GROWTH OF RANK 1 VALUATION SEMIGROUPS

STEVEN DALE CUTKOSKY, KIA DALILI AND OLGA KASHCHEYEVA

Let (R, mp) be a local domain, with quotient field K. Suppose that v is a valuation of
K with valuation ring (V, my ), and that ¥ dominates R; that is, R C V and myNR = mpg.
The possible value groups I' of v have been extensively studied and classified, including in
the papers MacLane [7], MacLane and Schilling [8], Zariski and Samuel [10], and Kuhlmann
[6]. T' can be any ordered abelian group of finite rational rank (Theorem 1.1 [6]). The
semigroup

Sfw) = {v(f) | f € mr\{0}}

is however not well understood, although it is known to encode important information
about the topology and resolution of singularities of Spec(R) and the ideal theory of R.

In Zariski and Samuel’s classic book on Commutative Algebra [10], two general facts
about the semigroup S (v) are proven (in Appendix 3 to Volume II).

1. SE(v) is a well ordered subset of the positive part of the value group I' of v of
ordinal type at most w”, where w is the ordinal type of the well ordered set N, and
h is the rank of v.

2. The rational rank of v plus the transcendence degree of V/my over R/mpg is less
than or equal to the dimension of R.

The second condition is the Abhyankar inequality [1].

The only semigroups which are realized by a valuation on a one dimensional regular
local ring are isomorphic to the natural numbers. The semigroups which are realized by a
valuation on a regular local ring of dimension 2 with algebraically closed residue field are
much more complicated, but are completely classified by Spivakovsky in [9]. A different
proof is given by Favre and Jonsson in [5], and the theorem is formulated in the context
of semigroups by Cutkosky and Teissier [3].

In [3], Teissier and the first author give some examples showing that some surprising
semigroups of rank > 1 can occur as semigroups of valuations on noetherian domains, and
raise the general questions of finding new constraints on value semigroups and classifying
semigroups which occur as value semigroups.

In this paper, we consider semigroups of rank 1 valuations. We show in Theorem 2.1
that the Hilbert polynomial of R gives a bound on the growth of the valuation semigroup
SE(v). This allows us to give (in Corollary 2.4) a very simple example of a well ordered
subsemigroup of Q4 of ordinal type w, which is not a value semigroup of a local domain.
This shows that the above conditions 1 and 2 do not characterize value semigroups on
local domains.

The simple bound of Theorem 2.1 of this paper is extended in the article [4] of Teissier
and the first author to give a very general bound on the growth of a value semigroup
of arbitrary rank, from which a rough description of the (extremely bizzare) shape of a
higher rank valuation semigroup is derived.

The first author was partially supported by NSF .
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Prior to this paper and [4], no other general constraints were known on the value semi-
groups S(v). In fact, it was even unknown if the above conditions 1 and 2 characterize
value semigroups.

With our restriction that v has rank 1, we can assume that S%(v) is embedded in Ry.
We can further assume that sop = 1 is the smallest element of S®(v). For n € N, let

p(n) = |ST(v) N (0,n)|-
Corollary 2.2 of Theorem 2.1 shows that for n > 0,

go(n) < PR(”)?

where Pgr(n) is the Hilbert polynomial of R. This bound is the best possible for a one
dimensional local domain, as we show after Corollary 2.4. However, this bound is far from
being sharp for R of dimension larger than one. Let

Pn=A{f€R[v(f)=n},

an ideal in R which contains m},. Suppose that R contains a field £ isomorphic to R/mg,
and R/mpr = V/my. Then for n > 0,

p(n) = Pr(n) — £(Pn/mp),

where (P, /m,) is the length of P, /m". We approximate ¢(P,/m';) to show in Corollary
3.4 that

lim sup L(Z) < c(7t)
n

. Pp(n)
pTR
whenever R has dimension d > 2, where e(R) is the multiplicity of R. When the dimension
d of R is greater than 1, this is significantly smaller than the upper bound given by the
Hilbert polynomial Pr(n) of R.

In Section 4, we consider the rates of growth which are possible for the function ¢(n).
We show that quite exotic behavior can occur, giving examples (Examples 4.4, 4.5 and
4.6) of valuations v dominating a regular local ring R of dimension two which have growth
rates n® for any a € Q with 1 < a < 2. We also give an example of nlog n growth in
Example 4.7.

We show in Section 5 (Lemma 5.1 and Corollary 5.7) that the limit

lim ()

n—o0 n2

actually exists, where R is a regular local ring of dimension two (with algebraically closed
residue field). We also show (Lemma 5.1 and Proposition 5.8) that any real number
with 0 < 8 < % can be obtained as such a limit. By Corollary 2.3, these are the only
limits which can be obtained.

In the final section, we consider the general question of characterizing rank 1 value
semigroups, and ask if the necessary condition on a well ordered subsemigroup S of R
that the growth of |SN (0,n)| is bounded above by a polynomial in n is sufficient for S to
be a valuation semigroup.

We give an example (Proposition 6.3) which shows that the characterization of semi-
groups of regular local rings of dimension two of Proposition 4.1 does not extend to higher
dimensions.
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1. NOTATION

The following conventions will hold throughout this paper.
If G is a totally ordered abelian group, then G4 will denote the positive elements of G.
G>o will denote the non negative elements. If a,b € G, we set
(a,b) ={r € G|a<xz<b}.

(R,mp) will denote a (Noetherian) local ring with maximal ideal mpg, and ¢(N) will

denote the length of an R module N. Let
e(R)
Frn) ==

be the Hilbert Samuel polynomial of R, where d is the dimension of R and e(R) is the
multiplicity of R. We have that ¢(R/m';) = Pg(n) for n > 0.

Suppose that R is a local domain with quotient field K, and v is a valuation of K with
valuation ring (V, my ). We will say that v dominates R if R C V and my N R = mp. We
define the value semigroup of v on R to be

SE(v) = v(mg — {0}).
Let I" be the valuation group of v. For A € I', we define ideals in R
Pr=A{feR|v(f) = A}

2. BOUNDS FOR GROWTH OF SEMIGROUPS OF RANK 1 VALUATIONS

n® + lower order terms

The bounds in this section are valid for valuations of arbitrary rank, but since they give
information about the smallest segment of the value group, they are essentially statements
about rank 1 valuations. We use here, and in the remainder of this paper the notation
introduced above in Section 1.

Theorem 2.1. Suppose that R is a local domain which is dominated by a valuation v,
and suppose that sq is the smallest element of ST(v). Then

15 (v) N0, ns0)| < £(R/mp)
for all n € N,
Proof. Suppose that n € N. Since S*(v) is well ordered, (0,ns0) N ST (v) is a finite set
A< < A

for some r € N. Set \,41 = nsg. We have a sequence of inclusions of ideals (as defined in
Section 1)

(1) mp C Pnsy = Pr,py € Pr, C - C Py, =mg.
Thus
(2) Z g(,P)\i/PAHJ < g(mR/m%)
i=1
Since £(Py,/Pa,.,) > 0 for all 4, we have the desired inequality. O

Recall that Pr(n) is the Hilbert polynomial of a local ring R.

Corollary 2.2. Suppose that R is a local domain of dimension d which is dominated by
a valuation v, and s is the smallest element of ST(v). Then
1. For all positive integers n > 0, |SE(v) N (0,ns0)| < Pr(n).
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2. There exists ¢ > 0 such that |ST(v) N (0,ns0)| < cn? for alln € N.

Corollary 2.3. Suppose that R is a regular local ring of dimension d which is dominated
by a valuation v, and sq is the smallest element of S¥(v). Then

d—l—{—n)

1SE (1) N (0,ns0)] < < d

for all n € N.

Corollary 2.4. There exists a well ordered subsemigroup U of Q4 such that U has ordinal
type w and U # ST(v) for any valuation v dominating a local domain R.

Proof. Take any subset T of Q4 such that 1 is the smallest element of T" and n"™ <
|T'N(0,n)| < oo for all n € N. For all positive integers r, let

rT'={a1+ - +ar|a,...,a, € T}

Let U = wT = U2 ,rT be the semigroup generated by T'. By our constraints, |[UN(0,r)| <
oo for all » € N. Thus U is well ordered and has ordinal type w. By 2 of Corollary 2.2, U
cannot be the semigroup of a valuation dominating a local domain. O

We will now consider more closely the bound
(3) 1S%(v) N (0,ns0)| < Pr(n)

for n > 0 of 1 of Corollary 2.2.
In the case when R is a regular local ring of dimension 1, we have that

ISR (1) N (0,ns0)] = n — 1 = Pr(n)

for all n € N, so that the bound (3) is sharp.

When R is an arbitrary local domain of dimension 1, the bound (3) can be far from
sharp, as is shown by the following example. Let R be the localization of k[z, y] /y? — 22 —3
at the maximal ideal (x,y). Define a valuation v which dominates R by embedding R into
the power series ring k[[t]] by the k-algebra homomorphism which maps x to ¢ and y to
tv/T+t. Let v be the restriction of the t-adic valuation to R. Then ST(v) = N and
so = 1, and |ST(v) N (0,ms0)| = n — 1 for all positive n. But R has multiplicity 2, and
Pr(n) —1=2(n —1) for all positive n.

However, (3) can be sharp for a one dimensional R which is not regular, as is illustrated
by the following example. Let R be the localization of k[z,y]/y* — 2® at the maximal
ideal (r,y). Embed R into the valuation ring V' = k[t](;) by the k-algebra homomorphism
which maps x to t? and y to 3. Let v be the restriction of % times the t-adic valuation
on V to R. Then v(z) =1, v(y) = % and SE(v) = {1, %,2, %,3, %, ...}. Thus sy =1 and

|57 (v) N (0,ns0)| = 2(n — 1) = Pr(n) — 1

for all positive n.
Evidently, in the case of one dimensional domains, (3) is the best bound which is always
valid.
In rings of dimension 2 and higher, (3) is always far from sharp, as we show in the next
section.
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3. A SHARPER BOUND

In this section, we assume that (R, mpg) is a local domain of dimension d and multiplicity
e = e(R). Suppose v is a rank 1 valuation on the quotient field of R with valuation ring
V such that v dominates R, and R contains an infinite field k£ such that k = R/mp with
R/mp = V/my. Without loss of generality, we may assume that the smallest value of an
element of mp is sg = 1.
Let

p(n) =[S"%(v) N (0,n)]

for n € N. We will measure the deviation of ¢(n) from the upper bound (3) given by the
Hilbert-Samuel polynomial Pr(n) of R.

We begin with another look at the proof of Theorem 2.1 with these assumptions on R.
Since k = V/my, we have

6(7))\2./77)\“_1) =1
for all 7 in the sequence (1). For n € N, let
$(n) = £(Pa/m").
1(n) measures the difference of ¢(n) from the Hilbert-Samuel function as
p(n) = L(R/m") = (n)
for all n € N (by (2)), and thus
p(n) = Pr(n) —1(n)

for n > 0. . .
Let A = gr,,(R) be the associated graded ring of R and for nonzero x € m* \ m*™!, let

% denote the image of z + m'*! in A. We will call Z the inital form of = and i the initial
degree of .
Lemma 3.1. There exist x1,...,04 € m \ m? such that #; € A form an algebraically

independent set over k, and v(x;) # v(z;) fori # j.

Proof. Since k is infinite, A has a Noether Normalization in degree one. Let y1,...,yq be
elements of m \ m? such that k[iji,...,%4] is a Noether Normalization of A.

Since v(a) = v(b) implies the existence of A € k such that v(a+ Ab) > v(a), we can find
Aij € k such that x; = > Aijy; satisfy the desired properties. O
Lemma 3.2. Let x;’s be as in the previous lemma, and let K be the fraction field of
klxi,...,zq). Then there are elements mi,...,me € R (where the multiplicity of R is e)
such that mq,...,me € A are linearly independent over K.

Proof. For n > 0, £(m™/m™*1) is a polynomial Q(n) of degree d — 1. We will compute
the leading coefficient of Q(n) in two ways.

Let B = k[Z1,...,Ty,]. First, observe that A is a finitely generated graded module over
the standard graded ring B. Since A has dimension d, and B has multiplicty one, we can
compute from tensoring a graded composition series of A as a B module with K (or from
the graded version of the additivity formula given for instance in Corollary 4.7.8 [2]) that
the multiplicity of A as a B module is dimg (A Q.. 7, K)-
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For n > 0, Q(n) = Pr(n+ 1) — Pgr(n). Thus
Q(n) =

mndfl + lower order terms,

and we conclude that
dlmK(A ®k‘[f1,...,£tfd] K) =e.

Choose a basis for the vector space A ®pz, .. 7, K of elements of the form m; ® 1. Such
m;’s have the desired property. O

Proposition 3.3. Suppose the x;’s and m;’s are as in the previous lemmas. Then the

nfimum limit
hminfwzi 1_; .
nd d! v(zy)...v(xg)

Proof. Let a; be the initial degree of m;. Let
S = {mx! -2t | q; +ny+ -+ ng <n}.

We will first show that the classes of the elements of S in P,,/m™ are linearly independent
over k. Suppose otherwise. Then there is a nontrivial sum

(4) Z )\i,m,...,ndmix?’l‘l .. .xsd cm®,

where o;; +n1 + - +ng <nand 0 # A\, ... n, €K for all terms in the sum. Let 7 be the
smallest value of a; + ny + - -+ 4+ ng for a term appearing in (4).
Since 7 < n, we have that

n ng T+1
g AingpengMy o gt €m’T
o tny+-+ng=T7

and thus
— —n —n,
S N T T =0

aitnit-+ng=T7
in m”/m”™ C A. But by Lemma 3.2, the elements m;z}" - - -z,* are linearly independent
over k in A, which is a contradiction.

Our next goal is to determine which of the elements of S are in P, \ m™. Note that
since the classes of these elements in P, /m" are linearly independent over k, their number
gives a lower bound on ¢(P,/m™").

For a fixed ¢, the condition that an element m;z]" .. .:cgd is in P, \ m™ can be written

as the following system of linear inequalities in terms of n;’s:
v(mg) +v(z)ny + -+ v(zag)ng > n
a;+nyp+--+ng < n.

Now since «; < v(m;) every solution to the following two inequalities is also a solution to
the above system.

(5) v(zy)ng + -+ v(zgng > n— oy
ny+---+ngqg < n-—aq.

We will now make an asymptotic approximation of the number of integral solutions to
the system (5). To a polytope P C R? and n € Z,, we associate the Ehrhart function

E(p,n) = |{z € 2| = € P},
6



By approximating P with d-cubes of small volume, we compute the volume of P as

d
VOI(P): lim M: lim ’{ZGZ |Z€TLP}|.

n— o0 nd n—0o00 nd

The volume of the d-simplex A with vertices at the origin and at distance cy, ..., cq along
the coordinate axes is

1
vol(A) = 161 cl

Let o(n) be the set of integral solutions to the system (5). We have that

lim inf 5(7’2# > limy,—eo %

\{(n1,...,nd)ENd\n1+~~+nd<n}|
d

= lim,_—oo —
{(n1,...,ng) EN?|w(m1) 1 4+ +v(xg)ng<n}|
d
n
1

1
= 2~ sayawn)-

0
Corollary 3.4. Let assumptions be as introduced in the beginning of this section. If the
first d elements in SR(V) are 1 = s1, 89,...,8q, then the supremum limit
) pn) e 1
lim su < = ,
P dl's;...sq

and thus, if d > 1,

Proof. From the proposition it follows that there are elements xz1,...x4 € m such that
v(x;) # v(z;) and the number of elements in S*(v) N (0,n) is asymptotically smaller than

e 1 4
dv(zy)...v(xg)

Since z;’s have distinct values, we have s1...s4 < v(x1)...v(zq). O

4. THE RATE OF GROWTH OF VALUE SEMIGROUPS

In this section, we study the rate of growth of p(n) = |S®(v) N (0,n)| when R is a
regular local ring of dimension two. We show that a wide range of interesting growth
occurs within the possible ranges of n and n?.

We say that ¢(n) has the growth rate of the function f(n) if there exist 0 < a < b such
that af(n) < ¢(n) < bf(n) for all n > 0.

We can easily achieve growth of ¢(n) = |S%(v) N (0,n)| of the rate n¢ on a regular local
ring R of dimension d. Choose d rationally independent real positive numbers v1,. .., vq,
a regular system of parameters 1, ..., x4 of R and prescribe that v(z;) = ~; for all 7. It is
also possible to achieve growth asymptotic to n from a rational rank 1 valuation, as we
show in Example 4.6. We also give examples in this section showing that a wide range of
interesting growth can occur.

We use the following characterization of value semigroups dominating a regular local
ring of dimension two of [9], and as may also be found with a different treatment in [5].
We state the characterization in the notation of [3].
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Proposition 4.1. Let S be a well ordered subsemigroup of Qi which is not isomorphic
to N and whose minimal system of generators 1,a1,...,a;,... with

Il<ar <ap<---<a; <---

is of ordinal type < w. Let S; denote the semigroup generated by 1,a1,...,a;, and G; the
subgroup of Q which it generates. Let Sy = N1 and Gy = Z. Set ¢; = [G;: Gi—1] fori > 1.
Let s; be the smallest positive integer s such that sa; € S;—1. Then S is the semigroup
SE(v) of a valuation v dominating a reqular local ring R of dimension 2 with algebraically

closed residue field if and only if
for each i > 1 we have s; = q; and a;+1 > q;a;.

It follows that if {a;} is a minimal system of generators of a semigroup S¥(v) of a
valuation v dominating a regular local ring R of dimension 2 with algebraically closed
residue field, then ¢; > 2 for all 4 > 1.

Much more complicated behavior occurs in rational semigroups of valuations in regular
local rings of dimension 3. An example is given in Proposition 6.3.

We need the following two statements to estimate the number of terms of a rational
rank 1 semigroup S C R, which are contained in a fixed interval of length 1. Our notation
is N= Z>0.

Lemma 4.2. Suppose that aq,...,ax are positive rational numbers. Let Go = Z. For a
fized 1 < i <k let S; be the subsemigroup of Q>o generated by 1,a1,...,a; and G; be the
group S; + (—S;). Suppose that ¢; = [G;: Gi—1] and z; = (q1 — )ag + -+ + (¢ — 1)a;.

Then for all integers 1 < i < k we have |S; N (x; — 1, x;]| > q1---¢;. Moreover, for all
integers 1 < i < k and real numbers x > x; we have S;N[x —1,00) = G; N[z — 1,00) and
1Sin[z—Lz)=q- ¢
Proof. Notice that G; = ql.l..in- Thus S; N[z —1,00) = G; N[z —1,00) for all x > w; if
and only if |S;N[x —1,z)| = ¢q1--- ¢ for all x > x; if and only if |S; N[z —1,2)| > q1--- ¢
for all > x;. Also since S; + N = S;, the fact that [S; N (z; — 1, 2;]| > ¢1 - - ¢; implies
|S; N (x — 1,z]| > q1---¢q for all x > x;. Moreover, if = is a fixed real number, since
S; is discrete there exists g9 > 0 such that for all 0 < ¢ < gg the following equality
between sets holds S; N[z — 1,z) = S; N (zx —e — 1,2 — ¢] . Therefore, the fact that
|Si N (z; — 1,25)| > q1---q also implies |S; N[z — 1,z)| > ¢q1 -+ ¢ for all x > ;.

Assume that k = 1. Then S can be presented as a disjoint union of N-modules

Sh zNU(a1+N)U---U((q1 —1)a1+N).

If0<j<(q—1)then (1 —ja1) > 0and |(ja1 + N) N (z1 — 1, z1]| = INN (z1 — jas —
1,21 — jai]| = 1. Thus |S1 N (z1 — 1, z1]| = ¢1.

Assume that k£ > 1. By induction it suffices to assume that the statement is true for
3 < k — 1. Notice that

S D S U (ak + Sk—l) U---u ((qk — l)ak + Sk;—l),

where the union on the right is a disjoint union of S;_i-modules.

If 0 <j < (g —1) then (xp — jar) > xp—1 and |(jap + Sk—1) N (zr — 1,2%]| =
|Sk—1 N (@k — jag — L,z — jag]| > q1 -+~ qr—1. Thus, |Sp N (2p — L zx]| > g1 gk O

Corollary 4.3. Under the assumptions of corollary 4.2 suppose also that a;+1 > q;a; for
alll1 <i<k—1. Then |S;N[x—1,2)| =q1---q; for all real numbers x > ¢;a;.

Proof. 1t suffices to notice that (q1 — 1)a; + -+ + (¢; — 1)a; < ¢;a; in this case. O
8



We will now give examples of value semigroups with unexpected rate of growth of the
function ¢(n) = |S N (0, nsp)|.

Example 4.4. (n\/n rate of growth)
Let R = klz,y] (z,y) Where k is an algebraically closed field. Let v be a valuation of the
quotient field of R defined by its generating sequence {P;}i>0 as follows

PO =, I/(P()) =1

P =y, V(Pl)_4+2

Py =P} — 2 v(P) = 16 +

P; = P22 - $28P1, V(Pg) =64 —l—

Ppy =P — 2" P, V(Prs1) = 4k+1 + 2;@1+1-

Denote by S the semigroup Sr(v) = v(mgr\{0}). Then p(n) grows like ny/n.

Proof. We will show that iny/n < ¢(n) < $ny/n.

Set a; = v(F;) for all i > 1. Then S is a subsemigroup of Q4 generated by 1, a1, as,....
With notation of Proposition 4.1 we have s; = ¢; =2 for all i > 1 and gja; < 2-4'+1 <
41 < g;, 1. This shows that v is well defined. Also, by corollary 4.3 we find a lower
bound on |[S N [n —1,n)| for n > 4

1SN [n—1,n)>|Si_1Nn—1,n) =21
If n > 1seti=|logyn|. Then 4 < n < 4! and 2= < |SN[n—1,n)| < 2° Thus for

all n € N4 we have

idt<£<|Sﬁ[n—1 n)|<\/ﬁ</n+1\/%dt.

no1 4 4
Then

Sm(On)y_|smn|</ Vidt — 3((n+1)\/n—|—1—2\/§)<§n\/ﬁ
and
]Sm(on)|_3+|5m[4n)\>3+/ —dt>3+ (nf—8)> n\f

A more precise estimate can be obtained for n = 4*. By induction on k € N we see
that 8 < @(4F) < & since

©(4) =3, 8/3<3<4

and
8k 8k+1
P = p(4h) ISR A < S 43020 4 < =
and
81€ 8k+1
P(A) = p(45) +1SN[4F,2-45) 1SN [2- 4% 4| > S 2P T ab 2.9kl > =
O

This example can be generalized to a construction of a value semigroup S such that
p(n) grows like a power function n®, where a € Q, with natural restriction 1 < a < 2.
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Example 4.5. (n® rate of growth)

Suppose that 0 < p < q are coprime integers. Letr =27 and s = 2P. Let R = k[x,y|(z4)
where k is an algebraically closed field. Let v be a valuation of the quotient field of R defined
by its generating sequence {P;}i>0 as follows

PO =, I/(Po) =1

P =y, v(P) =7+ +

Py =P§ — ot v(P) =1+ &

Py = P5 —alr=rp,, v(Py) =13+ %
Pk+1 Ps o JJ(ST 1)rk— Pk—lv V(Pk+1) — Tk+1 + sk1+1

Denote by S the semigroup Sg(v) = v(mgp\{0}). Then @(n) grows like n*+?/9,

Proof. Set a; = v(P;) for all i > 1. Then S is a subsemigroup of Q4 generated by
L,a,az,.... With Anotation of Proposition 4.1 we have s; = ¢; = s for all ¢ > 1 and
gia; < s-r'+1 < rt1 < g;.1. This implies that v is well defined. Also, by corollary 4.3

we find a lower bound on S N [n — 1,n)| for n > r
|Sm [n - 17n)| > ‘Si—l N [n - 17n)| = Siil‘

If n > 1seti=|log,n]. Then r* < n < r*l and s ! < |SN[n—1,n) < s'. Thus

since s* = (r)P/4 and s'1 = M for all n € N we have
n p/q nP/4 n+l
/ dt<7<|Sﬂ[n—1 n)|§np/q</ P/t
n—1 52 n
Then
n+1 q 3q
1SN(0,n)| = |SN[1,n)| < / P/adt = ——((n41)FPla_glHp/ay « L _pltr/a o 3pltr/a
2 p+q p+q
and
500, = =1t > 14 [ = et 5 T
N0,n)| =r—1+|SN|r,n))| >r—1+ | —dt=r—1+ n —Ts) >
v s2(p+q) 2s°
That is 550! *P/7 < p(n) < 3n'+P/e. O

We remark that in the above construction it is necessary to have the strict inequality
p < q. However, the maximal rate of growth of n? is also achievable on a rational rank 1
semigroup of a valuation centered in a 2-dimensional polynomial ring, as we show in the
next example.

Example 4.6. (n? rate of growth)
Let R = k[z,y] (x,y) Where k is an algebraically closed field. Let v be a valuation of the
quotient field of R defined by its generating sequence {P;}i>o as follows

Py ==, (P()) =1

P =y, V(Pl)—1+2

Py = P? — 22t1, v(P) =2+ 1+ 5

Py = P2 — g2+2-1p v(P3) =22 +2+1+ %

Py = P2 2?2727 D u(Pe) =28+ 2k 42k 4. o7kl

Denote by S the semigroup Sr(v) =

Then p(n) grows like n2.

v(mg\{0}).
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Proof. Set a; = v(FP;) for all ¢ > 1. Then S is the subsemigroup of Q4 generated by

1,a1,as,.... We have ¢; = 2 for all ¢« > 1. Solving the recursion relation, we have
< 1, 1
_ i1
aifQZ +§(22—§)
for + > 1. We have ¢;_1a;_1 = 2a;,_1 = %T — %21-1,2 < 20 Corollary 4.3 shows that

’Sﬁ [TL— 17”)’ > ’S'—lm [TL— lun)‘ = 2i_1

for n > 2. For n > 1, set i = |logyn], so that 2! < n < 2¢+L. We have
1 [ 9i+1 .
/ pat < <2 9l <19A - 1,n)).
1) 1574

Thus for n > 4,
2

1 n
ISN(0,n)] =34+ |SN[4,n) >3—|—4/ tdt > %
4
Since |S N (0,n)| < (1;") by Corollary 2.3, p(n) grows at the rate of n?. O

Another interesting example is of logarithmic growth.

Example 4.7. (nlog,yn rate of growth)
Let R = k[z,y] (x,y) Where k is an algebraically closed field. Let v be a valuation of the
quotient field of R defined by its generating sequence {P;}i>o as follows

Py ==, V(P()) =1

P =y, I/(Pl) :10—1—%

Py =P} — 2%, v(Py) =10% + %

Py =P} — 2Py, v(P3) = 10* + 21*3

P =P 2Py, v(Pe) =10 + 55, a(k)=2-102" — 107,
Denote by S the semigroup Sr(v) = v(mgr\{0}). Then ©(n) grows like nlogyn.

Proof. If n > 10 let k = |logy logyon). Then 102° < n < 102" and 2% < [SN[n—1,n)| <
2k+1 Thus for all n > 10 we have

no] t 1 n+1

/ 9810° gy . OB101 SN [n—1,n) §210g10n</ 2log; tdt

n—1 2 2 n
and

1 " logy t nt
noglon<9+/ Oglodt<\5’ﬁ[0,n)]<9+/ 2log o tdt < 2nlogygn.

4 0 2 11

That is tnlog;gn < ¢(n) < 2nlog,n. O

5. THE EXISTENCE OF A LIMIT OF ASYMPTOTIC GROWTH ON A 2 DIMENSIONAL
REGULAR LOCAL RING

In this section (Lemma 5.1 and Corollary 5.7), we show that the limit
(6) tim 2

n— oo n2

exists when R is a regular local ring of dimension two with algebraically closed residue

field, and v is a valuation dominating R with value semigroup .S, and rational rank one.

n? is the largest rate of growth of ¢(n) = |S%(v) N (0,ns0)| possible on a local ring of

dimension 2. We further show (by Lemma 5.1 and Proposition 5.8) that any real number
11



G with 0 < 8 < % can be obtained as such a limit. By Corollary 2.3, these are the only
limits which can be obtained.

If v is discrete of rank 1, then the limit (6) exists and is zero. We will thus assume that
v is nondiscrete for the rest of this section. Let S%(v) be minimally generated by

Y=1<m<y<--

Let S; be the semigroup generated by o = 1,...,v; and G; =< 1/m; > the group
generated by the same elements. Also let s; = m;/m;_1.

For any x > 1 define o(z) = |SF(v) N [1,2)| and ¥(z) = |SE(v) N [z, 2 + 1)

The goal is to prove lim,, . ¢(n)/n? exists and to find its value. To that end we will
prove that the above limit can be computed from lim,,_,~ ¥ (n)/n and that the latter limit
has the same value as lim;_,o, m;—1/7;.

Note that ¢(n) = Y2774 (i), therefore the following lemma essentially takes care of
our first reduction:

Lemma 5.1. Suppose a sequence a; of positive numbers is given and that lim, o a,/n =
a. Ifb, =37 _1 a;, then lim,, o0 by /n? = a /2.

Proof. Suppose € > 0 is given. There exists N > 0 so that for ¢ > N,
a
a—e<—<a+te
)

Now for n > N we have b,, = Z?:_ll a; therefore

N n—1 N n—1
dait Y ai= by =) ait Y a
i=1

i=N+1 i=1 i=N+1
N n—1 n—1
Z Z (a—e)i< by <Za1 Z (o + )i
i=1 =N+ i=N+1
Now let
Zaz Z —€)i,
i=1
and Z
Z a; — Z a+ )i,
to get -
2 2

—n

Cit(a—e) " <bh, <Ot (ate)

Note that C; and C5 are independent of n and only depend on €. Now knowing the

following four limits:
2
. n“—n a-—¢
S T
2
. n“—n a+e
nIL%o(a+€) 57 = 5

lim C;/n? =0,
n—oo

and
lim Cy/n* =0,

n—oo

12



we can choose N’ so that for all n > N’ the difference between the terms and their limit
is smaller than £/4 so for n larger than N and N’ we have:
2 2

n*—n n®—n
C1/n* 4 (a —¢) 52 < bp/n? < Co/n®+ (a+e) 52
—5/4+a_€—5/4§ bn/n? §5/4+a—2|_6—|—5/4.

a/2—e< by/n? <a/2+e.
and the assertion follows. O

Corollary 5.2. If lim, .o, ¥(n)/n exist, then so does lim, ... ¢(n)/n%. Furthermore

lim,,
n—oo 2
Proof. Immediate from the last lemma. 0

Next we will show that the m;_;/+; has a limit as 7 goes to infinity.
Lemma 5.3. The sequence m;_1/7v; is decreasing and has a limit.

Proof. By the classification of valuation semigroups dominating regular local rings of di-
mension 2, we know that 7,11 > s;v; and s; = m;/m;_1. Therefore

m;
Yi+1 > Vi
mi—1
or m m
4 -
=< —,
Yi+1 i
Now we have a decreasing sequence of positive real numbers. Hence it has a limit. O

Mn
Tn+1 :

The last step in our proof is to show that lim, . ¥(n)/n = lim,, Before doing

so however we will find a recursive relation for computing ¢ (z).
Lemma 5.4. Ifv; < x4+ 1 < 741 then ¥(x) = min(¢Y(z — ;) + mi—1,m;).

Proof. Since x + 1 < ;41 we have ¥(y) = |[S; N [y,y + 1)| for all y < z. In particular,
this implies that ¢ (z) < m;. We will show that either ¢(z) = ¢(x — ;) + m;—1 or the
following two facts are true ¢ (z) < ¢(z — ) + m;—1 and ¢(z) = m;. This will imply the
statement of the lemma.

Notice that ¢ (z) = |(S;\Si—1)N[z,z+1)[+]Si—1N[z,z+1)|. Since z+1 > v; > si_17i—1
by Corollary 4.3 we have |S;—1 N [z,z + 1)| = m;_;. Now consider the following map

f:Sinz—vy,x—y+1) — SiNnz,x+1)
a — a+

f is one to one and onto its image. The image of f contains (S; \ S;—1) N [z, + 1).
Case 1: The image of f is equal to (S;\ S;—1) N[z, z+1). Then ¢ (z) = Y(z—~i) +mi_1.
Case 2: The image of f intersects S;_1. In this case ¥(z) < ¥(x — i) + mi—1. Then
we can pick an element a in the intersection, being in the image of f it can be written as
cy; + ¢ with ¢ a non-negative integer and ¢’ € S;_1. Now since s;7; is the smallest multiple
of v; in G;_1 we deduce that a > s;v;. But x +1 > a and therefore x + 1 > s;;. Thus
¥(x) = m; by Corollary 4.3. O

Using this recursive formula we’ll find two bounds for ¢ (z)/z which both tend to the
same limit as x goes to infinity.
13



Proposition 5.5. Let a = lim MMn—1
n—oo

, then for any x we have a < (z)/x.

Tn
Proof. To prove the inequality we use induction on [z]. Note that if 0 < x < — 1 the
inequality holds since o < my /v = s1/72 < 1/m < 1/x = ¢(x)/z. Now suppose z is
given and v; <  + 1 < 7;4+1. Using the recursive formula above we have
Y(x) = min(y(z — i) + mi-1, mi).
If ¢(x) = my, then ¥(z)/x = m;/xz > m;/vit1 > a.
On the other hand if ¥(z) = ¥ (z — 7;) + m;_1, then
V() _ V(T — ) +myiq

x (@ — )+
But ¢(z —7;)/(z — ;) > « by the induction hypothesis and m;_1/v; > a. Therefore

V(@ =) +mi-1

(=) + 7

We have shown that in either case ¥(x)/xz > « and therefore by induction it holds for all
z. U

Proposition 5.6. For any given e there exists C > 0 such that
P(z) < (a+e)z+C
for all x.

Proof. Suppose ¢ is given, since the limit of m;_1/7; is « there exists N > 0 such that for
all i > N we have m;_1/v; < a + €.

Now ¢ (z) attains only finitely many different values for z between 0 and 7y, therefore
¥ (z) is bounded above on the interval [0,x]. Let C' be an upper bound, that is ¢ (z) <
C < (a+¢e)x+C for all z € [0,vn].

Now we will prove that the desired inequality holds for all values of x by induction on
[x]. The assertion is already known if x + 1 < yy. So suppose = + 1 > yx and suppose
v < x4+ 1 < 741 with ¢ > N. Using the recursive formula for ¢)(z) and the induction
hypothesis for (x — ;) we get

()

min(y(x — ;) + mi—1,my)

Y(x — ) +mi—y
(a+e)(z—v)+C+ (a+e)y
(a+e)x+ C.

IAIA

Combining the last two propositions yields the desired result.
Corollary 5.7. The sequence ¥ (n)/n approaches a as n goes to infinity.

Proof. Let € > 0 be given, and pick C such that ¢(z) < (a+¢/2)z+C. Now for n > 2C'/e
we have

2
a<yP(n)/n< (a+5/n)n+C =a+e/2+C/n<a+e.
Therefore for n > 2C /e we have [p(n)/n —a| < e. O

14



n
Note that the only restriction on the value of a = lim v(n) is that it should be a
n—oo

n
non-negative real number smaller than 1, as it is shown by the next proposition.

Proposition 5.8. Let R be a reqular local ring of dimension 2 with algebraically closed
residue field, and let 0 < o < 1 be a real number. There exists a valuation v dominating

R such that lim M =«

n—oo N
Proof. First we chose a sequence of rational numbers
l=g>qa>¢>>q¢> - >a,
such that lim;_ .., ¢; = a. Next we chose sequences of natural numbers m;, n; such that
M
1) ¢ =—
N1
2) mo=ni1 = 1
my + 1
3) —

n2
4) milmiiq
5) n; < Njt41 and m; < mMit1

<1

Now we set s; = m;/m;_1 and 7; = n; + 1/m; for i > 1 and 79 = 1. Now we claim that
v;'s satisfy the requirements of Proposition 4.1. First
m; 1 1
sivi=——(mi+—)=sin; + = Yi-1+ 8N — Ni—1
m;—1 my; mi—1

But s;n; > n; > n;_1, therefore s;y; € S;_1. Second s; is the smallest integer multiplying
7i into S;_1 since it is clearly the smallest integer multiplying 7; into Gj—1 =< 1/m;_; >.
And last s;v; < 7yi+1 for i > 1 since ¢;—1 > ¢;. (Note that the ¢ = 1 case has to be checked
separately by using the requirement (3) in the choice of n; and m;. The separate treatment
is needed since this is the only case where s;; is an integer.)

Therefore Proposition 4.1 implies that 7;’s generate the value semigroup of a valuation
v dominating R. Now we have

myg

lim —* = lim —— = lim

= lim = lim ¢, =«
n—oo n 1—00 ’7i+1 1—00 ni+1 —|— )

1—00 My ] 1—00

mi+1

6. WHEN IS A SEMIGROUP A VALUE SEMIGROUP?

Corollary 2.2 gives a necessary condition for a rank 1 well ordered semigroup S consisting
of positive elements of R to be the value semigroup Sf(v) of a valuation dominating some
local domain R. The condition is:

(7) There exists ¢ > 0 and d € Z, such that [S N (0,nsg)| < cn? for all n

where sq is the smallest element of S. An interesting question is if (7) is in fact sufficient.
(7) is sufficient in the case when d = 1, as we now show. Suppose that S C Ry is a
semigroup consisting of positive elements which contains a smallest element sg. Suppose
that there exists ¢ > 0 such that

(8) |S N (0,ns0)] < cn
for all n € N. By Lemma 6.2 below, we may assume that S C Q. is finitely generated
by some elements A,..., A,. There exists a € Q4 such that there exists a; € N with
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Ai = aa; for 1 < i <r, and ged(ag,...,a,) = 1. Let k[t] be a polynomial ring over a field
k. Let v(f(t)) = aord(f(t)) for f(t) € k[t]. v is a valuation of k(t). Let R be the one
dimensional local domain

R:k[tal,...,tar](tal ..... tar).
The quotient field of R is k(t), and v dominates R. We have that S = v(mg\{0}) = SE(v).

Lemma 6.1. Suppose that S C Ry is a semigroup consisting of positive elements which
contains a smallest element sg. Suppose that there exists ¢ > 0 and d € Ny such that

9) 1SN (0,ns0)| < en?
for alln € N. Then S is well ordered of ordinal type w and has rational rank < d.

Proof. The fact that S is well ordered of ordinal type w is immediate from (9).
We will prove that the rational rank of S is < d. After rescaling S by multiplying
by %, we may assume that sg = 1. Suppose that ¢ € N and S has rational rank > ¢.

Then there exist 71, ...,7: € S which are rationally independent. Let b € N be such that
max{vy1,...,} <b. For e € Ry, we have

1SN (0,¢)] {oryi + - +a ar,..,ar ENand ey + -+ ary < e}| — 1
Haim +---+ary|a;€eNand 0 <a; < § for 1 <i <t} -1

{(a1,...,ar) eN [0 <a; < §for 1 <i<t}[—1

since 71, ..., are rationally independent.
For a € N let n = abt. Then we see that

v Iv

t
1SN (0,(n+1))|>a" —1= (blt> nt — 1.

By (9), we see that ¢ < d. O

Lemma 6.2. Suppose that S C Ry is a semigroup consisting of positive elements which
contains a smallest element sy. Suppose that there exists ¢ > 0 such that

(10) SN (0,ns0)] < cn

for alln € N. Then S is finitely generated, and the group generated by S is isomorphic to
7.

Proof. By Lemma 6.1, S has rational rank 1, so we may assume that S is contained in
Q4. We may further assume that sg = 1. Suppose that S is not finitely generated. Then
for e € N, we can find A1,...,Ae € S such that \; = ‘;—: with a;,b; € Ny, b; > 1 for all ¢,
ged(ag, b)) =1 for all 4 and by, . .., b all distinct.

Let ng = max{ | \;] | 1 < i <e}. For n > ng, we have that \; +n—|\;] € SN(n,n+1)
for all 2. Thus [S N (n,n+ 1)| > e for n > ng, which implies that

SN (0,n+1)] > en — eng
for n > ng. For e > ¢, we have a contradiction to (10). O

We conclude with an example which shows that the characterization of semigroups of
regular local rings of dimension two of Proposition 4.1 does not extend so well to higher
dimensions.

Suppose that R is a local domain and v is a rational rank 1 valuation which dominates
R. We can assume that the value group I', is contained in Q. Let

A <A< <A<
16



be the (discrete) set of minimal generators of the semigroup S (v).

In the case when R is a RLR of dim 2 (with algebraically closed residue field) we
always have that ;11 > 2\; for ¢ > 1 (as follows from Proposition 4.1). One can ask if
a generalization of this bound is true for more general R. However, there is no bound of
this type in dimension three, as is shown by the following example.

Proposition 6.3. There exists a regular local ring R of dimension 8 dominated by a
rational rank 1 valuation v which has the property that given € > 0, there exists an © such
that Aiv1 — A < €.

Proof. Let k be an algebraically closed field. Let n; be an increasing sequence of natural
numbers such that ng = 0 and n; > 3n;_1 for all 7.

We first construct a valuation v; of the two dimensional rational function field k(z,y).
We do this by constructing a generating sequence of the polynomial ring k[z,y]. Set
Py =z, and P, =y. We prescribe that v1(Py) = 1 and v1(P;) = n1 + %

We construct inductively a minimal generating sequence { P; } for 1, such that deg, (P;) =
3i=1, P; is monic in y, and v1(P;) = n; + 3—12 for ¢ > 1.

We define inductively for all i > 1, Py = PP — Pg’""*""’lPi,l. Since

1
31
we may thus prescribe that v1(Pi+1) = niy1 + 31% since n;+1 > 3n;.

The minimal generators of the semigroup of v; on k[z,y] (w,y) are Bi =11 (P;) fori > 0.

We now construct a valuation v, of the two dimensional rational function field k(z, 2).
We do this by constructing a generating sequence of the polynomial ring k[z,z]. Set
Qo = z, and Q1 = z. We prescribe that v5(Qo) = 1 and 12(Q1) = n; + %

We construct inductively a minimal generating sequence {Q; } for v, such that deg, (Q;) =
2i=1 @, is monic in 2z, and 15(Q;) = n; + % for i > 1.

We define inductively for all i > 1, Qi1 = Q% — gm—qui_l' Since

n (Pg’ni_ni’lﬂ_1) = 3n; + =11 (P}),

o 1
vo(Qp" T Qi) = 2mi + — = 12(Q}),

2
we may thus prescribe that vo(Q;t+1) = niy1 + 21% since n;11 > 2n;.
The minimal generators of the semigroup of vy on k[z, 2], .) are v; = v(Q;) for i > 0.
Suppose that f € k[z,y, z] is a nonzero polynomial. Since the P; are monic in y and the
Q; are monic in z, we can apply the Euclidean algorithm to f to get a unique expansion

(11) = Cmin,ivjigs @ P PQT - QU

With iy ,.ivi,ngs € ks mys,m € N, 0 <4y < 3foralll, 0 <j; <2 forall [, and either
r =0 or i > 0, either s =0 or 55, > 0.
Define

. o . , 1 , 1. . 1 . 1
v(mPt - P - Q) = m+21(n1+§)+' : ~+zr(nr+37)+yl(n1+§)+- : ~+ys(ns+§).
The v value of all of the terms appearing in the expansion (11) of f are distinct. Thus
(by the method of proof of Lemma 21 [4]), we may define a valuation on k(x,y, z) which
dominates R = k[z,y, 2](3,,.) by defining

v(f) = mi1r1{1/(:cmPf1 ---PfTQ{I . -Qgs) | Qmin,oosivjr,nnjs 7 0 in the expansion (11)}.
17



By construction, the minimal generating sequence of S®(v) is the sequence

1 1 1 1 1
17n1+§7n1+§an2+?7--'ani+?ani_‘_?v"'
O
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