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Abstract

We study unconditional subsequences of the canonical basis(&. ) of ele-
mentary matrices in the Schatten class SP. They form the matrix counter-
partto Rudin's ( p) sets of integers in Fourier analysis. In the case ofp an
even integer, we nd a su cient condition in terms of trails 0 n a bipartite
graph. We also establish an optimal density condition and pr esent a ran-
dom construction of bipartite graphs. As a byproduct, we get a new proof
for a theorem of Erd)s on circuits in graphs. Keywords: (p) set, Schatten
class, unconditionality, circuit in a graph, random graph. Mathematics
Subject Classi cation: 47B10, 43A46, 05C38, 05C80, 46B15.

1 Introduction
We study the following question on the Schatten classSP.

(y) How many matrix coe cients of an operator x 2 SP must vanish so that the
norm of x has a bounded variation if we change the sign of the remaining
nonzero matrix coe cients ?

Let C be the set of columns andR be the set of rows for coordinates in the
matrix, in general two copies ofN. Let] R C be the set of matrix coordinates
of the remaining nonzero matrix coe cients of x. Property (y) means that
the subsequenceé).c)2; of the canonical basis of elementary matrices is an
unconditional basic sequence irSP: | forms a (p) set in the terminology of [5,
x4].

It is natural to wonder about the operator valued case, wherethe matrix coef-
cients are themselves operators inSP. As the proof of our main result carries
over to that case, we shall state it in the more general terms bcomplete (p)
sets.

We show that for our purpose, a set of matrix entriesl R C is best under-
stood as a bipartite graph. Its two vertex classes areC and R, whose elements
will respectively be termed \column vertices" and \row vert ices". Its edges join
only row vertices r 2 R with column vertices ¢ 2 C, this occurring exactly if
(re)21.

We obtain a generic condition for (p) sets in the case of evemp (Th. 3.2) that
generalizes [5, Prop. 6.5]. These sets reveal in fact as a mixt counterpart to
Rudin's ( p) sets and we are able to transfer Rudin's proof of [9, Th. 4.9§)] to
a non-commutative context: his numberrg(E;n) is replaced by the numbers of



Def. 2.4(b) and we count trails between given vertices instead of repreentations
of an integer.

We also establish an upper bound for the intersection of a (p) set with a nite
product setR® CO(Th. 4.2): this is a matrix counterpart to Rudin's [9, Th. 3.5 ].
In terms of bipartite graphs, this intersection is the subgraph induced by the
vertex subclasseC® C andR° R.

The bound of Th. 4.2 provides together with Th. 3.2 a generalzation of a theo-
rem by Erdds [4, p. 33] on graphs without circuits of a given een length. In
the last part of this article, we present a random construction of maximal (p)
sets for even integers.

Terminology  C is the set of columns andR is the set of rows, in general both
indexed by N. The setV of all vertices is their disjoint union R q C. An edge
onV is a pair fv;wg V. A graph onV is given by its set of edgesE. A
bipartite graph on V with vertex classesC and R has only edgesfr;cg such
that c2 C andr 2 R and may therefore be described alternatively by the set
| =f(rc)2 R C:frycg2 Eg. A trail of length s in a graph is a sequence

circuit is a cycle if its vertices are pairwise distinct.

Notation T =fz2 C:jzj=1g. Letg=(rc) 2 R C. The transpose
of gis g = (c;r). The entry (elementary matrix) €; = €. is the operator on
", that maps the cth basis vector on the rth basis vector and all other basis
vectors on 0. The matrix coe cient at coordinate q of aanperatorx on , is

Xq = tr g X and its matrix representation is (Xq)g2r ¢ = g ¢ Xq&- The
Schatten classSP, 1 p < 1, is the space of those compact operators on ",
such that kxkp = tr jxjP = tr( x X)P72 < 1. For | R C, the entry space

S/ is the space of thosex 2 SP whose matrix representation is supported by
l: xq =01if g21. S is also the closed subspace @8 spanned by €;)q21 -
The SP-valued Schatten classSP(SP) is the space of those operators from 5
to SP such that kxkf = tr(tr jxjP) < 1 , where the inner trace is the SP-valued
analogue of the usual trace. TheSP-valued entry spaceS/(SP) is the closed
subspace spanned by thexq ey with xq 2 SP and q 2 I: xq = tr g;x is the
operator coe c&gnt of X at matrix coordinate g. Thus, for even integersp and

X =(Xg)g21 = g2 Xq € With Xq 2 SP and | nite,
5 X
kxkp = tr Xg, X 11X, 1 Xop tr €, € 1€y, , €t
gr;igp2l

A Schur multiplier T on S/ associated to (¢)q21 2 C' is a bounded operator
on SP such that Te; = g& for g2 I. T is furthermore completely bounded



(c.b. for short) if T is bounded as the operator orSP(SP) de ned by T(xq &) =
qXq€ for xq2 SPandqg2 1I.

We shall stick to this harmonic analysis type notation; let us nevertheless show

how these objects are termed with tensor products:SP(SP) is alsoSP("2 2 2)

endowed with kxkp =tr  tr jxjP; one should writexq & instead ofxq €;; here

Xg=ldse tr((ld-, &)x); Tisc.b.ifldss T isboundedonSP("2 2 7).
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2 De nitions and main results

We use the notion of unconditionality in order to de ne the matrix analogue of
Rudin's \commutative" ( p) sets.

Denition 2.1  Let X be a Banach space. The sequendg,) X is an un-
conditional basic sequence inX if there is a constant D such that

X X
# D
nCnYn X CnYn X

for every real (vs. compleX choice of signs#, 2f 1;1g(vs.#, 2 T) and every
nitely supported sequence of scalar coe cients (c,). The optimal D is the real
(vs. compleX) unconditionality constant of (y,) in X.

Real and complex unconditionality are isomorphically equvalent: the complex
unconditionality constant is at most =2 times the real one. The notions of
unconditionality and multipliers are intimately connecte d: we have

Proposition 2.2  Let (y5) X be an unconditional basic sequence iiX and
let Y be the closed subspace of spanned by(y,). The real (vs. complexy
unconditionality constant of (y,) in X is exactly the least upper bound for the
norms KTk (yy, where T is the multiplication operator de ned by Ty, = nyn,
and the | range over all real (vs. compleXy numbers withj ,j 1.

Let us encompass the notions proposed in Questiony).

Denition 2.3 Letl R Candp> 2

(a) [5, Def. 4.1] | isa (p) setif (e5)q21 is an unconditional basic sequence in
SP. This amounts to the uniform boundedness of the family of altelative Schur
multipliers by signs

Ts:SP 1 S x=(Xq)gz1 7' Tex = (#eXq)qz1 With #42f 1,1g: (1)

By [5, Lemma 0.5], this means that therlg is a constantD such that for every
nitely supported operator X = (Xq)q21 = a1 Xq € with xq 2 C

D kxkp J Xjp k xkp; (2)



where the second inequality is a convexity inequality thatsialways satis ed (see
[10, Th. 8.9]) and

o XX__2p=2xx__2p=2

IXjp = JXrc] _ JXrc] : 3)

Cc r r [
(b) [5, Def. 4.4] | is a complete (p) set if the family of all relative Schur
multipliers by signs (1) is uniformly c.b. By [5, Lemma 0.5], | is completely
(p) if and only if there is a constant % such that for every nitely supported

operator valued operatorx = (Xq)g21 = 42| Xq € With Xq 2 SP

D kxky J Xjp k xkp; (4)

where the second inequality is a convexity inequality thatsialways satis ed and

o X X 1=2 p X X 1=2 p
1X] p = Xre Xre Xre Xre :
Cc r

P c p
The notion of a complete (p) set is stronger than that of a (p) set: F!nequality
(2) amounts to Inequality (4) tested on operators of the type x = a1 Xq €
with each x4 acting on the same one-dimensional subspace of. It is an impor-
tant open problem to decide whether the notions dier. An ar mative answer
would solve Pisier's conjecture about completely bounded &wur multipliers [8,
p. 113].

Notorious examples of 1-unconditional basic sequences inl&chatten classes
SP are single columns, single rows, single diagonals and sieganti-diagonals |
and more generally \column" (vs.\row") sets | such that for each (;c) 2 1, no
other element of is in the column ¢ (vs. row r).

We shall try to express these notions in terms of trails on bi@rtite graphs. We
proceed as announced in the Introduction: then each examplabove is a union
of disjoint star graphs in which one vertex of one class is camected to some
vertices of the other class: trails in a star graph have at moslength 2.

De nition 2.4  Let | R Cands 1 an integer. We consider| as a
bipartite graph: its vertex set isV = R g C and its edge set isE = fr;cg
V:(rc) 2l

(a) The sets of trails of lengths on the graphl from the column (vs. row) vertex
Vo to the vertex vy are respectively

C(l;vo;vs) = f(voiiii;vs) 2 VSt vy 2 C & fviivieg g 2 E pairwise distinctg;

RS(1:vo;vs) = f(voiiii;vs) 2 VS :vp2 R & fvi;vi+1 g2 E pairwise distinctg:

(b We de ne the Rudin numbers of trails starting respectively vith a column
vertex and a row vertex bycs(l;vo;vs) = # C(I;vo;Vs) and rg(l;vo;vs) =
#R3(1;vo; Vs).



Remark 2.5 In other words, for an integer| 1,

ca 1(l;voiva 1)

Co (15 vo; v L . .
2 (15 Voi va1) pairwise distinct in | : ¢; = Vg;C+1 = Vg

and similarly for rg(l; vo;Vs). If sis odd, then cs(l;vo; vs) = rs(l; vs; Vo) for all
(vo;vs) 2 C  R. Butif sis even, one Rudin number may be bounded while
the other is in nite: see [5, Rem. 6.4(i)].

3 (p) sets as matrix ( p) sets

We claim the following result.

Theorem 3.1 Letl R C andp=2sbe an even integer. Ifl is a union of

is a bounded function of(vp; vs), for eachj, then | is a complete (p) set.

This follows from Theorem 3.2 below: the union of two compleg (p) sets is
a complete (p) set by [5, Rem. after Def. 4.4]; furthermore the transposedset
I =fg :q21g C R isacomplete (p) set provided | is. Note that the
case of (1) sets (see [5, Rem. 4.6i{ )]) provides evidence that Theorem 3.1
might be a characterization of complete (p) sets for evenp.

Theorem 3.2 Let | R C and p = 2s be an even integer. If the Rudin
number cs(1 ; vo; vs) is a bounded function of(vo;Vvs), then | is a complete (p)
set.

This is proved for p=4in [5, Prop. 6.5]. We wish to emphasize that the proof
below follows the scheme of the proof of [5, Th. 1.13]. In paitular, we make
crucial use of Pisier's idea to express repetitions by depatent Rademacher
variables ([5, Prop. 1.14]).

Proof. Let x =
kxkp.

q21 Xq €& With xq 2 SP. We have the following expression for

z 2 4

kxkb =tr tr(x x)®= kyks with y=xxx  x©;

ms

i.e. y is the product of s terms which are alternatively x and x, and we set
x0) = x for evens, x©) = x forodds. SetC!) = C for evens and C’ = R for
odds. Let (vo;vs) 2 C  CU andyy,y, =tr &, Yy be the matrix coe cient of
y at coordinate (vo;Vs). Then we obtain by the rule of matrix multiplication

X
y= (qu eql)(XQZ eCIZ) e (Xs:qs) e‘Qs)

_ vy O) .
yVOVs - XV1V0 XVIVZ XV3V2 e X(\/s 1;\15)( )" (5)
(V13vo); (Viive);i: 21



X X
y= (qu eql)(XQZ eQZ) e (X(qs) e‘qs) : (6)

2 Ei j, a=gq
We shall bound the sum above in two steps.
(a) Let  be equality and consider the corresponding term in the sum (b The
number of terms in the sum (5) such that fv; 1;vig 8 fv; ;vijgifi 6 j is
cs(l;vo;vs). If cis an upper bound forcs(l; vo; vs), we have by the expression
of the Hilbert{Schmidt norm and the Arithmetic-Quadratic M ean Inequality

2
(qu eql)(XQZ eCIZ) el (XE]S) e‘qs))

Qi;iids 2
pairwise distinct
X X 0 2
= XvivoXvivaXusv, 151 XG0
(Vovs)2C C() v2CS(l;vo;Vs)
X X 0 2
c levo Xvivy XV3V2 S X(vs 1vs)O) 2
(vo;vs)>2<C C() v2C3(l;vo;Vs)
2
= ¢ (Xq, €, )(Xa, €g;) 111(Xg, €)) 5
pain/v(iaéé. d iqstsinct
X Oy 2
c (th te)(XQZ efiz) s (qu éQs 2
O1;250s
= c j(qu eql)(XQZ eClz) L (XE]S) e(qs) )J2 1
Oi;:50s
Now this last expression may be bounded accordingly to [5, Qo 0.9] by
X X p o
c (Xq eq)(xq eq) — (Xq eq)(xq eq) =q X]B : (7)
p p

see [5, Lemma 0.5] for the last equality.
(b) Let  be distinct from equality. The corresponding term in the sum (6)
cannot be bounded directly. Consider instead

X X s
( ): (qu eql)(XQZ eCIZ):::(XE]S) e(qs)) 2: fI(Q) 2
i) a=q ij) a=qi=1
with fi(g) = Xq& for eveni and fi(q) = x4 €&, for odd i. We may now apply
Pisier's Lemma [5, Prop. 1.14]: let0 r s 2 be the number of one element
equivalence classes modulo ; then

() kxky(Bjxjp)® ' (8)

where B is the constant arising in Lust-Piquard's non-commutative Khinchin
inequality. In order to nish the proof, one does an induction on the number of
atoms of the partition induced by , along the lines of step 2 of the proof of [5,
Th. 1.13]. "



Remark 3.3 The Moebius inversion formula for partitions enabled Pisig [7]
to obtain the following explicit bounds in the computation above:
1=25,,3S X S r —ANivi S
kyka ¢ xjp+ ) (s r)kxk, 3=4)jxjp
0Or s 2

r

kxkp (40P _9p=8 jXxjp: 9)

Let us also record the following consequence of his study g@Forthogonal sums.
The family (xq€)q21 is p-orthogonal in the sense of [7] if and only if the graph
associated tol does not contain any circuit of length p, so that we have by [7,
Th. 3.1]:

Theorem 3.4 Letp 4 be an even integer. Ifl does not contain any circuit
of length p, then | is a complete (p) set with constant at most3 p=2.

Remark 3.5 Pisier proposed to us the following argument to deduce a weadt
version of Th. 3.2 from [5, Th. 1.13]. Let = TV and z, denote the vth
coordinate function on . Associate to | the set = fzz; :(r;c) 2 1g. Let
still p=2s be an even integer. Thenl is a complete (p) setif is a complete
( p) set as de ned in [5, Def. 1.5], which in turn holds if has pro perty Z(s)
as given in [5, Def. 1.11]. It turns out that this condition im plies the uniform
boundedness of

c(l;vo;ve) _re(l;vo;ve) for t s vo;ve 2 Ve

For p 8, this implication is strict: in fact, the countable union of disjoint
cycles of length 4 (\quadrilaterals™)

I=[ . (2i; 20);(2i; 21 +1);(2i +1;2i +1);(2i +1;2i)

satises ¢ (l;vo;vt) _ ri(l;vo;vy) 2 whereas does not satisfy Z(s) for any
s 4.

Remark 3.6 This theorem is especially useful to construct c.b. Schur mltipli-
ers: by [5, Rem. 4.6()], if | is a complete (p) set, there is a constantD (the
constant D in (4)) such that for every sequence (4) 2 CR © supported by |
and every operatorT :(Xq) 7! ( gXq) We have

KT kL(sp(sp)) D supj qj:
g2l

4 The intersection of a (p) set with a nite
product set

Let | R C considered as a bipartite graph as in the Introduction and le
19 | be the subgraph induced by the vertex setC®q R® with C° C a



set of m column vertices andR°® R a set ofn row vertices. In other words,
19= 1\ R® CO° Let d(v) be the degree of the vertexv 2 C°q R%in | % in other
words,

8c2 C°% d(o)
8r 2 R% d(r)

# 1%\ RO f cg];
# 1%frg CI

Let us recall that the dual norm of (3) is

. , X X =2 = X X L, =2 1=p°
1X)po = inf 0 ] rcl + ] rcl ;
; . 2 §i c r r c

wherep 2 and 1=p+1=p’=1 (see [5, Rem. after Lemma 0.5]).

P
Lemma 4.1 Letl p° 2andx= ,0Xq Then

XX o 4l
ixi% max d(c);d(r) 2 Pjx,cj

(r,c)210

Proof. By the p>Quadratic Mean Inequality and by Minkowski's Inequality,

X X ) Y p°=2 :I_:p0 x x . H p0:2 ]_:po
J rel + J rcl
c2C% (rc)210 r2R® (rc)210
- X 1=p° X - X 1=p°
doP =2t T+ dPR
c2Co (rc)210 r2Rro (rc)210
XX o 1=p°
d(Q)2 2} o+ d(r)t2 P of "
(rc)210
The lemma follows by taking the inmum over all ; with 4+ 4 = Xq
for g 2 19 as one can suppose that ¢ = 4 = 0 if g 21; note further that
1=2 1= o. n

Theorem 4.2 If | is a (p) set with constantD as in (2), then the size#1°
of any subgraphl © induced by m column vertices andn row vertices, in other
words the cardinal of any subset®= 1\ R® COwith #C%= m and# R%= n,
satis es

#10 D2 m¥Pnl=2 4 m12pl=p 2 (10)

4D? min(m; n)?*P max(m; n):

The exponents in this inequality are optimal even for a comgte (p) setl in
the following cases:

(@) if mor nis xed;

(b) if pis an even integer andm = n.



Bound (10) holds a fortiori if | is a complete (p) set. Density conditions
thus do not so far permit to distinguish (p) sets and complete (p) sets. One
may conjecture that Inequality (10) is also optimal for p not an even integer
and m = n: this would be a matrix counterpart to Bourgain's theorem [3] on
maximal ( p) sets.

Proof. If (2) holds, then kxjiok, Djxjp for all x 2 SP by Remark 3.6 applied
to ( q) the indicator function of 19 and by duality jXjiojpe  Dkxkpo for all

x 2 SP° (compare with [5, Rem. 4.64v)]). Let

XX 1=p° 1=2
y= d(e)*? e
(r,c)210

XX o
z= d(r)*" e
(r,c)210
Then the n rows of y are all equal, as well as them columns ofz: y and z
have rank 1 and a single singular value. By the norm inequali followed by the
(2=p® 1)-Arithmetic Mean Inequality,

Ky + zkpo K ykpo + kzkpo

X o, 1=2 X o, 1=2
- n1—2 d(C)Z—p 1 + m1—2 d(r)Z—p 1
c2Co r2Rro
_ —n0 —n0 1= _ —n0 —n0 1=
n1—2ml 1=p (# | O)l—p 1=2 4 m1—2nl 1=p (# I 0)1—p 1—2:

P P
We used that ,.0d(c) = orod(r) = # 1% By Lemma 4.1 applied to
X=y+ 2z

#1927  D(n2m? 5’4 mI2pl =)@ | 910 122,

and we get therefore the rst part of the theorem.

Let us show optimality in the given cases.

(a) Suppose thatn is xed and C%°= C: 1= R? C is a complete (p) set for
any p as a union ofn rows and #1°= n m.

(b) is proved in [5, Th. 4.8]. "

Remark 4.3 If n m, the method used in [5, Th. 4.8] does not provide
optimal (p) sets but the following lower bound. Letp = 2swith s 2 an

integer. Consider a primeq and let k = s° ¢°. By [9, 4.7] and [5, Th. 2.5],
there is a subsetF f 0;:::;k 1g with g elements whose complete (Z)

constant is independent ofg. Let m kand O n m and consider the
Hankel set

Il = (rc)2f0;:::;n 1g f 0;:::;m 1lg:r+c2F+m Kk :
Then the complete (p) constant of | is independent ofq by [5, Prop. 4.7] and

ng ifn m k+1

Al m k+1q ifn m k+1.



If we choosem = (s+1)k 1, this yields

Sl:s ; . . 1=s.
#1 m min(n; m) max(m;n)~=>:
Random construction 6.1 provides bigger sets than this deteninistic construc-
tion; however, it also does not provide sets that would show e optimality of
Inequality (10) unless s = 2.

5 Circuits in graphs

Non-commutative methods yield a new proof to a theorem of Erds [4, p. 33].
Note that its generalization by Bondy and Simonovits [2] is gronger than Th. 5.1
below as it deals with cycles instead of circuits. By Th. 3.4 ad (10)

Theorem 5.1 Let p 4 be an even integer. IfG is a nonempty graph onv
vertices with e edges without circuit of lengthp, then

e 18 2p2 V1+2 =p.

If G is furthermore a bipartite graph whose two vertex classes fa respectively
m and n elements, then

e 9 2p?min(m;n)%P max(m;n): (11)

Proof. For the rst assertion, recall that a graph G with e edges contains a
bipartite subgraph with more than e=2 edges (see [1, p. xvii]). "

Remark 5.2 Luczak showed to us that (11) cannot be optimal ifm and n are
of very di erent order of magnitude. In particular, let p be a multiple of 4. Let
e be the maximal number of edges of a graph om vertices without circuit of
length p=2. If m > pe? he shows that (11) may be replaced bye < 3m.

We also get the following result, which enables us to conjecire a generalization
of the theorems of Erd)s and Bondy and Simonovits.

Theorem 5.3 Let G be a nonempty graph orv vertices with e edges. Lets 2
be an integer.
(i) If

e > 8D2v1*1 5 with D> 9s=4;

then one may choose two verticesy and vs such that G contains more than
D 25=4 pairwise distinct trails from vy to vs, each of lengths and with pairwise
distinct edges.

(i) One may draw the same conclusion ifG is a bipartite graph whose two
vertex classes have respectively and n elements and

e > 4D? min(m; n)¥* max(m;n) with D> 9s=4:

10



Proof. (i) According to [1, p. xvii], the graph G contains a bipartite subgraph
with more than e=2 edges, so that we may applyi().

(i) Combining inequalities (9) and (10), if D > 9 s=4, then there are vertices
Vo and vs such that the number c of pairwise distinct trails from v to vg, each
of length s and with pairwise distinct edges, satis es (4)'7> >D . "

Two paths with equal endvertices are called independent if hey have only their
endvertices in common.

Question 5.4 Let G be a graph onv vertices with e edges. Lets;| 2 be
integers. Is it so that there is a constantD such that if e > Dv1*175 then G
contains | pairwise independent paths of lengths with equal endvertices ?

Remark 5.5 Note that by Th. 4.2, the exponent 1+1=sis optimal in Th. 5.3(i),
whereas optimality of the exponent 1 + 2=pin Th. 5.1 is an important open
guestion in Graph Theory (see [6]).

One may also formulate Th. 5.3(i ) in the following way.

Theorem 5.6 If a bipartite graph G,(n; m) with n and m vertices in its two
classes avoids any union ot pairwise distinct trails along s pairwise distinct
edges between two given vertices as a subgraph, where the<laf the rst vertex
is xed, then the size e of the graph satis es

e 4max((4c)*7?%; 9 s= 4)) min(m; n)* max(m; n):

6 A random construction of graphs

Let us precise our construction of a random graph.

Random construction 6.1 Let C; R be two sets such tha# C = m and# R =
n. Let O 1. A random bipartite graph on V = C q R is de ned by
selecting independently each edge iR = fr;cg V:(r;c)2 R C with the
same probability . The resulting random edge set is denoted bi® E and
I R C denotes the associated random subset.

Our aim is to construct large sets while keeping down the Rudi humber cs.

Theorem 6.2 For each” > 0 and for each integers 2, there is an  such
that Random construction 6.1 yields subset$® R C with size

)l:2+l =s )122 "

#1° min(m;n max(m; n

and with (2s) constant independent ofm and n for mn ! 1

11



Proof. Let us suppose without loss of generality thatm n. We want to
estimate the Rudin number of trails in 1° Set C©) = C for evens, C*) = R for
oddsand let (vp;vs) 2 C CO. Let|l 1 be a xedinteger. Then

h _ _ i
Plcs(1%vo;vs)  11= P 91 pairwise distinct trails (vi;:::;vh) 2 C(1%vo; vs)
h S . _ i
= PE® fv ovigy f(wininvh)ga  C(R O Civoivs)
x
#A K
k=dii=e

where Ay is the following set of I-element subsets of trails inC(R  C;vp; Vs)

built with k pairwise distinct edges
n 0

Ac= f(vhinvg,  CR Civove):# fV 5vig g =K
the lower limit of summation is d*=Se because one can build at mosks pairwise
distinct trails of length s with k pairwise distinct edges.
In order to estimate # Ay, we now have to bound the number of pairwise distinct

vertices and the number of pairwise distinct column vertices in each set of trails

#fvl 1 i s 1,1 j g k(s 1)=s; (12)
#fvh, 11 i ds=2e 1,1 | g k=2: (13)

The second estimate is trivial, because each column verte»éi accounts for two
distinct edgesf vy, ;; vy gandfvy;vy,, g. For the rst estimate, note that each
maximal sequence oth consecutive pairwise distinct vertices ¢,,;:::;V,, |,
accounts forh + 1 pairwise distinct edges

FVhivhg 5 fvha Vi gt s VL, Vi, pa O
ash s 1,h+1 hs=s 1). By (12) and (13),
#Ak mk=2nk=2 k=S(k k=S)IS | (ls)lsmk=2nk=2 k=s :

each element ofAy is obtained by a choice of at mostk=2 column vertices, a
choice of at mostk=2 k=srow vertices, and the choice of an arrangement with
repetition of Is | out of at most k  k=s vertices.
Put =m ¥2n ¥2*13@# C #CO) . Then

" #

>(S "

P sup cs(1%vo;vs) | #C #CO (Is) #C #CO) X
(Voivs) k=dii=e
15y #C #COE e
1 (#C #CO) "~

Choosel such that d*Se"> 1. Then this probability is little for mn large. On
the other hand, #1°is of ordermn with probability close to 1. "
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Remark 6.3 This construction yields much better results for s = 2. Keeping

the notation of the proof above andm  n, we getk =21, Ac = | and
" ”
0.y - 2 oo
=] sup (1% vo;v2) | m :
(vo;v2)2C C l

Letl 2and =m ¥n 2 Thisyields setsl® R C with size
#1 0 nl=2m1 1=l

and with  (4) constant independent ofm and n. This case has been extensively
studied in Graph theory as the \Zarankiewicz problem": if c(I%vo;V>) I
for all vo;vo, 2 C, then the graph |1° does not contain a complete bipartite
subgraph on any two column verticesvg; v and | +1 row vertices. Reiman (see
[1, Th. VI1.2.6]) showed that then

#1° Inm(m 1)+ n?=4 P4+ n=2  |172n1%2y;

With use of nite projective geometries, he also showed thatthis bound is
optimal for " "

- 14 12 _ 9" 1

& 19 1 "7 q1

with g a prime power andr 2 an integer, and thus with m  n: there seems
to be no constructive example of extremal graphs withc,(1%vo;v2) | and

m > n besides the trivial case of complete bipartite graphs withm >n =1 1.

n=|

Remark 6.4 In the cases = 3, our result cannot be improved just by re ning
the estimation of # Ax. If we consider the case of distinct paths that have
their second vertex in common and the case df independent paths, we get

n

m m
# Ao n ; #Ag | |

Therefore any choice of as a monomialm 'n Y in the proof above must satisfy
t (I1+1)=21+1), t+u (21 +2)=3l) and this yields sets with

#1094 ml=2 1=(81+4) 15=6 (71+6) =(12|2+e|):
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