STRONG TOROIDALIZATION OF BIRATIONAL MORPHISMS OF
3-FOLDS

STEVEN DALE CUTKOSKY

1. INTRODUCTION

Suppose that f: X — Y is a dominant morphism of algebraic varieties, over a field
k of characteristic zero. If X and Y are nonsingular, f : X — Y is toroidal if there are
simple normal crossing divisors Dy on X and Dy on Y such that f~!(Dy) = Dx,
and f is locally given by monomials in appropriate etale local parameters on X.
The precise definition of this concept is in [AK], [KKMS] and Definition 3.2 of this
paper. The problem of toroidalization is to determine, given a dominant morphism
f: X — Y, if there exists a commutative diagram

x, &y
P | IR (1)
x 4 v

such that ® and ¥ are products of blow ups of nonsingular subvarieties, X; and
Y, are nonsingular, and there exist simple normal crossing divisors Dy, on Y; and
Dx, = f~}(Dy,) on X; such that f is toroidal (with respect to Dx, and Dy, ). This
is stated in Problem 6.2.1. of [AKMW].

A stronger form of toroidalization is also asked for in Problem 6.2.1 [AKMW], which
we will call strong toroidalization. Suppose that f: X — Y is a dominant morphism
of nonsingular projective varieties , Dy is a SNC divisor on Y and Dx = f~(Dy) is
a SNC divisor on X such that the locus sing(f) where the morphism f is not smooth is
contained in Dx. The problem of strong toroidalization is to determine if there exists
a commutative diagram (1) such that ® and ¥ are products of blow ups of nonsingular
centers which are supported in the preimages of Dx and Dy respectively, and make
SNCs with the respective preimages of Dx and Dy, and f; is toroidal with respect
to Dy1 = \I/_l(Dy) and DX1 = (I)_l(Dx).

Toroidalization, and related concepts, have been considered earlier in different
contexts, mostly for morphisms of surfaces. Strong torodialization is the strongest
structure theorem which could be true for general morphisms. The concept of toro-
dialization fails completely in positive characteristic. A simple example is shown in
[C3].

In the case when Y is a curve, toroidalization follows from embedded resolution
of singularities ([H]). When X and Y are surfaces, there are several proofs in print
([AKK], Corollary 6.2.3 [AKMW], [CP], [Mat]). They all make use of special properties
of the birational geometry of surfaces. An outline of proofs of the above cases can be
found in the introduction to [C3].

In [C3], strong toroidalization is solved in the case when X is a 3-fold and Y is
a surface, In Theorem 0.1 of [C5] we prove toroidalization of birational morphisms
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of 3-folds. In this paper, we prove strong toroidalization for birational morphisms of
3-folds.

Theorem 1.1. Suppose that f : X — Y is a birational morphism of nonsingular
projective 3-folds over an algebraically closed field k of characteristic 0. Further sup-
pose that there is a SNC divisor Dy on'Y such that Dx = f~*(Dy) is a SNC divisor
which contains the singular locus of the map f. Then there exists a commutative
diagram of morphisms

x, &y
® | R
x 4 vy

where ®, U are products of possible blow ups for the preimages of Dx and Dy respec-
tively, and f1 is toroidal with respect to Dy, = ¥~1(Dy) and Dx, = ® 1 (Dx).

A possible blow up on a nonsingular 3-fold with toroidal structure is the blow up of
a point or a nonsingular curve contained in the toroidal structure which makes SNCs
with the toroidal structure.

As a consequence of Theorem 1.1, we find the following strong toroidalization
theorem for morphisms of (possibly singular) varieties.

Theorem 1.2. Suppose that f : X — Y is a birational morphism of 3-folds which
are proper over an algebraically closed field k of characteristic 0. Further suppose that
there is an equidimensional codimension 1 reduced subscheme Dy of Y such that Dy
contains the singular locus of Y, and Dx = f~'(Dy) contains the singular locus of
the map f. Then there exists a commutative diagram of morphisms

x, &y
® | R
x 4 vy

where @, U are products of blow ups of nonsingular curves and points supported above
Dx and Dy respectively, Dy, = ‘1/_1(Dy) s a simple normal crossings divisor on
Y1, Dx, = fl_l(Dyl) is a simple normal crossings divisor on Xy and fy is toroidal
with respect to Dy, and Dx, .

The bulk of this paper is devoted to proving the following theorem.

Theorem 1.3. Suppose that f : X — Y is a dominant morphism of nonsingular pro-
jective 3-folds over an algebraically closed field k of characteristic zero, with toroidal
structures determined by SNC divisors Dy on'Y and Dx = f~*(Dy) on X such that
Dx contains the singular locus of f. Then there exists a commutative diagram

x, &y
® | R
x 4 v

such that ¥ and ® are products of possible blow ups for the preimages of Dy, Dx
respectively, such that fi is prepared for Dy, = W~Y(Dy) and Dx, = ®~(Dx), and
Dx, is cuspidal for fi.

The notation used in the statement of Theorem 1.3 is defined in Sections 2 and 3
of this paper. From Theorem 1.3 we easily deduce Theorems 1.1 and 1.2 from results
in [C5].
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Theorem 1.3 is applicable to arbitrary dominant morphisms of 3-folds, and is a
significant step towards a proof of strong toroidalization of arbitrary dominant mor-
phisms of 3-folds.

If we relax some of the restrictions in the definition of toroidalization, there are
other constructions producing a toroidal morphism f;, which are valid for arbitrary
dimensions of X and Y. In [AK] it is shown that a diagram (1) can be constructed
where ® is weakened to being a modification (an arbitrary birational morphism). In
[C1], [C2] and [C4], it is shown that a diagram (1) can be constructed where ® and
U are locally products of blow ups of nonsingular centers and f; is locally toroidal,
but the morphisms ®, ¥ and f; may not be separated. This construction is obtained
by patching local solutions, at least one of which contains the center of any given
valuation.

It has been shown in [AKMW] and [W2] that weak factorization of birational
morphisms holds in characteristic zero, and arbitrary dimension. That is, birational
morphisms of complete varieties can be factored by an alternating sequence of blow
ups and blow downs of non singular subvarieties. Weak factorization of birational
(toric) morphisms of toric varieties, (and of birational toroidal morphisms) has been
proven by Danilov [D1] and Ewald [E] (for 3-folds), and by Wlodarczyk [W1], Morelli
[Mo] and Abramovich, Matsuki and Rashid [AMR] in general dimensions.

Our Theorem 1.1 on strong toroidalization (or the weaker Theorem 0.1 of [C5]
on toroidalization), when combined with weak factorization for toroidal morphisms
([AMR)), gives a new proof of weak factorization of birational morphisms of 3-folds.
We point out that our proof uses an analysis of the structure as power series of local
germs of a mapping, as opposed to the entirely different proof of weak factorization,
using geometric invariant theory, of [AKMW] and [W1].

The version of weak factorization which we get from Theorem 1.1 is stronger than
that obtained in [AKMW], [W1] or [C5].

Corollary 1.4. Suppose that f : X — Y is a dominant birational morphism of
nonsingular projective 3-folds over an algebraically closed field k of characteristic zero,
with toroidal structures determined by SNC divisors Dy on'Y and Dx = ffl(Dy)
on X such that Dx contains the singular locus of f. Then there exists a commutative
diagram of morphisms factoring f,

Zy Z3 Zn-1
a1 Qa2 s Qg Qp—1 Oy
/ \ 7 N\ R N\
X1 Zs Zy Yi
P | '
X Y

such that

1. All varieties X1, Y1 and the Z; are nonsingular, with toroidal structures Dx, ,
Dy, and Dz, respectively.
2. There is a toroidal morphism f1 : X1 — Y1 making a strong toroidalization

x, &on

! il
f

X = Y.
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3. The morphisms in the diagram

Al Z3 Zn—1
a1 [e'5)] [0 %:1 (%)

N N L
X1 Zs Zy Y

are toroidal with respect to their toroidal structures.

The proof of Corollary 1.4 is immediate from Theorem 1.1, which constructs the
commutative diagram 2, and [AMR], [Mo] or [W1], which produces the diagram 3.

The problem of strong factorization, as proposed by Abhyankar [Ab2] and Hironaka
[H], is to factor a birational morphism f : X — Y by constructing a diagram

Z

X ER Y

where Z — X and Z — Y factor as products of blow ups of nonsingular subvarieties.
Oda [O] has proposed the analogous problem for (toric) morphisms of toric varieties.

A birational morphism f : S — Y of (nonsingular) surfaces can be directly factored
by blowing up points (Zariski [Z1] and Abhyankar [Abl]), but there are examples
showing that a direct factorization is not possible in general for 3-folds (Shannon [Sh]
and Sally[S]).

We also obtain as an immediate corollary of Theorem 1.1 the following new result,
which reduces the problem of strong factorization of 3-folds to the case of morphisms
of toric varieties

Corollary 1.5. Suppose that the Oda conjecture on strong factorization of birational
morphisms of 3-dimensional toric varieties is true. Then the Abhyankar, Hironaka
strong factorization conjecture of birational morphisms of complete (characteristic
zero) 3-folds is true.

Abhyankar’s local factorization conjecture [Ab2], which is “strong factorization”
along a valuation, follows from local monomialization (Theorem A [C2]), to reduce
to a locally toroidal morphism, and local factorization for toroidal morphisms along
a toroidal valuation Christensen [Ch] (for 3-folds), and Karu [K] in general dimen-
sions. A proof in the spirit of [Ch] of local factorization of a toroidal morphism in all
dimensions, using only elementary properties of determinants, is given in [CS].

2. NOTATION

Throughout this paper, k£ will be an algebraically closed field of characteristic zero.
A curve, surface or 3-fold is a quasi-projective variety over k of respective dimension
1, 2 or 3. If X is a variety, and p € X is a nonsingular point, then regular parameters
at p are regular parameters in Ox ,. Formal regular parameters at p are regular
parameters in o x,p- If X is a variety and V' C X is a subvariety, then 7y C Ox will
denote the ideal sheaf of V. If V and W are subvarieties of a variety X, we denote
the scheme theoretic intersection Y = spec(Ox /Iy +Zw) by Y =V - W.

Let f: X — Y be a morphism of varieties. We will denote by sing(f) the closed
set of points p € X such that f is not smooth at p. If D is a Cartier divisor on Y,
then f~1(D) will denote the reduced divisor f*(D),cq.

Suppose that a,b, ¢, d € Q. Then we will write (a,b) < (¢,d) if a < b and ¢ < d.

A toroidal structure on a nonsingular variety X is a simple normal crossing divisor
(SNC divisor) Dx on X.
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We will say that a nonsingular curve C which is a subvariety of a nonsingular 3-fold
X with toroidal structure Dx makes simple normal crossings (SNCs) with Dy if for
all p € C, there exist regular parameters x,y, z at p such that x = y = 0 are local
equations of C, and xyz = 0 contains the support of Dx at p.

Suppose that X is a nonsingular 3-fold with toroidal structure Dx. If p € Dx is
on the intersection of three components of Dx then p is called a 3-point. If p € Dx
is on the intersection of two components of Dy (and is not a 3-point) then p is called
a 2-point. If p € Dx is not a 2-point or a 3-point, then p is called a 1-point. If C
is an irreducible component of the intersection of two components of Dx, then C is
called a 2-curve.

A possible center on a nonsingular 3-fold X with toroidal structure defined by a
SNC divisor Dy, is a point on Dx or a nonsingular curve in Dx which makes SNCs
with Dx. A possible center on a nonsingular surface S with toroidal structure defined
by a SNC divisor Dg is a point on Dg. We will also call the blow up of a possible
center a possible blow up.

Observe that if ® : X; — X is the blow up of a possible center, then Dx, =
®~1(Dx) is a SNC divisor on X;. Thus Dy, defines a toroidal structure on X;. All
blow ups ® : X; — X considered in this paper will be of possible centers, and we will
impose the toroidal structure on X; defined by Dx, = ®~(Dx).

By a general point ¢ of a variety V', we will mean a point ¢ which satisfies conditions
which hold on some nontrivial open subset of V. The exact open condition which we
require will generally be clear from context. By a general section of a coherent sheaf
F on a projective variety X, we mean the section corresponding to a general point of
the k-linear space I'(X, F).

If X is a variety, k(X) will denote the function field of X. A 0-dimensional valuation
v of k(X) is a valuation of k(X)) such that k is contained in the valuation ring V,, of
v and the residue field of V,, is k. If X is a projective variety which is birationally
equivalent to X, then there exists a unique (closed) point p; € X; such that V,
dominates Ox, p,. p1 is called the center of ¥ on X;. If p € X is a (closed) point,
then there exists a 0-dimensional valuation v of k(X) such that V, dominates Ox ,
(Theorem 37, Section 16, Chapter VI [ZS)]). For aq,... ,a, € k(X), v(a1),...,v(a,)
are rationally dependent if there exist ay,...,a, € Z which are not all zero, such
that ayv(ar)+- - - apv(ay,) = 0 (in the value group of v). Otherwise, v(ai),... ,v(a,)
are rationally independent.

3. TOROIDAL MORPHISMS AND PREPARED MORPHISMS

Suppose that X is a nonsingular variety with toroidal structure Dx. We will say
that an ideal sheaf 7 C Ox is toroidal if 7 is locally generated by monomials in local
equations of components of Dx.

Suppose that ¢ € X. We say that u,v,w are (formal) permissible parameters at ¢
(for D) if u, v, w are regular parameters in Ox , such that

1. If ¢ is a 1-point, then u € Ox , and © = 0 is a local equation of Dx at g.

2. If g is a 2-point then u,v € Ox 4 and uv = 0 is a local equation of Dx at g.

3. If ¢ is a 3-point then u,v,w € Ox 4 and uvw = 0 is a local equation of Dx
at q.

u,v,w are algebraic permissible parameters if we further have that u,v,w € Ox 4.

Definition 3.1. Let f: X — Y be a dominant morphism of nonsingular 3-folds with
toroidal structures Dy on'Y and Dx = f~Y(Dy) on X such that sing(f) C Dx.
Suppose that u,v,w are (possibly formal) permissible parameters at ¢ € Y. Then u,v
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are toroidal forms at p € f~1(q) if there exist permissible parameters x,vy, z in @XJ,
such that

1. q is a 2-point or a 3-point, p is a 1-point and
u=a"v=21"(a+y) (2)

where 0 # « € k.
2. q 1s 2-point or a 3-point, p is a 2-point and

u =%y’ v =1y 3)

with ad — bc # 0.
3. q is a 2-point or a 3-point, p is a 2-point and

u= (2" v = (2%y")" (a + 2) (4)

where 0 £ « € k, a,b,k,t > 0 and ged(a,b) = 1.
4. q is a 2-point or a 8-point, p is a 3-point and

u =z’ v =2ty (5)

a b ¢
mnk(d . f>:2.

5. q is a 1-point, p is a 1-point and

where

u=z%v=y (6)

6. q is a 1-point, p is a 2-point and
u=(a"y)" v =2 (7)

with a,b,k > 0 and gcd(a,b) =1

Regular parameters x, y, z as in Definition 3.1 will be called permissible parameters
for u, v, w at p.

Definition 3.2. ([KKMS], [AK]) A normal variety X with a SNC divisor D on X
is called toroidal if for every point p € X there exists an affine toric variety X5, a
point p' € X, and an isomorphism of k-algebras

A A
OX’p = Ox, p

such that the ideal of D+ corresponds to the ideal of Xo —T (where T is the torus in
X, ). Such a pair (X,,p') is called a local model at p € X. D+ is called a toroidal
structure on X.

A dominant morphism ® : X — Y of toroidal varieties with SNC' divisors D+ on
Y and D+ = @‘1(D7) on X, is called toroidal at p € X, and we will say that p is a
toroidal point of ® if with ¢ = ®(p), there exist local models (X,,p') at p, (Y+,q') at
q and a toric morphism ¥ : X, — Y, such that the following diagram commutes:

GYJ) — OAXU_’pl
o 7 v 1

O?,q — Oy, q-

— Y s called toroidal (with respect to Dy and D) if ® is toroidal at all

SR
>
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The following is the list of toroidal forms for a dominant morphism f : X — Y
of nonsingular 3-folds with toroidal structure Dy and Dx = f~!(Dx). Suppose
that p € Dx, ¢ = f(p) € Dy, and f is toroidal at p. Then there exist permissible
parameters u,v,w at ¢ and permissible parameters x,y, z for u,v,w at p such that
one of the following forms hold:

1. pis a 3-point and ¢ is a 3-point,
u — xaybzc
v =adyes
w = a9yh,

where a,b,d,e, f,g,h,i € N and

Det #0.

Q Q. 2
-0 o
S 0

2. pis a 2-point and ¢ is a 3-point,
T e Tht
v = alye
w = z9y"(z+ )
with 0 # « € k and a,b,d, e, g,h € N satisfy ae — bd # 0.
3. pis a l-point and ¢ is a 3-point,

u =z
v =zl y+a)
w =a9(z+F)
with 0 £ o, 8 € k, a,d, g > 0.
4. pis a 2-point and ¢ is a 2-point,
m — xayb
v = xdye
w =z
with ae — bd # 0
5. pis a l-point and ¢ is a 2-point,
u =z
v =zl y+a)
w =z
with 0 # «a € k, a,d > 0.
6. p is a 1-point and ¢ is a 1-point,
u =z
v =
w =z

with a > 0.

A prepared morphism ®x : X — S from a nonsingular 3-fold X to a nonsingular
surface S (with respect to toroidal structures Dg and Dx = ®3'(Dg)) is defined
in Definition 6.5 [C3]. A prepared morphism from a 3-fold to a 3-fold is defined in
Definition 2.4 [C5]. This definition assumes that f : X — Y is birational, but this
definition is perfectly valid for a generically finite morphism of 3-folds.
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Remark 3.3. Suppose that f : X — Y is a dominant proper morphism of nonsingular
3-folds with toroidal structures determined by SNC divisors Dy on'Y and Dx =
f~Y(Dy) on X, and Dx contains the singular locus of the morphism f. With our
assumptions on f, f is generically finite. Recall that the fundamental locus of a
generically finite morphism f : X — Y of nonsingular proper varieties is {p € Y |
dim f~Y(p) > 0}. The fundamental locus is a closed set of codimension > 2 inY . Let
X be the normalization of Y in the function field of X, with induced finite morphism
A: X =Y. The branch locus of A\ is contained in the SNC divisor Dy . Let E be an
irreducible component of Dy . By Abhyankar’s lemma, the irreducible components of
A"Y(E) are disjoint. Thus the irreducible components of Dx which dominate E are
disjoint.

Definition 3.4. A dominant morphism f : X — Y of nonsingular 3-folds with
toroidal structures determined by SNC' divisors Dy on'Y, and Dx = ffl(Dy) on X
such that the singular locus of f is contained in Dx is prepared for Dy and Dx if:

1. If g €Y is a 3-point, u,v,w are permissible parameters at q and p € f~1(q),
then u,v and w are each a unit (in Ox.,) times a monomial in local equations
of the toroidal structure Dx at p . Furthermore, there ezists a permutation
of u,v,w such that u,v are toroidal forms at p.

2. If ¢ €Y is a 2-point, u,v,w are permissible parameters at ¢ and p € f~1(q),
then either
(a) u,v are toroidal forms at p or
(b) p is a 1-point and there exist reqular parameters x,y, z € @X,p such that

there is an expression

u =z
v =t (y(m,y) +otz)
w o=y
where v is a unit series and x = 0 is a local equation of Dx, or

(c) pis a 2-point and there exist reqular parameters z,y, z in Ox , such that
there is an expression

U — (xayb)k
voo= (2% (v(ay’, 2) + 2y?)
w o=z
where a,b > 0, ged(a,b) =1, ad — be # 0, 7 is a unit series and xy = 0
1s a local equation of Dx.
3. If g €Y is a 1-point, and p € f~1(q), then there exist permissible parameters
w,v,w at q such that u,v are toroidal forms at p.

Definition 3.5. Suppose that f : X — Y is a prepared morphism of nonsingular
3-folds with toroidal structures Dy and Dx = f~Y(Dy). Then Dx is cuspidal for f
if:
1. If E is a component of Dx which does not contain a 3-point then f is toroidal
in a Zariski open neighborhood of E.
2. If C is a 2-curve of X which does not contain a 3-point then f is toroidal in
a Zariski open neighborhood of C'.

Definition 3.6. Suppose that X is a nonsingular 3-fold with toroidal structure de-
termined by a SNC divisor Dx. We will say that Dx is strongly cuspidal if every
component of Dx contains a 3-point and every 2-curve of Dx contains a 3-point.
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4. PREPARATION ABOVE 2 AND 3-POINTS

Lemma 4.1. Suppose that f : X — Y is a dominant morphism of nonsingu-
lar projective 3-folds with toroidal structures determined by SNC divisors Dy and
Dx = f~Y(Dy) such that Dx contains the singular locus of f. Then there exist a
commutative diagram

f1

X1 — Yl
D | |
x Ly

such that ® and ¥ are products of blow ups of 2-curves and f1 is toroidal above all
3-points of Y7.

Proof. Suppose that v is a 0-dimensional valuation of k(X). We will say that v is
resolved for f if the center of v on Y is not a 3-point or if the center of ¥ on Y is a
3-point, and f is toroidal at the center of v on X.

Being resolved is an open condition on the Zariski-Riemann manifold of X, and if
v is resolved for f and

1
25

Xy Y,
o, | VA
x, L v

is a commutative diagram such that ®; and ¥, are products of blow ups of 2-curves,
then v is resolved for fi.

Suppose that v is a 0-dimensional valuation of k(X) such that the center ¢ of v on
Y is a 3-point. Let p be the center of v on X. Let u,v,w be permissible parameters
at q.

Case 1 Suppose that v(u),v(v), v(w) are rationally independent. Since uvw = 0 is
a local equation of Dx at p, there exist regular parameters z,y, z in Ox ), such that
xyz = 0 contains the germ of Dy at p, and we have an expression

u = I,aybzc,_)/1
v =adyely,
= a9ytziys

where the ~; are units in Ox ,. Since v(u),v(v),v(w) are rationally independent,
v(x),v(y),v(z) are also rationally independent and

a b c
Det| d e f | #0
g h i

which implies that p is a 3-point and f is toroidal at p. Thus v is resolved for f.

Case 2 Suppose that v(u),v(v) are rationally dependent. After possibly interchang-
ing u,v,w we reduce to this case. Let C be the 2-curve of Y with local equation
u = v = 0 at q. There exists a sequence of blow ups of 2-curves ¥, : Y, — Y such
that the center of v on Y, is not a 3-point.

Y, is the blow up of a toroidal ideal sheaf 7, of Oy. Since f~'(Dy) = Dx, J,0x
is also a toroidal ideal sheaf. By Lemma 2.11 [C5], there exists a sequence of blow ups
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of 2-curves @, : X, — X such that there is a commutative diagram of morphisms

x, & v,
(I)u l J, \IJD
x 4 v

Thus v is resolved for f,.
It follows from compactness of the Zariski Riemann manifold of X [Z], that there
exists a positive integer n and commutative diagrams

i

Xi = Y
d; | 1Y,
x L vy

for 1 < i < n such that ®; and ¥; are products of blow ups of 2-curves, and every
0-dimensional valuation v of k(X) is resolved for some f;.

Y; is the blow up of a toroidal ideal sheaf J; of Oy and X; is the blow up of a
toroidal ideal sheaf Z; of Ox. Thus there exists a sequence of blow ups of 2-curves
Y* — Y such that [[, 7;0y~ is invertible, by Lemma 2.11 [C5]. Y* is thus the blow
up of a toroidal ideal sheaf J C Oy, so that JOx is also a toroidal ideal sheaf. By
Lemma 2.11 [C5], there exists a sequence of blow ups of 2-curves X* — X such that
J[1Z:Ox~ is invertible. Thus for 1 < i < n there exist commutative diagrams of
morphisms

x+ Loy
A Lwg
x, L vy

l |

X — Y.

Suppose that v is a 0-dimensional valuation of k(X). If the center of v on Y* is a
3-point, then the center of v on Y; is a 3-point for all ¢, since ¥} is toroidal. There
exists an i such that v is resolved for f;. Thus f; is toroidal at the center of v on Xj.
Since ®; and ¥} are toroidal, f* is toroidal at the center of v. Thus v is resolved
for f*. Since all 0-dimensional valuations of k(X) are resolved for f*, it follows that
f* is toroidal above all 3-points of Y*, and we have achieved the conclusions of the
lemma. (]

Lemma 4.2. Suppose that f : X — Y is a dominant morphism of nonsingular
projective 3-folds, with toroidal structures determined by SNC divisors Dy and Dx =
f~Y(Dy) such that Dx contains the singular locus of f. Further suppose that f is
toroidal above all 3-points of Y. Then there exists a commutative diagram

f1

Xl — Yl
D | 1w
x L vy

such that ¥ and U are products of blow ups of 2-curves, f1 is toroidal above all 3-
points of Y1, and f1 is prepared (and satisfies 2a) of Definition 3.4) above all 2-points
Of Yl.

Proof. Suppose that v is a 0-dimensional valuation of k(X). We will say that v is
resolved for f if the center of v on Y is a 1-point or if the center of v on Y is a 2-point
and f is prepared at the center of v on X (and satisfies 2a) of Definition 3.4), or if
the center of ¥ on Y is a 3-point, and f is toroidal at the center of v on X.
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Being resolved is an open condition on the Zariski-Riemann manifold of X. Suppose

that
f1

X1 — Yl
D | 1w
x L v

is a commutative diagram of morphisms such that ® and ¥ are products of blow ups
of 2-curves. If v is a 0-dimensional valuation of k(X) such that v is resolved for f,
then v is resolved for fi.

Suppose that ¢ € Y is a 2-point, and v is a 0-dimensional valuation of k(X) such
that ¢ is the center of v on Y. Let p be the center of v on X. Let u, v, w be permissible
parameters at ¢, so that u = v = 0 are local equations of the 2-curve C through gq.

Case 1 Suppose that v(u),v(v) are rationally independent. Since uv = 0 is a local
equation of Dx at p, there exist regular parameters z,y, z in Ox ;, such that zyz =0
contains the germ of Dy in Ox p, and we have an expression

T .Il,aybzc,y1

v =alyaly

where the +; are units in Ox . Since v(u),v(v) are rationally independent,

a b c
rank(d . f>2

which implies that p is a 2 or 3-point and f is prepared at p (and satisfies 2a) of
Definition 3.4). Thus v is resolved for f.

Case 2 Suppose that v(u),v(v) are rationally dependent. There exists a sequence of
blow ups of 2-curves ¥, : Y, — Y such that the center of v on Y,, is a 1-point.

Y, is the blow up of a toroidal ideal sheaf J, of Oy. Since f~'(Dy) = Dx, J,
is also a toroidal ideal sheaf. By Lemma 2.11 [C5], and induction on the number of
2-curves blown up by W, there exists a sequence of blow ups of 2-curves ®,, : X, — X
such that there is a commutative diagram of morphisms

i

X, =Y,
(I)u l J, \IJD
x 4 v

Thus v is resolved for f,.
It follows from compactness of the Zariski Riemann manifold of X [Z] that there
exists a positive integer n and commutative diagrams

fi

Xi =Y
®; ] 19
x L vy

for 1 < ¢ < n such that ®; and ¥; are products of blow ups of 2-curves, and every
valuation v of k(X) is resolved for some f;.

Y; is the blow up of a toroidal ideal sheaf J; of Oy and X; is the blow up of a
toroidal ideal sheaf Z; of Ox. Thus there exists a sequence of blow ups of 2-curves
Y* — Y such that [, 7;0y- is invertible, by Lemma 2.11 [C5]. Y* is thus the blow
up of a toroidal ideal sheaf J C Oy. Thus JOx is also a toroidal ideal sheaf. By
Lemma 2.11 [C5], there exists a sequence of blow ups of 2-curves X* — X such that



12 STEVEN DALE CUTKOSKY

JI1Z:Ox~ is invertible. Thus for 1 < i < n, there exist commutative diagrams of
morphisms

x+ Loy
@7l L
x, Ly

1 |

X — Y.

Since ®; and ¥ are the blow ups of toroidal ideal sheaves, they are toroidal mor-
phisms.

Suppose that v is a 0-dimensional valuation of k(X). If the center of v on Y is
a 3-point then f* is resolved at the center of ¥ on X*. In particular, if the center
of v on Y* is a 3-point, then the center of v on Y is a 3-point and v is resolved for
f*. Suppose that the center of v on Y* is 2-point, and the center of v on Y is not a
3-point. Then the center of v on Y; is a 2-point for all . There exists an ¢ such that
v is resolved for f;. Thus f; is prepared (and satisfies 2a) of Definition 3.4) at the
center of v on X;. Since ®; and U} are toroidal, f* is prepared (and satisfies 2a) of
Definition 3.4) at the center of v. Thus v is resolved for f*. Since all 0-dimensional
valuations of k(X)) are resolved for f*, it follows that f* is toroidal above all 3-points
of Y*, and prepared above all 2-point of Y*, and we have achieved the conclusions of
the lemma. (]

Lemma 4.3. Suppose that f : X — Y satisfies the conclusions of Lemma 4.2. Sup-
pose that H is a general hyperplane section of Y. Then f is prepared above all points
of H.

Proof. Bertini’s theorem implies that H is nonsingular and makes SNCs with Dy.
Further, H' = f~1(H) is nonsingular and makes SNCs with Dy. Thus H contains
no 3-points of Y and H’ contains no 3-points.

Suppose that ¢ € H N Dy is a 1-point, and p € f~(q). Let u,v,w be regular
parameters in Oy,4 such that v = 0 is a local equation of Dy at ¢, and w = 0 is a
local equation of . Then we have regular paramaters z,y, z in Ox , such that either
pis a 1 point with x = 0 a local equation of Dx or p is a 2-point with zy = 0 a local
equation of Dx at p. We then have an expression u = z%y,w = z or u = z%’y,w = 2
where v is a unit in Ox ,. Thus f is prepared at p. O

Corollary 4.4. Suppose that f : X — Y satisfies the conclusions of Lemma 4.2.
Then there exists a finite set of 1-points Q CY such that f is prepared above Y — 2.

Proof. The locus of points in X where f is prepared is an open set. Since f is proper,
the image Q of the closed set of points where f is not prepared is closed in Y. Since a
general hyperplane section of Y is disjoint from Q by Lemma 4.3, 2 must be a finite
set of points. O

Lemma 4.5. Suppose that f : X — Y is a proper dominant morphism of nonsingular
3-folds and m : Y — S is a smooth dominant morphism onto a nonsingular surface
S. Let g = mo f. Suppose that C is a nonsingular curve of S, D = 7~ 1(C) and
D' = f~Y(D). Suppose that D' is a SNC divisor on X which contains the singular
locus of g and the singular locus of f. Suppose that ¢ € C is a point, and that g
is toroidal and prepared (with respect to C and D’) away from points above finitely
many points Q = {q1,... ,qm} C v = 7 1(q). Further suppose that f is finite above
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a general point of v. Then there exists a commutative diagram of morphisms

X, & x
g\ lyg

S

such that ®1 is a product of possible blow ups for the preimage of D’ supported above
Q and gy is prepared (with respect to C and ®7*(D')) in a neighborhood of all com-
ponents F of ®7(D’) which dominate D and in a neighborhood of all components F
of ®7H(D’) which dominate a curve of Y.

Proof. Let u,w be regular parameters in Ogz such that u = 0 is a local equation of
C at g. Let C’ be the curve on S with local equation w = 0 at g. Let A = 7~(C").

Since it suffices to prove the lemma above a neighborhood of § in .S, we may assume
that E = C + €’ is a SNC divisor on S whose only singular point is g. Since g is
toroidal away from points above ), we have that ¢g~1(E) defines a SNC divisor on
X away from points above 2. There exists a morphism ®; : X; — X which is a
sequence of possible blow ups for the preimage of D’ supported above € such that
with g1 = go ®; : X; — S, g7 (E) is a SNC divisor, and (f o ®;)~!(g;) are divisors
for all ¢; € Q. We may further assume that the union A of codimension 1 subvarieties
of X7 which dominate A are disjoint, since they are disjoint away from the preimage
of Q.

Let D be the union of codimension 1 subvarieties of X; which dominate D, so that
D is a disjoint union of irreducible components of D” = g7 *(C) (by Remark 3.3).

Suppose that p € D and fo®;(p) = ¢; € Q. Then p must be a 2-point or a 3-point.
We have regular parameters z,y, z in 9] x,,p such that one of the following cases hold:

1. pis a 2-point and
u= 2%’ w=y°
where z = 0 is a local equation of D, u = 0 is a local equation of D" and

a,b> 0.
2. pis a 2-point,
u =z’ w =y
where x = 0 is a local equation oiﬁ, u = 0 is a local equation of D", a,b,c > 0
and z = 0 is a local equation of A.
3. pis a 3-point and
u = xaybzc’w _ ydze
where £ = 0 is a local equation of D, v = 0 is a local equation of D" and
a,b,c,d, e > 0.
Thus g; is prepared in a neighborhood of D.
Now suppose that F is a component of D” which dominates a curve of Y and
p € F is such that f o ®1(p) = ¢; € Q. Then p must be a 2-point or a 3-point. By
our assumption that f is finite above a general point of v, F' dominates the curve C
of S. Thus we have regular parameters z,y, z in Ox, , such that one of the following
cases hold:
1. pis a 2-point and
u =z’ w=y°
where x = 0 is a local equation of F', u = 0 is a local equation of D" and
a,b> 0.
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2. pis a 2-point,
u=z%" w=yz

where x = 0 is a local equation oiF7 u = 0 is a local equation of D", a,b > 0
and z = 0 is a local equation of A.

3. pis a 3-point and

u = IZ?abeC,w _ ydze
where © = 0 is a local equation of F, v = 0 is a local equation of D” and
a,b,c> 0.
Thus g¢; is prepared in a neighborhood of F'. (I

Lemma 4.6. Suppose that f : X — Y is a dominant morphism of nonsingular 3-folds
with toroidal structures determined by SNC' divisors Dy and Dx = f_l(Dy) such
that Dx contains the singular locus of f. Further suppose that f : X — Y is toroidal
and q € Y is a 2-point. Let ¥ : Y7 — Y be the blow up of q. Then there exists a
commutative diagram of morphisms

x, &y
® | R
x 4 v

such that ® is a sequence of possible blow ups for the preimage of Dx supported above
q and fy is toroidal with respect to Dy, = W~Y(Dy) and Dx, = ®~1(Dx).

Proof. There exist permissible parameters u, v, w at ¢ such that if p € f~1(q) then
there exist permissible parameters x,y, z for u,v,w such that if p is a 1-point, then
we have a form

u=z%v=1"(a+y),w==z (8)
with 0 # « € k, and if p is a 2-point,
u=a%%"v =z w=z (9)
with ad — bc # 0. We first show that there exists a sequence of possible blow ups
X, x, - - -x8x (10)

obtained by blow ups of possible centers supported above ¢ such that the rational
map X,, — Y; is toroidal wherever it is defined, and if Z,0x,, , is not invertible,

then there exist regular parameters z,y,z in Ox,, , such that one of the following
forms hold:
p is a 1-point

uw=2z%v=2"(a+y),w=1 (11)
with o #£ 0, and ¢ =0 or 1, or p is a 2-point
uw=z%" v =z w=21z (12)
with a,c > 1, or p is a 2-point
uw= 2%’ v =z w=ayz (13)

with a,c > 1 and b,d > 1.
The points p € f~1(p) such that u, v, w do not have a form (11), (12) or (13) at p
are 2-points of one of the following forms:

u=z%v=y’w=z (14)
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in which case V(z,y, 2) is the locus in spec(Ox ,) where Z,0x ,, is not invertible,
u=z%v =2 w==z (15)

with b,¢ > 0, in which case V(z, z) is the locus in spec(Qx ) where Z,Ox, is not
invertible,

u=a%"v=zyw=z (16)

with a,b,¢,d > 0 in which case V(x,2) U V(y, 2) is the locus in spec(Qx,) where
Iq@ x,p 1S not invertible,

Let Z be the closed locus of points r in X such that Z,0x , is not invertible. The
isolated points p in Z have a form (14). If p is a non isolated point in Z which is a
2-point, then p has a form (15) or (16).

Suppose that E is a curve in Z such that E contains a 2-point p satisfying (15) or
(16). Then a generic point of E satisfies (8) and all 2-points of F must have a form
(15) or (16).

Let @1 : X1 — X be the blow up of the finitely many points p € X of the form (14).
Suppose that p € X is such a point, and p; € <I>1_1(p). Without loss of generality, we
may assume that a < b in (14). There are regular parameters x1,y1, 21 in (’A)Xl’pl of
one of the following forms:

x=z1,y=21(y1 + ),z =x1(21 + ) (17)

with o, 3 € k,
T =T1Y1,Y = Y1, 2 = y1(21 + ) (18)

with @ € k or
T =221,y = Y171,% = 21. (19)

Suppose that (17) holds. Then u, v, w have a form
u=z%v =1y, + )’ w=21z1(21 + )

at p1. If a =1, then f o ®; factors through Y7 at p; and we have one of the following
toroidal forms:
1-point maps to 2-point:

v b—1 w
U1=U=$1,W1ZE:% (y1+04)b7w1=a—/3221

ifb>a=1and a#0,
1-point maps to 1-point:

w
U =U=T,0 = ——a=y,w =—— =2
u u

ifb=a=1,a#0,
2-point maps to 2-point:

v b—1_b w
up=U=TLU = =2 yuwlzg—ﬁzzl

ifa=1and a=0.
Suppose that (17) holds and a > 1. If 5 # 0, we have that ®; o f factors through
Y1 at p; and we have a toroidal form, obtained from a change of variable in
U _ _ v _ _
u == i (2 4+ B) oy = i 7Nz 4 8) T + @) wy = w =221 + B)
where p; is 1-point mapping to a 3-point if a # 0 and p; is 2-point mapping to a
3-point if a = 0.
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If 3=0 (and a > 1) then we have
u=uzi,v= xli(yl +a),w=x171

of the form (11) if & # 0 and of the form (12) if & = 0.
Suppose that (18) holds. Then at p;, u, v, w have a form:

u=zjyl,v= ylf,w =y1(21 + ).

Assume b = 1 (which implies a = 1). then f o ®; factors through Y7 at p;, and
there is a toroidal form:
U

w
Uy = — =T, V1 =V=Y, W1 = - —Q=21
v v
where p; is 2-point mapping to a 2-point.
Assume that b > 1 and « # 0. Then f o ®; factors through Y7 at p1, and there is
a toroidal form, obtained from a change of variable in

U _ _ v _ _
ur == 2ty Nz o) ey = o s+ ) wr = w =yi(z 4 a)
where p; is a 2-point mapping to a 3-point.
If b > 1 and o = 0, then we have a form:

_ a,a _ b _
U=T1Y1,V =Y, W=Y121

of the form (12).
Suppose that (19) holds. Then p; is a 3-point and w, v, w have a form

_ ..a.a _,b b _
u=alz{,v=1yiz],w = z.

Thus @, o f factors through Y; at p; by

where p; is a 3-point mapping to a 3-point.

We have thus completed the analysis of ®@.

We now construct (10) by induction. Each X; will be such that the rational map
X; — Y] is toroidal wherever it is defined, and if p € X; is a 2-point such that Z,0x, ,
is not invertible, then there exist regular parameters x, y, z at p such that u, v, w have
one of the forms (11), (12), (13), (15) or (16) at p. If a form (15) or (16) holds at p,
then @ o --- o0 ®; is an isomorphism near p.

Each ®,,1 : X;41 — X, for ¢ > 1 will be the blow up of a curve E; which is a
possible center and is the strict transform of a component of Z C X.

Suppose that we have constructed (10) out to X;, and p € X, is a 2-point such
that Z,0x, p is not invertible, and u, v, w do not have a form (11), (12) or (13) at p.
Then u, v, w have a form (15) or (16) at p. Let E = E; be a curve in the locus where
1,0x; is not invertible which contains p. Let F' be the component of Dy, containing
FE; We necessarily have ordpw = 0 and ordpu > 0, ordpv > 0. Further, ®;0---0®;
is an isomorphism near p. Thus F is the strict transform of a component of Z.

Suppose that p’ € E; is another 2-point. Then at p’, since ordpw = 0, u, v, w must
have a form (15), (16) or (12), where in this last case, y = z = 0 is a local equation of
E and b,d > 1 (since ordpw = 0, ordpu > 0 and ordpv > 0). If p’ € E; is a 1-point,
then u, v, w have a form (8) at p’, since ordpw = 0.

Let (I)z'+1 : Xi+1 — Xl be the blow up of ¥ and 51'_;'_1 = (1)1 O---0 (Di+1-

Suppose that p € F is a 1-point and p; € @;_ﬁl(p). Then f o ®;, is toroidal
whenever it is defined, and points above p where f o ®;,1 does not factor through Y;
have a form (11). A detailed analysis of a case including this one is given later in the
proof, after (26).
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Suppose that p € E is a 2-point of the form (16) and p; € ®;1 (p).
There are regular parameters 1,1, 21 in Ox; p, of one of the following forms:
r=x1,2=mx1(21 + @) (20)
with a € k or
T =x121,2 = 21. (21)
Suppose that (20) holds. We have that p; is a 2-point, and
uw= a3y’ v =Syt w=1z,(21 + ).
If o # 0, we have that f o ®,;,; factors through Y7 at p;. We have a form:
up = % =257 (s +a) e = 5 =25yl (s + ) w = 21(21 + @)
at the 2-point p;, which maps to a 3-point, and thus is toroidal, after a change of
variables.
If & = 0 in (20), we have

b . d
=2y ,v=2ajy’,w=1x12

of the form (12).
If (21) holds, then p; is a 3-point and

u=x%y2% v =2yt w = 2.
Thus f o ®;,; factors through Y at p;, and we have a toroidal form:

u v
a, b _a—1 c, d_c—1
ulzaleyzl ,’1)1:;:.')31:(]21 , Wi =W = 21

at the 3-point p;, which maps to a 3-point.

The analysis of ®;;1 above points (15) and above points satisfying (12) where
y = z = 0 are local equations of E (and b,d > 1) is similar. This last case will lead
to a form (13). Since Z has only finitely many components, we inductively construct
(10).

There now exists a sequence of blow ups of 2-curves X, — X,,, which are supported
above ¢ such that the rational map X, — Y7 is toroidal where ever it is defined, and
if 7,0x, , is not invertible, then there there exist permissible parameters z,y, z at p
for u, v, w such that one of the following forms hold:

p a 1-point
uw=z%v=12"(a+y),w=al2 (22)
with 0 # «a € k and d < min{a, b} or
p a 2-point
u=z%" v =z w=22 (23)

with (e, f) < (a,b) < (¢,d) or (e, f) < (¢,d) < (a,b).
We accomplish this as follows. We first consider u and v. Suppose that p € X,, is
a 2-point such that Z,0x, , is not invertible. We have forms

=z’ v =z w=2"2 (24)
with e + f > 0 at 2-points p; above p in the construction of the sequence X, — X,,.
At p; we have an invariant (a — ¢)(b — d). This is a nonnegative integer if and only if
(a,b) < (¢,d) or (¢,d) < (a,b). Further, if (a — ¢)(b — d) < 0, then after blowing up
the 2-curve E which has local equations x = y = 0 at p;, we obtain that all 2-points

above p; have a form (24), but (a — ¢)(b — d) has increased. Further E contracts to ¢
on Y since e+ f > 0.
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After a finite number of blow ups of 2-curves above X,,, (which must contract to
g) we achieve that all 2-points p; above a 2-point p € X, such that Z,0x,, , is not
invertible have a form (24) with (a,b) < (¢,d) or (¢,d) < (a,b).

We now apply this algorithm to the pairs u, x°y/ and v, ¢y’ in (24) to construct
X, — X,

We will now inductively construct X,, — X, so that Z,0x,, is invertible everywhere
and the morphism X, — Y7 is toroidal. We will construct a sequence of blow ups

Xpn—>Xp1— = Xog1 — X, (25)

so that each ®;,1 : X;11 — X, is the blow up of a nonsingular curve \; which is a
possible center and is contained in the locus where Z,0x, is not invertible. We will
have that the rational map f; : X; — Y7 is toroidal where ever it is defined, and all
points p € X; where Z,0x;, , is not invertible have a form (22) or (23).

Suppose that we have inductively constructed (25) up to X; and Z,0x, is not
invertible. We will construct ®,41 : X; 11 — X;.

Inspection of the forms (22) and (23) shows that the locus in X; where Z,0x;
is not invertible is a union of nonsingular curves which are possible centers. For
such a curve A, let  be a general point of A\, so that a form (22) holds at 7. Let
A(M\) = min{a, b} —d > 0.

Choose a curve A; which maximizes A(A) on X;. Let ®;41 : X;41 — X; be the
blow up of \;. Suppose that p; € \; and p; 1 € @;_:1()\1-).

First suppose that p; has the form (22). Without loss of generality, we may assume

that a < 0. There are regular parameters x1,y,21 in Ox,,, p,,, satisfying
x=um1,2=x1(21 + ) (26)
or
T =x121,2 = 21. (27)
Suppose that (26) holds. p;;1 is then a 1-point, and
u=2%v=al(a+y),w=2i"(z +0). (28)

Ifd+1=a=0bin (28), then X;;1 — Y7 is a morphism near p;;1, which maps

pi+1 to a 1-point, and has a toroidal form
ulzu:x‘f,vlzg—azyl,wl :g—ﬁ:zl.
u u

Ifd+1=a<bin (28), then X;;1; — Y7 is a morphism near p;;1, which maps

pi+1 to a 2-point, and has a toroidal form
up =u=zf,v; = v wll’fa(oé—f'yl%wl =2 - B = 2.
u u

Ifd+1<a<band g8 +#0in (28) then X;;1 — Y7 is a morphism near p;;1, which

maps p;+1 to a 3-point, and has a toroidal form obtained from a change of variable in

m e _ v Cd_ _

w = — =2 A 0) e = — =2l ey (s +8) T wn = w = 2T (21 45).
Ifd+1<a<band =0 then (28) has a form (22) with d < d + 1 < min{a, b}.
Suppose that (27) holds. p;41 is then a 2-point, and

_ aza 0 b b _ ,.dd+1
u=a2{,v=a12(a+y),w=2a72]"".

X;41 — Y7 is thus a morphism near p;41, which maps p;4+1 to a 3-point, and has
a toroidal form

u v
a—d ja—d—1 b—d b—d—1 d_d+1
u = =110 e (a+y),ws =w=ux{2{"".
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Now suppose that p; has the form (23). After possibly interchanging v and v, we
may assume that (a,b) < (¢, d). After possibly interchanging x and y, we may assume
that there are regular parameters z1,y, 21 in Oy satisfying (26) or (27) (so that
e<a).

Suppose that (26) holds. Then p;;1 is a 2-point. We have

i+1:Pit1

u= x5y’ v = a5y, w =2yl (21 + B). (29)
If (e+1, f) = (a,b) in (29), then X;;1 — Y7 is a morphism near p;4+1, which maps
pi+1 to a 2-point, and has a toroidal form

v w
a, b c—a, d—b
ulzuley,vlzale Y1 ,wlza—ﬁzzl.

If (e+1,f) < (a,b) and 8 # 0 in (29), then X;;1 — Y7 is a morphism near p;;1,
which maps p;1+1 to a 3-point, and has a toroidal form obtained from a change of
variable in

u —e— - — v c—e— - — e
= af Y (i 4B8) o = w Lyl (s 4+8) 7wy = w = 25Ty (245).
If (e+1,f) < (a,b) and 8 = 0 then (29) has a form (23) with (e, f) < (e+1,f) <
(a,b).

Suppose that (27) holds. p;41 is then a 3-point, and

w =gyl v = afytas,w =yl 5
X;41 — Y7 is thus a morphism near p;41, which maps p;4+1 to a 3-point, and has
a toroidal form

u

a—e, b—f ja—e—1
U =—=xy 'y le
w

c—e

VL= = yd= T = w = ay 2FT

In summary, we have that all points where Z,0x,_, is not invertible have a form
(22) or (23) and if Aiy1 C ®;'(\;) is a curve such that 7,0x,,, is not invertible
along A;, we have 0 < A(Aiy1) < A(\;). Thus after a finite number of blow ups, we
construct the desired sequence (25), completing the proof of the lemma. ]

Lemma 4.7. Suppose that f : X — Y is a dominant morphism of nonsingular 3-folds
with toroidal structures determined by SNC' divisors Dy and Dx = ffl(Dy) such
that Dx contains the singular locus of f. Further suppose that f : X — Y is toroidal
and C CY is a possible center for Dy which contains a 1-point. Let ¥ :Y; — Y be
the blow up of C. Then there exists a commutative diagram of morphisms

x, 4oy
o | R
x 4 v

such that ® is a sequence of possible blow ups for the preimage of Dx supported above
C and fy is toroidal with respect to Dy, = ¥~ (Dy) and D% = 1 (Dy).
Further, ® has a factorization

Y1ZXn—ManlH"'—>X1—>X
where each ®; 11 : X401 — X; is either the blow up of a section E; over C such that
ZcOx, is not invertible, or @41 @ X401 — X, is the blow up of a curve E; which

maps to a 2-point of Y and such that E; is contained in the locus where ZcOx, is
invertible.
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Proof. We follow the algorithm of Lemma 18.17 [C3] to construct ®.

Suppose that ¢ € C and p € f~1(g). Then there are permissible parameters u, v, w
for Dy in Oy 4 and regular parameters z,y, z in o x,p such that one of the following
cases holds:

q is a 2-point and p is a 2-point,

w=x%’ v=a% w=z (30)
where uv = 0 is a local equation of Dy and u = w = 0 is a local equation of C.
q is a 2-point and p is a 1-point,
u=2%v=2a"(y+a)w==z (31)

where 0 # « € k, uv = 0 is a local equation of Dy and v = w = 0 is a local equation
of C.
q is a 1-point and p is a 1-point,

u:_j}av: w =z 32
U=y, (32)

where u = 0 is a local equation of Dy and v = w = 0 is a local equation of C'.
We will construct a sequence of morphisms

X, x, Tt L x, B (33)

where each ®;; is the blow up of a nonsingular curve E; contained in the locus
where ZcOyx, is not invertible, and for each ¢ € C and p € (fo ®10---0®;)7(q)
such that ZcOx;, p is not invertible, there are permissible parameters u,v,w for Dy
in Oy, and permissible parameters z,y, z in (’A)Xyp such that one of the forms (34) -
(36) below hold.

q a 2-point, p a 2-point

uw=z%" v=a% w=a9y"z (34)
with ae — ba # 0, (g,h) < (a,b).
q a 2-point, p a 1-point
u=1x"v=2a"(y+a)w=a1l (35)
with0 £ a €k, d < a,
q a l-point, p a 1-point
uw=z%v=yw=a% (36)
with d < a. Further in the locus where the rational map X; — Y7 is a morphism,
X,; — Y7 is toroidal.

Observe that the forms (30), (31) and (32) are special cases of (34), (35) and (36)
respectively.

The locus of points where ZcOx, is not invertible is a union of nonsingular curves
which intersect transversally. If E is a curve in this locus, and p’ € E is a general
point, then u, v, w have a form (35) or (36) at p’. In either case, we define an invariant

QFE)=a—-d>0.
Let ®;41 : X;11 — X; be the blow up of a curve E; such that Q(E;) is maximal.
Suppose that p; € E;, ps € ‘1);11(171) and g = (fo®j0---0®;)(p1).

Suppose that p; has a form (35). Then (’A)Xiﬂ,p2 has regular parameters z1,y, 21
such that

x=uz1,2=2x1(21 + 0) (37)
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with § € k or
T=T121,2 = 2. (38)
Suppose that (37) holds. Then ps is a 1-point,
u=x%v=2al(y+a),w=2(z +B). (39)

Ifd+1=ain (39), then X;;; — Y7 is a morphism near ps, mapping ps to a 2-point,
and at ps, we have a toroidal form

w
u1:u:x‘f,v:x?(y—l—a),wl:E—B:zl.

Ifd+1<aand g +#0in (39) then X;;1 — Y3 is a morphism near ps, mapping ps
to a 3-point, and at ps, we have a toroidal form obtained from a change of variable in

u
ur == 297 2 4+ 8) o = 2l (yr + @), wy = w = 29T (2 + B).

Ifd+1<aand B =0in (39), then we have a form (35) with d increased to d+ 1.
The curve E' containing py in the locus where ZoOx,, , is not invertible satisfies

0<QUE)=a—(d+1) < QE).
Suppose that (38) holds. Then ps is a 2-point.
u=a$z8,v =20y +a),w=all (40)

Further, X;,1 — Y7 is a morphism near py, mapping p2 to a 3-point, and at ps,

we have a toroidal form
up = 4 24707y = 282l (y + ), wy = w = 29T
w

There is a similar argument if p; satisfies (36).

Suppose that p; has a form (34) and = z = 0 are local equations of E; (so that

g <a). @Xi“m has regular parameters x1,y1, 21 satisfying (37) or (38).
Suppose that (37) holds. Then p, is a 2-point,

u = x‘llyb,v = x‘liye,w = 1:517+1yh(21 +0). (41)

If (9+1,h) = (a,b) in (41), then X;;; — Y7 is a morphism near ps, mapping ps
to a 2-point, and at ps, we have a toroidal form

_ _ ,a,b . .d e _w _
ul—u—xly,vl—v—xly,wl—a—ﬂ—zl.

If (9+1,h) < (a,b) and 8 # 0 in (41), then X;;1 — Y; is a morphism near ps,
mapping pe to a 3-point, and we have a toroidal form obtained from a change of
variable in

u a—a—1 b _ .
u = =1 I Lb=h(z 4+ 87 o = 2yt w = w = 29T (21 + B).

If (9+1,h) < (a,b) and 5 = 01in (41), then (41) has the form (34) with g increased
to g+ 1.

Suppose that (38) holds. Then p, is a 3-point,

_ ,a,b_a , _ _d,e._d _ .9, h_gt+1
U=T1Y 21,V =2T1Y Zl,w—xlylzl .

Xiy1 — Y7 is a morphism near ps, mapping p; to a 3-point, and at ps, we have a
toroidal form
u _ _g—
wr = oy = oy = w = afy
By descending induction on max(Q2(E)), we see that the sequence (33) must termi-
nate after a finite number of blow ups, and we complete the proof of the lemma. [J
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5. PREPARATION

In this section we prove Theorem 1.3.

We may assume (after possibly blowing up points on X) that Dx is strongly
cuspidal.

To prove this theorem, we may assume by Lemmas 4.1 and 4.2 that f is prepared
(of type 2 a) of Definition 3.4) above 2 points and toroidal above 3-points of Y. By
Corollary 4.4, f only fails to be prepared above a finite set of 1-points ¥ C Y. Since
this reduction involves only blow ups of 2-curves we continue to have the condition
that Dx is strongly cuspidal.

Suppose that ¢ € 3. Let D be the component of Dy containing gq. There exists
a very ample effective divisor L on Y such that ¢ € L and D + L ~ H where H is
a very ample effective divisor such that ¢ ¢ H. Let o : Z — Y be the blow up of
q, with exceptional divisor E. We may replace L with a high multiple of L so that
oa*H — F is very ample on Z. Let N be a general member of a*H — E. By Bertini’s
theorem, N is nonsingular, makes SNCs with Dz = a~!(Dy), intersects 2-curves
of Dy transversally at general points, does not contain a component of the strict
transform on Z of the fundamental locus of f, and is disjoint from a=*(X — {q}).
Let M = «(N). Then M ~ H, M is nonsingular and intersects D transversally in
a nonsingular curve 7 which contains ¢, M contains no other points of X, contains
no 3-points of Dy, intersects 2-curves of Dy transversally at general points, does
not contain a component of the fundamental locus of f and by Bertini’s theorem, at
points which are not above ¢, f*(M) is nonsingular and f*(M)+ Dx is a SNC dvisor.
After possibly replacing L and H with effective divisors linearly equivalent to L and
H respectively, we may assume that 7 N (L + H) consists of 1-points of Dy and is
disjoint from the fundamental locus of f.

U=Y —(L+ H) is an affine neighborhood of g. Let v+ = ¥ N U. There exist
f,9 € T(Y,0y(H)) such that (f) = D+ L — H and (§g) = M — H. We can thus
define a morphism 7 : U — S = A? by 7(a) = (f(a),g(a)) for a € U. Let g = 7(q).
771(g) = v (scheme theoretically) so 7 is smooth in a neighborhood of . We may
thus replace U with an open neighborhood of « so that 7 is smooth.

Let X = f~Y(U),and f = f | X. Let Dy = Dy NU, Dj; = DNU, D% = w(D},),

g=mof:X — S, D*y = g Y(Dy), D+ = Dx N X. The map 7 is toroidal with
respect to D and Dy;.
Let Dq,...,D,, be the components of Dy other than D which intersect . Since

~ intersects these components transversally, we may assume then that = | D; N U is
étale onto its image for 1 < ¢ < m. We further may assume that X NU = {q}, and
(by Bertini’s theorem) for ¢ € D§ — {g}, there exist regular parameters u,w at g’
such that u = 0 is a local equation of D%, and if E is the curve w = 0 on S, then E
is nonsingular, D% + F is a SNC divisor, g (E) is nonsingular, and g~ !(E) + D+ is
a SNC divisor on X. Thus if ¢ € 7~(¢’), there exist permissible parameters u, v, w
in Oy, (for Dy) such that if p € ?_1(q’) then there exist regular parameters z,y, z
in (’A)Xp such that

u=z%" w=z (42)

where u = 2%y = 0 is a local equation of D+ at p (with a > 0,b > 0)if ¢ € D—UD;
and

u =z’ v =Yy, w==z (43)
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where v € @Y,p is a unit and uv = YT = 0 is a local equation of D+ at p if
q' € DN D; for some i.

Since v intersects the 2-curves D; N D NU of U at general points of the 2-curves,
after possibly replacing U with a smaller open neighborhood of 7, we have that the
intersection of the fundamental locus of f with U is contained in D N U.

We will now establish that g is toroidal and prepared with respect to D§ and D*Y
away from the preimages of finitely many 1-points 2 C v of Dy .

Suppose that ¢ € (D; — D)NU, p € ?71(q’), and ¢ = 7(q’), which implies that
there exist regular parameters u,w at ¢, u,v,w at ¢’ such that v = 0 is a local
equation of D;. ¢’ is not in the fundamental locus of f, and ¢ is a 1-point of Dy, so
by Abhyankar’s lemma there exist regular parameters x,y, z in @7,10 such that

w=z,v=y"w=2z (44)

g is defined by u = x, w = z near p, which implies that g is smooth, and thus prepared
and toroidal for D and D% at p.

Suppose that ¢ € (D —~)NU, p € fﬁl(q’), 7 = 7n(q’). Then we have a form (42)
or (43) at p, so that g is prepared and toroidal for D and D% at p.

Let 6 = DN D; NU for some 1 <4 < m. Suppose that ¢ € 5N~ and p € fﬁl(q').
Then 7(q') = . Recall that ¢’ is a general point of the 2-curve §. There exist regular
parameters u, w in Og g such that u = 0 is a local equation of D on U, w = 0 is a local
equation of M on U, and there exists v € Oy 4 such that v = 0 is a local equation
of D; and w,v,w are regular parameters in Oy . By our choice of M, ?* (M) is
nonsingular and makes SNCs with D+ at p. Since uv = 0 is a local equation of D+

at p, and w = 0 is a local equation of ?*(M ) at p, there exist permissible parameters
x,y,z in pr such that

u =2y’ v = 2%, w = 2
with 71, y2 units in pr. Thus g is prepared and toroidal for D and D*y at p.
Suppose that ¢/ € « is a general point. Then ¢ is a 1-point of Dy and f is
finite above ¢’. There exist regular parameters u,v, w in Oy such that u,w are

——1
permissible parameters for D at § = 7(¢), and if p € f (¢'), then there exist
permissible parameters z,y, z in Ofp such that

u=z"v=yw=z

by Abhyankar’s lemma, which implies that ¢ is prepared and toroidal at p for D§ and
D%

We conclude that g is toroidal and prepared with respect to Dg and D*Y away from
points above finitely many 1-points Q C « of Dy .

Recall that there are no 3-points of X supported above D;NU for 1 < i < m. After
blowing up points supported above €2, we obtain that the irreducible components F'
of D+ which do not contain a 3-point are precisely the components which dominate
D; for some i or dominate a 2-curve D; N D for some i, and the 2-curves C' of D+
which do not contain a 3-point are precisely the 2-curves which dominate a 2-curve
D;nND.

Suppose that A : Z — U is a dominant morphism of 3-folds, and Dy is a SNC
divisor on U. We will say that Dy is U cuspidal if all irreducible components F' of
Dz which do not contain a 3-point dominate D; for some 4, or dominate D; N D for
some i, and the 2-curves C' of Dz which do not contain a 3-point dominate a 2-curve
D;ND.
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By Lemma 4.5, there exists a morphism ®; : X; — X such that ®; is a sequence of
possible blow ups for the preimage of D*y of points and nonsingular curves supported

above Q such that if g = go®; : X; — Sand fi = fo®; : X1 — U, then ¢; is
prepared for DE and D*? = @fl(D%) in a neighborhood of all components of D*Y

1 1
which do not map to a point of 2.

By blowing up points on components of D*Y which dominate a point of {2, we may
suppose that Dg = <I>1_1(D7) is U cuspidal.

By 1 of Theorem 3.1 [C5], there exists a morphism ®5 : Xo — X; which is a
sequence of possible blow ups for the preimage of D*? of points and nonsingular
curves supported above (2, such that go = 7o fi 0o &g : X, — S is prepared for
Dy and D% = ®;'(D% ). Let fo = fio®s : X» — U. We further have that

2 1
D+, = <I>271(D§1) is U cuspidal.
Now by 2 of Theorem 3.1 [C5], there exists a commutative diagram

X?, %85
O3 | (DS
X, 5B g

such that A, is a sequence of possible blow ups for the preimage of D of points
supported above g, ®5 is a sequence of possible blow ups for the preimage of Di of
points and nonsingular curves supported above v, and g3 is toroidal with respect to
Dg = Af Y(D%) and Di = d5 (D*er)' We further have that D*Xo, is U cuspidal.
Let f3 = fy 0 ®3: X3—>U

Consider the commutative diagram

Xg i3 Zl oS
AR AP
x L v = s

where ® = &1 0Py0P3, Y, =U xg S and ¥ : Y, — U, 1 : Y1 — S; are the
. - ——1 —1
natural pI“OJGCtiOIlS, and fq = f3 X g3. D*71 =V (Dp) and Dy =V (Dy) are
SNC divisors. Y is nonsingular, and is obtained from U by possible blow ups for the
preimage of Dy of sections over . Since g3 is toroidal with respect to D3 and D*Y ,
_ _ 3
f3 is prepared with respect to D*? and D*? . Over a general point of 7, f; is toroidal
1 3

with respect to D* and D* . Also, over a general point of v, ® is a sequence of

possible blow ups for the prelmages of DZ of sections over 7.

Recall that Dy = D+ D1 +---+ D,,, + G, where G consists of the components of
Dy disjoint from U, and that the D; NU are étale over their images in S. Let D; be
the strict transform of D; on Y7 for 1 < i < m.

—1 % J— J—
Dy =¥ (DU):D?1+D1+~-~+Dm.

Let Dy, =3 (D).

We will now verify that ng is a U cuspidal SNC divisor on X3 and that f; is
prepared for Dy and D+ . Since f5 is prepared for DX and D% | we need only verify
_ 1 3 R X3 _
that f3 is prepared for Dy and D+, at points p’ € X3 such that ¢ = fo®(p') € D;
for some i.

First suppose that ¢/ € D; — ~ for some i. Then ® and ¥ are isomorphisms near
p’ and ¢’ respectively. Suppose that ¢ ¢ D. Then we have permissible parameters
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v,u,w for Dy at ¢’ which have an expression (44) at p’. Thus f5 has an expression 3
of Definition 3.4 at p’. Suppose that ¢’ € DN D; —~. Then ¢’ is a 2-point of Dy, so
that f is prepared above ¢’ for Dy and D+. Thus f3 is prepared above ¢’ (for D?I
and DYB)

Suppose that ¢’ = f o ®(p') € vy N D; for some i. Without loss of generality, we
may assume that D; = D;. Recall that ¢’ € v N D; is a general point of the 2-curve
DN Dy, f is prepared above ¢’ and f* (M) is nonsingular and makes SNCs with D+

above ¢'. Since ¢ € D N D is a general point, there are no 3-points in ?_1((1’). Let
D} be the reduced divisor on X whose components dominate D;. The irreducible
components of D} are disjoint by Remark 3.3.

There exist permissible parameters u, v, w in Oy 4 for the two point ¢’ of Dy such
that u = 0 is a local equation of D, v = 0 is a local equation of Dy, w = 0 is
a local equation of M on U, and u,w are regular parameters in Ogg such that if

— ——1 ~
p=®(p') € f (¢), then there exist regular parameters z,y, z in O}p such that one

of the following prepared forms for f hold at p. u,w are toroidal forms for Dy and
D+ in all cases.

(1) pis a l-point of D+

u =z
v =aly (45)
w =z

where v € @y » is a unit and x = 0 is a local equation of D+.
(2) pis a 2-point of D+ which is not on D}

u =%y’
v = ayly (46)
wo o=z

with a,b >0, v € @Yp is a unit and zy = 0 is a local equation of D+.
(3) pis a 2-point which is on D]

u =z
v = aby° (47)
w =z

where 2y = 0 is a local equation of Dy and y = 0 is a local equation of Dj.

W is the sequence of monodial transforms induced by a sequence of quadratic
transforms,

Sl :gn—>—>§025
Each map §j+1 — §j is the blow up of the ideal sheaf m; of a point g; above g. Let

Yi=Y,— - —=Yy=U (48)

be the induced factorization of ¥, where \i/jH : f’jH =U xg Sjt1 — }73 =U xg S,
is the blow up of a curve C;. Let 7; : Y; — S be the natural projection.
® is a sequence of morphisms

YgZXnH"'HXO :Yg HY
where <i>j+1 : XjJrl — Xj is a principalization of ijXj, with natural morphism
fi+ X; =Y. Let DXJ_, Df,j be the respective preimages of Dy, and let lz}j, D;i/j
be the respective preimages of Djf;. Let D%j be the preimage of D% in S;. The
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principalizations ®; are explicitly described in the proof of Theorem 3.1 [C5]. We
have a factorization

Xjn1 = Xnyj = - = Xo,; = Xj. (49)

where each <i>i+1’j : Xi+1’j — X” is the blow up of a single curve or point E;; which
is a possible center for the preimage D}u‘ of Df; on X” If F;; is a curve, then E;;
is in the locus where m;Oyx, ; is not locally principal. If F;; is a point, then F;; is
in the support of m;O¢

i

and m;O X, .m, 18 locally principal. Further, as is shown
in the proof of Theorem 3.1 [C5], D;{j s U cuspidal (this is the reason for the point
blow ups). Let DXU be the preimage of Dy on Xij.

Recall that X, — X is an isomorphism above ¢'. B

We will prove that Dfs is a U cuspidal SNC divisor on X3 and f3: X3 — Y is
prepared for Dy, and ng above ¢’ by induction on j in the morphisms f; : X ;= f/]

Recall that we have a fixed choice of regular parameters u = ug, v, w = wg in Oy, ¢,
which are permissible parameters for Dy at the 2-point ¢/, and one of the forms (45)
- (47) holds at all points of X above ¢’.

Suppose by induction that DXj is a U cuspidal SNC divisor, fj : Xj — f/J is
prepared for Df,j and D)"(jv and if ¢; € f’j and Uy 0---0 \le(qj) = ¢, then

1. g; is a 2-point or a 3-point of Df/j and there exist regular parameters u;, w;
in Ogj @ where 7;(g;) = Qg-, such that u;,v,w; are permissible parameters
for D};j in O?j7qj. '

2. If g; € Cj, then u; = w; = 0 are local equations of C; at g;.

3. If p; € f;l(qj), then there exist regular parameters x;,y;, z; in O)Zj v such
that one of the following forms hold:

Case 1. g; is a 2-point of Dyj, and u;v = 0 is a local equation of Df,j (so
that 7;(q;) = ¢ is a 1-point), and p; is a 1-point of Dy, with

. a _ b . — .
uj =T, = T, W = 2 (50)

where x; = 0 is a local equation of Dg , v; is a unit in Og =~ or p; is a
2-point of Df(j with

b d
uj = TFY;,0 = TiYiv, Wi = 25 (51)

where z;y; = 0 is a local equation of Dz, ; is a unit in Og .
Case 2. g; is a 3-point of Df,j, and ujvw; = 0 is a local equation of Df,j (so
B i g o

that 7;(g;) = g is a 2-point), and p; is a 1-point of DXj with

uj = af,v=aby;,w; = x5(z; + B) (52)
Where. z; =0 1§ a local equa.tlon of DX],, «; is a unit in Oi(j 2 and 0 # 3 € k
or p; is a 2-point of DXJ- with

a,b

L _ .cd. L
uj = x5z, v =252, w; =

2] (53)

e
J
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where af —be # 0, z;z; = 0 is a local equation of D , v, is a unit in 0%
or p; is a 2-point of Di(j with

7 Pj

uj = (x;lyg)k, v = J:;lyf’yj,wj = (x?yé’)t(zj +5) (54)
where x;y; = 0 is a local equation of DXJ,, 75 is a unit in (’A)Xj’pj, ged(a,b) =1
and 0 # 8 € k or p; is a 3-point of DXJ- with

o _,abc . _ . doe f_ _ 9,h i
Uj = T3Y525,0 = TY52575, Wi = XY 25 (55)

where x;y;2; = 0 is a local equation of DX],, v; is a unit in Of(j 2 and

a b c
rank(g h i>2'

We will prove that the above statements hold for fjﬂ : Xj+1 — f’jH.
Suppose that ¢; € C; is a 2-point (and ¥10---0W¥,(g;) = ¢'), so that Case 1 holds,
and p; € fjfl(qj).
1, 0%, p, is not invertible, and u;, w; satisfy (185) [C3] at p; if (50) holds, u;,w;
satisfy (190) [C3] at p; if (51) holds and a,b > 0 (so that p; is a 2-point of D% ),
J
uj, wj satisfy (185) [C3] at p; if (51) holds and b = 0 (so that p; is a 1-point of D% ).
J
The algorithm of Lemma 18.17 [C3] (as modified after (23) in the proof of Theorem
3.1 of [C5] by adding appropriate point blow ups to ensure that D}( » is U cuspidal)

is applied to construct ®;41 : Xj 11 — X; and f;,1 : X;41 — Yj41 above g;. Suppose
that gj4+1 € \I/j;ll(qj), and T41(gj+1) = @j41 € Sj+1. Then there exist regular
parameters ;4 1, w;41 in O§j+1 7 such that u; 11, v, w;41 are regular parameters in
i+1:9541
Oy . ... and one of the following forms hold:
10541

Gj+1 18 a 1-point of D§j+1

Uj = U1, Wi = tjp1(wipr + @) (56)

with o € k, or @}, is a 2-point for Dg. .,

Uj = Ujp1Wjg1, Wy = Wiyl (57)

If (56) holds at @}, and pj41 € fj]_ll(qjﬂ), then an analysis of the algorithm of
Lemma 18.17 [C3] and Theorem 3.1 [C5] shows that u;41,v, w;y1 satisfy one of the
forms (50) or (51) at pjq1.

If (57) holds at @}, and pj;1 € fj]_ll(qjﬂ), then w;41,v,w;41 satisfy one of the
forms (52) - (55) at pjt1.

If gj+1 € Cj11, then ujy; = wj41 = 0 are local equations of Cj4 1.

Now suppose that g; € C; is a 3-point (and Uy0---0 \i/j(qj) =¢’'), so that Case 2
holds, and p; € f;l(qj).

It Zc, O X, is not invertible, then after possibly interchanging u; and w;, then
we have one of the following fomrs. wu;,w; satisfy (187) [C3] at p; if (53) holds and
a,b >0, uj,w; satisfy (191) [C3] at p; if (53) holds and b = e = 0 (in both cases, p,
is a 2-point of D}j). uj, wj satisfy (187) or (191) [C3] if (55) holds (so that p; is a 2
point of D}Q)' uj, w; satisfy (193), (194) or (195) [C3] at p; if (55) holds

The algorithm of Lemma 18.18 [C3] is then applied to construct <i>j+1 : Xj+1 — Xj
and fj+1 @ X;41 — Yj41 above g;. Suppose that gj+q1 € \I/j_ﬁl(qj), and 7(gj41) =
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—/ el . .
@j1+1 € Sj+1. Then there exist regular parameters u;11,w;4+1 in O§j+1@i ) such that

Uj11,V, w41 are regular parameters in Oy and one of the following forms hold:

Yjt1,q541

q]_|r1 is a 1-point of D5 i

Uj = U1, Wi = Ujpr (W1 + @) (58)

with 0 # o € k, or @ is a 2-point for Ds. .,

Uj = Uj41, Wy = Uj41Wj+1, (59)
or g is a 2-point for Dg, .,

Uj = Uj+1 W41, Wj = W1 (60)

If (58) holds at g, ; and pj1 € f]—+11 (gj+1), then an analysis of the algorithm of
Lemma 18.18 [C3] shows that w;y1,v, wj4+1 satisfy one of the forms (50) or (51) at
Dj+1- ~

If (59) or (60) holds at @}, ;, and p;41 € f]]_ll (gj+1), then w;q1,v, wjy1 satisfy one
of the forms (52) - (55) at pj41.

We have shown that Dy == f]j_ll (D{,Hl) is a SNC divisor above ¢; and that f;
is prepared for Df’j+1 and DX+1'

We will now verify that D ¢ R, 08 U cuspidal. Since we are assuming that Dj(j is
U cuspidal, and we know that D% (o is U cuspidal, we need only verify that every
2-curve of D 4 SO contained in a component of D ¢ b which dominates D; contains a
3-point. We Verlfy this by induction in the sequence (49).

Let Dlj be the union of components of D % which dominate D;. The irreducible

components of Dij are disjoint (by Remark 3.3). Assume that every 2-curve of D X

which is contained in DY contains a 3-point. We will show that D" also has this
property. All points blown up in the construction of ®;; are either 3-points of D X

or are 2-points which are disjoint from DY. We may thus assume that the center E; ;
blown up by ®;11 ; is a curve.
If E;; contains a 1-point of DX”-’ then E;; intersects D}’ transversally at 2-

points of D¢, and thus all 2-curves of D¢ | , contained in D contain a 3-point.

Suppose that E;; is a 2-curve of D¢ . and A is an irreducible component of Di J
then either Fj ; is contained in A, so that A contains a 3-point of Ejy; ;, as D¢ is
by assumption U cuspidal, or else E; ; intersects A transversally at 3-points of D¢ X,

In either case, all 2-curves of D¢ , contained in Diﬂ’j contain a 3-point.
We conclude that D ¢ b is U cuspidal.

We have thus established that f, is prepared for D+ and D4 3 and DYS is U
cuspidal.

Recall that <i>i+1 : Xi+1 — X;is a principalization of mio)"g which in a neighbor-
hood of a general point of 7 is a sequence of blow ups of sections over v where m;© <,
is not invertible.

Each \I/H_l : Yi+1 — Y, is the blow up of a curve C; which is a section over v and
is a possible center for Dy, .
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We will construct ¥y : Y7 — Y such that U7H(U) 2 Y, ¥, | U7 (U) = ¥ and
\I/fl(Dy) is a SNC divisor by constructing a sequence of morphisms

Wherg each \i/i_;,_l isa pAroduct of blow ups of possible centers for the preimage of Dy,
and W' (Vi) 2 Vi, Uipq | Yigq = Wiy for all .
We will inductively construct (61). Suppose that we have constructed U, Y —
Let ~y; be the Zariski closure of C; in Y;. Then ~;,1 is a section over 7, and is
thus a nonsingular curve. We construct \iliH by first blowing up points on (the strict
transform of) 7; above 7 — v where (the strict transform of) v; does not make SNCs
with (the preimage of) Dy, and then blowing up the strict transform of v;.

X, — X is an isomorphism away from the preimage of . Thus the sequence of
blow ups X» — X extends trivially to a morphism Xy — X, so that X, — X is an
isomorphism away from the preimage of €.

Now we construct ®3 : Xz — X such that ®3'(X,) = X3, ®3 | X3 = &3 and
o3 Y(Dx,) is a SNC divisor by constructing a sequence of morphisms

X3:Xn%Xn71 H"'qil’Xo:Xz
where @;1()@_1) ~ X, and &, | X; = @, for all i, and so that there are morphisms
X, — Y; which are toroidal (with respect to the preimages of Dy and Dx) over points
of 7 — ~y. This follows from application of Lemmas 4.6 and 4.7, and the fact that the
case when ~; is a 2-curve (or a 3-point is blown up) extends directly to a toroidal
morphism.

The resulting morphism ®3 is an isomorphism away from the preimage of 7.

We have constructed a diagram

X &y
o | 19,
x 4y

such that ® and ¥, are isomorphisms away from the preimage of 7 and f3 is prepared
with respect to Dy, = U '(Dy) and Dx, = ® *(Dx) away from the points in
Y — {q}. Further, all components of Dx, which do not contain a 3-point and all
2-curves of Dy, which do not contain a 2-point must contract to points of 7 — . In
particular, Dx, is cuspidal for fs. By induction on |X|, we repeat this construction
to prove Theorem 1.3.

6. TOROIDALIZATION

In this section we prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1
By Theorem 1.3, we can construct a commutative diagram

x, &y
O 1y
x 4 vy

such that ®; and ¥, are products of possible blow ups such that f; is prepared for
Dy, = U (Dy) and Dx, = ®;*(Dx) and Dy, is cuspidal for fi.
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Now, we conclude the proof as in the proof of Theorem 0.1 of [C5].
By descending induction on 7(X3) (Definition 2.9 [C5]) and by Theorems 7.11 and
8.1 [C5], there exists a commutative diagram

X, 2 vy
Dy | 1 Us
x, &y

such that ®; and Wy are products of possible blow ups, fs is prepared for Dy, =
U5 ' (Dy,) and Dy, = ®;*(Dx,), Dx, is cuspidal for f, and 7,(Xs) = —oo.
By Theorem 8.2 [C5], f» is toroidal, and the conclusions of the theorem follow.

Proof of Theorem 1.2
By resolution of singularities and resolution of indeterminacy [H] (cf. Section 6.8
[C6]), and by [M], there exists a commutative diagram

x, & oy
Dy | 10
x 4L vy

where ®;, W, are products of blow ups of points and nonsingular curves supported
above Dy, such that X; and Y7 are nonsingular and projective, and Dx, = <I>1_1(DX)
and Dy, = U7 !(Dy) are SNC divisors. The proof of Theorem 1.2 now follows from
Theorem 1.1.
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