MONOMIALIZATION OF STRONGLY
PREPARED MORPHISMS FROM
NONSINGULAR N-FOLDS TO SURFACES

Steven D Cutkosky *and Olga Kashcheyeva

1 Introduction

Monomialization of morphisms is the problem of transforming a mapping
into a monomial mapping by blowing up a chain of nonsingular subvarieties
in its domain and image.

Consider the following basic example. Let ® : Ay — A}’ be a morphism
of affine spaces over field k. Then & is given by a collection of polynomials
fi,--., fm in n variables:

N = f1($1,--->33n)

Ym = fm(T1, .., T0).
The simplest structure of ® is obtained when fi,..., f,, are monomials and

— Q11 aln
yl_ajl ...xn

— Am1l , , .0mn
Ym = l’l l’n .

If, moreover, ® is a dominant morphism the matrix (a; ;) is forced to satisfy
the nondegeneracy condition rank(a; ;) = m.

In case of a general dominant morphism ® : X — Y between two k-
varieties X and Y we would like to get such a nice description locally .

*The first author was partially supported by NSF
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Definition 1.1. Suppose that ® : X — Y is a dominant morphism of
nonsingular k—varieties. ® is called monomial if for all points p € X there
exist an étale neighborhood U of p, uniformizing parameters (x1,...,z,) on
U, regular parameters yi, ..., ¥, in Oy, ¢(p) and a matrix (a,;) of nonnegative
integers with rank m such that

— 011 ain
yp = -a

Y = 5,

The natural question arises.

Question. Suppose that & : X — Y is a dominant morphism of k-
varieties. Does there exist a monomialization of 7 Or, more precisely, given
a dominant morphism ® : X — Y does there exist a monomial morphism
®, : X7 — Y] such that the following diagram commutes

X, 2y

X 2. v

and all vertical maps are products of blowups of nonsingular subvarieties in
X and Y7

The answer is "yes” over a characteristic zero field when Y is a curve or
when Y is a surface and dim(X) < 3.

Suppose that k is algebraically closed field of characteristic zero. If @ :
X — (' is a dominant morphism from a k-variety to a curve the existence
of monomialization follows from resolution of singularities. If & : P — S is
a dominant morphism of surfaces one proof of monomialization (over C) is
given by Akbulut and King [3]. And the last known case, when ¢ : X — S'is
a dominant morphism from a 3-fold to a surface, is done by the first author
in [4]. This proof of monomialization breaks down into two key steps:

1) obtain a diagram

X, 2y

Lo

X 2.y



where &, is a strongly prepared morphism and the vertical maps are the
products of blowups of nonsingular subvarieties;
2) monomialize the strongly prepared morphism ®; : X; — Y.

The natural next case to consider is monomialization of morphisms from
n-folds to surfaces. A proof would follow from the two steps above when X
is an n-fold and Y is a surface. In this paper we complete step 2). Our main
result is

Theorem 1.2. Suppose that ® : X — S s a strongly prepared morphism
from a nonsingular n-fold X to a nonsingular surface S.

Then there exists a finite sequence of quadratic transforms m : S1 — S
and monoidal transforms centered at nonsingular varieties of codimension 2
7o+ X1 — X such that the induced morphism ® : X1 — Sy is monomial.

From here we deduce that it is possible to toroidalize a strongly prepared
morphism.

Theorem 1.3. Suppose that ® : X — S is a strongly prepared morphism
from a nonsingular n-fold X to a nonsingular surface S.

Then there exists a finite sequence of quadratic transforms m @ S1 — S
and monoidal transforms centered at nonsingular varieties of codimension 2
7o 1 X1 — X such that the induced morphism ® : X; — Sy is toroidal.

The definition of a strongly prepared morphism is given in Section 3,
definition 3.2. The class of strongly prepared morphisms is rather restrictive.
However, a natural example of such a morphism can be obtained as follows.

Let ® : X — S be a monomial mapping from an n-fold to a surface and
7 : X1 — X be a finite sequence of blowups of points. Then the composition
map ¢ om: X; — S is strongly prepared, but not necessarily monomial.

2 Notations

We will suppose that k is an algebraically closed field of characteristic zero.
By a variety we will mean a separated, integral finite type k-scheme. A point
of a variety will mean a closed point. By a generic point on a variety we will
mean a point which satisfies a good condition which holds on an open set of
points.

Suppose that Z is a variety and p € Z is a point. Then m, will denote
the maximal ideal of Oy ,,.



Suppose that P(z) = Y 2 ¢z’ € k[[z]] is a series. Given e € N, P,(x)
will denote the polynomial P.(z) =Y ., ¢;z'. Given a series f(x1,...,z,) €
k[[z1,...,2,]], ord f will denote the order of f (with ord0 = oco).

If z € Q, [z] will denote the greatest integer n € N such that n < z. The
greatest common divisor of ay, ..., a, € N will be denoted by (ay,...,a,).

Definition 2.1. A reduced divisor D on a nonsingular variety X of di-
mension n is called a simple normal crossing divisor (SNC divisor) if all
components of D are nonsingular and the following condition holds.

Suppose that p € X is a point and D,..., D, are the compo-
nents of D containing p. Then s < n and there exist regular
parameters (z1,...,2,) in Ox , such that Dy,..., Dy have at p
local equations x1 =0, ..., x5 = 0, respectively.

Definition 2.2. A codimension 2 subvarieties C',...,C,, of a nonsingular
dimension n variety X make simple normal crossings (SNCs) if C; is nonsin-
gular for all i = 1,...,m and the following condition holds.

Suppose that p € X is a point and C1, ..., Cy are the subvarieties

containing p. Then s < and there exist regular parameters

n
2
(1,...,2,) in Ox , such that for all i = 1,...,s x;, = x4, =0
are local equations of C; at pand 1 <[; < k; < n.

Definition 2.3. Suppose that & : X — Y is a dominant morphism of
nonsingular k—varieties. ® is called monomial if for all points p € X there
exist an étale neighborhood U of p, uniformizing parameters (z1,...,z,) on
U, regular parameters yi, . .., ¥y in Oy, a(p) and a matrix (a;;) of nonnegative
integers with rank m such that

— 011 Aln
yr =yt -,

— pml | .0mn
Ym = 1 l’n .

3 Monomialization

Definition 3.1. Suppose that & : X — S is a dominant morphism from a
nonsingular variety X to a nonsingular variety S with reduced SNC divisors
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Dgon S and Ex on X such that ®71(Dg),.q = Fx. Let sing(®) be the locus
of singular points of ®. We will say that ® is quasi prepared (with respect
to Dg) if sing(®) C Ex.

Suppose that ® : X — S is a quasi prepared morphism from a nonsingular
n-fold X to a nonsingular surface S. If p € Ex we will say that p is a
1,2,...,n point depending on if p is contained in 1,2,...,n components of
Ex. g € Dg will be called a 1 or 2 point depending on if ¢ is contained in 1
or 2 components of Dg.

Regular parameters (u,v) € Og , for ¢ € Dg are permissible if:

1) qis a 1 point and u = 0 is a local equation of Dg or
2) q is a 2 point and uv = 0 is a local equation of Dg.

Definition 3.2. Suppose that ® : X — S is a quasi prepared morphism
from a nonsingular n-fold X to a nonsingular surface S. We will say that ®
is strongly prepared at p € X (with respect to Dg) if there exist permissible
parameters (u,v) at ®(p) and regular parameters (z, ..., z,) in Oy , such
that one of the following forms holds:

(1) 1<k<n-1
pis a k point, u = 0 is a local equation of Ex and
u = (I(fl P Izk)m
v=Paf* - z*)+ x?l - -xzkxkﬂ

where m > 0, ay,...,ar > 0 with (ay,...,a;) =1, by,..., b > 0 and
P is a series;

(2) 2<k<n

p is a k point, u = 0 is a local equation of Fx and

w= ()

U:P(I?l'xzk)_’_l‘l{lxzk
where m > 0, ay,...,ax > 0 with (ay,...,ax) = 1, by,..., by > 0,
a ... a . .
rank (" ) =2and Pis a series;
by ... by



(3) 2<k<n

p is a k point, uv = 0 is a local equation of Fx and

ap_

u—x?l"'a:kkll
_I'bz by,
/l}— 2"'.’1,{:

where ao,...,ax_1,ba,...,bp_1 > 0, a;,b, > 0 and a; + b; > 0 for all
i=2 ... k-1

In this case the regular parameters (zi,...,x,) in (’A)XJ7 are called *-
permissible parameters at p for (u,v) and the permissible parameters (u,v)
are called prepared.

® : X — S is strongly prepared if it is strongly prepared at every point
peX.

We will now assume that & : X — S is a strongly prepared morphism
from a nonsingular n-fold X to a nonsingular surface S.

Lemma 3.3. Suppose that Ox , — R is finite étale and there exist x1, ..., x, €
R such that (z1,...,x,) are reqular parameters in R, for all primes ¢ C R
such that ¢ N Ox,, = my. Then there exists an étale neighborhood U of p
such that (xq,...,x,) are uniformizing parameters on U.

Proof. There exists an affine neighborhood V; = Spec (A) of p € X and a
finite étale extension B of A such that B ®4 A,,, = R. Set U; = Spec (B).
Let m : Uy — Vi be the natural map. There exists an open neighborhood
Uy of 771(p) such that (zy,...,z,) are uniformizing parameters on U,. Let
Z=U-Upgand W =7(Z). Set U =Uy;—7 }(W), thenU — V =V, —W is
finite étale. Thus there exists an étale neighborhood U of p where (x4, ..., z;)
are uniformizing parameters. U

Lemma 3.4. Suppose that ® : X — S is strongly prepared at p € Ex. Then
there exist prepared parameters (u,v) for ®(p) and x-permissible parameters
(1, ..., 2y) for (u,v) at p such that (xq,...,x,) are uniformizing parameters
on an étale neighborhood of p and one of the following forms holds:

(1) 1<k<n-1
p is a k point, u =0 is a local equation of Ex and
w= (2 -k (1)

b
v= P afr) ol



where m > 0, ay,...,a; > 0 with (ay,...,ax) =1, by,...,bp > 0 and
either P =0 or P is a polynomial of order < maxlgigk{z—i} such that
if ®(p) is a 1 point then m t ordP;

(2) 2<k<n
p s a k point, u =0 1is a local equation of Ex and
u= (@ )" m
v P )
where m > 0, ay,...,ax > 0 with (a1,...,a5) = 1, by,...,bp > 0,
rank (Zl Zk) = 2 and either P = 0 or P is a polynomial of
1 .- k
order < maxi<;<,{2} such that if ®(p) is a 1 point then m 1t ordP;
(3) 2<k<n
p is a k point, uwv = 0 s a local equation of Ex and
w=z{ - (I11)
v = xgz . a:Z’“
where as,...,ax_1,ba,...,bp_1 >0, a1,by > 0 and a; + b; > 0 for all
i=2.. . k—1.
Proof. Let (u,v) be prepared parameters for ®(p). A
Suppose first that there exist regular parameters (z1, ..., z,) € Ox,, such
that

w= (ot )"
v=Pa} -zt + - 'Izkl‘kﬂ.
Then there exist yi,...,yx € Ox,, and units ay,..., a5 € @Xyp such that
r;=quy; foralli=1---k.
1
Set v = (af*---a*)*r and R = Ox,,[y]. R is finite étale over Oy, ,. Let

L be the quotient field of R.
Set e = maXlgigk{[Z—i]} and

Paf"---okyi" - ylk) — Pe(ay - ok yi - - y")

b1 br
Y1 Y

_ b by
Y1 = Q7"+ Q) Tpq1 +



a a a
v—Pe(all ~~-akky11
b1 ... bk
Yy,

of R. Thus yz+1 € (R, = R.
Set y1 = vy and Y41 = 77b1yk+1, so that

Then yr11 = ") € Rq N L = R, for all maximal ideals ¢

— a1 ,,a2 ag\m
U—(%yQ"'yk)
—b1 by

—al . .a a b —
v = P.(U1"yy - ykk) + YUY Y Uk

Fori = k+2---n choose y; € Ox,, such that y; = z; mod mf)@)gp. Then
U1, Y2s « « s Yk Ykt 1s Ykt2s - - -, Yn € R are regular parameters at all maximal
ideals of R. Since R is finite étale over Ox ,, by Lemma 3.3 there exists
an étale neighborhood U of p such that (41, Y2, .-, Yk, k1, Yk+2, - - -, Yn) are
uniformizing on U.

To finish the analysis of this case when ®(p) is a 1 point and ordP, < co
we only need to ensure that m { ordP in the formula for v. Suppose that

Po(t) = 3t Milaft o). Set

and

P=P.= 3" Aimlaf - a)™
i=1
so that regular parameters (u,v) at ®(p) and regular parameters
(U1,Y2y - -+ s Yks Urt1, Ykt2, - - - » Yn) at p satisfy the conditions of the lemma.

Suppose now that there exist regular parameters (z1, ..., z,) in O x,p such
that

u=(af o)
v = P(xtlll .. xzk) _l_ajl{l .. .I’Z’V,
where by permuting x1,...,r; we can assume that f = a1by —Aagbl > 0.
Then there exist y,...,yx € Ox,p and units ay, ..., a; € Ox , such that
r;=apy; foralli=1,... k.
1
Set v = (ai* -+ -a3*)7 and R = Ox ,[y]. R is finite étale over Ox ,. Let
L be the quotient field of R.



Set e = maxlgigk{[(i—i]} and

Paf"---ohyt" - yik) — Pe(a® - ok yi" - - - y")

b1 by
Y1 Yy

_ b by,
w=oaq o+

. . . U—Pe(atllLuaZkyTlmka) A .
Then w is a unit and w = T € RyNnL = R, for all
maximal ideals ¢ of R. Thus w € (R, = R.

Let Ry = R[w_%]. Ry is finite étale over R and, therefore, it is finite étale
over Ox .

Set 51 = yP?w ™ Ty and §p = v Pw T gy, so that

—a1 —a2 ,,a3 ak>m

u = (71" 75" y3 Yk

102,03 b1 =ba b b

v =Py 5°ys" ") U Yy g

For ¢ = k+1,...,n choose y; € Ox, , such that y; = x; mod mf,@x,p-
Then 41, 9o, Y3, - .. ,Yn € Ry are regular parameters at all maximal ideals of
R,. Since R, is finite étale over Ox ,, by Lemma 3.3 there exists an étale
neighborhood U of p such that (g, %a, Y3 - - - yn) are uniformizing on U.

To finish the analysis of this case if ®(p) is a 1 point we change v to v and
P, to P in the same way as we did above, so that regular parameters (u,?)
at ®(p) and regular parameters (41, Yo, Y3, - - -, Yn) at p satisfy the conditions
of the lemma.

Finally suppose that there exist regular parameters (z1,...,z,) in @X, P
such that
u = :L‘(lll .. I*Z’i_ll
v :a:ngZ"

Then there exist yi,...,yx € Ox,, and units aq,..., a5 € @X’p such that
r,=oy foralli=1,... k.

Set v = (af* - a* ' “1_1, w = (a?---ai’“)i and R = Ox ,[7,w]. Ris
finite étale over Ox .

Set y1 = vy and ¥ = wys, so that
u=u'ys eyt

_ by br—1 —by
V=Y Yp_1 Y -



For ¢ = k+1,...,n choose y; € Ox, , such that y; = x; mod mﬁ@x,p.
Then y1, Y2, - - Yk—1, Yk, Y1, - - - , Yn € R are regular parameters at all max-
imal ideals of R. Since R is finite étale over Oy ,, by Lemma 3.3 there exists
an étale neighborhood U of p such that (41, Y2, .-, Uk—1, Uks Ykt1s - - - » Yn) ar€
uniformizing on U.

This completes the proof. O

Suppose that p € Ex and (u,v) are permissible parameters for ®(p).
(u,v) will be called strongly prepared at ®(p) and #-permissible parameters
(x1,...,2,) for (u,v) at p will be called strongly permissible if they satisfy
the conditions of Lemma 3.4

Definition 3.5. Suppose that ® : X — S is strongly prepared with re-
spect to Dg. Suppose that p € Ex. We will say that p is a good point
for @ if there exist permissible parameters (u,v) at ®(p) and *-permissible
parameters (z1,...,x,) at p for (u,v) such that one of the following forms
holds:
(la) 1<k<n-1
p is a k point, u = 0 is a local equation of EFx and
w= (" - -)™ (G.Ia)
v=alef o) + @ 2 e
where m > 0,¢t >0, ay,...,ar > 0 with (ay,...,ax) =1 and a € k;

(Ib) 2<k<n-—1

p is a k point, u = 0 is a local equation of Fx and

w=2zy -t (G.Ib)
v= xlil . -xzkxkﬂ
where aq,...,a;r > 0, by,...,bp > 0 and rank (le Z:) = 2;
(2) 2<k<n
pis a k point, u = 0 is a local equation of Ex and
u=aft -t (G.II)
v = xlfl X xz’“
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where aq,...,a; >0, by,...,bp > 0 and rank (a1 ak) = 2;

bi ... by
(3) 2<k<n
p is a k point, uv = 0 is a local equation of Fx and
w=af -z (G.III)
v:xSQ---xZ’“
where as,...,a,_1,b2,...,bp_1 > 0, a1,b, > 0 and a; + b; > 0 for all
1=2,...,k—1.

p will be called a bad point if p is not a good point.

Remark 3.6. If p € Ex is a good point then following the proof of Lemma 3.4
we can always find strongly prepared parameters (u,v) at ®(p) and strongly

permissible parameters (x1,...,2,) at p for (u,v) such that one of the forms
(G.Ia), (G.Ib), (G.II) or (G.III) holds.

Lemma 3.7. Suppose that p € X is a 1 point and (u,v) are strongly prepared
parameters at ®(p), (z1,...,x,) are strongly permissible parameters at p for

(u,v) such that (I) holds and

u=xy"
v=P(xy) +a{'ze, ordP =d.

Suppose that (u,v) are also strongly prepared parameters at ®(p) and
(Y1, ---,yn) are strongly permissible parameters at p for (u,v) such that (I)
holds and

a2

A
v =Q(y1) + Y2y, ordQ = ds.

I}
I

If ®(p) is a 1 point then ay = ag, ¢; = co and dy = dy.
If ®(p) is a 2 point then dy,dy < 0o and c1—dy = ca—da, a1+dy = as+ds.

Proof. This follows from the discussion before Definition 18.7 in [4]. O
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Suppose that E is a component of Ex, p € E, f € @va and x =0 is a
local equation of E at p. Then we define

ve(f) = max{n such that z"|f}.

Suppose that p € X is a 1 point and F is the component of Fx containing
p. Suppose that (u,v) are strongly prepared parameters at ®(p) such that
u =0 is a local equation of E at p and (z1,...,x,) are strongly permissible
parameters for (u,v) at p with

u=xy
v = P(xy) + x{xe, ordP =d.

Then vg(v) = d if d < oo and vg(v) = ¢ if d = co. Thus, in view
of Lemma 3.7, ¢ — vg(v) and a + vg(v) are independent of the choice of
strongly prepared parameters (u,v) at ®(p) and they are also independent
of the choice of strongly permissible parameters for (u,v) at p.

Definition 3.8. Let p € X, E C Ex, regular parameters (u,v) in Og a(p)
and regular parameters (zy,...,z,) in Ox , be as above with

u=xy
v = P(x1) + x{xs.

Define A(®,p) = ¢ — vg(v).
If A(®,p) > 0 define C(®,p) = (¢ — vr(v), a + vg(v)).

Notice that if p € X is a 1 point then p is a good point if and only if
A(®,p) = 0 or, equivalently, ordP = d > c.

Lemma 3.9. Suppose that p € X is a 1 point and E s the component of
Ex containing p.

Then there exists an open neighborhood U of p such that A(®,p') =
A(®,p) for all p € ENU and if A(P,p) > 0 then C(®,p") = C(P,p)
forallp € ENU.

Proof. There exist strongly prepared parameters (u,v) at ®(p) and strongly
permissible parameters (z1,...,x,) at p for (u,v) such that

u=xf
v = P(x1) + x{xs and ordP = d.

12



If U is an étale neighborhood of p where (xy,...,x,) are uniformizing pa-
rameters then for any p’ € U N E there exist as,...,a, € k such that
(x1,T2 = 2+ Qg ..., Ty = T, + ) are strongly permissible parameters at
p’ for strongly prepared parameters (u,v) at ®(p') and v = v if ®(p') is a 2
point or afc, v = v + ayua if (p) is a 1 point and alc.

Suppose that the first assumption holds and ¥ = v then at p/

S
I

a
T

P(x1) — aga§ + 25 (z2 + a2) = Pi(x1) + 2{7s.

U

Thus if d < ¢ then ordP; = d and A(®,p') =c—d = A(®,p) > 0, C(P,p)
(c—d,a+d)=C(®,p). If d > ¢ then ordP, > ¢ and A(P,p") = 0= A(D,p).

Suppose that the second assumption holds and © = v + asua then at p

~

S
Il
&

1
P(xy) + x{(z2 + a2) = P(21) + 2{Za.

U

Thus A(®,p') = A(®,p) and C(P,p') = C(P,p) if A(P,p) > 0.
O

Now we can define A(®, E) = A(P,p) forp € E a1l point. If A(®,E) >0
define C'(®, F) = C(®, p).
We will call E C Ex a good component of Ex if A(®,E) = 0. E will

be called a bad component if it is not a good component or, equivalently, if
A(®,E) > 0.

Lemma 3.10. Suppose 2 < k < n.
Suppose that p € X is a k point and Ey, ..., E, are the components
of Ex containing p. Suppose that (u,v) are strongly prepared at ®(p) and

(x1,...,2,) are strongly permissible parameters for (u,v) at p with z; = 0
being a local equation of E; fori=1,... k.
If
w= (" - -a)™ ()

v=Pz k) + a:lil o -:z:Z’“:ckH
or
u=(zy" -yt (1I)

U:P(xtlll...xzk)_l_'rll)l...xk
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then A(®, E;) = b; —vg,(v) fori=1,...,k and if A(®,E;) >0
C(P, E;) = (b — vg,(v), aim + vg,(v)).

If
u=af"-- ~a:Z’“_’11 (III)
v = xgz e xi‘“

then A(®,E;) =0 foralli=1,... k.

Proof. Suppose that p € X is a k point satisfying (I), (u,v) are strongly
prepared parameters at ®(p) and (z1,...,z,) are strongly permissible pa-
rameters for (u,v) at p such that

w= ("

v =Py - 28) + 2l 2P, and ordP = d.

After possibly permuting z, ..., x; we can assume that ¢ = 1 and prove
only that A(®, Ey) = by — vg, (v) and C(®, Ey) = (by — vg, (v),aym + vg, (v))
if A(®, Ey) > 0.

Suppose that U is an étale neighborhood of p where (z1,...,z,) are
uniformizing parameters and p’ € U N E; is a 1 point. Then there ex-
ist ag,...,ap € k — {0} and ayy1,...,a, € k such that (21,72 = x9 —
Qg,...,T, = X, — () are regular parameters at p'.

Set v = ((Za + a2)™ - - (T + ak)“k)ﬁ, fori=2---kset f; = a1b; — a;b;
and w = ((Ty+a) - (zp —I—ozk)f’@)i. Notice that v*',w® € Oy s are units
in Oy, and therefore Oy [y, w] is finite étale over Oy .

Set Ty = yx; and Ty = Tpo1w + Qppiw — akH(OéQ e ag’“)% then

_ —aim
U= T

1
v=P(Z%") + 1 + aZh', where o = ajpq(af? - al*)@ € k.
Assume first that ®(p) is a 2 point or aym { by, then (u,v) are strongly
prepared parameters at ®(p’).

If a;d < by then (Z4,..., %k, Tkt1, Theo, - - -, Tpn) are strongly permissible
parameters at p’ for (u,v) and

_ —aim
u =

v = P(T)) + T Tppy
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with ordP, = aid if a;d < by and ordP; > by if a;d = by. Thus A(®, E) =
A(®,p) = by — vg,(v) in this case and if A(®,p’) > 0 or, equivalently,
if a1d < by then C(®,E)) = C(®,p) = (b — ard,aym + a1d) = (b —
Ve, (v), aym + vg, (v)).

If a;d > by then set Zy1 = Tpi1 + P(ﬁl) to get strongly permissible
Ty
parameters (Z1,...,Z,) for (u,v) at p/, so that
u=z"

—b1 = —b
V=T, Tpy1 + Ty

and A(®, Fy) = A(®,p/) =0 = by — vp, (v).
b1

Assume now that ®(p) is a 1 point and a;m|by, then (u,v = v — qum™)
are strongly prepared parameters at ®(p').

If a;d < by then (Z4,..., %, Tke1, Theo, - - -, Tpn) are strongly permissible
parameters at p’ for (u,v) and

v =P(@") + %1 = P(T1) + T T

Thus A(®, Ey) = A(®,p') = by — ayd = by — vg,(v) in this case and if
A(®,p') > 0 then C(®,Ey) = C(P,p) = (b1 — arnd,aym + ayd) = (by —
VE1<U)7a1m+ VEI(U))'

If a;d > by then set Ty = Tp1 + P(jil) to get strongly permissible
Ty
parameters (Z1,...,Z,) for (u,v) at p’ so that
u=2z"

v = TN T
and A(®, Fy) = A(®,p') =0 = b — vg, (v).

Suppose that p € X is a k point satisfying (II), (u,v) are strongly pre-
pared parameters at ®(p) and (xy,...,z,) are strongly permissible parame-
ters for (u,v) at p such that

w= (o)

v= Pz a*) + 3:1{1 .. Q:Z’“ and ordP = d.
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After possibly permuting x4, ..., z; we can assume that ¢ = 1 and prove
only that A(®, Fy) = by —vg, (v) and C(®, Ey) = (b —vg, (v), a1 +vg, (v)) if

A(®, Ey) > 0.

Suppose that U is an étale neighborhood of p where (z1,...,x,) are
uniformizing parameters and p’ € U N Ey is a 1 point. Then there ex-
ist ag,...,ap € k— {0} and agi1,...,q, € k such that (z1,7o = x5 —
Qg ..., Ty = X, — () are regular parameters at p'.

Notice that since rank Zl a Zk = 2 there exists j € {2,...,k} such

1 . k
that a1b; — a;b; # 0. So, after possibly permuting xs, ..., 7, we can assume

that j = 2, that is a;by — asby # 0.
1
Set v = ((T2 + o)+ (T + )™ )r, for i = 2,...,k set f; = a1b; —
1 f
aiby, w = (T3 + az) - (Tp + a)®)a and 6 = (T, + Oég)ﬁ. Notice that
Y w6 € Oy, are units in Oy, and therefore Oy, [y, wd] is finite étale
over Oy, .

1
Set Ty = vay and &5 = 6w — (af? -~ af¥)*1 then

v = P(Z%) 4+ 2275 4+ az’, where a = (af?-- -a,{’“)% € k —{0}.

Now the same analysis as above with Z, playing the role of Zx,; above
shows that A(®, Ey) = by —vg, (v) and C(®, Ey) = (by —vE, (v),aym+vg, (v))
it A(®, Ey) > 0.

Suppose that p € X is a k point satisfying (III), (u,v) are strongly
prepared parameters at ®(p) and (z1,...,z,) are strongly permissible pa-
rameters for (u,v) at p such that

ap—

_ a2 by
V=257 Ty

Since ai, by, > 0 and a; +b; > 0 for all j = 2,...,k — 1, after possibly
permuting xy, ..., x; and u,v we can assume that ¢ = 1 and

a1 ar—1
U= Ty - Ty

v =Pz -2 + 2 - where ay, by > 0 and P(t) = 0.

In this notations the proof of the required statement repeats the proof
for case (II). O
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Theorem 3.11. Suppose that ® : X — S is strongly prepared. Then the lo-
cus of bad points in X is a Zariski closed set of pure codimension 1, consisting
of the union of all bad components of Ex.

Proof. Let Z be the union of all bad components of Ex and let p be a good
point on Ex, g be a bad point on Ex. Then it suffices to show that ¢ € Z
while p € Ex — Z.

Suppose that p is a good k point, (u,v) are strongly prepared parameters
at ®(p), (x1,...,x,) are strongly permissible parameters for (u,v) at p such
that one of the following forms holds

(1a)

w= (o

v=ofaft ) @

(1b)
w=uz -t
v = x'{l $Zk$k+1,
(2)
u=z -t
v = mll’l . xZ’“;
(3)
u=af -ty
v :xgz---:vzk.
In all these cases x1 = 0, ..., 2y = 0 are local equations of the compo-
nents of Ex containing p. So we can assume that for allt=1,...,k z; =0

is a local equation of F; C E, a component of Fx.
By Lemma 3.10 we compute A(®, E;) as follows

(la) A(®,E;) = ait —vg,(v) =a;t —a;it =0

17



(3) A(®, E;) = 0.
Thus all components of E'x containing p are good, so p does not lie in Z.

Suppose that ¢ is a bad k point, (u,v) are strongly prepared parameters
at ®(q), (z1,...,z,) are strongly permissible parameters for (u,v) at ¢ and
(I) holds, that is

w= (o)
v =Py - 2%) 42 2P, where P(t) # 0.

Let 1 =0, ..., 1 = 0 be local equations of the components F,..., Ey C
E'x containing q.
By Lemma 3.10 we can compute A(®, E;) for all i = 1,... k as follows

A, B)) = by — vp (v) = {bi — a;ordP >0, if aioraFP < b;;
0, otherwise.
To prove the statement of the theorem we need to find such j € {1,...,k}
that E; is a bad component or, equivalently, A(®, E;) > 0.
Assume the contrary. Let a;ordP > b; for all i = 1,..., k then
by b, 1!

. P(x; rzk) P(z?lrzk) A
v=a e (T + o ) and —n € Ox.q-
1 k 1 k

P(x®..0% _ P(x%...p%
If ordw > 1 then set Tyy1 = Tp1 + w so that
x11...xkk z11-~~a:kk
(T1,. .. Thy Tht1, Tha2, - - -, Tp) are strongly permissible parameters for (u,v)

at ¢ and
_ al ap\m
u=(ay" 2yt
by —
v = :Elil C T Ty

Thus one of the forms (G.Ia) or (G.Ib) holds for ¢ and, therefore, ¢ is a good
point while ¢ was originally chosen to be a bad point.

If ordw = 0 then there exist a € k — {0} and y € m,Ox,, such

b1 b
Ty T
P(z?lwzk) _ _
that o — Yt Set Ty1 = xpy1+y sothat (z1, ..., 2k, Tee1, Tha2, - -5 Tn)
17k

are strongly permissible parameters for (u,v) at ¢ and
w= (g

v=a (T + Q).

18



b b | < 2 then (G.Ia) holds and, therefore, ¢ is a
1 .- k
good point. This contradicts the choice of q.

a; ... Qg
If rank b ... by
can assume that f = a1by — asb; # 0. Set

Now if rank <a1 U

= 2 then after possibly permuting x, ...,z we

— — 7012
Ty =21 (T + )7
1

fg = JIQ(.T]H_l + Oé) f

then (Z1,Z2,x3,..., Tk, Try1, Thao,---,Ty) are *-permissible parameters for
(u,v) at ¢ and

— (01 502 .03 ag\m
u = (T{'73%x5" - - - xy”)
by ~ b

v = xlflx?wg?’ ST

Thus (G.II) holds for ¢ and, therefore, ¢ is a good point while ¢ was originally
chosen to be a bad point.

This shows that if ¢ is a bad point on Ey and (I) holds at ¢ then there
exists such a component F of Ex containing ¢ that A(®, F) > 0. So E C Z
and, therefore, g € Z.

Suppose that ¢ is a bad k point, (u,v) are strongly prepared parameters
at ®(q), (z1,...,x,) are strongly permissible parameters for (u,v) at ¢ and
(IT) holds, that is

we (o)

v =Py - 2%) + 2 2 where P(t) # 0.

m

Let z;1 =0, ..., zx = 0 be local equations of the components E, ..., E, C
E'x containing q.

By Lemma 3.10 we can compute A(®, E;) for all i = 1,... k as follows
b; — a;ordP > 0, if a;ordP < b;;
0, otherwise.

To prove the statement of the theorem we need to find such j € {1,... k}
that £ is a bad component or, equivalently, A(®, £;) > 0.

Assume the contrary. Let a;ordP > b; for all i = 1,...,k then

A(D,E;) =b; —vg,(v) =

1. % “ o .
v =2 a1 %) Since rank <a1 ) = 2 there exists
2L by ... by
P(ayt o k) A
I €{1,...,k} such that qordP > b, so —5—~ € m,Ox q.
2l
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After possibly permuting x1, ..., x; we can assume that f = a;bs —ashy #
0. Set

Play’ - a)

—ag

T = $1<1 + ﬁ) !
x 1 .. .l’ k
1 k
ay ag
— P(xlxk)‘%
o = (1 + By o )
:L‘l .. -:L‘k
so that (Z, Za,x3,...,x,) are x-permissible parameters for (u,v) at ¢ and
u= (Ty' Ta5 -yt )"
by — . b
v =P TPTP -

Thus (G.II) holds for ¢ and, therefore, ¢ is a good point while ¢ was originally
chosen to be a bad point.

This shows that if ¢ is a bad point on Fx and (II) holds at ¢ then there
exists such a component F of Ex containing g that A(®, E) > 0. So E C Z
and, therefore, ¢ € Z.

]

Lemma 3.12. Suppose that ® : X — S is strongly prepared, ¢ € Dg and
p € ®71(q) is a k point on X such that one of the forms (I), (II) or (III)
holds at p. Then myOx,, is not invertible if and only if one of the following
holds:

(la) 1<k<n-1

w= ("™ (N.Ta)
v= (@ 2 g
where m > 0, ay,...,ax > 0 with (a1,...,ax) =1 and 0 <t < m;

(1b) 2<k<n-—1

u=(x-a)™ (N.Ib)
v= (2} )T

where ay, . ..,ar >0 with (a1,...,a;) =1, by,..., b >0,

rank (le Z:) =2 and minlgigk{f;—i} <m;
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(1c)

(2a)

(2b)

(3)

2<k<n-1

w= (- a)" (N.Ic)

— a af b bk
v= Py at) f v

where ay, . ..,ar >0 with (ay,...,a;) =1, by,..., by >0,
a ... Qg . . b, b,
rank b b | = 2 and minj<;<p{ 7t} < ordP < maxici<p{t},
1 ... L i - = i

minlgigk{z—i} <m;

2<k<n
w= (- a)" (N.IIa)
v (el
where ay, . ..,ar >0 with (ay,...,a;) =1, by,..., by >0,
rank (211 Z:) =2 and minlgigk{f;—i} <m< maXlgigk{Z—i};
2<k<n

w= (- a)™ (N.ITb)

_ al ag b1 b
v=P{ ) Fatxg

where ay, ...,ar >0 with (ay,...,ax) =1, by, ..., bx >0,

rank Zi Z:) = 2 and min << {2} < ordP < maxj<i<i {2},
minlgigk{z_i} <m;
2<k<n
u=afte (N.IIT)
v = xg2 e ka
where ag,...,ax_1,ba, ..., bp_1 >0, a;,bp > 0 and a; + b; > 0 for all
i=2. . k—1.
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Proof. Suppose that (I) holds at p. First consider the case when

rank Zl o Zk < 2. Then there exist ¢ > 0 such that
1 ... k
u= (o)
0= P& af) (23 2 g,
If d = ordP <t then v = (2" - - - %)%y, where v € O, is a unit. So either

u is a multiple of v if d < m or v is a multiple of u if m < d. Thus we may
assume that ordP > t.

Set Pl - 1)
- 1 k
Tpo1 = Tpo1 + ———2 € Oy
k’+1 k?+1 (3;'(111 L. I’Zk)t X,p
to get strongly permissible parameters (x1, ..., Tk, Tp11, Thro, - - -, Tn) for (u, v)

at p such that

u= ()"
v= (2" ) Ty

So (u,v)Ox,, is not invertible if and only if ¢ < m and we get case (N.Ia) of
the lemma.

Suppose now that rank (Zl Zk) = 2. If P(t) = 0 in the formula
1 ... k
for v then
u= (@)
_ b by,
v=a" 2 e
and v is not a multiple of w if and only if a;m > b; for some i € {1,... k},

that is if m > minlgigk{%}. Thus we meet case (N.Ib) of the lemma.

Suppose that P(t) # 0 then d = ordP < maxi<i<p{2:}. If d = maxici<i {3}
then

o al ak b1 [ _ by b
v=Pymf) Hart e gfog = (21 af)( by b + Tpt1)
Ty ey,
P(xl..glk . _ d—b
where the smallest degree term of w is gordb. R
-G

g@d=br g d=he ey Oy since d > Y for all i = 1 k and d # Y% for

1 k P~ X,p = a B ] a;
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at least one j € {1,...,k} due to maximality of the rank (b o Zk> So
1 .- k

a1k
( ) We return to the situation when P(t)=0

by setting Tp11 = X1+

in the formula for v.
Therefore, we may restrict our considerations to d = ordP < maxlgigk{%}.

If d < minj<;<,{%} then v = (2§ - - - z3*)%y, where

_ P ag)
CARNL

bi—aid br—ard A
+ ! c Ty, kaGOX,p

is a unit. So either v is a multiple of uw if m < d or w is a multiple of v
if d < m. On the other hand if ordP > minlgigk{%} we denote by ¢; the
minimum of a;d and b; to present v as follows

P(af - x)

by

_ C Cck b1—c1 —Ck _ .a Ck
v=af g + s wpg) = 2ttty

xl DY l’;k
where v € m,Ox , and x; { v for all ¢ = 1,...,k. Then u cannot be a
multiple of v and v is a multiple of u if and only if
< min (%) = 4.2} = min {2}
= —} = mi
m 121@1& a; 1121?14 min 1%2/& a;

Thus, with the assumption m > minj<;<x{%} (u,v)Ox,, is not invertible
and this is case (N.Ic) of the lemma.

Suppose that (IT) holds at p. Assume first that P(t) = 0 in the formula
for v so that

— al ag\m

u=(zf" - xyt)
b

v-x?l---wk’“

Then v is not a multiple of u if and only if there exist i € {1, -k} such that
a;m > b;, that is if m > minlgigk{%}. The symmetric condition for u not
being a multiple of v gives the restriction m < maxlgigk{%}. Thus we meet

case (N.ITa) of the lemma.
Let P(t) # 0 then d = ordP < maxlgigk{%}, If d = maXlgz‘gk{%} then
v= Pz} - .J;Zk)+xl{1 . ka — (xlil .. ka)( +1) = .Tlil . '1‘2"‘7
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al Ak
where the smallest degree term of % is oL gerdte g
Ty Ty
v € Ox,p is a unit since d > b—’ foralli=1,...,kand d 7é ~ for at least one
j €{1,...,k} due to maximality of the rank (b o Z")
1 ... k
After possibly permuting regular coordinates x1,...,z, we can assume
that f = a1by — asb; # 0. Then by setting
_ 22
Ty =117
To = X2 7
we get strongly permissible parameters (Z1, o, Z3, . . ., &, ) for (u,v) at p such
that
w= (T - )
v =z zRals .. 9(:2’“

Thus we may assume that ordP < maxlgigk{fl—i}.
If d < minj<;<x{%} then v = (z{* - - 23*)%y, where
P(z{* - xy,
PG

(fclll" )4

is a unit. So either v is a multiple of u if m < d or w is a multiple of v
if d < m. On the other hand if ordP > minlgigk{%} we denote by ¢; the
minimum of a;d and b; to present v as follows

bi—aid bp—ard A

P(af! - -af)

_ Ck bi1—c1 bp—ck\ _ .c1 Ck
U_xl...xk( +x1 ajk )_:L'l...l'k'y’

:L‘i .. .xzk
where v € m,Ox , and x; { v for all ¢ = 1,...,k. Then u cannot be a

multiple of v and v is a multiple of u if and only if

< _ _v I
m 1%{@} nin min{d, } 1%{@}

Thus, with the assumption m > minlgigk{%} (u,v)Ox,, is not invertible
and this is case (N.IIb) of the lemma.
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Suppose that (III) holds at p. Then

aj—
u:x‘fl...xkk_ll

v = :161{2 . -:EZ’“, with aq, by > 0.
So m,Ox , is not invertible and this describes case (N.III) of the lemma.
U

Lemma 3.13. Suppose that ® : X — S is strongly prepared. Letm : S — S
be the blow up of S at a point q € Dg.

Let U be the largest open set of X such that the rational map X — S is
a morphism ®1 : U — S7 on U. Then ®, is strongly prepared with respect to
77 1(Ds), and if all points of U are good for ® then all points of U are good
for ®1 also.

Proof. This follows from the analysis of the proof of Lemma 3.12. In fact,
the conclusions of the Lemma are clear if u | v in Ox,. If v | wand (1) or (2)
holds in Definition 3.2, we can make a change of variables in the z;, replacing
x; with v;x;, where ; is a unit series for 1 < ¢ < k, and making an appropriate
change of x41 to get an expression of the form (1) or (2) of Definition 3.2,
with v and v interchanged. If p is a good point, the new expressions of v and
u will have the good expressions of (1a) or (2) of Definition 3.5. O

Theorem 3.14. Suppose that ® : X — S is strongly prepared, p € X is a
1 point and the rational map ®, from X to the blow up S; of ¢ = ®(p) is a
morphism in a neighborhood of p.

Then A(®q,p) < A(P,p) and if A(Py,p) = A(P,p) > 0 then C(Py,p) <
C(®,p).

Proof. Let (x1,...,x,) be strongly permissible parameters at p for strongly
prepared parameters (u,v) at ®(p), then

u =z

v = P(z1) + 25,

with ordP = d < oo.
Suppose first that P(xz) = 0. Then b > a since (u,v)Ox,, is principal and
there exist strongly prepared parameters (uy,v;) at ®;(p) such that

U = Uy, V= U10q.
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Thus
up =y
= xll”“xQ
and A(®q,p) =0= A(D,p).

Now suppose that P(z) # 0, so d < b. If d > a then there exist a € k
and strongly prepared parameters (u1,v;) at ®(p) such that

u=uy, ,v=u(v;+ ).
Thus
up = xf
P[El -
v = ( ) —Oé+$b aQZQ
a 1
21

and A(®y,p) < (b—a)—(d—a) =b—d = A(P,p), where the equality holds
if and only if d > a. In this case C(®1,p) = (b—d,d —a+a) = (b—d,d) <
(b—d,d+a) =C(®,p).

If d < a then there exist strongly prepared parameters (uy,v1) at ®1(p)
and strongly permissible parameters (Zy, Zo, x3, ..., Z,) at p such that

U = Uy, VUV =1U
and

P(z _
_ P(x) + zbte=2z,  with ordP = a.

Thus A(®1,p) = (b+a—2d) — (a—d) =b—d = A(P,p) and C(Py,p) =
(b—d,a—d+d)=(b—d,a) < (b—d,d+ a) = C(P,p).
U

Suppose that & : X — S is strongly prepared. We will denote by Z(®)
the locus of bad points in X. If ¢ € Dg denote by N,(®) the locus of points
in X where ® does not factor through the blowup of q. Then N(®) will
denote the union of N,(®) for all ¢ € Ds.

We will denote by By(X) the set of all 2 points in X. Let By(X) be the
Zariski closure of By(X). We will also say that a codimension 2 subvariety
C C X is a 2-variety if C' = E; N Ey for some components F; and Fs of Ex.
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Remark 3.15. By(X) is the union of all 2-varieties on X.

Lemma 3.16. Suppose that ® : X — S is strongly prepared and q € Dg 1is
such that Z(®) N N,(®) # @. Then Z(®) N Ny(P) is a Zariski closed set of
pure codimension 2, consisting of the union of all 2-varieties in ®~1(q) with
a generic point in the form of (N.1Ib).

Suppose that C' is a component of Z(®) N Ny(®) and 7 : X; — X is the
blowup of C' with exceptional variety E = 77 (C)yeq. Then @ = ® o7 is
strongly prepared and A(®,, E) < A(D).

Proof. Z(®) and N,(®) are both closed, so to prove the first statement of the
theorem it suffices to show that any bad point p € N,(®) lies on a 2-variety
C such that a generic point p’ € C'is in the form of (N.IIb) and p’ € ®(q).
Notice also that if p € Z(®) N N, (®) then either (N.Ic) or (N.IIb) holds at p.

Suppose that p € N,(®) is a k point and (N.Ic) holds at p, (u,v) are
strongly prepared parameters at ¢ and (z,...,x,) are strongly permissible
parameters at p for (u,v), then

w= (o)

b
v=Pa} -3t + - X T

After possibly permuting x4, ..., z; we can assume that % < ordP < Z_Z
and 2—11 <m.

Suppose that E, ..., F are the components of Fx containing p with local
equations x1 = 0,..., 2 = 0 respectively. Let U be an étale neighborhood
of p where (z1,...,z,) are uniformizing parameters.

Set C' = F; N Fy and fix a 2 point p’ € U N C away from the vanishing
locus of xyy1. Then there exist as, ..., ax1 € k— {0} and agyo,...,a, €k
such that (x1, 29,73 = x3 — a3,y = T4 — Qy, ..., T, = T, — Q) are regular
parameters at p'.

Since f = ajby — asby # 0 we can set v = ((T3 + a3)® -+ (Ty, + ozk)a’“)%
and w = ((T3 + az)® -+ (Tp + ap) (Tpy1 + ak+1))%. Then v/, w/ € Oy are
units in Oy, and, therefore, Oy, [, w] is finite étale over Oy, .

Set 71 = y»2w 2z, and Ty = v "wMwy so that (Zy,...,Z,) are strongly
permissible parameters at p’ for strongly prepared parameters (u,v) at g and

u= ()"

— 701 502 7b1 72
v = P(z{'75?) + 7' 7.
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Thus (N.IIb) holds at a generic point p’ of C' and ®(p') = q.

If 7: X7 — X is the blow up of C then ®; = & o 7 is strongly prepared
above p. If p lies in the intersection of more than 2 components Fy, ..., Ej
of Ex then 771(p) does not contain any 1 point. Assume that p is a 2 point.
If s € 7= 1(p) is a 1 point then (zy,To,x3,...,T,) are strongly permissible
parameters at s where Ty is defined by zs = z1(Z3 + «) for some nonzero
ack. . ;

After setting 7, = x1(Zo + a)ﬁ and T3 = x3(Z2 + a) 122 the following
equalities hold

o a1 az\m __ =(a1+a2)m
u=(2{'2y*)" =7

v = P(l’(llll’g@) —i—ZL‘l{lCL’ngg _ P(f(f1+a2) +:f.§1+b2j3'
If (ay+ag)ordP > (by+by) then s is a good point, A(Py, F) = A(Py,s) =0

and A(®) > 0 since the locus of bad points Z(®) is not empty. So, assume
that (a1 + ag)ordP < (by + by). Since by — ajordP <0

A(®q, E) = A(Pq,8) = by + by — (a1 + az)ordP < by — asordP =

Suppose that p € N, (®) is a k£ point and (N.IIb) holds at p, (u,v) are
strongly prepared parameters at ¢ and (xy,...,x,) are strongly permissible

parameters at p for (u,v), then
w= (o)

_ a1l ag by by
v=Pa* - aik) o ak

After possibly permuting z1, ...,z we can assume that % < ordP < Z—z
and Z—i < m.

Suppose that Ey, ..., E are the components of EFx containing p with local
equations x1 = 0,...,x, = 0 respectively. Let U be an étale neighborhood
of p where (z1,...,x,) are uniformizing parameters.

Set C' = E1NFEs, and fix a 2 point p’ € UNC'. Then there exist as, ..., a; €
k — {0} and agyq,...,@, € k such that (1,279,735 = 3 — a3,T4y = x4 —
Q4. .., Ty = T, — Q) are regular parameters at p'.

Since f = ajby — asby # 0 we can set v = ((T3 + a3)® - -+ (), + ak)“k)%
1
and w = ((ZT3+a3)® -+ (T + a)*)7. Then v/, w/ € Oy, are units in Oy
and, therefore, Oy /[, w] is finite étale over Oy .
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Set 7; = y2w %z, and Ty = v Mwhzy so that (Z1,...,Z,) are strongly
permissible parameters at p’ for strongly prepared parameters (u,v) at ¢ and

u= (@ ag)"

v = P(z$'z5?) + 2} 7.

Thus (N.IIb) holds at a generic point p’ of C' and ®(p) = q.

If 7 : X; — X is the blow up of C' then ®; = ® o 7 is strongly prepared
above p. If p lies in the intersection of more than 2 components F, ..., Ej
of Ex then 771(p) does not contain any 1 point. Assume that p is a 2 point.
If s € 7 !(p) is a 1 point then (z1,Zs,xs,...,7,) are strongly permissible
parameters at s where T is defined by zy = z1(Z3 + «) for some nonzero
a €k .

After setting z; = x1(Zo + a)ﬁ and Ty = (T + a)ﬁ — aﬁ the
following equalities hold

_ a1 az\m __ =(a1+az2)m
u = (z7'2y*)" =)

f
a1 ,,.a b1,.b —ai1+a —b1+b2 ~, ~b1+b
v = P(ZL‘11:E22) + m11x22 — P(wll 2) + :L‘11+ 2:1)2 + aal+a2 1311 2.

If (a1 + ag)ordP > (by + by) then s is a good point and A(Py, F) =
A(Py,5) =0 < A(P). So, assume that (a; + az)ordP < (by + bs).
Since b; — ajordP < 0

APy, E) = A(Py,8) = by + by — (a1 + az)ordP < by — asordP =

0

Theorem 3.17. Suppose that ® : X — S is strongly prepared and Z(®) N
N(®) # @. Then Z(®) N N(P) is a Zariski closed set of pure codimension
2, consisting of the union of all 2-varieties with a generic point in the form
of (N.IIb).

Suppose that C' is a component of Z(®) N N(P) and 7 : X1 — X 1is the
blowup of C with exceptional variety E = 7 1(C)peq. Then &1 = ® o7 is
strongly prepared and A(®q, E) < A(D).

Proof. This theorem follows from Lemma 3.16 due to finiteness of the number
of 2-varieties in X. O
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Remark 3.18. With the notation of Lemma 3.16, ®(Z(®) N Ny (P)) = {q}
and each component of Z(®)NN,(P) is the intersection of a good component
FE4 with a bad component Es.

Lemma 3.19. Suppose that p € Z(®) N Ny(P) is a 2 point and (u,v) are
strongly prepared parameters at q, (z1,...,x,) are strongly permissible pa-
rameters at p for (u,v) such that (N.1Ib) holds and

u= (a7 ay")"

v = P(2{'25?) + 2723,
where & < ordP < 22 and d = ordP. q is a 1-point.

Suppose that (u, v)2 are also strongly prepared parameters at q and (yy, . .., Yn)
are strongly permissible parameters at p for (u,v) such that (N.IIb) holds and

= (s )"
_ / l bl bl
= Q(?hlsz) + U1 ys’s
where < ord@ < ? and d' = ordQ.
ay
Then a; = ay, ag =ah, by =b), by =0,, d=d, m=m'.

Proof. In order to decide whether ¢ is a 1 or 2 point we will compare the
varieties given by local equations u = 0 and uv = 0 on X. According to the
assumption on d, uv can be presented as

ai a2 ai ,.a2\d
wv = xa1m+b1xa2m+a2d(a a1d—by +.’L’b2 a2d+l’ T P('Tl Zg )_ Oé(l‘l To ) )
1 2 12 ar1d+1 _asd+1 )
Ty )
d=b1 ,ba—aad A P(zytag?)—(xitan?)d A
where 0 # a € k, 1", 227" € m,Ox ,, ( 1a13+)1 221“12 e Ox ., .
Zy 23

Thus uv = 0 defines a Variety with at least 3 irreducible components at the
2 point p. Therefore uv = 0 cannot be a local equation of Dg. So ¢ is a 1
point.

This implies that every permissible change of coordinates at ¢ will trans-
late u into cu for some unit series o € Oy, ,. Thus

(x{'xy?)™ = a(yfaygé)m/, where « is a unit series.

The powers of irreducible factors on the left hand side a;m and asm are
equal to the powers of irreducible factors on the right hand side a}m’ and
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aym’, possibly in reverse order. And since (a1, as) = 1 and (af, ay) = 1 we
can claim that m = m’ and {a1, a2} = {d}, a}}.

Denote by FE; and Ej the components of Ex containing p with local
equations 1 = 0 and x5 = 0 respectively. Then by Lemma 3.10 A(®, E;) =0
and A(®, Ey) = by — agordP > 0. So Ej is a good component while F5 is a
bad component.

Since u = 0 is a local equation of Ex, y; = 0 and yo = 0 are local
equations of E; and Fjy, possibly in reverse order. Then by Lemma 3.10 the
invariant A of the component of Ex with local equation y; = 0 is equal to
0. So y; = 0 is a local equation of the good component F;, while y, = 0 is a
local equation of Es. From here and equality of the sets {a1,as} and {a}, ab}
it follows that a; = a} and ay = dj.

Suppose that U is an étale neighborhood of p where (zy,...,z,) and
(y1,-..,yn) are uniformizing parameters. Fix a 1 point p’ € U N E,. Fol-
lowing the proof of Lemma 3.10 we can find strongly permissible parameters

(Z1,...,%,) and strongly permissible parameters (4, ...,¥,) at p’ such that
u=x5*"
v = P(Zy) + 252%,, with ordP = ayd

and
=gy

o = Q) + g, with ordQ = djd'.

So by Lemma 3.7 by = bl, asd = a\d’, and therefore, d = d'.

To show that by = b} we fix a 1 point p’ € U N E;. Then following the
proof of Lemma 3.10 we find strongly permissible parameters (Zi,...,Z,)
and strongly permissible parameters (i, ...,¥,) at p’ such that

v =i 4+ 70 %y, with a; € k

and
a=gi
b = ang” + 11, with as € k.
So by Lemma 3.7 b; = b}. O
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If a, 8 are real numbers, define

S(e, ) = max{(a, 5), (6, )}
where the maximum is in the Lexicographic ordering.

Definition 3.20. Suppose that & : X — S is strongly prepared and p € Ex
is a 2 point such that (II) holds at p. Define

) {S(|b1 — ayordP|, |by — agordP|), if p € N(®)N Z(P);
o(p) =
0,

otherwise.

If C'is a 2-variety in Ex containing a 2 point p in the form of (II), set
o(C) = o(p). Set o(C) = 0, otherwise.
Finally, define o(®) = max{c(C)|C C Ex is a 2-variety}.

Remark 3.21. In view of Lemmas 3.16 and 3.19, at every 2 point p € N(®)N
Z(®), where (II) holds, by — ajordP and by — agordP are independent of
the choice of strongly prepared parameters (u,v) at ®(p) and they are also
independent of the choice of strongly permissible parameters for (u,v) at p.
So, o(p) is well defined at every 2 point p € Ex in the form of (II). To justify
the definition of o(C') for a 2-variety C' we will prove the following

Lemma 3.22. Suppose that p € Ex is a 2 point in the form of (N.IIb) and
C s a 2-variety containing p.

Then there exists an open neighborhood U of p such that o(p) = o(p') for
allp e UNC.

Proof. There exist strongly prepared parameters (u,v) at ®(p) and strongly
permissible parameters (z1,...,z,) at p such that

u= (a7 25")" (+)
v=Paf'a5?) + 2y a3

and bl <d=ordP < b2 21 <m.

Let U be an étale nelghborhood of p where (xy,...,x,) are uniformizing
parameters. Since x; = xo = 0 are local equations of C, for any p’ € UNC
there exist as, ..., a, € k such that (z1,29,T3 = 23+ a3,...,Tp = Tp + Qy)
are strongly permissible parameters at p’ for strongly prepared parameters
(u,v) at ®(p’). Then the same equations (x) hold at p’ and, therefore, o(p") =
S(|by — ajordP|, |by — asordP|) = o(p).

]
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Theorem 3.23. Suppose that ® : X — S s strongly prepared. Then there
exists a sequence of blowups of 2-varieties X1 — X such that the induced
map P, : X7 — S is strongly prepared, A(®q, E) < A(Py) = A(P) if E is an
exceptional component of Ex, for X1 — X and Z(®,) N N(P,) = 2.

Proof. Z(®) N N(®) = @ if and only if o(P) = 0.

Suppose that o(®) > 0 and C C Z(P) N N(P) is a 2-variety such that
o(C) = o(®P). Let 7 : X; — X be the blowup of C. Then by Theorem 3.17
®, = ® o7 is strongly prepared and A(®q, E) < A(P), so we will show that
at every 2 point s € 7~ 1(C') in the form of (II) o(s) < o(®).

Suppose that p € C'is a k point and (N.Ic) holds at p, (u,v) are strongly
prepared parameters at ®(p) and (z1,...,z,) are strongly permissible pa-
rameters at p for (u,v) such that

w= (o)

b b
v=Pla*a) e

and z; = w9 = 0 are local equations of C. Then there will not be any 2 point
in the form of (IT) in 7= *(p).

Suppose that p € C'is a k point and (N.IIb) holds at p, (u, v) are strongly
prepared parameters at ®(p) and (1, . .., x,) are strongly permissible param-
eters at p for (u,v) such that

w= ()

v=P(x{" - a*) + 2b J;Z’“
and 1 = xo = 0 are local equations of C'.

Then after possibly permuting x; and x5 we can assume that 2—11 < ordP <
Z—z and 2—11 < m.

Suppose that Fi, ..., Ey are the components of Ey containing p with
local equations x1 = 0, ..., x; = 0 respectively. If p lies in the intersection of
more than 3 components F, ..., E, of Ex there will not be any 2 point in
m1(p).

Assume first that p is a 2 point with

_ ai _.as\m
u = (z7'25?)
v =P(z§'25?) + V2% and d = ordP.

Then o(®) = 0(C) = a(p) = S(ard — by, by — asd).
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Suppose that a 2 point s € 77!(p) has x-permissible parameters
(1, Ta, @3, ..., x,) such that zy = 2179, then

U = (x!111+a2£gz)m

+az - b1+b2 b
v = P(xtlll a2x6212) +£11+ 23322.

Since d < Z—z, following the proof of Lemma 3.4 we can find strongly permis-
sible parameters (yi,...,y,) at s such that

ai1+az, a2

u=(yr" “y*)"
v = P(yil1+a2ygz> + ylf1+b2y12)2-

Then o(s) > 0 if and only if (u,v)Ox, s is not invertible and (N.IIb) holds
at p. Let it be the case, then d > % and (a; + ag)d — (by + by) < ard — by
since asd — by < 0. Thus

O'(S) = S((a1 + ag)d — (bl + bg), b2 — agd) < S(ald — bl,bQ — Cle) = O'(CI))

Suppose that a 2 point s € 7~!(p) has *-permissible parameters
(%1, z9, 3, ..., 2,) such that z; = Z;x9 then

U = (:frlz1x<211+a2)m

_ =01 ,.a1+a2 =b1 ,.b1+b2
v=P(x{'xy' ") + ey T

Ifd> % there exist strongly permissible parameters (yi, ..., y,) at s such
that

u=(yi )"

v=uyy

Thus o(s) = 0 in this case.

Assume that d < %, then following the proof of Lemma 3.4 we can

find strongly permissible parameters (y1,...,¥,) at s such that

u=(y'ys )"
v = P(yilly(zll-i-az) + yll)ly12)1+b2-

Suppose that o(s) > 0, that is (N.IIb) holds at s. Then since by —a;d < 0,
(bl + bg) — (CLl + ag)d < by — aed and

o(s) = S(ard — by, (by + be) — (a1 + ag)d) < S(ard — by, by — axd) = o (P).
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Assume now that p is a 3 point with

u= (g
v = P(z§'25?25®) + 2 a2l and d = ordP.
Suppose that s € 77 !(p) is a 2 point, then s has regular parameters
(1, T2, 3, ..., x,) defined by zo = x1(Z9 + «) for some nonzero o € k and

u= (27" (2 + @) 22"

v = P(z"T%2(Ty + a)223) + 2502 (75 + o)l

a; + ao as

If rank (b1 by by

) < 2 then o(s) = 0 since (II) cannot hold at s. So,

consider the case when rank Cl: 1 Zj Zj) = 2.

Set h = (CL1 + a2)63 - ag(bl + bg) and
_ _ agbz—agby
Ty =a1(To+ ) 7

_ _ ajby—aghby
Ty =x3(Ta+ ) *

to get *-permissible parameters (Z1, Zo, T3, T4, ..., T,) at s with

U = (i,tthrazjgg)m

—a1+a2 - —b1+b2 b
v = P(:L"‘lll a2x§3) _{_xll-l- 2$33.

Ifd > max{%, Z—z} there exist strongly permissible parameters (y1, ..., y,)

at s such that

o a1+asz  a3z\m
u = (y Y3

_ ,,bi+b2, b3
Uv=1Y Y3~

Thus o(s) = 0 in this case.

Assume that d < max{%, Z—i}, then following the proof of Lemma 3.4

we can find strongly permissible parameters (yi,...,y,) at s such that
a1+az ag)m

u= (y1"""y;
v = P(yitﬂrazygs) + yi)1+b2y§3‘
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o [bitby b

Suppose that o(s) > 0, so (N.IIb) holds at s and min{ 72, 2} < d <
bi1+by b3
ai+az’ a3

If b1+b2 < d < b3 then according to the proof of Lemma 3.16 the 2-variety
Ei N E3 lies in Z(<I>) N N(®) and o(E, N E3) = S(a1d — by, bs — agd). Thus
since asd — by < 0, (a1 + az)d — (by + by) < a;d — by and
0'(8) = S((a1 + CLQ)d — (bl + bg),bg — agd) < S(ald — bl,bg — agd) =
= O'(El N Eg) S O'((I))

max

If 2 < d < 242 then notice that o(s) > 0 implies that 2 < m. So
according to the proof of Lemma 3.16 the 2-variety FEy N Ej3 hes in Z(®) N
N(®) and o(Fy N E3) = S(azd — bz, by — asd). Thus since by — a;d < 0,

(b1 + b2) — (a1 + az)d < by — asd and

O'(S) = S(agd — bg, (bl + b2> — ((1,1 + (Ig)d) < S(agd — b3, bg — CLQd) =
= O'(EQ N Eg) S O'((I))

By Theorem 3.17, induction on the number of 2-varieties C' € X with
o(C) = o(P) and induction on o(P) we achieve the conclusions of the theo-
rem. U

Theorem 3.24. Suppose that ® : X — S is strongly prepared and q € S.
Suppose also that N(®) does not contain any bad point. If N,(®) # @ then
N,(®) is a pure codimension 2 subscheme which makes SNCs with Ba(X).

Suppose that C is a component of Ny(®) and 7 : X; — X is the blowup
of C, E=71"YC)peqa and &, = ®om. Then ®; is strongly prepared, Z(®1) N
N(®y) =@ and A(®1, E) = 0.

Proof. Suppose that p € N, (®) is a k point, (u,v) are strongly prepared
parameters at ¢ and (z1, . .., x,) are strongly permissible parameters for (u, v)
at p. Let U be an étale neighborhood of p where (1, ..., z,) are uniformizing
parameters.

Denote by Ei, ..., Ey the components of Fx containing p with local equa-
tions x1 = 0,...,x; = 0, respectively.

The assumption that N (®) does not contain bad points implies that there
is no point of the form (N.Ic) or (N.IIb) in N,(®).

Suppose that (N.Ia) holds at p :

w= (@)

v = (2
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If p € By NU then there exist ao,...,a, € k such that (z1,Ts = 25 —
Q2. .., Ty = T, — Q) are regular parameters at p’ and

u=(x{"(Ta + ag)®® -+ (Tp, + a)™)"

v = (2" (Tg + 2)® - (Tp, + ) ™) (Tpy1 + Qhs1)-

From here it follows that m,Ox, , is not invertible if and only if (Zx11+vt1)
is not a unit, i.e. if agyy; = 0. Thus Ny(®)NE, NU = V(zy,z41) and by
symmetry Ny(®) N U = V(xq,2441) UV (22, Tps1) U - U V(xg, Tps1). So,
in the neighborhood of p N,(®) is a union of codimension 2 varieties which
make SNCs with Bs.

Let 7 : X; — X be the blowup of a component C' of N,(®) passing
through p, then ®; = ® o 7 is strongly prepared above p. If p lies in more
than 1 component of Ey, 77 1(p) does not contain any 1 point.

Assume that p is a 1 point and the equations v = 29", v = 2{*"z, hold
at p. Then C is defined by x; = x5 = 0 in the neighborhood of p.

If s € 7~ %(p) is a 1 point then s has *-permissible parameters

(1, Ta, 3, ...,%,), Where xo = 1(Z2 + ) for some a € k, and
u=x{"
v = amtll1t+1 + xalt-&-l

Thus s is a good point and A(®q, E) = A(D,s) = 0.

Finally, notice that Z(®;) N N(®;) C (7 1(N(®)) U E) N (Z(Py))
71 (N(®)NZ(®)), since F is a good component of Fx,. So Z(P;)NN(P,)
J.

N

Suppose that (N.Ib) holds at p :

J— ai ap\m
u — (:C]_ .. .xk )
b
v = a:?l Ty T

If p € By NU then there exist ao,...,a, € k such that (z1,Z2 = x5 —
a9, ...,Tp = T, — Q) are regular parameters at p’ and

u= (27" (o + ag)®® -+ (Tp + a)™)™
V= .CE(;I (.fg + Oég)b2 cee (fl?k + Oék)bk (jjk—i-l + ak+1)-

Thus m,Ox,,y is not invertible if and only if at least one of the following

holds:
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1) (ZTgy1 + ags1) is not a unit and a;m > b; for some ¢ such that a; # 0.

2) (z; + a;) is not a unit and min{%, Z—;} <m < max{z—ll, Z—j} for some
jed{2,..., k}
Fixi € {1,...,k} and denote by J; the set of all j which satisfy the inequality
min{%, 2—3} <m < max{Z, Z—’}, then
7 J 3 J

V(.Z'l, l’j) U V(LCl,.I'kJrl) if by < aim

— UjGJ
N (®)NENU = { Vi) by > aim

and by symmetry

k
N,(®)NU = (U U V(:Ei,xj)> U (U V(xi,a:kﬂ))
i=1j€J; i€l
with I = {i | b; < a;m}. So, in the neighborhood of p N, (®) is a union of
codimension 2 varieties which make SNCs with Bs.

Let 7 : X; — X be the blowup of a component C' of N,(®) passing
through p, then ®; = ® o 7 is strongly prepared above p. If p lies in more
than 2 components of Ex, 7~!(p) does not contain any 1 point.

Suppose that p is a 2 point and

_ ai _.az\m
u = (zy'2y’)
b by
v =2 alrs, with — < =,
ai az

If C is defined by 1 = 23 = 0 or 5 = x3 = 0 in the neighborhood of p
then there is no 1 point in 77! (p). So we may assume that % <m < Z—i and
C = V<IL’1, l’g).

If s € 7' (p) is a 1 point then Oy, , has regular parameters

(1, %o, T3, ...,%,), Where xo = x1(T9 + ) for some nonzero a € k, and
+ _
w =z (7 4 )

v = 252(Zy 4 a)2as.

_a2 a1by—aghy
Set T = I‘1<i’2 + Oé) artez and T3 = LU3((Z’2 + Oé) artaz 80 that
(%1, T2, T3, 24 ,T,) are x-permissible parameters at p satisfying the equal-
ities
U — jgm—l—ag)m
v =177,
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Thus s is a good point and A(®4, E) = A(P,s) = 0.
Arguing as above we also conclude that Z(®;) N N(P,) = @.

Suppose that (N.IIa) holds at p :

J— al ag\m
u=(z1" - xy")
b
v—x?l- x,".

If p € By NU then there exist ao,...,a, € k such that (z1,Ty = x5 —
Qg ..., Ty = T, — Q) are regular parameters at p’ and

u = (33(111 (.TQ + CYQ)aQ cee (jk + Oék)ak)m

v = l’?l (i’g + Oé2)b2 ce (Zf'k + Oék)bk

Thus quX p 1s not invertible if and only if (Z; + «;) is not a unit and
m1na,a}<m<max{ '_}forsomejE{Z,...,k}.

Fix ¢ € {1,. k;} and denote by J the set of all j which satisfy the

inequality min{%, %} < m < max{% %}, then

a7a a’a

N(®)NENU = | V(1,25)

je€d1

and by symmetry

i=1j€J;
So, in the neighborhood of p N,(®) is a union of 2- varieties, in particular
N,(®) makes SNCs with Bs.

Let 7 : X; — X be the blowup of a component C' of N,(®) passing
through p, then ®; = ® o 7 is strongly prepared above p. If p lies in more
than 2 components of Ex, 7~!(p) does not contain any 1 point.

Assume that p is a 2 point and

u= (a7 2y")"
. b by
v =22l with — <m < =,

a a2

Then C'is defined by x; = x5 = 0 in the neighborhood of p.
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If s € 7 '(p) is a 1 point then Oy, , has regular parameters

(1, Ta, @3, ...,%,), Where xo = z1(Z2 + ) for some nonzero o € k, and
uw = Iga1+a2)m(f2 + a)agm <**>

bi+ba (= b
v =27 (T + ).
_ _ _22 - _ _r _r
Set f = a1bs —ashy, T1 = x1(To+a) 1oz and Ty = (To+a) 1o —qortoz,
Then (Z1, &9, T3, 24+ ,x,) are *-permissible parameters at p satisfying the
equalities

U — f§a1+a2)m

_r _ -
v = e gt 4 ghithag,

Thus s is a good point and A(®y, E) = A(D, s) = 0.
Arguing as above we also conclude that Z(®,) N N(P;) = @.

Suppose that (N.IIT) holds at p :

u = x{fl .. ka_El
v :xSZ---ka.
So if we set m = (ay,...,a5-1) > 0,a; =a;/mforalli=1,... k—1 and
ar = by = 0, we obtain the required statement by going through the analysis
of the previous case. O

Remark 3.25. Suppose that C' is a component of N,(®) passing through a
point p € Ex, where p is a 2 point in the form of (N.Ila) or (N.III). Let
7 : X7 — X be the blowup of C. Then formula (xx) shows that at every 1
point s € 71(p), ma@)Ox,,s is invertible. In particular, (N.Ia) cannot hold
at s.

Moreover, since every 1 point s € 7 !(C') can only lie in 7~*(p) for some 2
point p € C, this implies that (N.Ia) does not hold at any 1 point s € 7= (C).

Suppose that & : X — S is strongly prepared and ¢ € Dg. Suppose that
p € Ny(P) is a 1 point, (u,v) are strongly prepared parameters at ¢ and

(x1,...,x,) are strongly permissible parameters at p such that
u=2xy
vV = l‘tll‘g.
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Let U be an étale neighborhood of p where (z1,...,x,) are uniformizing
parameters.

Suppose that C' C N, (®) is a codimension 2 variety containing p. Then
C' = V(z1,29) in the neighborhood of p and for every point p’ € C N U

there exist (as, ..., a,) € k and strongly permissible parameters (1, xo, T3 =
T3 — Qg,..., Ty = Ty — Qp) such that
u=xy"
ot
v = ziTs.

For any 1 point p € N,(®) define Q,(p) =m —t > 0. If C C N, (D) is a
codimension 2 variety define

Q,(p), if there exists a 1 point p € C;

Qq<C) = {

Set ,(P) = max{Q,(C)|C is a codimension 2 variety in N, (P)}.

Remark 3.26. In view of Lemma 3.7 ,(p) is well defined for every 1 point
p € Ny(®). If C C N,(P) is a variety of codimension 2 ©,(C) is also well
defined since Q,(p) = Q,(p’) for all 1 points p and p’ in C.

0, otherwise.

Lemma 3.27. Suppose that ® : X — S is strongly prepared and q € Dg.
Suppose also that N(®) does not contain any bad point.

Then there exists a sequence of blowups of nonsingular varieties of codi-
mension 2 X1 — X which are not 2-varieties, such that the induced map
O, : Xy — S is strongly prepared, Z(P1) "N N(®y) = @, A(P,E) =0 if E
is an exceptional component of Ex, for X1 — X and Ny(®1) contains only
2-varieties.

Proof. N,(®) contains only 2-varieties if and only if ,(®) = 0.

Suppose that Q,(®) > 0 and C' € N,(P) is a codimension 2 variety with
Q,(C) = Q,(P). Let 7 : Xy — X be the blowup of C'. Then by Theorem 3.24
we only need to verify that ,(s) < Q,(®) for every 1 point s € N,(®;) N E.

Suppose that p € C is such that there exist a 1 point s € 77(p). Then p
is necessarily a 1 point. If (u,v) are strongly prepared parameters at g and

(x1,...,2,) are strongly permissible parameters at p, then s has *-permissible
parameters (x1, Ta, X3, . .., T,) such that xo = x1(Zs + ) for some o € k and
u=2x"

v =23y + a).
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Thus m,Ox,  is not invertible if and only if @ = 0 and in this case
Qus)=m—(t+1) <m—t=Qp) =Q(C) = QD).

By induction on the number of codimension 2 varieties in N,(®) such
that Q,(®) = Q,(C) and induction on €,(P) we achieve the conclusions of
the lemma. 0

Definition 3.28. Suppose that ® : X — S is strongly prepared and ¢ € S.
Suppose also that p € ®7(g) is a 2 point. Define

S(]by — ayml|, |by — aom|), if (N.IIa) holds at p;
w(p) = < S(a1,bs), if (N.III) holds at p;

0, otherwise.

If C is a 2-variety in @ !(g) containing a 2 point p in one of the forms
(N.ITa) or (N.III), set w(C') = w(p). Set w(C) = 0, otherwise.
Define w,(®) = max{w(C)|C C ®7!(q) is a 2-variety}.

Remark 3.29. It is not hard to see that w(p) is well defined for every 2 point
p € ®7!(q). Using the arguments similar to the proof of Lemma 3.22 we can
also show that w(C) is well defined for every 2-variety C' C ®~!(q).

Lemma 3.30. Suppose that ® : X — S is strongly prepared and q € S.
Suppose also that N(®) does not contain any bad point and N,(P) consists
of a union of 2-varieties.

Then there ezists a sequence of blowups of 2-varieties X1 — X such that
the induced map ®, : X1 — S is strongly prepared, Z(®1) N N(®;) = &,
A(Py, E) = 0 if E is an exceptional component of Ex, for Xy — X and

Ny(®y) = 2.

Proof. Under the assumptions of the lemma N,(®) = @ if and only if w, () =
0.

Suppose that w,(®) > 0 and C C N,(P) is a 2-variety such that w(C) =
we(®). Let m: X; — X be the blowup of C. Then by Theorem 3.24 and
Remark 3.25 we only need to verify that w(s) < w,(®) at every 2 point
senx 1(0).
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Suppose that p € C'is a k point and (N.ITa) holds at p, (u,v) are strongly
prepared parameters at ®(p) and (z1,...,z,) are strongly permissible pa-
rameters at p for (u,v) such that

_ al ap\m

u=(zf" -7y
b
v:xl{1~~xk’“.

and x; = x5 = 0 are local equations of C. Then after possibly permuting x;
and z9 we can assume that 2—11 <m< 2—2

Suppose that FEi,..., F, are the components of Ex containing p with
local equations x1 = 0, ..., z, = 0 respectively. If p lies in the intersection of
more than 3 components Fy, ..., E; of Ex there will not be any 2 point in
T (p).

Assume first that p is a 2 point with

w= (o)
v =zl

Then w,(P) = w(C) = w(p) = S(arm — by, by — aam).
Suppose that a 2 point s € 7~!(p) has strongly permissible parameters

(1, T2, T3, ..., x,) such that o = 179, then
_ a1+az m~a2\m
u = (r{ 75%)

_ b1tb2 b
v = a2 TR

So, w(s) > 0 if and only if (u,v)Oy, s is not invertible and (N.IIa) holds at
p. Let it be the case, then m > % and (ay + az)m — (by + be) < aym — by
since asd — by < 0. Thus

w(s) = S((a1 +ax)m — (b1 +ba), by — agm) < S(aym — by, by — aam) = w,(P).

Suppose that a 2 point s € 7~!(p) has strongly permissible parameters

(Z1, 9,3, ...,%,) such that 1 = Zyx9, then
__ (701 ,,.011a2\m
u = (775 )
v = f?ll’gﬁ—b?.

So, w(s) > 0 if and only if (u,v)Ox, s is not invertible, that is if m < %
Then (by + by) — (a1 + az)m < by — agm, since by — aym < 0, and

w(s) = S(aym —by, (by +b2) — (a1 + az)m) < S(aym — by, by — asm) = wy(P).

43



Assume now that p is a 3 point with

u = (a7 2y rgt)™

v = x?la:g%gf
Suppose that s € 771(p) is a 2 point, then s has regular parameters
(1, Ta, @3, ..., x,) defined by x9 = x1(Z9 + «) for some nonzero o € k and

u= (2P (Ty + a)23?)™

v =22 (2, + )2

a; + as as

by + 02 b3

So, consider the case when rank 6[: 1 ZQQ ZZ’) = 2.
Set h = (CL1 + a2)63 - a3(61 + bg) and

If rank ( ) < 2 then w(s) = 0 since (u,v)Oyx, s is invertible.

_ _ agbz—agby
T1=21(Ta+ ) "
_ _ a1b3—agby
Ty =1x3(Ta+ ) *
to get x-permissible parameters (71, Zo, T3, T4, ..., T,) at s with

u = (xclllJrangs)

v = jbl +b2 b3
Following the proof of Lemma 3.4 we can find strongly permissible parameters
(Y1, ---,Yn) at s such that

(ytll1+a2yé13>
v = yb1+b2yb5
Assume that w(s) > 0, then min{242 2} <y < max{dtle
+az2’ a3 aitaz’ a3

f b1+b2 <m < 23 then accordmg to the proof of Theorem 3.24 the 2-
Varlety E1 N Ej lies in N, (®) and w(Ey N E3) = S(aym — by, by —agm). Thus
since agm — by < 0, (a; + az)m — (by + b)) < a;m — by and

w(s) = S((a1 + ag)m — (by + by),bs — agm) < S(aym — by, by — agm) =
= w(E1 N E3) < wy(P).
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If Z—z <m < % then according to the proof of Theorem 3.24 the 2-
variety Ey N Ej lies in N, (@) and w(Ey N E3) = S(azm — bs, by —asm). Thus
since by —a;m < 0, (by + b2) — (a1 + az)m < by — agm and

w(s) = S(asm — bs, (by + b2) — (a1 + az)m) < S(agm — bs, by — agm) =
= W(EQ N Eg) S wq(CD).

Suppose that p € C'is a k point and (N.III) holds at p, (u,v) are strongly
prepared parameters at ®(p) and (z1,...,x,) are strongly permissible pa-
rameters at p for (u,v) such that

— al... k-1
U =T Tp_q
_ b2 by,
V=T
If we set m = (ay,...,a5_1) > 0, a; = a;/m for all i = 1,... k; and

ar = by = 0, we obtain the required statement by going through the analysis
of the previous case.

By Theorem 3.24, induction on the number of 2-varieties C' € N, ()
with w(C) = w,(®) and induction on w,(P) we achieve the conclusions of the
lemma.

O

Theorem 3.31. Suppose that ® : X — S is a strongly prepared morphism
from a nonsingular n-fold X to a nonsingular surface S.

Then there exists a finite sequence of quadratic transforms m : S1 — S
and monoidal transforms centered at nonsingular varieties of codimension 2
7y 1 X1 — X such that the induced morphism ® : X; — Sy is monomial.

Proof. ® : X — S is monomial if and only if all points of X are good for &,
that is if A(®) =0.

Suppose that A(®) > 0 and F is a component of Ex such that C(®, F) =
C(®). Since A(P, F) > 0 ®(F) is a point g € Dg.

Let m : S; — S be the blowup of ¢. Then by Theorem 3.23, Lemma
3.27, Lemma 3.30 and Lemma 3.13 there exists a sequence of blowups of
nonsingular codimension 2 varieties m : X; — X such that &, : X; — S is
strongly prepared, A(®1, E) < A(®;) = A(®) if E is the exceptional divisor
for ®; and the induced morphism &, : X; — Sy is strongly prepared.

Thus if E is the strict transform of E on X; by Theorem 3.14 C(®,, E) <
C(Py) =C(D).
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By induction on the number of components E of Ex with C(®, E) = C(®)
and induction on C(®) we achieve the conclusion of the theorem. O

4 Toroidalization

Definition 4.1. A normal variety X with a SNC divisor Ex on X is called
toroidal if for every point p € X there exists an affine toric variety X,, a
point p’ € X, and an isomorphism of k algebras (’A)X’ p = (’A)Xm » such that
the ideal of E'x corresponds to the ideal of X, — T (where T is the torus in
X,). Such a pair is called a model at p.

A dominant morphism ® : X — Y of toroidal varieties with SNC divisors
Ex on X and Dy on Y satisfying ®~!(Dy) C Ex is called toroidal at p € X
if there exist local models (X,,p’) at p, (Y,,¢) at ¢ = ®(p) and a toric
morphism ¥ : X, — Y, such that the following diagram commutes

OX,:D Pd Ome’

® : X — Y is called toroidal (with respect to Ex and Dy) if ® is toroidal
at every point p € X.

From now on we will assume that & : X — S is a strongly prepared
morphism from a nonsingular n-fold X to a nonsingular surface S, and all
points of Ex are good for ®. We will also say that p is a toroidal point for
® if ¢ is toroidal at p. A point p which is not toroidal for ® will be called
nontoroidal.

Lemma 4.2. Suppose that ® : X — S is a morphism from a nonsingular
n-fold X to a nonsingular surface S, Dg is a SNC divisor on S such that
Ex = @ (Ds) is a SNC divisor on X and p € X is a k point. Then ® is
toroidal at p if and only if there exist reqular parameters (xy,...,x,) in Ox,
and (u,v) in Og,, such that one of the following forms holds:
(1z) 1<k<n-—1

u =0 1s a local equation of Dg, x1---xr = 0 is a local equation of Ex

and

u=uz" -t (T.Iz)

U= Tk+1
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where ay,...,a; > 0;

(In) 1<k<n-1

uv = 0 is a local equation of Dg, x1---xr = 0 is a local equation of Ex
and

w= (" - a)" (T.In)

o= aled ) (e )

where ay,...,ar >0, m,t >0 and o« € k —{0};

(2) 2<k<n
uv = 0 is a local equation of Dg, x1---x, = 0 is a local equation of Ex
and
Y1 = mclll e xzk (TII)
b1 br

where ay,...,a,,b1,...,0p >0, a; +b; >0 foralli =1,...,k and

a; ... ak) —9

rank {4,
Proof. Let X, ; be the n-dimensional nonsingular affine toric variety
Speck[zy, ..., zn, le,-lh .o,z (where [ € {1,...,n}) with the torus T, =
Speck(zi,. .., 20,27 s 2 and Z,; = Xy —T,. Let Y; be the 2-dimensional
nonsingular affine toric variety Speck[y1, yo] with the torus Ty = Speck[y1, ¥2, 1, ¥5 ']
and Z; =Y, —T5. Then any dominant toric morphism ¥ : X, ; — Y, satis-
fying Z,, = U~1(Z,) is given by the equations

an

p— al---
h =% “n

po

where aq,...,a,,bq,...,b, are integers, a;,b; > 0 and a; + b; > 0 for all
. ar ... Qn\

1=1,...,1, rank b bn)—Z.

We will describe the map ¥ : X, ; — Y7 locally.
If p € X, is a k point (with respect to Z, ), then k£ < [ and after
possibly permuting z1, ..., z; we can find nonzero a1, ..., a, € k such that
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(215 oy Zky Zkt1l = 2kl — Qktl, .- -, 2n = Zn — Qi) are regular parameters at
p and z; - - 2, = 0 is a local equation of Z, ; at p'.
Assume first that by = ... = by = 0, then ay,...,a, > 0, (y1,92 =
b1 b

Yo — oy - aypr) are regular parameters at ¢ = W(p') and y; = 0 is a
1

local equation of Z, at ¢'. Set Zx = zp((Zry1 + Qpr1) ™+ -+ (Z, + a)) %
and Z;y1 = 7o to get regular parameters (21, ..., 2k, Zks ki1, Zkt2y - - -5 2n) I
Ox,.,,p such that

_ a1 Ak —1 zag
i =21 " 21 R

Yo = Zt1-

Assume now that at least one of by, ..., by is greater than 0 and

rank (Zl Zk) = 1. Let m = (a1,...,ax) and @; = a;/m, then b; =
1 ... L

a;t for some t > 0 and a;,b; > 0 for all i = 1,...,k, (y1,y2) are regular
parameters at ¢ = ¥(p') and y;y2 = 0 is a local equation of Z, at p’. Set

Lan

bk+1—ﬁak+1 abn—m

o = ak+1 < Qi
1
zZ, = zk((ik+1 + ak+1)ak+1 c.. (gn + an)an)ak

Zep1 = (Bt + Qpp) T WO (5, 4 ag) T

to get regular parameters (21, ..., 2k, Zk, Zk+1s Zkt+2, - - -, 2n) 10 Ox_,  such
that

o= (a0 g )"

_ ai Gk—1 —ag\t al A1 —ag\t~
Y2 = 2] TRl Rk )+ (2] T Rg_1 Rk ) Zrg1

Finally assume that rank <Zl Zk> = 2. Then after possibly per-
1 .- k
muting 21, ..., 2, we can suppose that f = ayp_1by — agbp_1 # 0. (y1,y2) are

regular parameters at ¢ = W(p') and 3,5, = 0 is a local equation of Z, at ¢/
in this case. Set

_ _ ot 10k~ bt 1 _ anby—agbn

Zi—1 = 2k-1(Zk41 + k1) ! o (Zn +ap)

_ B ag—1bk 41— 0k41bK—1 B ag—1bn—anby_1
Ze = 2k(Zkg1 + Qpa1) f o (Zn + ap) 7
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to get regular parameters (z1, ..., 2x—2, Zk—1,- - -, 2n) i0 Ox, , , such that
_ a1 Ak —2 —Qk_1 —a
Y1 =21 " g9 Zp1 Pk

b bp_2 _bp_1 _by
Yo =21 " %o 1 B -

By the definition @ is toroidal at p if and only if there exist £k <[ < n, a
k point p’ € X, ; and a toric morphism ¥ : X, ; — Y, such that ® has the
same local description at p as the morphism W has at p’, that is if one of the
forms (T.1z), (T.In) or (T.II) holds. O

Remark 4.3. If p € Ex is a toroidal point, arguing as in the proof of Lemma
3.4 we can always find strongly permissible parameters (z1,...,x,) at p such
that one of the forms (T.Iz), (T.In) or (T.II) holds.

Remark 4.4. Suppose that & : X — S is a strongly prepared morphism with
Z(®) = @ and a k point p € X is not toroidal for ®. Then there exist
strongly prepared parameters (u,v) at ¢ = ®(p) and strongly permissible
parameters (x1,...,2,) at p such that one of the following forms holds:

(la) 1<k<n-—1

u = 0 is a local equation of Dg, x1---x;, = 0 is a local equation of Ex

and
w= (" - a)™ (NT.Ia)
v=alag ) ()

where ay,...,ar >0, m,t >0 and o € k;

(Ib) 2<k<n-—1

u = 0 is a local equation of Dg, x1---x; = 0 is a local equation of Ex

and
u=zy -t (NT.Ib)
v=2ab-. -xzkxkﬂ
a ... Qar
Whereal,...,ak>0,bl,...,kaOandrank(b b)—2;
1 .- k
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(2) 2<k<n

u = 0 is a local equation of Dg, x1---x; = 0 is a local equation of Ex

and
u=uzi" -t (NT.II)
v:xlfl---ajzk
a ... Qap
Whereal,...,ak>0,bl,...,kaOandrank(b b)z?.
1 ... L

Suppose that p € Ex is a 1 point such that ¢ = ®(p) is a 1 point on
Dg. Let E be the component of Ex containing p. Suppose that (u,v) are
strongly prepared parameters at ¢ such that v = 0 is a local equation of Dg
and (zq,...,x,) are strongly permissible parameters at p with

_ a
u = ]

v=12{(rp1 + ), ack.

By Lemma 3.7 ¢ = vg(u) and ¢ = vg(v) are independent of the choice
of parameters at p and ¢, so we can define an invariant I(®,p) = ¢ — a.
Moreover, following the proof of Lemma 3.9 we see that vg(u) and vg(v)
evaluated at p are equal to vg(u) and vg(v), respectively, evaluated at any 1
point p’ € E. Therefore, [(®, F) = I(P,p) is a well defined notion.

In the above notations p is a toroidal point if and only if ¢ = 0. Thus
either all 1 points on E are toroidal or all of them are nontoroidal. Define
to be a toroidal component if at least one 1 point on E is toroidal, define
to be nontoroidal otherwise. Set

I(®) = max{I(®, F)|FE is a nontoroidal component of Ex}.

Theorem 4.5. Suppose that ® : X — S is strongly prepared with Z(®) = &.
Then the locus of nontoroidal points on X is a Zariski closed set of pure
codimension 1, consisting of all nontoroidal components of Ex.

Proof. Let Y be the union of all nontoroidal components of Ex. We will
show that any nontoroidal point of Ex lies on Y and there is no toroidal
point lying on Y.

Suppose that p is k point, ¢ = ®(p). Suppose that (u,v) are strongly
prepared parameters at ¢ and (x1,...,x,) are strongly permissible parame-
ters at p. Let Fi,..., E; be the components of Ex containing p with local

50



equations z; =0, ...,z = 0, respectively, and let U be a neighborhood of p
where (x1,...,2,) are uniformizing parameters.

We will assume that p is a toroidal point for ® and verify that F; is
toroidal, that is contains a toroidal 1 point. By the symmetry this will imply
that all components Ej, ..., Ej containing p are toroidal and p ¢ Y.

Suppose first that (T.Iz) holds at p then a 1 point p’ € BNV (z441)NU is
toroidal since ®(p’) = ®(p) is a 1 point and there exist strongly permissible

parameters (Zy, ..., Tk, Tgt1, Thto, - - -, Tn) at p’ such that
u =z
U= Tk+1-

Suppose that (T.In) holds at p then a 1 point p’ € Ey NV (2x1) NU is
toroidal since ®(p’) = ®(p) is a 2 point and there exist strongly permissible
parameters (Z1,...,Tg, Tgt1, Thto, - - -, Tn) at p’ such that

—ait
+ .1'1 xk-+1.

Suppose that (T.II) holds at p. After possibly interchanging v and v we

can assume that a; > 0 and b; > 0. Furthermore, since rank (Zl T Zk> =
1 .- k
2 there exist i € {1,...,k} such that b; — Z—ia,- # 0. Thus after possibly per-
muting xs, ..., T, we can assume that by — %ag #0.
Let p’ € E;1NU be a 1 point, then there exist nonzero ao, ..., a; € k and
regular parameters (71, ...,T,) at p’ such that
u =z}

b b
v =20 (22 + Oéz)bria2 (T + ak)b’ri“k

b b
be—Laz bp—tay by b1 by b1
_ 1 aj ~ (= 2 a2 — k ag
Set a = ey and Ty = (Totag) > @7 (Tptag) © = —
a to get x-permissible parameters (T, o, T3, ..., Tk, Thtl, - - -, Tn) at p’ such
that

u ="
b
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If by > 0 then ®(p') = ®(p) is a 2 point and p’ is toroidal since (T.In)
holds at p'. If by = 0 then (u,v = v — «) are strongly prepared parameters
at ®(p’) and p’ is a toroidal point since either (T.Iz) or (T.II) holds at p'.

Assume now that p is a nontoroidal point for ® and find a component
E; containing p which is not toroidal, that is contains a nontoroidal 1 point.
This will imply p € Y.

Suppose first that (NT.Ia) holds at p then a 1 point p’ € Ey NV (xp41) N
U is nontoroidal since ®(p') = ®(p) is a 1 point and there exist strongly
permissible parameters (Z1, ..., Tg, Tk+1, Tkt2, - - -, Tn) at p’ such that

Suppose that (NT.Ib) holds at p. After possibly interchanging 1, ..., xx
we can assume that b > 0. Then a 1 point p’ € Ey NV (zg11) NU is non-
toroidal since ®(p') = ®(p) is a 1 point and there exist strongly permissible
parameters (Z1,...,Z,) at p’ such that (NT.Ia) holds:

u =2z
_ b
V=T Tyt

Suppose that (NT.IT) holds at p. After possibly interchanging 1, ...,z
we can assume that b; > 0 and by — %ag # 0.
Let p’ € E1NU be a 1 point, then there exist nonzero ao, ..., a; € k and

regular parameters (Z1,...,T,) at p’ such that
u =z}
b b

_ _ by—-L _ b — 2L
v = l'lil(xz + Oéz) e (l’k —|—Oék) R ay Ok
b b

b27—1a2 bkfflak ~ _ b _ b1 _ b b .
Set o = v, ay ey a™ and Ty = (x2+a2> 2=ore2 <l’k+04k> k—ar Gk _

« to get strongly permissible parameters (T, To, T3, ..., Tk, Thil,- - -, Lpn) at
p’ such that

u = (5 % %)
v =7 (T + ).

Thus ®(p') = ®(p) is a 1 point and p’ is nontoroidal since (NT.Ia) holds
/

at p'.
U
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Remark 4.6. Suppose that p € Ex is a nontoroidal k point in the form of
(NT.II). In the notations of Theorem 4.5 we have

_ a1 b1
U—Il "'I‘k

_ b by
U—Qll "'l’k

at p. Then formula (x % x) shows that I(®, Ey) = by — ay.
Analogously I(®, E;) = b; —a; for all i € {1,...,k} such that b; > 0.

Theorem 4.7. Suppose that ® : X — S is strongly prepared and Z(®) = @,
p € X is a 1 point such that ¢ = ®(p) is a 1 point. Suppose that w:S; — S
15 the blow up of q and the rational map &1 : X — S7 is a morphism in a
neighborhood of p.

If I(®,p) > 0 then I[(P1,p) < I(P,p). If I(P,p) < 0 then Oy is toroidal
at p.

Proof. Let (u,v) be strongly prepared parameters at ¢ and (zy,...,z,) be
strongly permissible parameters at p. Since ¢ is a 1 point and m,Ox,, is
invertible at p, (NT.Ia) holds at p:

u=2xy

v = ox] + 7T
and either ¢ > a or ¢ < a and o # 0. Notice also that by the definition of
strongly permissible parameters a = 0 if ¢ = a.

Assume that I(®,p) = ¢ — a > 0, then there exist strongly prepared
parameters (uy,vy) at ®1(p) such that

U = Uy, V= UuUvy.
In case when ¢ > a we have

up = xf
v = ax] “ + a2y
and I(®y,p) =c—2a<c—a=1(d,p).
If c = a then u; = x{ and v; = x5 at p. Thus p is a toroidal point for ®;.
Assume that I(®,p) < 0 and, therefore, a # 0. Then there exist

prepared parameters (u;,v;) at ®;(p) and strongly permissible parameters
(%1, Ta, T3, ...,2,) at p such that

U = Uy, V="
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and

~a—C
Uy = T4

v = aE eI + TS
Thus ®4(p) is a 2 point and p is toroidal for ®;. O

Lemma 4.8. Suppose that ® : X — S is strongly prepared, Z(®) = & and
q € S is a 1 point. Suppose that a variety C of codimension 2 is a component
of Ny(®) and C is not a 2-variety.

Let m: X1 — X be the blowup of C, E = 771(C) and ®, = ®orw. Then
Oy is strongly prepared, Z(®1) = @ and I(P4, E) < 0.

Proof. Theorem 3.24 implies that ®; is strongly prepared and Z(®;) = @.

Suppose that p is a point on C, (u,v) are strongly prepared parameters
at ¢ and (z1,...,x,) are strongly prepared parameters at p. Analyzing the
proof of theorem 3.24 we see that if 77!(p) contains a 1 point, either p is a
1 point satisfying (N.Ia) or p is a 2 point satisfying (N.Ib). Since a generic
point on C'is a 1 point and [(Py, E) = [(Py,s) for any 1 point s € E, it
suffices to verify that I(®;,s) < 0if s € 77!(p) is a 1 point and p is 1 point
satisfying (N.Ia).

In this case

_.m
u =z

v=alr, with t <m

and C' is defined by 1 = x5 = 0 in the neighborhood of p. Then s has
strongly permissible parameters (1, o, Z3, ..., T,), where xo = 21(Z2 + )
for some « € k, and

u=2xy"
v=art + 2z,
witha=«aift+1#manda=0ift+1=m.

Thus I(®y,8) =t+1—m <0. O

Lemma 4.9. Suppose that ® : X — S is strongly prepared, Z(®) = @ and
q € S is a1 point. Suppose that a 2-variety C is a component of N,(P).

Let m: X1 — X be the blowup of C, E = n71(C) and &, = ®ow. Then
®, is strongly prepared, Z(®1) = & and I(Py, E) < I(P).
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Proof. Theorem 3.24 implies that ®; is strongly prepared and Z(®;) = @.

Suppose that p is a point on C, (u,v) are strongly prepared parameters
at ¢ and (z1,...,x,) are strongly prepared parameters at p. Analyzing the
proof of theorem 3.24 we see that if 7~!(p) contains a 1 point, p is a 2 point
satisfying (N.IIa):

_ al . ,a2\m
u = (z}'z5?)
. b1 by
v =22l with — <m< =
ay 45)

and C' is defined by x; = x5 = 0 in the neighborhood of p. Then @XI,S
has regular parameters (1, To, x3,...,T,), where x5 = x1(Ty + «) for some
nonzero « € k, and

- l‘§a1+a2)m(f2 + a)agm

v =202 (7, 4+ )b,

a2 ~ B b f
Set f = a1by —ashy, T1 = x1(To+a) 1oz and Ty = (To+a)1te2 —qortaz,
Then (Z1, &2, T3, 24 ,x,) are *-permissible parameters at p satisfying the
equalities
U — fgaﬁrag)m

v = Ogi‘ll‘{‘IQ i,lanrbz + jlilerQ‘%Q'
Thus
I(®y, E) = I(P,s) = (by+b2)—(ar+az)m = (bg—asm)+(by—aym) < by—agm.

Denote by FE, the component of Ex with local equation zo = 0, then by
Remark 4.6

[((I)l,E) < bg — Qo2Mm = [((I),Eg) < [(CI))
U

Remark 4.10. It follows from the above proof that if N,(®) contains a 2-
variety then [(®) > 0.
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Lemma 4.11. Suppose that ® : X — S is strongly prepared and Z(®) = &.
Then there exists a finite sequence of quadratic transforms m : S;1 — S
and monoidal transforms centered at nonsingular varieties of codimension 2
7o+ X1 — X such that the induced map ® : X; — S, is strongly prepared,

Z(®) =@ and I(®) < 0.

Proof. Suppose that I(®) > 0 and E is a component of Fx such that
I(®,E) = I(®). Then ®(F) is a 1 point ¢ € Ds.

Let m; : S1 — S be the blowup of g. Then by Lemma 3.27, Lemma 4.8,
Lemma 3.30, Lemma 4.9 and Lemma 3.13 there exists a sequence of blowups
of nonsingular codimension 2 varieties 7y : X; — X such that ®; : X; — S
is strongly prepared with Z(®,) = @, I(®,F) < I(®;) = I(®) if E is
the exceptional divisor for ®; and the induced morphism ®, : X; — 57 is
strongly prepared with Z(®,) = &.

Thus if E is the strict transform of £ on X; by Theorem 4.7 I(®y, E) <
I(®y) = 1(D).

By induction on the number of components E of Ex with I(®, E) = ()
and induction on I(®) we achieve the conclusion of the theorem. O

Theorem 4.12. Suppose that ® : X — S is a strongly prepared morphism
from a nonsingular n-fold X to a nonsingular surface S.

Then there exists a finite sequence of quadratic transforms m : Sy — S
and monoidal transforms centered at nonsingular varieties of codimension 2
7o+ X1 — X such that the induced morphism ® : X, — Sy is toroidal.

Proof. From Theorem 3.31 and Lemma 4.11 we obtain a finite sequence of
quadratic transforms S; — S and monoidal transforms centered at nonsingu-
lar codimension 2 varieties X; — X such that the induced map &, : X; — 53
is strongly prepared, Z(®;) = @ and I(P;) < 0.

If @, is not toroidal consider the set

T(®,) = {q € Ds|qg = ®1(F) where E is a nontoroidal component of Ex}.

T(®,) is a finite set, containing only 1 points.

Let ¢ € T(®1) and m : Sy — S; be the blowup of g. Then by Re-
mark 4.10 N,(®;) contains only nonsingular codimension 2 varieties which
are not 2-varieties. Thus by Lemma 3.27 and Lemma 4.8 there exists a se-
quence of blowups of nonsingular codimension 2 varieties my : X5 — X3 such
that @5 : Xy — S; is strongly prepared with Z(®;) = @ and I($2) < 0.
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By Lemma 3.13 and Theorem 4.7 the induced morphism &3 : Xy — S5 is
strongly prepared, Z(®3;) = 0 and all points in ®;*(g) are toroidal. There-
fore, T(®3) = T'(®1) — {q}-

By induction on the number of points in T'(®;) we achieve the conclusion

of the theorem. O
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