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INTRODUCTION

A classical theorem of Brauner [3], (also Kéhler [10], Zariski [15]), gives a formula
for the generators and relations of the topological fundamental group of the knot
determined by the germ of an analytically irreducible singular curve in C2. These
elegant formulas depend only on the characteristic pairs of a Puiseux series expansion
of the curve. Zariski states this Theorem as part of his discussion on Puiseux series
in the chapter on resolution of singularities in his book ” Algebraic Surfaces” [16].

Let v be the germ of an analyically irreducible plane curve singularity at the
origin. Let D, be an epsilon ball centered at the origin in C?, and let S. be the
boundary of D.. For ¢ sufficiently small, the pair (D.,y N D.) is homeomorphic to
the pair consisting of the cone over S. and the cone over v N S; (c.f. Theorem 2.10
[11]). Thus S. — v N S: is a strong deformation retract of B. — v N Be, and the
topological fundamental group of the knot is isomorphic to 7 (B, — v N B.).

The arithmetic analogue of the topological fundamental group of the knot deter-
mined by the germ of an analytically irreducible singular plane curve is thus the
algebraic fundamental group m(Spec(R) — V(f)) , where R = k[[z,y]] is a power
series ring over an algebraically closed field k, and f € R is irreducible.

The basic theory of the algebraic fundamental group is classical, being understood
for Riemann surfaces in the 19th century. The algebraic fundamental group is con-
structed from the finite topological covers, which are algebraic. Abhyankar extended
the algebraic fundamental group to arbitrary characteristic [2] and Grothendieck [§]
defined the fundamental group in general.

In positive characteristic, Puiseux series expansions do not always exist (c.f section
2.1 of [5]). However, in characteristic zero, the characteristic pairs of the Puiseux
series are determined by the resolution graph of a resolution of singularites of the
curve germ. As such, the characteristic pairs can be defined in any characteristic
from the resolution graph (c.f [5]).

In this paper we prove an arithmetic analogue of Brauner’s theorem, valid in
arbitrary characteristic. The generators and relations in our Theorem (Theorem 0.1

Both authors partially supported by NSF.
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below) for the prime to p part of the algebraic fundamental group, coincide with
those of Brauner’s Theorem ([3], [10], [15]).

Theorem 0.1. (Main Theorem) Let R = k[[x,y]] be a power series ring over an
algebraically closed field k of characteristic p > 0. Suppose that f € R is irreducible.
Let U = Spec(Ry) = Spec(R) — V(f). Let (m;,n;), 1 < i < g be the characteristic
pairs of f. Then ng)(U) is 1somorphic to the prime to p part of the pro-finite
completion of the free group on the symbols Qq, ... ,Qq, P1, ... , P, with the relations
and y; are integers such that x;m; = ym; + 1, Iy = n; — n;_1m;.

The prime to p part of a fundamental group m; is the quotient 7T§p ) of 7 by the
closed normal subgroup generated by its p-Sylow subgroups.

Let C' = V(f), m be the maximal ideal of R. The basic strategy of the proof is
to construct an embedded resolution of singularities 7 : X — Spec(R) of C' such
that the preimage of C' is a simple normal crossings divisor. Then Abhyankar’s
Lemma [2] shows that 7" (Spec(Ox,) — 7-1(C)) has an extremely simple form
for any x € 77'(m). We further compute the prime to p part of the algebraic
fundamental group of the complement of 77'(C) in the formal completion of X
along each of the exceptional curves of X — Spec(R). Then we make use of an
arithmetic analogue of Van Kampen’s Theorem by Grothendieck and Murre [9] to
give N+1 generators (where N is the number of exceptional curves of X — Spec(R)),
and certain relations. This is accomplished in Theorem 6.2 of Section 3. We make
essential use of the theory of the fundamental group developed by Grothendieck in
[8] and by Grothendieck and Murre in [9]. A related result to Theorem 6.2 has
been proven by the authors in [6], where the prime to p part of the local algebraic
fundamental group of a quasi-rational surface singularity is computed.

In Section 7 we prove the main theorem, Theorem 0.1. In this section we make
an analysis of the combinatorics of the resolution graph of C', as is developed in
sections 2 and 4.

The authors would like to thank David Buchsbaum for being a wonderful teacher
and an exemplary mathematician.

1. CONTINUED FRACTIONS

Let n,m be positive integers with (n,m) = 1. By the Euclidean algorithm, We
can expand - in a continued fraction in nonnegative integers ;,

We represent this by
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Conversely, given a p-tuple of nonnegative integers [t1, ... ,t,] with ¢; > 0 for ¢ > 1,
there is a unique factorization - with n, m relatively prime positive integers such

that
- [t1, cee ,tl,].

v) be a v-tuple of nonnegative integers with t; > 0

33

Definition 1.1. Let o = (t1, ...,
fori>1.

.

ok =pi(o), -1 <k <v}
18 the sequence given by
p-1=0,po =1,p1 =t1,pr = tyPr—1 + Pr—2, kK < v
Definition 1.2. Let 0 = (ty,... ,t,) be a v-tuple as in definition 1.1. Set
qr = Qk(a) = pk—l((t2> cee 7tl/>>'
We have the identity

Gk = tkQr—1 + Qr—2.
Lemma 1.3.

Pvqv—1 — QwPv—1 = (_1)V
Proof. Let S = p,q,—1 — q,p,—1. Now

PrGe—1 — @Pr—1 = (tkPr—1 + Pe—2)qk—1 — (teQe—1 + qr—2)Pr—1
= Pk—29k-1 — Qk—2Pk—1
for any k. Hence by repeated application of the above calculation, we get

S — P1go — q1po  if v is odd
| porn —qop1r  if v is even.

But p1go — 1po =0 —1 = —1,s0 S = (—1)" as desired. O
Lemma 1.4. Let o = (t1,... ,t,) be a v-tuple of nonnegative integers such that t; >
0 fori>1. Let ™, (n,m) = 1 be the unique factorization such that ™ = [t1,... ,1,].

Let py, = pr(o) and g = qi(o) be as in definition 1.1 and 1.2. Then p, = n and

q, = m. Furthermore,

p
=ty
dk

2. RESOLUTION GRAPHS

Let R = k[[z,y]] be a power series ring over an algebraically closed field k (of
arbitrary characteristic). Suppose that f € R is irreducible (and singular). Let
C=V(f).

There is a unique sequence of blowups of points
XN —>XN_1 — e —>X1 —>X0 = Sp@C(R)

such that if h : Xy — Xj is the composed morphism, h~1(C') is a divisor with simple
normal crossings, and N is the smallest number of blowups such that the preimage
of C' has this property.
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We can associate to C' a graph I'(f) called the resolution graph of C. T'(f) is
the intersection graph of the exceptional curves of g and the strict transform of C.
The vertices of I'(f) are a vertex Ej, corresponding to the strict transform of C' on
Xy, and vertices E;, for 1 < i < N, which correspond to the (strict transform in
X of the) exceptional curve of X; — X;_;. two vertices are connected by an edge
if the corresponding curves intersect. The weight of a vertex is —1 times the self
intersection number of the corresponding curve in Xy.

The resolution graph I'(f) can be constructed inductively, by elementary trans-
formations on the intersection graphs I'; of the i-th blow up Xj.

Ty BT, % 79O . (2)

'y is the single vertex F; with wt(FE;) = 1. An elementary transformation of type
one of a weighted graph I', o(X,Y), adds a new vertex X with weight 1, an edge
from X to Y, and increases the weight of Y by 1. An elementary transformation
of type two of a weighted graph I', o(X, Y, Z), adds a new vertex X with weight 1,
edges from X to Y and from X to Z, increases the weights of Y and Z by 1, and
removes the edge from Y to Z.

There are unique natural numbers

L={g;v;,1<i<gt;;1<i<g,1<j<v} 3)
such that g, v; are positive, t;; is positive if j > 1 orif i =1, and [t;1,... .t € Z

for 1 <i < g, such that the data L uniquely determines the construction of I'(f) by
the following rules.

Define
i Vg 7
T(iuja k) = Zztab+zti+1,c+k. (4)
a=1b=1 c=1

0ri01) = 0(Erio1); Erioo) 1<i<g—1
ftii1=0,vp=21<1<g—1,
o0k = 0(ErGok), Eriok—1): Era00) 2 <k <tipro
Iftig11=0,v41>2,1<i<g—1,
0r6.0k) = 0(ErG0k) Erok-1); Eri0,0)) 2<k<tino+1

Or(ijik) = 0(Ergijrys Brijr—1), Erijo) 2 < 117{: < Vg1 —2
2< k<t +1

Or(ivir—1k) = O(Er(ipi—1k) Ertivi—15—1)s Bripi—1,0) 2 <k <tigim,.,
ftip10>1land 0<i<g—1,
060k = 0(ErGok): Eraok-1)) 2<k<tiqa+1

Oriigk) = O(Eriijk)s Eriji-1)s Brijo) 1< i < Vg1 —2
2<k<ti1j+1+1

Or(iwip1—1,k) = U(ET(i,Vi+171,k); ET(i,Vinl,kfl)a ET(i,l/i+171,0)) 2<k< Lit 11

Conversely, suppose we are given data L = (g,v;,t;;) as in (3). Then we can
associate a graph I'(L) to L by the following rules.
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The vertices of I'(L) are F;, with 0 < i < 7(g,0,0). The edges of I" are

e(0,7(g,0,0))
e(7(4,0,0),7(2,0,1)) 1<i<g-—1

f1<i<g—1,t411=0and v, =2, I' contains the edges

G(T(i, 0, kf),T(i, 0, k — 1)) 2 S k S ti+1,2
e(r(i +1,0,0),7(i,0,0)).

f1<i<g—1,t411=0and vy > 2 I contains the edges

e(T(i, 0, k), T(i, 0,k — 1)) 2<k<ti12+1

e(7(1,2,1),7(¢,0,0))

B(T(ivjvk)vT(iajak_l» 2§j§7/i+1_2
2<k<tiy141+1

E(T(i,j + 17 1>7T(i>j> 0)) 2 S ] S Vi+1 - 2
G(T(i, Viy1 — 1, k),T(i,Vi+1 — 1, k — 1)) 2<k S ti+1,1/i+1
G(T(i, Vit1, 0)7 T<i7 Vi1 — 17 0))

If0<i<g—1andt?;1; > 1, then I' contains the edges

e(7(i,0,k), 7(2,0,k — 1)) 2<k<t1+1

B(T(i,j,k),T(i,j,]{?—l)) 1§j§Vi+1_2
2<k<tiy141+1

G(T(i,j, O)?T<i7j + 1, 1)) 1<i<vip—2

e(T(i,vig1 — LE), 7(t,vip1 — Lk = 1)) 2<k <tij1,,,
e(T(ia Vigr — ]-7 0)7 T(iv Vit1, 0))
The weights of the vertices are
2 kS atin 1<j<y
tigrn+2 k=20 tin 1<j<y—1
ti,ui +1 k= 277;_11 ti,n

wi(r(i — 1,0, k)) = ?‘—1—1,2 +1ok=3n fin 6 < gty =0,V =2
2+ 2 k=YYt i<gtiig =01 >2
2 k=3ntitin 0<g,lis11#0
1 k= Zrylizl ti,n 1= g
0 k=0 i=1

From the algorithm following (3), we can associate to L a sequence of blowups
of points h : X;(400 — X of (2), such that I'(L) is the intersection graph of the
exceptional curves of g, augmented by a vertex Ej of weight 0, and an edge from Ej

to E‘r(g,O,O) .

Let C be a nonsingular curve on X, 0,0) which is disjoint from E; for j < 7(g,0,0)
and intersects E 40,0y transversely at a point. This is possible since X is Henselian.

Let f € R be a local equation for C' = h(C). Then I'(L) is the resolution graph

L(f) of f.

Consider the sets of characteristic pairs

N = {(m1,m1),...,(mg,ng)}
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where g is a positive integer, (m;, n;) are relatively prime positive integers, n; > my
and m; > 1 for all 4.

There is a 1-1 correspondence between the sets of characteristic pairs N and the
set of resolution graphs I" which arise from resolution of irreducible (singular) f € R.

Suppose that N = {(m,n1),...,(mgy,ny)} is a set of characteristic pairs. We
will associate a resolution graph to N.

Define m; = ny, m; = n; — n;_1m; for 2 < i < g. From the continued fraction
representations

n;
E = [ti,ly e ,ti7,,i] (5)
of (1), we obtain data L = (g, v, t;;). we have shown above that I'(L) is a resolution
graph.

We can associate characteristic pairs {(m,n1), ..., (mgy, ng)} to aresolution graph
I'(f) by formula (3) and the formula

g:w:[tm,,,, i) 1<i<yg. (6)
m; my;

ny > my since t1; > 0.

3. PUISEUX SERIES

In characteristic zero, the characteristic pairs of f play a remarkable role in the
Puiseux series expansion of f (c.f chapter 1 [16]). In positive characteristic, Puiseux
series expansions do not always exist (c.f section 2.1 of [5]).

In this section we will suppose that k has characteristic zero. Given a nonunit f €
R, Newton developed an algorithm to construct a fractional power series expansion

(c.t. [4])

& i Ay & A ti iy
y= Xitiand' + b + 352 aggr + bprmimz A
ng—1+i fig fig+i (7)

k =g PR — SR I
_I_ Zzil ag7il»m1m/2"'m971 + ng mimg--mg + Z'Loil CZ.Z' mymy--mg

. . : . 1y. 1
We can write the above fractional powerseries as a power series y(zv ) in xv, where
vV = mims---mgy. This series is a solution to

1
[l y(zv)) =0.
After suitable choice of regular parameters z,y in R, we can normalize (7) by the
conditions

1<@<~T~L2~ <...<#
mi mi1me my:-- My
m; >1for1<j<g, (mj,n)=1forl1<j<gandb; #0forl<i<g.
If f is irreducible, then the expansion (7) is a Puiseux series expansion of f. Let
w be a primitive " root of unity. Then

f= vﬁ(y —y(w'zv))

for some unit v € R.
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Classically (c.f. [4], [7], [16]) the characteristic pairs are defined as the
{(mhﬁl)a"' a(mgaﬁg)} (8)

obtained from the Puiseux series expansion (7) of f. We will call (8) the classical
characteristic pairs of f.

Enriques and Chisini [7] construct the resolution graph of f from the classical
characteristic pairs of f. Neuerburg, in his thesis [13], gives a modern proof. He
shows that the algorithm following (3) applied to the data L constructed from (8)
by the formula (6) constructs the resolution graph of f. The case t;; = 0 requires
special treatment. This point is not clear in the literature.

Thus (assuming that & has characteristic zero), the characteristic pairs are pre-
cisely the classical characteristic pairs.

4. A REORDERING OF THE RESOLUTION GRAPH

We will now reindex the nodes of the resolution graph I'(f) to give a combinatorial
description of I'(f) which will be more natural for our analysis of the fundamental

group.
We can describe T'(f) as follows. Let (m;,n;), 1 < i < g be the characteristic
pairs of f, m; = n; — myn;_q. Let
n;
- — tz g oo 7til/-
N T
be the continued fraction representation as in (5). Let
biok—1 = Sh ti2j—1
biok = Xj_1tigj
bi i = 0,k<0.
The graph I'(f) has g + 1 horizontal branches with each branch connected to the
next by a single edge. The (g+1)* horizontal branch has one node O, with weight
0. For i < g, the i*" horizontal branch has

Vi
> tij
j=1

nodes. There are
2]

Z ti2j—1
j=1

nodes
[55]

Li(1), Li(2), ... , L z_: tini 1)

numbered from the left, and

[

J

SIS

]
t;2;
1



8 S. DALE CUTKOSKY AND HEMA SRINIVASAN

nodes
3]
Ri(1), Ri(2), ..., Ri(D_tin))
j=1
numbered from the right. R; denotes the right end of the i** branch where as the
left extreme L; of the i** branch is connected by an edge to the node O;_; of the
(i — 1)** branch. When ¢;; = 0, and v; = 2, O; coincides with L;. Further,

0. — Li(b;,,) if v; is odd
) Ri(biy,) if v, is even.

Og41 is connected by an edge to the node O,.
All nodes except O;, 1 < ¢ < g and L;(b;2r—1), Ri(b;2x) have weight 2. (L;(b;1)
does not exist if ¢;; = 0).

2 if tip110#0
N ) Tt it =0,v40 =2
wH(O:) = 2+ tiy1e ifti =000 #2
1 ifi—g

2+t 2k—1<vy;—1
Wt(Li(bi,2k—1)) - { 1 + tiill: 2k — 1 = Vz' -1

" _ ) 24 tigkn 2k <vi—1
wt(R;(biar)) = { 1+tiokyr 2k=v—1
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v; even

L7, - Lz(l) Ll(bl 1 — 1) Ll<bl71) L'<bi,1 —|— 1)
O G S ©
2 2 2+t2 2

Li(bior—1 —1) L;(b;ox—1) Li(biox—1 +1)
e o o

2 2+t o 2

Li(bi,uifl - 1) Lz'(bi,uifl) Oz = Rz<b1,ul)
G S 9]

2 1 + ti,Vi

Ri(b;y,—2+ 1) R;i(b;,,—2) Ri(b;y,—2 — 1)
G o o

2 2+t 2

Ri(b;or + 1) R;(b; ) Ri(bior — 1)

e = o
2 2+ tiokt1 2

Ri(biz +1) Ri(biz2) Ri(biz —1) R; = Ry(1)
e o o o
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— Lz(l) Ll(bl 1 — 1) Ll<bl71)
o G s
2 2 2+1i0
Li(bior—1 —1) L;(b;ox—1) Li(biox—1 +1)
G & o
2 2+t o 2
Li(biy,—2 — 1) Li(bi,—2) Li(b;y,—2+1)
G & o
2 24ty 2
Oz = Lz(bz 1/2) Ri(bi,ui—l) Ri(bi,yi—l 1)
G & o
1 + ti,ui 2
Ri(b;or + 1) R;(b; ) Ri(bior — 1)
G & o
2 2+ tiokt1 2
R'(bi,2 + 1) Rz(b%Q)
G e o
2 2+1t3 2

Li<bi,1 + 1)
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Remark 4.1. When compared with the resolution graph in section 2, where the j-th
node E; corresponds to the exceptional divisor of the j-th blowup, we see that for
1 <k <tiji1, Erio1jp) is the (bij—1 + k)™ node from the left on the i™ branch if
j is even, and is the (b; j_1 + k)™ node from the right on the i" branch if j is odd.

5. ALGEBRAIC FUNDAMENTAL GROUPS

Suppose that X is a normal irreducible scheme. Let 1 be the generic point of X,
K = Ox,,, the "function field” of X. Let 2 be an algebraic closure of K.

Suppose that L is a finite extension of K which is Galois over K. we can form the
normalization of Y of X in L. The set of all such Y which are unramified over X form
a projective system Y,,,. If L, C L,, we have natural morphisms ¢, ,, : ¥, — Y.
We have natural maps 7, : Spec(2) — Y,,, which are compatible with the ¢,, ,,,. Let
M be the union of the fields L,,. M is a subfield of 2 which is Galois over K.

Aut (M) = lim Aut (L) = lim(Auty (Y,,)).

lim(Autx (Y;,))? is the algebraic fundamental group m (X).
Let C be the category of etale covers of X. Consider the functor F' : C — finite sets
defined by
F(Z) = Homx (Spec(Q2), Z).
C is a Galois category, and F' is a fundamental functor for C (Exposé V [8], Chapter
IV [12]).
Suppose that Z € C. For each Y,, we have a natural map Homx(Y,,, Z) — F(Z),
given by h — h o 1,.
Tty (Homy (Y, Z) — F(Z)
is an isomorphism. Thus the system {Y,,} pro-represents F. [ is an equivalence
between C and the category C(7) of finite sets on which 7 = 7 (X)) acts continuously
(Theorem V 4.1 [8], Theorem 4.4 [12]).
Suppose that D is a divisor on X. This method can be extended to construct
a fundamental group of X — D. In this case we consider normal Galois Y;, such
that Y,, | (X — D) is unramified. We can further consider the category CP(X) of
normal covers Y of X which are etale over X — D and such that p does not divide
|Autx(Z) | whenever Z is a Galois closure of an irreducible component of Y. In
this case the Galois Y,, which are unramified over X — D and such that p does not

divide |Autx(Y,,) | pro-represent the fundamental functor F' | CP(X). The prime

to p part 7T§p ) (X — D) of the fundamental group 71 (X — D) is a fundamental group

for CP(X). The prime to p part of a fundamental group 7 is the quotient 7r§p )

by the closed normal subgroup generated by its p-Sylow subgroups.

Let § be a normal, connected formal scheme with a simple normal crossings divisor
D on S. Let CP(S) be the category of formal S schemes Y which are normal, etale
over § — D, and such that p does not divide |Auty(Z) | whenever Z is a Galois
closure of an irreducible component of Y. CP(S) is a Galois category by Proposition
4.2.2 of [9], and thus has a fundamental group by Exposé V [8]. A fundamental
functor for CP(8S) can be constructed as follows (4.2.3 [9]). Let s € S, and let
V' = spf(A) be a neighborhood of s in S. Let V* = Spec(A), and choose s* € V*

of m;
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such that s* is not on the divisor on V* corresponding to D, and s is in the closure
of {s*}. Let Q be an algebraically closed field containing k(s*). We can define a
fundamental functor F : CP(S) — finite sets by

F(T) = Homy-(Spec(Q2),T™)

where 7% = Spec(B) if T' | V* = spf(B).

Suppose that E is an integral divisor on a normal formal scheme X, Y — X is
finite, and the integral divisor E' maps to E. The isotropy group I(E’/FE) is defined
as follows. Let R = Oxg, S = Oyge. Let K be the quotient field of R, L be the
quotient field of S. Let a be the maximal ideal of R, b the maximal ideal of S.
Define

I(E'JE) ={g € Autx(Y) | }(§) = §( mod ) for all § € S}.

By the ramification theory of Dedekind domains (c.f Chapter V, Section 10 [16]),
I(E'/E) is canonically isomorphic to a subgroup of the multiplicative group (R/a)*.

6. PRELIMINARY ANALYSIS

We will now follow the notation of the statement of Theorem 0.1. Set N =
7(g,0,0). Set £ = Zf\io E;, a simple normal crossings divisor on X. Let X be the
formal completion of X along E' = f\il E;. Let p;; = E; N E; whenever E; and Ej;
intersect properly. Let X} be the formal completion of X along Ej;, and let &) be
the formal completion of X along p;;.

Let 7 be a fundamental group for C¢(X). By Corollary 9.9 [9] we have

P (Spec(Ry)) = 7.
Let m; be a fundamental group for C#(X,), and let 7;; be a fundamental group for
CE ().
Let i, be the r-th roots of unity of k. Set p* = Limyjepe,.
We first analyze m;;. Let T' = (’),'\,»7\/>| = ||[[8, T]]. Whenever p does not divide
m and p does not divide n, set T, = k[[s,t]]/(s™ — z,t" —y), Yy = spf(Tn)-
By Abhyankar’s Lemma ([2], XIII 5.3 [8]), m;; = lim Auty, (V) = p- © p-, where

the summands are the direct limits of inertia groups of prime divisors ramified over
E; N &) and E; N &) respectively. We thus have

mij = (F(ai, ay) /o, a]) 7.
Furthermore,
To = (F(ap, an) /[, an])®.
We now analyze 7; for i > 0, and define a continuous homomorphism (a path)
Tij — . 9)

This construction will be used in the proof of Lemma 6.1. Let {7}, ¢4} pro-
represent a fundamental functor for C¢(A}), where the T}, are Galois. Thus m; =
im Auty, (75)°. Let © be an algebraically closed field containing the quotient field

of A, where &) = spf(A). F(Z) = Hom(Spec(f2), Z) is a fundamental functor for
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C(X)). G(Z) = Hom(Spec(f2),Z | X)) is a fundamental functor for C¢(X,). Let
t, € G(T}) be a coherent system of points.

Suppose that {Sy, up} pro-represent F', where the S, are Galois, and 7, € F'(S)
are a coherent system of points. m;; = lim Auty, (Sp)?.

For given Tj, we will define a homomorphism w;, : m;; — Auty, (Ty)°r. For a >> 0,
there exists h € HomXH(Sa,Tb | X)) such that t, = h o 7,, since l_imHomXH(Sa,Tb ]
X)) = G(7)). Suppose that o € m;;. hooor, € G(T},), and G(T}) is a principal
homogeneous space under the action of Auty, (7;)° on the right, since 7, is Galois.
Thus there exists a unique u,(0) € Auty, (Ty)°P such that uy(o) oty = hoo o,
Since 1y, 0 Up = U,, We can construct a continuous homomorphism m;; — ;.

Lemma 6.1. Suppose that i # 0, for some l, a path /\ﬁj’ D M, — T 48 given, and that

T is a permutation of {1,... ,m(i)}. Then there exist paths \’* : Tij, — Ti such
that
mi = (F(a, gy s - - - >O‘jm(¢))/O‘jT(1>O‘jT(2> T O‘J’T(T(m(i))afi = [ai, ajl] == [a ajm(i)] = 1)(p)>

where e; = (E?).

Proof. Suppose that {Y,,,} pro-represent C*(X,), where each Y}, is normal, connected
and Galois over X). Let ¢, : Y;;, — &). By Abhyankar’s Lemma ([1], XIII 5.3 [8]),
and since &) is complete along E;, E" = (¢, (E;))poq is irreducible. Hence the

(2

inertia group H,, = I(E"/E;) is a normal subgroup of Auty (Y;,). The quotient
Yon/Hpn € cXin @ (X)). Let II be a fundamental group for cXim @ (X)). We have
an onto group homomorphism V¥ : m; — II, whose kernel is N = lim I(E]"/E;). We
further have II = 7" (E; — >_; pij) since X is complete along E; (Lemma 9.6 [9]).
We thus have the exact sequence of Corollary 5.1.11 [9].

= = mP (B = piy) = 0. (10)

J

Suppose that {Z,,} pro-represents c2in €l (X)). The path A" determines a coherent
system of irreducible divisors E7" in Z,, which map to to Ej in &). There exist
irreducible divisors E]”; in Z,, which map to Ej;, in &) for 1 <k < m(i), and k # ji,
such that if a; are generators of im I(EY /E) = pt,

= (F<O‘J'1’ ce 7ajm(i))/ajT(1) ey 1)(p)'

This can be deduced from section 7 of [1], Theorem 12.1 [14], and the isomorphism
12 7" (B — 3 pyj)-

Let «; be a generator of N = lim [(E"/E;). ng)(/\ﬁ — > &) is a quotient of
Flag, ajys oo 04,,)- By (9) we can choose paths A" such that A\/*(ay,) = ay.
A7k () = a since 1 (F;) is irreducible.

Let d; = (E?). Let s be an integer between 1 and m(i). Let r be an integer
such that (r,p) = 1, (r,d;) = 1 and r > —d,. Since E; can be contracted inside A}
to a rational singularity, there exists g € I'(X), Ox;) such that (g) = —d,E; + Ei.
Let ¢ : Wy — X € C*(X)) be defined so that ¢.(Owy) is the normalization of
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Ox [U]/(UY = }). We can choose a surjection A : 7; — Auty (Wy). ¢ is unramified
over I, if k # s. Hence A(aj,) = 11if k # s. Consideration of the induced map
mij — Auty, (Wy) shows that

[
Aut;(> Wy) = (.7-"(0z>,a‘/)/a>v = aﬁ = [a>,a|/] = a‘ja)> = 00). (11)
By taking r arbitrarily large, we see from (11) that (10) is left exact, and
T = (F(aiv Qs e v e >ajm(j))/04jf(1)ajr(2) T @jT(‘r(m(i))afi = [ai7 O‘jl] == [Oéi’ O‘J'm(i)] = 1)(p)
for some integer e;. Now (11) shows that e; = d;. O

The following theorem is related to a similar result of the authors proved in
Theorem 3 of [6]. This is one of the main ingredients in the proof of our main
theorem.

Theorem 6.2. Suppose that Ej,,... | E

sy OT€ the curves which intersect E; prop-
erly, and 7; are permutations of {j1, ..., Jm@}- Then 7r§p)(Spec(Rf)) is isomorphic
to the prime to p part of the pro-finite completion of the free group on the symbols

{ap, a1, ... ,an}, with the relations

; : e Y € _ .
Oé.]‘ri(l)ajri(Q) a]fi(m(i))al - 1 S [ S N
lai, o] =+ = [&i,%’mm} =1 1<i<N

where e; = (E?).

Proof. Since the resolution graph I'is a tree, it follows from Lemma 6.1 and induction
that it is possible to choose paths A : m;; — m; and ¢; : m; — 7 such that

A
T W
ij
A L i (12)
®;
o= 0w
commutes and
. € __ _ _ _ p
T = (F(ai7 Qjyy e 7O‘jm(i))/ajq(1)ajri(z) QG man @i T [ai7 ajl] - = [ai7 Oéjm(i)} - 1)( )7
where Ej,, ..., L; . are the curves which intersect E; properly, and 7; are given

permutations of {ji,...,Jmu}. We can then identify o; with ¢;(a;) = ¢;(a;) in
7. An application of the arithmetic analogue of Van Kampen’s Theorem proved in
Corollary 8.3.6 [9] to (12) finishes the proof of Theorem 6.2. O

7. THE GROUP ASSOCIATED TO A TREE

Suppose that T' is a tree with weighted nodes f1,..., f; and weights eq,... ,e;
respectively, such that one of the nodes f, is a distinguished node. The group
G(I") associated to I is the free group generated by the nodes fi, ... , f; modulo the
relations

for fifi = li#s (13)
fifi; = fiyfiy 1<j<r (14)
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where f; ..., f;. are the nodes adjacent to f;. A node with only one adjacent node
is called an end.

In the relations (13), we have made a choice of an ordering of the nodes f;,, fi,, - , fi.
adjacent to f;. A change in this ordering results in gorups which are isomorphic but
not equal.

By Theorem 6.2, the prime to p part of the algebraic fundamental group of the
complement of f is the pro-finite completion with respect to normal subgroups of
finite index prime to p of the group G(f) = G(I") associated to the resolution graph
I' =T'(f) of f, where our distinguished node is Oy4;.

We will not specify the ordering of the nodes in the relations (13) at this time.
The ordering is only significant at the nodes which are adjacent to three nodes. We
will make this choice as is appropriate in the course of the proof of Theorem 7.3.

Lemma 7.1. Let 0 = (ay,... ,as.—1) be an (2r — 1) tuple of natural numbers, such
that a; is positive for i > 1, w be a natural number. Let

n

- = [ala cee 7a27“—1]

m

where n,m are relatively prime positive integers. Let p, = pr(0), qx = qr(0) be as
in definition 1. Let

b-—{ Z;":la?j—h 1<:<r
1 T .

0, 1=20
Let A(o,w) be the weighted graph

N(1) N(b —1) N(b) Ny +1)NbBy—1) N(bs) N(by+1)
G—e ceee O - O ceen O O o
2 2 2 + a9 2 2 2 + ay 2

N(br - 1) N(br)

A(o,w) has b, nodes N(1),N(2),... ,N(b.). N(b.) is the distinguished node.
The weight of N(t) is 2 unless t = b; for some i. The weight of N(b;) is 2 + ag; for
1 <i<r, the weight of N(b,) is w.
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Then, the group G(A(o,w)) is freely generated by N(1). Furthermore,
N(b; + k) = N(1)P2i1t+p2i (0 <k < agiq, 1 < b+ k< b, (15)
In particular,
N(b;) = N(1)" (16)
and
N(b, — 1) = N(1)Per-17P2r=2 (17)
Remark 7.2. The right arm of the it horizontal branch of T'(f) is A(o,w) with
0= (tia,tiz, - tiar), 7 = %],
w— { wt(0;)  v; even
1+t v odd
We have a natural isomorphism of G(A (o, w)) with the subgroup of G(I') generated
by Ri(k), 1 <k < bl2[%] Let o, = (tia,tia,- .. ,tiy,). By Definition 1.2
pi(0) = qiri(tin, tia, - ’ti,2[%])
= gj+1(07)

for j <2 [%} We have

Ri(bio; + k) = R (i) +kaz;1(o3)
1 1,4] - 7
for 1 <o +k < bw[ﬁ];o <k <tigjto-
If v; is even,
Ri(bm[%]) = Ri(bi,) = O;
and
0; = R™) = g
If v; is odd, Ri(bm[ﬁ]) = R;i(b;y,—1). In this case O; = L;(b;,,), and we have the
42
relation
Li(b; ;) Ri(biy,—1 — 1>Ri<bi,ui71)7(l+ti’yi) = 1.
i = Li(biy,) = Ri(bi,ui—l)(1+ti’yi)Ri(bi,ui—l —1)!
— R<1+ti,vi)QVifl(Ui)_(qVifl(Ui)_ql/i*Q(o—i))
— Rz?’“i("i) — R™.
In either case, we can express R;(1), R;(2),...,0; as powers of R;.
The left arm of the first horizontal branch of I'(f) is A(o,w) witho = (t11,t12,- .. ,t120-1),
=27,

@)

) 1+t v even
| wt(O1) 1y odd.
We have a natural isomorphism of G(A(o,w)) with the subgroup of G(I') generated
by Ll(k), 1 S k S b12[1/17+1} — 1.
=72

By arguments similar to the one for the right arms of the graph, we get Oy = L}*,
and all the intermediate nodes are powers of L.
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Proof. (of Lemma 7.1)

The proof is by induction on j =b; + k, 1 < j < b,.

We first prove the formula for j = 1 and 2. N(2) = N(1)Wt Lety=1. If
by = 0, then by +1 is the first node. N(b;+1) = N(1) = N(1 )1’1“1’2 since p; =a; =0
and po =1+ ajap = 1.

If by # 0, then N(1) = N(by + 1) = N(1)P-1F1ro,

Now, if b; # 1 for i =1 or 2,

N(2) = N(1)? = N(1)p-1F2r0 if b £ 0

= N(1)P+22 if b, = 0.
If 1 =0; fori =1 or 2, and hence as;_1 = 1, then pg;_o =1, po;_1 =1, po; = 1 + ao;.
So
N(1) = N(b;) = N(1)" = N(1)P>
and
N(?) — N(bz + 1) — N(1)2+a2¢ — N(l)in—l‘f’in‘

Thus we have the formula for j =1 and 2.

Assume, by induction, that we know the formula for j and j — 1, for some j < b,.
Then

j=b+k 0<k<ag for some i and k.

Case 1 k> 0.
Then the weight at j is 2. We have the relation N(j +1)N(j —1)N(j) 2= 1. So
N(j+1) = N@G)?*N() ™"
N(] + 1) — N(1)2(P2i—1+kp2i)N<1)—(?21—1+(k—1)172i)
— N(l)p2i71+(k’+1)p2i

as desired.

Case 2 k = 0.
Then the j* node has weight 2 + as;, so

N@G+1)=N@G)* NG -1

By induction,
N(j) = N(1p=-

N(] _ 1) — N(l)sz 3+(a2i—1—1)p2;_2
= N(l)pzz 1—P2i—
SO
N(j—|—1) — N(l)(2+¢12i)p21—1—p2i—1+[)2i—2
— N(l)mi—1+p2i—2+a2w21—1

— N(l)p2i71+p2i
as desired. Finally, since po; 1 + ag;11p2; = p2ir1, we have the result for all j < b,.
N(b,) = N(1)P>—* = N(1)" by Lemma 1.4, and

N(br _ 1) — N(l)pQT—3+(a2T—2_1)p2T—2 — N(l)pQr—l_pQT—Q.
U
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Our Main Theorem, Theorem 0.1 will follow from Theorem 6.2 and Theorem 7.3
below.

Theorem 7.3. Let I' = ['(f) be the resolution graph of f. The group G(T') is
generated by 2g + 1 generators P;, Q;, 1 < i < g and Qo with the relations

Qo =1
Q = PO 1<i<y
P PYQT = Q 1<i<g-—1

where (m;,n;) are the characteristic pairs of f and m; = n; — myn;_1,x;,y; satisfy

Ty — yim; = 1

furthermore,
n = 2#5 G (03) + (=1)" 4y, 1 (03)
yi = (552) pulo) + (1) pui(ov)
where B
%:[ti,1,~ i)
and

g; = (tl’71, Ce ,tiyyi).

Proof. Recall that R; is the right most node on the ith branch where as L; is the
left extreme and O; is the node which is joined by an edge to Li + 1 of the (i+1)th
branch.

Let Q; be the generator for R; for each i. We have, by Remark 7.2, for each ¢
with 1 < i < g, all the nodes to the right of O; in terms of @;, and O; = Q;".

Let P1 = L1 and

P = LiO;(YVt(OFl)_l) 2<i<yg.
Since L; commutes with O;_1, P; commutes with L; and O;_;. By Remark 7.2,
all the nodes on the 1°¢ branch to the left of O; are obtained in terms of P, and
O, = P" = Q7.

In order to prove that G is generated by the P;’s and @,’s, it just remains to get
the nodes to the left of O; in terms of P;’s and O;’s. When t;; = 0 and v; = 2,
L; = O; = R;(b;,,) and there is nothing to the left of O;. So we may assume that
tin > 0or y; > 2.

Consider the following formula

Li(r) = PO, 1 <r <,
_ Pipmﬂ(m‘)+kp2y(Ui)Ogijfl(ai)+quj(al) ifr = bz‘,2j—1 + k, bi,2j—1 <r< b@g(ﬂ;)

We verify formula (18) by induction on r, for

. s+ 1
bigj—1 <1 < bigir1,0< 5 < [V } — 1.

Now, if b;1 = 0, then L;(r) does not exist for r < b;1. If b;; # 0, then wt(O,_;) = 2
and
L = F0O;
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by definition. Suppose L;(k) = PFO;_; for all k <t < b;;. Since P, commutes with
O;_1, we have

Li(t+1) = Li(t)*Ly(t — 1)
= PYO7 B0
— PtJrlOl,

SO Ll<7") = P[Oi,h 1 S r S bi,l-
Thus we have verified (18) for j = 1, r < b; ;. Suppose that (18) is proved for all
r < bi,gjfl, 2] — 1<y, —1. Then let r = bi’gjfl.

Li(r + 1) = Li(r)“ti’?jLi(r — 1)_1

P‘(2+tz‘,2j)p2j71(Ui)f(p2j71(O'i)*p2j72(0'i))ngiti,Qj)qufl(O'i)f(Qijl(Ui)7q2j*2(o'i))

a1 (023 (00) (21 00+ (o)

Thus (18) is verified for b; ;1 + 1. Suppose it is true for r < b; 951 + k < b;2j41.

Then

Li(’l" + 1) = Li(’l")2Li<7" — 1)_1
P‘2p2j71(Ui)+2kp2j(Ui)_(ij—l(Ui)+(k_1)p2j(O'i))O'z‘Zijl(Ji)+2kQ2j(Ui)_(q2j71(O'i)""(k_l)QZj(O'i))

P%I’ijl(Ui)+(k+1)p2j(Ui)Oq2j—1(0i)+(k+1)q2j(0’i)

Thus (18) is verified for all r < b;; 1, j < [“].
This proves that G is generated by the P;’s and Q);’s.
Now, if v; = 2j — 1, then by Remark 7.2 and (18),

QU = 0; = Li(b,,) = P70
If V; = 2], then Oz = Li(bi72j_1)1+ti’2jLi(bi’Qj_l — ].)_ . SO

me - 0, = P(1+ti2j)P2j71(Ui)_(p2j71(Ui)_p2j 2(04) O(1+t12] q2j—1(0i)—(q25-1(0i)—g2j—2(04))

Pp2] 2(0'1)+t1 25P25— 1(02 Oq2] (Gi)+ti,2jq2] 1(0'1)

Pp2g O'z)OQ2j (U'z

In either case,
sz _ Ppu-(a'i O u-(Uz)
— ])Zn,sz 1mz 1 S 7 S g.

Finally, all that remains is to consider the relations contributed by the nodes O;,
1 <i < g. We have

A =0
®
A; O; B;
o o o or 0,0———oDB;
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In any case, we can order the nodes adjacent to O; in the relation (13) for O; so
that

Li—i—lAi - OWt(Ol)B_l
Therefore

Oi(Wt(Oi)*l)LHlAi — 0,B7!

)

and thus
P A = QB (19)
By Remark 7.2 and Lemma 7.1,

qu; (05)—qu, —1(0s s . .
B, = Qi”l( i)=av-1(on) _ Q""" where x; = q,,—1(0;) if v; is even

S0,
P A = Q5 (20)
Suppose that we are not in the case t;; = 0 and v; = 2. Then by (18)
A = PPl ) — pros = PRI where @, = gy, 1(04), 4 = u1(03)
if v; is even
_ Ppul(ffz —pu;—1(0%) OQu (0i)=qu;—1(03) Pyzole _ sz,le 175 (21)

where z; = ql,i(al) Qvi-1(04),Yi = o, (03) — pv,—1(0;) if v; is odd
If A; =0,;_q1,thent;; =0, 1, =2. So
T = qwq(Uz‘) = QI(Ui) =1
Vi = pu-1(o;) =pi(o;) =t;1=0.
Therefore,

A = 0,1 =PQM!

_szszw 1Z4 (22)

From (20), (21) and (22),
P PRQI™ = QP 1<i<g—1.

This completes all the relations. The relation at O, simply expresses the distin-
guished node O, in terms of Oy, Ay, By.
Thus we have the group generated by P;, (); with relations,

Qo =1

Q" = P 1<i<yg

P PUQITT = QF 1<i<g-1
PR = Q'P 1<i<y

The rest of the commutator relations are obvious. Finally, the commutativity of
P; and O; = Q"' can be deduced by induction from the first three relations.
In fact, when ¢ =1 P; does commute with ¢)y = 1. Using induction, we see that,
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Pin@Q = P PrQiT™
— Qle mi— 1$1P ylPZQOz 1My
— szPanmz lsz mMyj— IJ»’LP Yi
— sz“l‘xz —Mmy— leP yz

7 1—1

= Q"Pn

Removing these redundant relations, we get the statement of the theorem. The
fact that z; and y; satisfy the relation x;7; — y;m; = 1 follows from our Lemma 1.3.
This finishes the proof of the theorem. l

Remark 7.4. It is interesting to note that our method of proof yields values for
x; and y; precisely in terms of the characteristic pairs. This is not found in the
topological results of Brauner or Zariski. However, it can be seen that any values of
x; and y; that satisfy x;7; — yym; = 1 will indeed result in exactly the same set of
relations. This is so because P; commutes with Q"' and hence with Q7" as well.
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