o(a,b) = (a1,by)
is a vertex of |A(I1; x1,y1, 21)], then (a,b) is a vertex of |A(I;x,y, 2)|, and if (I;x,y, 2)
is (a,b) prepared then (I1;x1,y1,21) is (a1,b1) prepared. In particular, (I1;x1,y1,21)
is well prepared if (I;x,y, z) is well prepared.

Lemma 10.13. Suppose that assumptions are as in Definition 10.10 and (z,y, 2)

and (x1,y1,21) are related by a Tr3 transformation. Suppose that vy, (I) = r and
7(L) =1. If (I;z,y, 2) is very well prepared, then (I1;x1,y1,21) is very well prepared,

/3131?/121 (Il) = ﬁwyz(l)v 6$1y121 (Il> = 6$UZ(I)7 €z1y121 (Il> = EwyZ(I)
and
Qzyyiz1 (Il) = azyZ(I) -1, Yo1y121 (Il) = Yzy=z (I) -1
We further have Sing,.(I1) C V(x1,21).
Proof. Well preparation is preserved by Lemma 10.12. We deduce from the definition
of Tr3 that (I1;x1,y1,21) is also very well prepared.

Since Sing,.(I) = V (z, z), we have Sing,.(I;) C V(x1), the exceptional divisor of our
Tr3 transformation. Sing,.(I7) is either the maximal ideal, or the germ of a nonsingular
irreducible curve, by Lemma 5.2.

Suppose that Sing,.(I7) is a nonsingular curve C. Then C has formal local equations

o0
t
T =21 — g ay; =0
t=1

for some a; € k by Lemma 5.1. Suppose that g € I with vp(g) =r. Expand

g = ( Z Zbijk:riyjzk) +h

i+k=r j=0
with h € (x,2)" L.
g - : h
= 22 Dbawia) |ty
1 i+k=r j=0 1

with -2+ € Ty.
Ty
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VT(%) =r and % € (xy1,21 — Zfil ayt)" implies

o0 . oo
Z Zbijkyizf = boor (21 — Zatyf)r.
=1

i+k=r j=0
Thus

g = boor(z — Z azxy’)" + h.
t=1
Suppose that a; # 0 for some t. Let ty be the smallest value of ¢ for which a; # 0.
Then («, 8) = (1,t0), since I C (z,2)". But (1,t0) is then a vertex of |A(I;x,y, z)|
which is not prepared, a contradiction. Thus a; = 0 for all ¢t and C' = V (z,21). We
conclude that Sing,.(I1) C V(z1, 21)
The remaining statements of the lemma follow from Lemma 10.11.
O

Lemma 10.14. Suppose that assumptions are as in Definition 10.10, (x,y,z) and
(x1,y1,21) are related by a Trl transformation with n = 0, (I;z,y,z) is very well
prepared and vy, (I1) =r, 7(I1) = 1. Let (I1;21,y,2") be a very well preparation of
(I1;21,91,21). Let

o = Ofﬂcyz(I)aﬂ = ﬂxyz(1)77 = ’Yacyz(l)a(s = Jacyz(l)ae = eacyz(I)a

o] = Ofacly/z’(ll)aﬂl = ﬂﬁcly/z’(ll)a’ﬂ = 'Yxly/z’(Il)a(;l = 53?13/2'([1)’61 = exly’z/(ll)-
Then

(6171 aal) < (ﬁa laa)
€1 €

in the lexicographical order. If By = 3, and € # 0, then é = % - 1.
We further have Sing,(I1) C V(x1,2’).

Proof. (I;x1,y1,21) is well prepared by Lemma 10.12.

Let o : A(;x,y,2) — A(I1;21,y1,21) be the 1-1 correspondence of 1 in Lemma
10.11, which is defined by o(a,b) = (a+b—1,b). o transforms lines of slope m # —1
to lines of slope %, and transforms lines of slope -1 to vertical lines.

We deduce the formulas for transformation of «, 3, , d, € from consideration of the
effect of a Trl transformation followed by very well preparation on (I;z,y, z) in the
different cases of Definition 10.8. We need the assumption Sing,(I) = V(x,y, 2) so
that 8 < 1, to conclude that ay < a if € = 0.

By Lemmas 5.1 and 10.1, Sing,(I1) C V(z1,21). If Sing,(I1) = V(21,21), then
all vertices of |A(I1;x1,y1, 21)| have the first coordinate > 1, and thus Sing, (I;) =
V(z1,2').

([l

Lemma 10.15. Suppose that assumptions are as in Definition 10.10, (x,y,z) and
(21,91, 21) are related by a Tr2 or a Tr4 transformation and (I z,y, z) is well prepared.
Suppose that vy, (I1) =1 and 7(I) = 1. We have that (I1;x1,y1, 21) s well prepared
and Sing,.(I) C V(y1,21). Let (I1;x1,y',2") be a very well preparation. Then

Bar i,z (11) = Bay 2 (11) < Bayz(D).

Proof. First suppose that T — T is a Tr2 transformation. The correspondence o :
A(I;z,y,z) — A(I; 21,91, 21) of 2 in Lemma 10.11 is defined by o(a, b) = (a, a+b—1).
o takes lines of slope m to lines of slope m + 1 Thus

(@ryr20 (1) Brryrzn (1) = (Qaya (1), @y (1) + Bey=(1) = 1)
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Since Sing,.(I) = V(z,y, z) by assumption, we have ag,y,(I) < 1, and thus

Bﬂﬁlylh (Il) < ﬁwyz (I)

(I1; 21,91, 21) is well prepared by Lemma 10.12. Thus the vertex (az,y, 2, (11)s Baryi = (11))
is not affected by very well preparation. We thus have £, 7./ (I1) < Bay=(I).

Now suppose that T — T} is a Tr4 transformation. The 1-1 correspondence o :
A(I;z,y,z) — A(I; 21,91, 21) of 4 in Lemma 10.11 is defined by o(a,b) = (a,b —1).
Thus Ba,y,2 ([1) < Bay-(I). (I1;21,y1,21) is well prepared by Lemma 10.12, and
the vertex (0, y,2 (11), Bziyi2 ({1)) is not affected by very well preparation. Thus
ﬁzly'z’ (Il) = ﬁzlylzl (Il) < ﬁmyz(I)

The proof that Sing,.(I1) C V (y1, 21) is as in the proofs of Lemma 10.13 and Lemma
10.14. O

Lemma 10.16. Suppose that p is a prime, s is a nonnegative integer and ro is a
positive integer such that p Jro. Let r = rop®. Then
1. (;) =0 mod p, if p° JA, 0 < X\ <71 is an integer.

7o

2. (A;S) = (A) mod p, if 0 < X <1 is an integer.
Proof. Compare the expansions over Z, of (z 4+ y)" = (xps + yps)ro. 0

The following theorem is the most delicate part of the proof, where we really see
the difference between characteristic 0 and characteristic p.

Theorem 10.17. Suppose that assumptions are as in Definition 10.10, (x,y,z) and
(z1,41,21) are related by a Trl transformation with n # 0 and (I;z,y, z) is very well
prepared. Suppose that vy, (Iy) = v, 7(I1) = 1 and Byy.(I) > 0. Then there exist
good parameters (x1,y1,21) in Ty such that (I1;x1,y], 21) s very well prepared, with
Bar iy, (1) < Bay,=(I) and Sing,(I) C V(z1,21).

Proof. Let o = gy (1), B = Bay=(I), ¥ = Vay=(I), 6 = dgy>(I). Lemma 10.1 implies
z = 0 is an approximate manifold of I. Thus since 7(I) =1,

(20) a+p>1

Apply the translation ¥’ = y — nx and well prepare by some substitution z’ = z —
U(x,y’). This does not change a, 8 or v. Set §' = 0, . (I).

First assume that ¢’ < 8. We have regular parameters (x1,¥1,%1) in 77 such that
x=ux1,y = x191,2 = 21Z1, 80 we have, by 1 in Lemma 10.11, a 1-1 correspondence
o: ALz, y',2") — Al 21,91, %1)
defined by o(a,b) = (a +b—1,b). (I1;x1,y1,z1) is well prepared by Lemma 10.12.
Since ¢’ < S, the line segment in |A(I;z,y’, 2')| through (o, ) and (y — ¢’,¢’) has
slope < —1, so it is transformed by o to a segment with positive slope or a vertical
line in |A(I1;21,y1,21)|. We have that for oy = a4,z (I1) and B = By,y,z (11),
(a1,81) = o(y—19,8) and 1 = & < . Since (I1;x1,y1,21) is well prepared, very
well preparation does not effect the vertex (aq, 1), by Lemma 10.7. After very well
preparation, we thus have regular parameters x1,yj, 21 in Ty such that (I1;x1,9], 21)
is very well prepared and 8,y . (I1) < By.(I). Sing, (1) C V(z1,27) as in the

proof of Lemma 10.14.

We have thus reduced the proof to showing that §’ < .

If (o, B) # (v — 6,9), we have 6’ < § < 8 by Lemma 10.7, since (I;z,y, z) is very
well prepared.

Suppose that (a, 8) = (v — 9, 9). Set

W:{(i,j,kz)eN3|k<rand (rikrik> :(a,ﬂ)}.
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For g = Y a;pxiy?2* € I, with vr(g) = r, set

E(J = Z aijkmiyjzk.
(i.3.k)EW
By assumption, («, 3) is prepared on |A(I;x,y,2)|, which implies that if «, 8 are
integers, then there does not exist A € k such that

aoor2” + Fy = agor (2 — Ax*y®)"

for all g € I with vp(g) = r. Moreover,

7 .
J i j—
Q1) Fyey2) = Fowy +ne,5) = 3 j{jawknA(A)a:+A<yvﬂ Ak
(5,4,k)EW A=0

By Lemma 10.6, the terms in the expansion of g(z,y’ +nx, z) contributing to (v, 0)
in |A(I;z,y, 2)|, where v = a + 3, are

Fg,(%o) — Z aijknjxi-i-jzk.
(i,9,k)eW
If (I;z,y', 2) is (v,0) prepared, then 6’ = 0 < 8. Suppose that (v, 0) is not prepared
on |A(I,z,y',z)|. Then v € N, and there exists ¢ € k such that for all g € I with
vr(g) =r,

(22) aoor(z — ¥a7)" = agorz” + Fy (4,0,
so that, with w = ;—}f €k, for 0 < k < r, we have for g € I with vp(g) =r:
1L If (7,) #0 (in k) then i = a(r — k), j = B(r — k) € N, and

r _
(23) aijk = Qoor <T B k:) W',

2. Ifi=a(r—k),j=pB(r—k) € Nand (,",) =0 (in k), then a;;, = 0.

Thus by Lemma 10.16, for (i, 7, k) € W, a;j, = 0 if p* Jk.

If k has characteristic zero, we obtain a contradiction to our assumption that (v, 0)
in not prepared on |A(I,z,y’, z)|. Thus 0 = ¢’ < § if k has characteristic zero.

Now we consider the case where k has characteristic p > 0, and r = p®ro with p Jro,
ro > 1. Then by Lemma 10.16, for (i,j,k) € W, we have a;;, = 0 if p* Jk, for all
g € I with vp(g) = r. By (23), and Lemma 10.16, we have that i« = ap®, j = fp® € N,
and for all g € I with vr(g) = r, we have that a; j (ro—1)ps # 0.

We have an expression 3p® = ep’ where p Je. Suppose that t > s. Then 3 € N,
which implies that o =y — 8 € N, so that for all g € I with vp(g) =7,

aoor (2 + wr®y®)" = ago,2" + Fy,

a contradiction, since (a, 3) is by assumption prepared on |A(I;z,y, z)|. Thus ¢t < s.
Suppose that e = 1. Then 3 = p'~* < 1 and @ < 1 (since we must have that
Sing,(I) = V(x,y, z)) which implies (since « is an integer) that v = a+ 5 =1, a
contradiction to (20). Thus e > 1. Also,

aOOTZT + Fg = Qoor (Zps + wps‘mapsyﬁps)m
aoor (7" + WP 2" (3 + )" Y10
_ aOOT(sz + Wb’ por® [(y/)pt + nptxpt}e)ro'

(24)
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Now make the (v,0) preparation z = 2’ —n°wa? (from (22)) so that (I;x,y',2’) is
(,0) prepared. For g € I such that vp(g) =, let Gy = agor2” + Fy. Then

Gg = agor ((z/)ps + ewpsnpf(e—l)(y/)ptmaps-',-pt(e—l) 4 (yl)thQ(.’E,yl))) 0
= apor [(z/)psro + 1o [ewP pp' (=D (i )p' gor'+pi(e=1) 4 (y’)QPtQ} (Z/)p"'(ro—l)]
HAz(z,y ) ()P0 4 Ay (2,)

for some polynomials (which depend on g € I), Q(x,vy), Aa, ..., Ay, where (y’)ipt | A;
for all 4. All contributions of S(v) N|A(f;z,y’, 2")| must come from these polynomials
Gy, for g € I with vr(g) = r since k is infinite. Recall that we are assuming
(o, B) = (v — 6,9). The term of lowest second coordinate on S(y) N |A(L;x,y, 2')| is

s t —1 t
(CLJ)) = (Oép +ps(e );ps> )
p p
which is not in N? since ¢ < s, and is not («, 3) since e > 1. (a,b) is thus prepared
on |A(I;z,y',2")|, and
¢ ¢
§ = I% < (Z: = B.

10.5. Construction of the sequence (gy).

Theorem 10.18. For all n € N, there are good parameters (xy,yn,zn) for I, =
(Zn)q, Rn in Ry, such that

Q413 %0t 1, Ynr 1, Zns1) = (Bott, ors @nt1)
< Q(In§xn7ynazn) = (ﬂna%ﬂvan)'
Further, if Bni1 = Bn, €nt1 7 €, and Ei % 00, then
1 1
=— -1
€En+1 €n

Proof. We inductively construct regular parameters (z,,, yn, 7, ) in Ry, such that (z,, yn, z,)
are good parameters for I, Sing.(I,) C V(xy,2,) or Sing.(I,) C V(yn,2n) and
(In; Ty Yny 2n) is well prepared. If Sing, (I,) C V(zp, 2,), we will further have that

(In; Tny Yn, 2n) is very well prepared. Let Q,, = Q(L,; Zn, Yn, 2n)-

We first choose possibly formal regular parameters (z,y,2) in R which are good
parameters for I, such that |A(I; z,y, z)| is very well prepared (see Remark 10.5). By
Lemma 10.1, z = 0 is an approximate mainfold for I. Let o =z y - (1), 5 = Bay,- ().

By our reduction in Section 8, ¢ is isolated in Sing,.(Z).

Suppose that regular parameters (x;,y;,2;) in R; have been defined for i < n as
specified above.

If Sing,.(I,) = V(yn, 2n), then R, — R,y must be a Trd transformation, by
Lemma 5.1, since V(z,,) is an approximate manifold of I,,. R, has regular param-
eters 7, 1, Y11, 2541 defined by

Ln = Z‘;H_l,yn = IU;L+17 Zn = y:H-lZ;H-l'
Thus (In41; 415 Yny1> Zn1) is well prepared by Lemma 10.15. Further Sing,.(I,11) C
V(g1 2n41) by Lemma 10.15. If Sing,. (I, 41) = V(@] .1, Y415 Z41), Mmake a change
of variables, subtracting a series in 7, , 1,4, 1 from 2], , ;, to very well prepare, with re-
sulting variables @y, 11, Yn+1, Zny1. Otherwise, set 11 = 2, 1, Unt1 = Ypj1s Zns1 =
Zn 1. We have 3,41 < B, by Lemma 10.15, and Q,, 11 < Q,.
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If Sing,.(I,) = V(xn, 2n) then (I,;zy, Yn, 2n) is very well prepared. R, — R,+1
must be a Tr3 transformation by Lemma 5.1, since V'(z,,) is an approximate manifold
of I,,. R,11 has regular parameters 11, Yn+1, 2n+1 defined by

Tn = Tn+1:Yn = Yn+1y2n = Tn+12n+1-

Thus (415 Tnt1,Ynt1, 2nt1) is also very well prepared, a1 < o and Qpq1 < Qp
by Lemma 10.13. Further Sing, (I,41) C V(Zn+1, 2Zn+1)-

Now suppose that Sing,.(I,) = V(@n,Yn,2n). Then (I,; T, yn, zn) is very well
prepared, and R, ;1 must be a Trl or Tr2 transformation of R, by Lemma 5.1, since
V(zn) is an approximate manifold of I,,.

If Ry, 41 is a Tr2 transformation of R,,, then R,, 1 has regular parameters x7, 1, v, 1, 2,41
defined by

Ty = xn+1y;+1» Yn = y;H»lu Zn = yn+1Z;L+1-
(In41:Tns1, Y15 2nyq) is well prepared by Lemma 10.15. Further, Sing,.(I,4+1) C
V(¥Yny1s2n41) by Lemma 5.1. If Sing,(I,41) = V(Tni1,Yn11,2n41), then make a
further change of variables to very well prepare. Otherwise, set ¥, 41 = ¥, 1, Znt1 =
241 Pns1 < PBn by Lemma 10.15, and Q11 < Q.

If Ry, 11 is a Trl transformation of R,,, then R, has regular parameters x, 1, v, 1, 241

defined by
Tn = Tn+1,Yn = In+1(y;+1 + 1), 20 = $n+1Z;L+1-
Sing,.(In4+1) C V(Zn+1,25,41) by Lemma 5.1.

If 8, # 0 and 1 # 0 in the Trl transformation relating R,, and R,,+1, we can change
variables tO Tp41, Yn+1, Znt+1 to very well prepare, with 8,411 < Gn, Qnt1 < 2, and
Sing,.(I+1) C V(@pit1, 2nt1) by Theorem 10.17.

If » = 0 in the Tr1 transformation of R,,, and %, 41, Yn+t1, 2nr1 are regular parame-
ters of R, 41 obtained from 2,41, 1, 2,1 by very well preparation, then by Lemma
10.14, (In41; Tnt1, Yna1, 2ne1) is very well prepared and Q41 < Q. If Bhp1 = Ba,

and €, # 0, then
1 1
=— -1
€n+1 €n
Further, Sing, (In4+1) C V(nt1, 2nt1) -
If 8, = 0 we can make the translation y/, = y, — nz,, and have that (I, z,, 4., zn)
is very well prepared, and (B,,Vn, On, €n, @, are unchanged. Thus we are in the case

of n=0. O

We now prove that (11) cannot have infinite length. Set Q(q,) = Q(Ln; Tn, Yn, 2n)
for n € N. By Theorem 10.18, we have a contradiction if (11) has infinite length, as
the sequence €2(g,) cannot decrease indefinitely.

11. EMBEDDED RESOLUTION ON A NONSINGULAR 3-FOLD

Our main resolution theorem for ideals on a nonsingular 3-fold, Theorem 5.6, has
now been proven, in Sections 5 - 10.

We now deduce embedded resolution of surface singularities (Theorem 1.2) and
principalization of ideals (Theorem 1.3) from Theorem 5.6.

To prove Theorem 1.2, we start with R = (0, E,Zs,V). Let r = v(R) and apply
Theorem 5.6, to produce a sequence of permissible transforms

anﬂ‘/nl—lﬁ"'ﬁv

such that Sing,(R,,) = 0. Since Zg is locally principal, the weak transform Z; of Zg
is the ideal sheaf of the strict transform S; of S on V; for all 4.
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Now we redefine R, to be (0, E,,,Zp,, V). By descending induction on 7, we
produce a sequence of permissible transforms

VTLQ *)V’n,g—l > *)an

such that ¥(R,,) = 1. Now redefine R, to be (0, E,,,Zpn,, Vn,). We have that Sy,
is nonsingular, since ¥(R,,) = 1. We now apply Lemma 7.3 to R,,, to construct a
sequence of permissible transforms

Vn"Vn—lg’"'g"/Qa

obtained by blowing up points and curves in the locus where E; + .5; is not a SNC
divisor, to obtain V,, such that the preimage E,, + .5, of E+ S on V,, is a SNC divisor.

To prove Theorem 1.3, we observe that we can factor Z = JK in Oy, where J is
an invertible ideal sheaf, and the support of Oy /K has codimension > 2 in V. Let
R=(0,0,K,V)and r = v(R). By Theorem 5.6, there exists a sequence of permissible
transforms

an _>Vn171 _)_)Vvv
such that Sing,.(R,,) = 0. After each permissible transform, we have that the weak
transform /IC; of ;1 is such that the support of Oy, /K; has codimension > 2 in V;.
Now redefine R, to be (0,0, K,,, Vy,). By descending induction on r, we produce a
sequence of permissible transforms

Vn2_>Vn271_>"'_>Vv7

such that Singy(Rn,) = 0. Now we have that Spec(Oy,_/K,,) is nonsingular, of
codimension > 2 in V,,,. Blowing up the irreducible components of Spec(Ov,, /Ky,)
is a sequence of permissible transforms above V,,,, after which the conclusions of
Theorem 1.3 are achieved.

12. PROJECTION TO POINTS OF SMALL MULTIPLICITY

In this section we prove Theorem 1.4, the projection theorem which allows us to
reduce to singularities of small multiplicity. The method is due to Albanese. Our
exposition is close to Lipman’s survey in [L1]. We fill in a few technical difficulties.

Suppose that k is an algebraically closed field. Let W be a projective variety
over k of dimension d, with an embedding W C P™. Suppose that ¢ € W. Let
7 : P™ — P™~! be the rational map which is projection from the point q. Let W;
be the projective subvariety of P™~! which is the image of W by 7 (the closure of
(W —{q})). Let pu be the multiplicity of the local ring Oy ,.

Theorem 12.1. The following are true.
1. p<deg W.
2. Suppose that u < deg W. Then dim W= dim W7 and
(25) [W: Wildeg W1 = deg W — p.
3. Suppose that p = deg W. Then dim W > dim W1 and W is a cone over Wy

with verter q.

Proof. Let o : Z — P™ be the blow up of ¢, with exceptional divisor E. Let A : Z —
P™~! be the morphism induced by 7 o o (a resolution of the indeterminacy of 7).
Let Hy be a hyperplane of P™ and let H; be a hyperplane of P~ 1,
We have a linear equivalence of divisors

(26) o*(Hy) — E ~ X (H,).
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Let W be the strict transform of W on Z.
By (26), and since a general hyperplane of P™ does not contain ¢, we have equality
of intersection numbers
(27) [A (H) W = [po" (Ho)® - W + [,(~E)" - W.
By the projection formula (Proposition 2.3 [F]),
[0 (Ho)* W = [p, H - W = deg W.
Let R = Ow,q, M be the maximal ideal of R. Then the scheme-theoretic intersection
of W and E is
W N E = Proj(@ns>oM"/M™1),
and
Oz(-E)® Ownge = OWﬂE(l)-
Thus by Lemma 4.3,
[,(=E)* W =—[,(W-E) - (—E)*' = -deg WNE = —e(R) = —p.
We can now rewrite (27) as
(28) [ AN (HD)S W =deg W — p.
By the projection formula, we have that
N d T _ [W: Wi]ldeg Wy if dim W = dim W,
J2A (H) W{ 0 if dim W > dim W,
Substituting into (28), we conclude that u < deg W, and p = deg W if and only

if W has dimension < d, which holds if and only if W is a cone with vertex ¢q. If
p < deg W, we obtain (25). O

We will say that the induced rational map 7 : W — W is a permissible projection
if p < deg W.

Suppose that W is a projective variety. We define ¢(W) to be the minimum of
degrees of irreducible curves on W.

Theorem 12.2. Suppose that K is an algebraic function field of dimension d over an
algebraically closed field k. Then there exists a projective variety Vi, whose function
field is K, and an embedding of Vo into a projective space PN so that Vy is not
contained in a hyperplane of PV, and such that

deg Vo

29 d'+1>
) TN d-Tde W)

where ¢ = c¢(Vp).

Proof. There exists a projective variety V', whose function field is K. Let H be a very
ample divisor on V.
After possibly replacing H with a high multiple of H, we may assume that

H'(V, 0y (6H)) = 0
for all § > 1 and i > 0. Thus we have
h*(V, 0y (6H)) = x(Ov (6H))

for all § > 1. H°(V,Oy(6H)) gives an embedding ®5 of V into a projective space
PN©) where N(8) = h°(V, Oy (0H)) — 1. Let V¢ be the image of V.

Let Hs be a hyperplane section of V. By our construction, we have that V9 is
not contained in a hyperplane of PN and ®%(Hs) ~ 6H, so that every curve in Vo
has degree > §. Thus ¢; = ¢(V?) > 4.
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We have that 4;deg V° is the coefficient of n¢ in the polynomial x(Oys(nHs)).
Since by our construction, x(Oys(nHs)) = x(Oy(dnH)), we see that deg VO =
§%deg V.
There exist ag, ay,...,aq—1 € Q such that for all § > 0,
1 -1
N(8)+1=x(Ov(6H)) = —ddeg V + > a;0".
d! —
Thus
deg V0 dideg V

N(©)—d— deg VO Stdeg V43 a60 —1—d— deg V'

cs

Since ¢5 > § for all 4, the limit as § goes to infinity of this expression is d!, and the
conclusions of the theorem follow with Vi = V¢ for § sufficiently large.
O

Theorem 12.3. Let K be an algebraic function field of dimension d over an alge-
braically closed field k. Let Vo C PN be as in the conclusions of Theorem 12.2. Then
there exists a series of permissible projections

(30) VWBnS.. S,
such that every point on V, has multiplicity < ﬁ

Proof. Suppose that there exists a point gy € Vj such that gg has multiplicity po with
d! < po < deg V. Let my be the projection from qg. Let V; be the image of V. If
there exists a point ¢; € Vi of multiplicity p; with ﬁ < p1 < deg Vi, then we
perform the projection w1 : Vi — V5 from the point ¢;. After a finite number of steps
this process must terminate, as the dimension of the ambient projective space drops
by one after each projection. After the final projection, we have a variety V,, such
that if ¢ € V}, and the multiplicity p of ¢ on V satisfies pu > %, then p = deg V,,.
We see that V,, satisfies the conclusions of the theorem unless V,, is a cone. We thus
assume that V}, is a cone with vertex ¢ (in the projective space PY~"), and will show
that this is impossible.

By (25), we have that
[Vo: Vildeg Vi =deg Vo — po < deg Vp —d! — 1.

We further have that
d!

: d <d -1
[Vl Vz] eg Vo <deg V1 [Vonl] s

from which we obtain
Vo : Veldeg Vo < [V : Vildeg Vi — d! — [Vo : V1] < deg Vo — 2d! — 2.
Continuing in the way, we obtain
Vo : Vi ]deg Vi, < deg Vo — n(d! +1).
We deduce the inequality
(31) n(d! + 1) < deg V.

There exists a linear subspace L of P" of dimension n— 1 such that 7,_q0---omg is
induced by the projection morphism ¥ : PY — I, — PN~ from L. There exist dense
open subsets Uy C Vp and U,, C V,, such that ¢ = (m,—10---omg | Up) : Uy — U, is
a finite morphism, and Uy N L = (so that Vo N ¥~1(U,,) = Up). Let E =V,, — U,.
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Since k is infinite, and by Bertini’s theorem for general hyperplane sections (Corol-
lary 3.4.14 and 3.4.10 [FOV]), there exists a hyperplane H of PY~" which does not
contain ¢, intersects each irreducible component of E generically, and such that the
scheme theoretic intersection W = H NV, is a d — 1 dimensional variety. V,, is the
locus of lines through ¢ and a point of W.

By Bertini’s theorem for general hyperplane sections, there exist hyperplanes

Hy,....Hj

of PN~" such that each H; intersects W and every irreducible component of F
generically. In particular, the scheme-theoretic intersection Hy N --- N Hg_1 N W
is a reduced set of points of order deg V,, which are contained in U,.

For 1 < i < d— 1, let H; be the hyperplane of PN~" which is spanned by ¢
and the linear space H; N H. By our construction, the scheme theoretic intersection
HNn---NHyz_1NV, is the union of s = deg V,, distinct lines L1, ..., L, whose generic
points lie in U,,.

Let Hj,...,H} | be the hyperplanes of PV such that Hy N (PN — L) = U*(H;).
Since Uy — U, is finite, the irreducible components of

Hin---nH;  NUy=¢ "(HiN---NHg1NU,)

are curves which dominate the irreducible components of HyN---NHy_1NU,, so there
are > deg V,, distinct irreducible components of Hf N---N Hj_; N Up. By the weak
Bézout theorem (12.3.1) of [Ab7], or Example 12.3.1 of the refined Bézout theorem
of [F], we have that

(32) deg Vy > cdeg V,,,

where ¢ = ¢(V)).

We have that V,, is not contained in a hyperplane of PN =" since ;) is not contained
in a hyperplane section of P¥. Thus we have the classical degree bound (Example
8.4.6 [F]),

deg V,, > N —n —d.
From (32), we get that
(N —n—d)c<deg V.
That is,

1
(33) N—d—;degVO<n.
Now from (33) and (31), we have

1 1
N —d— —deg Vj < ————deg V,
Ceg O<(d!+1) eg Vo,

which contradicts the assumption of our theorem. Thus V,, is not a cone. [l

We now prove Theorem 1.4.

Let notation be as in the statement of Theorem 12.3. By Theorem 12.3, there
exists a dominant rational map Vi — V,, such that every point on V,, has multiplicity
< ﬁ Let V be the normalization of V;, in the function field K of V{, so that the
function field of V' is K, and we have a finite morphism ¥ : V' — V,,. By Theorem
4.2, we have that every point on V' has multiplicity < d!.
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13. RAMIFICATION

In this section, we collect some basic results on ramification of local rings, which
we will need for our proof of local uniformization in the next section. For more
details, the book “Ramification Theoretic Methods in Algebraic Geometry” [Ab4] by
Abhyankar is an excellent reference.

Suppose that R is a normal local domain with quotient field K, and L is a finite
extension of K. Let T be the integral closure of R in L. The finitely many local rings
S which are localizations of T' and dominate R are called the extensions of R to L.

R is said to be unramified in L if for every extension S of R to L we have that S
is residually separable over R and M (R)S = M (S).

Suppose that X and Y are normal integral schemes, and f : X — Y is a finite
morphism. The branch locus of f is the set of points in Y over which f is ramified.
The branch locus is a closed subset of Y (cf Theorems 1.44 and 1.44A [Ab4]). If Y
is nonsingular, then the theorem of the purity of the branch locus [N] tells us that if
the function field of X is separable over the function field of Y, then the branch locus
of f has pure codimension 1 in Y. In particular, if L is separable over K and R is a
regular local ring, then R is unramified in L if Rg is unramified in L for every height
one prime @ of R.

Suppose that our local ring R is an equicharacteristic complete regular local ring,
with algebraically closed residue field k. Then R is a power series ring over k. T is
itself a complete local ring. Further, if R is unramified in L, then R = T (as follows
from Nakayama’s Lemma).

Suppose that f(Z) € K[Z] is a monic polynomial. Let 6(f) € K be the discrim-
inant of f. Suppose that f(Z) factors as f(Z) = (Z — z1)---(Z — #,) in a splitting
field of f over K. Then 6(f) = [];;(2i — z)).

If f(Z) € R[Z], then since R is integrally closed, §(f) € R.

We compute the discriminant in a case which will be important in the sequel.
Suppose that A € K. The discriminant of f(Z) = Z™ — X\ is

(34) 5(f) = +n"An !

(This can be computed directly from the definition or from the formula of Exercise
12 (c) of Chapter IV [La]).

Lemma 13.1. Suppose that R is a normal local domain with quotient field K, L =
K(r1,...,ry) is a finite extension field of K, and f;(Z) € R[Z] are nonconstant
monic polynomials such that f;(r;) =0 for 1 <i <n. Suppose that §(f;) & M(R) for
1 <i<n. Then R is unramified in K(ry,...,ry).

This is (10.17) [Ab7).

Lemma 13.2. Let R be a d-dimensional regular local domain with d > 0. Let K
be the quotient field of R and let (y1,...,yq) be a basis of M(R). Suppose that L =

K(z1,...,2q) is an overfield of K where z?(i) = y; for 1 < i < d, where n(i) are
positive integers. Let S be the integral closure of R in L. Then S is a finite R-module,
S is a d-dimensional reqular local domain, S = R[z1,...,24], M(S) = (z1,...,24)S,

S/M(S)=R/M(R), and [L : K] =n(1)---n(d).

This is (10.20.1) [Ab7].

Suppose that R is one dimensional, and S; for 1 < i < n are the distinct local rings
of T which dominate R. Let w; be the integers such that M (R)S; = M(S)™i. Define
q; = [Si/M(S;) : R/M(R)]. We have an inequality

(35) qwy + -+ grwy, < [L: K]
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(by Theorem 21, Section 9, Chapter V [ZS]).
We say that R is tamely ramified in L if w; is not divisible by the characteristic of
R/M(R) and S;/M (S;) is separable over R/M(R) for all i.

14. LocAL UNIFORMIZATION OF POINTS OF SMALL MULTIPLICITY

In this section, we generalize the method of Jung [J], for locally resolving singu-
larities. Our methods are a simplification of those of Abhyankar [Ab7]. We prove
local unformization of the function field of a 3-fold V' whose base field is algebraically
closed of characteristic > 5 in Theorem 14.4.

Theorem 14.1. Let R be an equicharacteristic, complete reqular local domain of
dimension d > 1, whose residue field is algebraically closed (so that R is a power
series ring over an algebraically closed field k). Let p be the characteristic of k.
Suppose that L is a finite extension of the quotient field K of R. Further suppose
that a regular system of parameters yi,...,yq in R is such that R is unramified in L
away from V(y1 ---ya), and the one dimensional reqular local rings R, are tamely
ramified in L for 1 <i <d.
Then there exists a positive integer n such that p ['n, and an inclusion of fields

KCLCK(z1,---,24)
such that 2 = y; for 1 <i <d.

Proof. Let T be the integral closure of R in L, H; = Ry,,) for 1 <i < d. Let H; ; for
1 < j < u(i) be the distinct local rings of T which dominate H; for 1 <1 < d. Let
w; ; be the integers such that M (H;)H; ; = M(H;;)"". Define

Gi,j = [Hij/M(H;;) : Hi/M(H;)).

Let n be the least common multiple of the w; ;. Since the H; are tamely ramified
in L, we have that p Jn.

For 1 <17 <d, choose z; in an over field of L such that 2]* = y;. Define polynomials
fi(Z)y=2" -y, e K[Z] for 1 <i<d.

Define fields K* = K(z1,...,24) C L* = L(z1,...,24). Let R* be the integral
closure of R in K*, T™ be the integral closure of R in L*.

Suppose that V* is a one dimensional localization of R*, and that W* is a one
dimensional localization of T which dominates V*. We will show that

(36) W* is residually separable algebraic over V* and M(V*)W* = M(W™).

W* dominates a one dimensional localization W of T" and dominates a one dimen-
sional localization V of R.

First suppose that V' # H; for any i. Since y1 ...yq is a unit in V', and thus also in
W, we have by (34) that the discriminant §(f;) ¢ M (W) for 1 < i < d. By Lemma
13.1, W is unramified in L*. Since V is unramified in L, we then have that (36) holds.

Now suppose that V' = H; for some i. Then W = H;; for some j. Choose x € W
such that zW = M(W). There exists a unit 2’ € W such that y; = a’z*"7. Let

z =z 27! € L*. Define a polynomial f(Z) = Z%ii — 2’ € L[Z]. We have that
f(z) =0 and 6(f) ¢ M(W) by (34). Further, 6(f;) ¢ M(W) if j # i. Lemma 13.1
thus implies that W is unramified in L' = L(21, ..., 2i—1, 2, Zit1,- - -, 24) C L*.

Let T be the integral closure of T in L', and let W’ be the local ring of T such
that W* dominates L'. We have that M(W') = 2W’ and W’ is residually separable

w;

algebraic over W. Further, L* = L'(z) and 2z, "’ = zx. Since z is a unit in W/,
MW') = (zz)W'. By Lemma 13.2, we have that W*/M(W*) = W'/M(W’) and
M(W*) = z,W*. It follows that (36) holds.
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Since we have verified that V* is unramified in L* for all one dimensional local
rings of R*, and L* is separable over K*, by the purity of the branch locus [N], we
have that R* is unramified in L*. Since R* is complete with algebraically closed
residue field, T* = R*. As L* is the quotient field of T, we have that L* = K*. [

Corollary 14.2. Let assumptions be as in Theorem 14.1. Then there ezists a sub-
group G of Gal(K(z1,...,24)/K) = Z2 such that L = K(z1,...,24)¢. Let A be the
integral closure of R in K(z1,...,24). Then A =X][[z1,...,24]], and the integral clo-
sure T of R in L is T = A®. In particular, there exist elements s; € T such that T is

generated by s1,...,8m as an R module, and there exist natural numbers a(i,j) such
that
s = y‘f(l’j)y;@’j) . yg(dyj)

for1<j<m.

Proof. By its construction, and Lemma 13.2, K(z1,...,24) is Galois over K with
Abelian Galois group isomorphic to Z2 and A = k[[z1,. .., z,]]. K(z1,...,2q) is thus
Galois over L. Let H = Gal(K (z1,...,2q4)/K) and G = Gal(K (#1,...,2q4)/L) C H.
Elements of H act on K(z1,...,2q) by multiplying z; by an n-th root of unity. A%
is integrally closed, is finite over R and has quotient field L. Thus T = A®. The
conclusions of the corollary follow. (Il

Lemma 14.3. Let R be a d-dimensional reqular local domain with d > 2, which
is essentially of finite type over an algebraically closed field k with R/M(R) = k.
Suppose that y1,...,yq are reqular parameters in R and f € R is such that f =
yit -yt for some natural numbers ai,...,aq. Further suppose that e is a positive
integer. Let m denote the remainder modulo e of an integer n. Let V be a valuation
ring of the quotient field K of R which contains k, such that V/M (V') =k, and which
dominates R. Then there exists a sequence of local blow ups

R—R —--—R,

along V' such that there exist reqular parameters x1,...,xq in the reqular local ring
R,, a unit € € R,, and natural numbers by, ...,bq such that

fzexll’ln-xzd
with by + -+ + by < e.

Proof. The proof is by induction on @; + - -- + a4. Suppose that a; + --- + aq > e,
and the assertion of the lemma is true for all values of @; + --- + @4 smaller than
the given value. There exists a unique integer ¢ with 2 < t < d such that for every
subsequence 1 < u(1) < --- < u(t — 1) < d we have Gy (1) + -+ + Ty—1) < e, but
for some subsequence 1 < u(l) < -+ < u(t) < d we have Gy1) + -+ + Gyuu) > e
After possibly reindexing 1, ..., yq We may assume that a; +---+a; > e. Let v be a
valuation whose valuation ring is V. After a further reindexing, we may assume that
v(y1) < v(y;) for all i < t. Let

2 U3
R =R,
Y1 Y n
where M; is the contraction of the maximal ideal of V' to R[%,% ... 2]  There

Y1 Y1’ ’ Y1
exist A; € k for 2 < i <t such that M(Ry) = (y4,...,y,), where
Y ifi=1
yi=< i+ N) ifl<i<t
Y; if i > t.
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‘We then have that
f=€W)™ ()™ (yg)*

where
ai+ag+---+a ifi=1
a,=¢ 0 if2<i<tand \; #0
a; otherwise

and € is a unit in Ry. Since @y +---+a; — a1 <e,a; <eand a, +---+a; > e, we
see that

and hence
ay+--+ay<ay+--+ag.

Therefore we are done by induction. (I

Theorem 14.4. Let L be a 8 dimensional function field over an algebraically closed
field k of characteristic p > 5 (or p = 0). Suppose that V' is a valuation ring of L
containing k such that V/M (V) = k. Then there exists a regular local ring A with
quotient field L which is essentially of finite type over k and is dominated by V.

Proof. By Theorem 1.4, there exists a normal local ring S of L which is dominated by
V', and such that e(S) < p if k has positive characteristic p. Suppose that e(S) > 1.
There exists a system of parameters xy, z2, 23 in S such that e((x1,z2,23)S) = e(5)
by Theorem 4.1. Let K = k(x1,22,73) and R = K[z1,22,73](2, 25,25)- 1 is a 3
dimensional regular local ring which is dominated by S (by Corollary 1 to Theorem
12, Section 9, Chapter VIII [ZS]). There exist r1, ..., 7, in the integral closure of R in
L such that L = K(r1,...,7r,). For 1 < j < n, there exist nonconstant polynomials
fi(Z) € R[Z] such that f;(r;) = 0. We further have that r; € S for all j. Let
f=11;=16(f;) € R (where ¢ is the discriminant).

By Theorem 1.2, there exists a sequence of local blow ups R — Ry along V' such
that f = 0 is a SNC divisor on the spectrum of the regular local ring Ry. Let Sy be
the normal local ring which is a local ring of the integral closure of Ry in L, and is
dominated by V.

Let K*, K§, L*, L§ be the respective quotient fields of the respective completions
with respect to their maximal ideals R*, R§, S*, S§ of R, Ry, S, Sy. By Theorem 4.4,
we may identify K*, K, L*, L§ with subfields of L. We have L* = K*(L) and
L§ = K (L), since S* is finite over R* and S§ is finite over Rj.

We will now show that Theorem 14.1 applies to Rf in the field L§. By Theorem
4.2, we have

e(So) < e(M(Ro)So) = e(M(R;)Sg) = e(Rg)[Lg : K]
=[Ly: Kg] < [L™: K7
=e(R*)[L* : K*] = e(M(R*)S*) = e(S*) = e(S).
In summary, we have
(37) e(So) < (L3 K3) < (17 K*] = e(S).

We have that L§ = Kg(r1,...,7n).

Since f = 0 is a SNC divisor on the spectrum of Ry, there exists a system of regular
parameters y1,¥y2,ys in Ry, a unit € € Ry and natural numbers ¢y, c3, c3 such that
f = eyi'ys?ys®. Suppose that @ is a height one prime of R§ which does not contain
Y1Y2ys. Since f = H?:l 0(f;), we have that §(f;) are units in (R§)g for 1 < i < n,
so that (R)¢q is unramified in L§ by Lemma 13.1. Thus R§ is unramified in L§ away

from V (y1y2ys3)-
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By (35) and the fact that [L§ : K] < p by (37) (if k has positive characteristic
p), we see that for 1 <4 <3, (R)(y,) is tamely ramified in L§. Thus the conclusions
of Theorem 14.1 hold for the inclusion K§ C L§. Now by Corollary 14.2, there
exists s € L§ and a prime number ¢ which is not equal to p, such that ¢(Z) =
Z9 — yitys2ys® € K§[Z] is the minimal polynomial of s over K for some natural
numbers a1, ag, ag. Thus, [K§(s) : K§] = ¢. ¢q[L§ : Ki(s)] = [L§ : K] < e(S) implies
that

e(S)
.

Now by Lemma 14.3, there exists a sequence of local blowups along V', Ry — Ry,
such that R; has a regular system of parameters z1, 22, 23 such that

(38) (Lo : Ko (s)] <

ay,az, az __ _* ml’r)’LQ’n’qublebg
Y1 Ystys® = € (21" 2y 25" ) T2y 257 25

where €* is a unit in Ry, m1, ms, ms, b1, ba, bs are natural numbers such that
b1 + by + b3 < q.

Let S; be the local ring of the integral closure of R; in L which is dominated by
V. Let Ki, L] be the quotient fields of the respective completions with respect to
their maximal ideals R}, ST of Ry and S;. We have

L K (s)] <[5« K3(s)] < ef).

Let F be the local ring of the integral closure of R} in K7 (s) which is dominated
by S§. By Theorem 4.2, we have

e(51) < e(u(F)s7) = e(P) (L1 s K1 (9)] < (L)) els).

We will now show that e(F') < ¢, from which it will follow that e(S1) < e(S). We will
then have achieved a reduction in the multiplicity of S from which the conclusions of
the theorem will follow from induction.

Let = s(20™20"225%3)~ 1. We have 29 = (¢*)9201 252255 € Ry, Thus 29 has order
vRr: ((29)) = by + by + b3, less than ¢ in R} and K7 (s) = K{(z).

First assume that z? is a unit in R}. This is equivalent to by = by = b3 = 0. Thus
R3 is unramified in K7 (z), so that F =2 R} and e(F) =1 < q.

Now assume that x? has positive order in R}. We have

e(F) < [Ki(2): K{] <gq.

Assume [K7(z) : K] = q. Then Z? — 29 is the minimal polynomial of z over K.
Let F' = Rj[z] C F. F' and F have the same quotient field, and F is finite over F”,
so e(F) < e(F’). Since

F' 2 X[[z1, 22, 23, 2]] /(29 — €21 252 23°),

we have e(F') = by + by + b3 < q. O

15. PATCHING

In this section we prove a technical result on patching local resolutions, which we
will use in the next section to deduce resolution of singularities of a 3-fold from local
uniformization.
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Theorem 15.1. Suppose that K is a 3-dimensional algebraic function field over an
algebraically closed field k. Let N be a set of valuation rings of K which contain k
and whose residue fields are k. Suppose that Vi and Vi are normal projective varieties
with function field K such that each element of N dominates a reqular point on Vj
or V1. Then there exists a normal projective variety W, with birational morphisms to
Vo and Vi, such that each element of N dominates a nonsingular point of W.

Proof. Let Z C Vy Xk Vi be the graph of the birational map from Vy to Vi. The
projection from Z to Vj is a projective birational morphism. Hence Z is the blow up
of an ideal sheaf Z C Oy,. Let Uy C Vj be the dense open set of nonsingular points
in V. By Theorem 1.3, there exists a sequence of blow ups with nonsingular centers
Wy — Uy such that ZOyy, is invertible. Wy — Uy is the blow up of an ideal sheaf
J on Uy. Let J’ be an ideal sheaf on V which extends 7, and let m; : X; — Vj be
the blow up of J'. 77 (Up) = Wy and Z; = ZOx, is an ideal sheaf on X; which is
invertible on Wy. Let Vo — X be the normalization of the blow up of Z;, with induced
projective morphism 7y : Vo — Vj. Let Uz be the nonsingular locus of V5. We have
that Wy = my 1(U0) C U, is nonsingular, and by the universal property of blowing
up, there exists a projective morphism « : Vo — V;. Let U; be the nonsingular locus
of V1, and F be the Zariski closure in V; of the fundamental locus of a=! | U;.

Since « : Vo — Vi is projective and birational, V5 is the blow up of an ideal sheaf
K in Ovl.

Let W1 — U; be the principalization of KOy, of Theorem 1.3. We have a factor-
ization
(39) W1:X714>Xn_14>"'4>X0:U1

where each map X; — X;_; is the blow up of a point or nonsingular curve in the
locus where KOy, , is not invertible.

Since W1 — U is a projective birational morphism, there exists an ideal sheaf H
in Op, such that W is the blow up of H. Let H’ be an ideal sheaf in Oy, which
extends H and such that the support of Oy, /H’ is the Zariski closure of the support
of Oy, /H, which is equal to Fs. Let §: V3 — V; be the normalization of the blow
up of H'. Let Us be the nonsingular locus of V3. We have that W; = 3=1(U;) C Us.
Let v : V3 — V5 be the induced birational map, and

=1 p € Vi | po is the center of some A € N such that
" | the center of A on V; is a singular point :

We have by assumption that L C Us,. Suppose that po € L. Let p1 = a(p2).
Further suppose that there exists a curve I's in V5 such that po € V5 and I's is in
the fundamental locus of v~!. Then a(Ty) C F,. Now suppose that o(I'y) =T’y is a
curve. Let n; be the generic point of 'y and 73 be the generic point of I's. By [Ab3],
the birational local homomorphism Oy, ,, — Oy, ,, of two dimensional regular local
rings factors uniquely as a sequence

(40) OVlﬂh =Ry—Ri— - — Ry = OVz,’flz

of blow ups of regular local rings at the maximal ideal, followed by localization at
a maximal ideal. Further, by the universal property of K, we have that K, R,, is
invertible, but KC,,, R; is not invertible for ¢ < m.

By our construction of the sequence (39),

V3 Xy SpeC(Oth) - SpeC(OVhV]l)

can be factored as a product of blow ups of points over n; (which are generic points of
curves which dominate I'y), at which the extension of the ideal sheaf X is not invert-
ible. Comparing with (40), we see that V3 — V4 is an isomorphism in a neighborhood
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of 12, a contradiction to our assumption that I'y is in the fundamental locus of y~!.
Thus a(T'2) = p1, which is a singular point of V; in Fj.

It follows that there exists an open subset Uy of V5, which is contained in the
nonsingular locus Us of V3, such that L C (72, and the fundamental locus G of the
birational map U, — V3 is a union of curves containing points of L which contract
by « to points in the set of points «(L), and possibly of some isolated points in L.

Let Zy C Uy xi V3 be the graph of the birational map from Us to Vs. There exists
an ideal sheaf 7 on Us such that Z, is the blow up of 7, and the support of Op, /T
is G. By Theorem 1.3, there exists a sequence of blow ups with non singular centers
transforms Wy — Ug such that JOyy, is invertible, and Wy — UQ is an isomorphism
away from G.

Let J’ be an extension of J to Vo such that the support of Oy, /J’ is the Zariski
closure of G in V5. Let § : V4 — V5 be the normalization of the blow up of J’. Finally,
let V5 be the normalization of the graph of the birational map V; — V3. We will show
that every element of N has a nonsingular center on V.

Suppose that A € N.

Let p1, p2, p3, pa, p5 be the respective centers of A on Vi, Vo, V3,Vy, Vs.

Suppose that p; € Fs. Then

OVs,Ps = OVl m C Oszpz = OV4,P4

since a(G) C Fs implies po & G. If p; is a singular point of Vi, then A € N implies py
is a nonsingular point on Vj. If p; is a nonsingular point of Vi, then Oy, ,, = Oy, p,,
S0 p4 is a nonsingular point on V. Since V;, — V3 is a morphism at py and py is a
nonsingular point of Vj, we have that Oy, ,, = Oy, p,, and ps is a nonsingular point
of Vs.

Suppose that p; € Fs is a nonsingular point of V5. Then ~ is a morphism at the non-
singular point ps, and

OV4,;D4 = OV2»P2 - OV37P3'
Thus Oy, p, = Oy, p, and ps is a nonsingular point of V5.

Suppose that p; € Fs is a singular point of V3. Then ps € L C Us,. Thus Oy, ps C
Ov, p, and py4 is a nonsingular point on Vy. It follows that Oy, ., = Oy, ,, and ps is
a nonsingular point of Vj.

O

Corollary 15.2. Suppose that K is a 3-dimensional algebraic function field over an
algebraically closed field k. Let N be the set of all valuation rings of K which contain k
and whose residue field is k. Suppose that {V1,...,V,} are normal projective varieties
with function field K such that each element of N dominates a nonsingular point on
some V;, with 1 < i < n. Then there exists a nonsingular projective variety W such
that the function field of W is K.

Proof. The proof is immediate from induction on the statement of Theorem 15.1. O

16. RESOLUTION OF SINGULARITIES OF 3-FOLDS

In this section we deduce resolution of singularities of a 3-fold from local uni-
formization. We generalize to positive characteristic the patching argument of Zariski
[Z4]. Our proof is a little simpler than Abhyankar’s argument in [Ab7].

We first prove the existence of nonsingular models.



Resolution of singularities for 3-folds 49

Theorem 16.1. Suppose that k is an algebraically closed field of characteristic # 2,3
or 5, and K is a 3-dimensional algebraic function field over k. Then there exists a
nonsingular projective variety W whose function field is K.

Proof. Suppose that V is a valuation ring of K which contains k. We will first show
that there exists a normal projective variety Wy whose function field is K, such that
the center p of V on Wy is a nonsingular (not necessarily closed) point of Wy, .

If the residue field of V' is k, then this follows from Theorem 14.4. Suppose that
the residue field of V strictly contains k, so that it is a transcendental extension.
There exists a valuation ring V* of K which contains k, whose residue field is k, and
such that V is a localization of V* at a prime ideal (as follows from the construction
of composite valuations on page 57 [Ab4]). By Theorem 14.4, there exists a normal
projective variety Wy «, with function field K, such that the center of V* on Wy« is
at a nonsingular point p*. Thus Ow,,. p~ is a regular local ring. The center of V' on
Wy« is thus a point p which is a nonsingular point of Wy «, since the local ring of p
is a localization of O, . p=.

By quasi compactness of the Zariski Riemann manifold (Theorem 40, Section 17,
Chapter VI [ZS]), there exists a finite set of normal projective varieties {V1,...,V,}
with function field K, such that the center of every valuation ring of K is at a
nonsingular point of some V;. Now the existence of a nonsingular projective variety
with function field K follows from Corollary 15.2. (|

We now prove the existence of a resolution of singularities, but do not require it to
be an isomorphism above the nonsingular locus of V.

Theorem 16.2. Suppose that V is a projective variety of dimension 3 over an alge-
braically closed field k of characteristic # 2,3 or 5. Then there exists a nonsingular
projective variety W and a birational morphism ¢ : W — V.

Proof. By Theorem 16.1, there exists a nonsingular projective variety W whose func-
tion field is K. Let @ : V' — W be the birational map between V' and W, induced
by the equality of their function fields with K. Let I's C V' xyx W be the graph of ®.
Projection onto the second factor is a birational projective morphism 7y : ' — W.
Thus mo is the blow up of a sheaf of ideals Z on W. By Theorem 1.3, there exists a
sequence of blow ups with non singular centers W7 — W such that ZOyy, is invertible.
Thus there is a projective birational morphism W7 — V. O

17. A STRONGER RESOLUTION THEOREM

In this section we prove the main resolution theorem, Theorem 1.1. Our argument
is based on the proof of Cossart [Co4| of this extension. We require the following
lemma.

Lemma 17.1. Suppose that V is a projective variety over a field k, and C C V is
a curve such that the generic point of C is contained in the nonsingular locus of V.
Then there exists a sequence of blow ups of closed points

(41) VoVt = s =V

such that the strict transform C,, of C in V,, is contained in the nonsingular locus of
V.

Proof. By Corollary 4.4 [C2], there exists a sequence of blow ups of points V,, — V
such that the strict transform C), of C' in V,, is nonsingular. We may thus assume
that C' is nonsingular from the outset.
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Suppose that p is a point in the intersection of C' and the singular locus of V. Let
(42) e e R R e (=

be the sequence obtained by first blowing up p, then blowing up the point p; on the
strict transform Cy of C above p, and then iterating this construction.

We have a projective embedding of V into a projective space X over k. The
sequence (42) is obtained by constructing the corresponding sequence of blow ups of
points

R A A R
and taking the strict transform V,, of V in X,,.
Let R, = Ox,, p, for n > 0. We have a sequence of homomorphisms of local rings

R=Ry— Ry —— Ry — -
Let

I, = IVn,pna ICW, = ICnvpn’

my, be the maximal ideal of R,, for n > 0.

There exist s < d and regular parameters z,y1,...,¥Ys,---,yq in R such that
y1=--=y4=0
are local equations of C' in X, y1,...,ys € I and the classes of y1,...,ys are an R/m

basis of I/m? N 1.

If y1,...,ys do not generate I, then there exists f € I — (y1,...,¥ys) such that
[ & I2. This can be seen as follows. Since the generic point of C is in the nonsingular
locus of V, there exists a basis y1,...,Ys, b1, ...,y of IR, which extends to a regular
system of parameters of Rj,. Thus

d
hi =Y Ay
i=1

with \; € Ry, and ); is a unit in Ry, for some ¢, with s +1 < ¢ < d. Without loss of

generality, i = d. For 1 < i < d, express

4
Gi

with f;,g; € R and g; € Ic. We have f; & I¢.

by

d d
(H gj)hl = Zfl(Hg])yZ S IR[C NR=1I.
j=1 i=1 J#i
Thus
d
S o e)wier-12.
i=1 g
There are regular parameters x, y1(n), ..., yq(n) in R, defined by y; = y;(n)a™ for

1 <i <d. We have that I, = (y1(1),...,y4(n)). Observe that the residue field of

R,, is the residue field of R for allAn > 0.
We have an expansion of f in R,

d
f=da@y+ > (@ v
i=1

i1etig>2

Let m; = ord a;(x) for 1 < i < d, with the convention that m; = co if a; = 0.
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After subtracting an appropriate element of (y,...,ys) from f, and possibly per-
muting ysi1,--.,Yd, we may assume that
mg = min{mys, ..., mg}.
For n > mg, we have an expression
d

f=am™try e () yi(n) + 29

i=1
for some ) € f%n. Let K be the quotient field of R. Then
/

xmd +n

€eR,NK=R,

is in the prime ideal I,, as x = 0 is a local equation of the exceptional divisor of
X, — X,,_1, and z is thus not in I,,.

f
yi(n), ..., ys(n), Zmatn €,

extend to a regular system of parameters in R,,. Iterating this procedure, we achieve
that for large n, I,, is generated by part of a regular system of parameters in R,,.
Thus p,, is in the nonsingular locus of V,,.

We repeat this procedure for each of the finitely many points of C' which are in
the singular locus of V', to construct a sequence (41) satisfying the conclusions of the
lemma.

d

We now prove the main resolution theorem, Theorem 1.1.

By Theorem 16.2, there exists a projective, birational morphism ® : W — V such
that W is nonsingular. Let U C V be the open subset consisting of the nonsingular
points of V. Let G be the Zariski closure in V' of the fundamental locus of the
birational map ®~!: U — W. ® is the blow up of an ideal sheaf T of V.

By Lemma 17.1, there exists a sequence of blow ups of points, after which we
perform a normalization, 8 : V; — V such that § is an isomorphism above U, and
the strict transforms of all curves of G in V; are contained in the nonsingular locus
of Vi. (3 is the blow up of an ideal sheaf J of V.

By Theorem 1.3, applied to the ideal sheaf 7 Oy ,there exists a sequence of blow ups
of points and nonsingular curves v : Wi, — W such that J Oy, is locally principal, so
that Wy is nonsingular, ¥ : W; — V; is a morphism, and W; — W is an isomorphism
above ®~1(U).

Let C4,...,C, be the curves in V; which are in the fundamental locus of the
birational map ¥~=1 : V; — W, are disjoint from ~1(U), and intersect the strict
transform on Vj of a curve of G. 8 maps each C; into the singular locus of V. Since
each C; intersects the nonsingular locus of V7, by the Zariski - Abhyankar factorization
theorem [Ab3], W, — V; factors as a sequence of blow ups of nonsingular curves above
V1 in a neighborhood of the generic point of each C;.

We now construct a birational morphism V5 — V; by blowing up a sequence of
points on the intersection points of the strict transform of the C; and the strict
transform of a curve in G, so that the strict transforms of the C; are disjoint from
the strict transforms of the curves in G.

We may now construct a sequence of blow ups of curves (which may possibly be
singular) V3 — V5 which dominate the C;, so that the birational map W; — V3 is
an isomorphism above the generic points of each C;. We may replace V3 with its
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normalization. Since the C; contract to the singular locus of V., § : V3 — V is an
isomorphism over the nonsingular locus of V. V3 — Vj is the blow up of an ideal
sheaf IC of V7. By Theorem 1.3, applied to the ideal sheaf KOy, , we may construct a
birational morphism Wy — W such that KOy, is locally principal, W5 is nonsingular,
and Wy — Wy is an isomorphism over the complement of a finite number of points of
the C; in V;. The induced morphism « : Wy — V3 is the blow up of an ideal sheaf £
of V3.

Let G be the fundamental locus of the birational map a~' : V3 — W, and let
H be the union of connected components of G3 containing the strict transform of G
on V3. Let H = G3 — H. By our construction, H N H' = (), H is contained in the
nonsingular locus of V3, and 6(H') is contained in the singular locus of V. Thus there
exists a Zariski open subset U* of V3 such that U* is contained in the nonsingular
locus of V3, 6~ 1(U) C U*, § is an isomorphism above U, and the intersection of U*
and the fundamental locus of o~ ! is H.

Since V3 is normal, there exists an effective Weil divisor D on V3 and an ideal sheaf
M on V3 such that the support of Oy, /M is contained in G3, and £ = Oy, (—=D)NM.
Since HN H' =, M = M; N My where Oy, is supported on H' and Oy, /M is
supported on H.

Let £1 = Oy,(—D) N M. Then £4|U* is a Cartier divisor, and £|(Vs — H) =
L|(Vs — H).

Let V; — V3 be the blow up of £;. By our construction, V; — V3 is an isomorphism
above points of §~1(U), so that V4 — V is an isomorphism above the nonsingular locus
of V. Since the birational map V; — Wj is an isomorphism above the complement of
H in V5, V} is nonsingular. Thus V; — V is a resolution as desired.
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