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Abstract

In this paper, we introduce a certain combinatorial propert y Z ? (k),
which is de�ned for every integer k � 2, and show that every set E � Z
with the property Z ? (k) is necessarily a noncommutative �(2 k) set. In
particular, using number theoretic results about the numbe r of solutions
to so-called \ S-unit equations," we show that for any �nite set Q of
prime numbers, EQ is noncommutative �( p) for every real number 2 <
p < 1 , where EQ is the set of natural numbers whose prime divisors
all lie in the set Q.

AMS classi�cation (1991): primary 43A46, secondary 11N25, 47B10.
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1 Introduction

For any �nite set Q of prime numbers, letEQ � N denote the set of all natural
numbers n such that every prime divisor of n lies in Q. If Q contains only a
single prime q, then EQ = f q j j j � 0g is a Hadamard set and therefore also
a Sidon set; consequently, for every real number 2< p < 1 , the bound
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L p � C



 f






L 2

holds for every function f 2 L p whose Fourier coe�cients are supported on
the set EQ , whereC > 0 is a constant depending only onp; in other words, the
set EQ is of type �( p). When Q has cardinality # Q � 2, the setEQ is neither
Hadamard nor Sidon; however, number theoretic results about solutions to
so-called \S-unit equations" imply that EQ is again a �( p) set for 2 < p < 1 .

In this paper, we show that for any �nite set Q of prime numbers and any real
number 2 < p < 1 , the set EQ satis�es a much stronger analytic property,
namely the noncommutative �( p) property; that is, EQ is of type �( p)cb.
More precisely, we show that the bound
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bf (n) � bf (n)
�1=2
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;






� X
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bf (n) bf (n) �
�1=2







Sp

�

holds for every function f 2 L p(Sp) whose Fourier coe�cients are supported
on the set EQ , where the constant C > 0 depends only onp and on the
cardinality # Q of the set Q. Here Sp denotes the Schattenp-class over the
Hilbert space `2; it is the Banach space of all compact operatorsx : `2 ! `2

with a �nite norm given by
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Sp =
�

Tr ( x � x)p=2
�1=p

;

where Tr( � ) denotes the usual trace. The Banach spaceL p(Sp) consists of all
Bochner measurableSp-valued functions de�ned on the unit circle, equipped
with the norm
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L p (Sp ) =
�

1
2�

Z 2�

0




 f (t)




 p

Sp dt
� 1=p

;

where dt is the Lebesgue measure.

To establish our results, we introduce a certain combinatorial property Z ?(k),
de�ned for every integer k � 2, and show that every setE with the property
Z ?(k) is necessarily of type �(2k)cb. In particular, we observe that for any
�nite set Q of primes, the setEQ satis�es Z ?(k) for every k � 2; this follows
from the number theoretic results mentioned earlier. Note that the sets EQ
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with # Q � 2, along with their translations, dilations, etc., provide the only
currently known examples of sets that are of type �(p)cb for every 2< p < 1
but are not Sidon sets.

The paper is organized as follows. Sections 2{7 are entirelyexpository in
nature; there we review the de�nitions and results that are needed in the
sequel. In Section 8, we show that theZ ?(k) property implies the �(2 k)cb

property. In Section 9, we observe that every setEQ satis�es Z ?(k) for all
k � 2, and that EQ is not a Sidon set if #Q � 2. In Section 10, we give some
concluding remarks.

2 Khintchine inequalities

For every n 2 N, let "n : f� 1gN �! f� 1g denote the n-th coordinate pro-
jection, let � be the uniform probability measure on f� 1gN, and let p be an
arbitrary real number with 2 < p < 1 .

The classicalKhintchine inequalities show that there exists a constantC > 0,
depending only onp, such that for all m � 1 and any sequencex1; x2; : : : ; xm

in C, one has










mX

n =1

"n xn










L p ( f� 1gN; �; C)
� C

� mX

n =1

jxn j2
� 1=2

; (2.1)

see [6], for example, for a proof of Khintchine inequalitiesin the general case
1 � p < 1 . The inequalities (2.1) were later generalized to the noncommu-
tative setting by Lust-Piquard [7], who showed that there exists a constant
C > 0, depending only onp, such that for all m � 1 and any sequence of
operators x1; x2; : : : ; xm in Sp, the following inequality holds:










mX
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(2.2)
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xn x �
n

� 1=2








Sp

)

;

see [7] for a proof of the noncommutative Khintchine inequalities in the more
general case where 1< p < 1 ; see also [8] for the casep = 1.
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3 �( p) sets

The notion of a �( p) set was �rst introduced in [16] and studied extensively
by Rudin and many others. In this paper, we restrict ourselves to the case
where 2< p < 1 , for simplicity. For any set E � Z, let

L p
E =

�
f 2 L p

�
� bf is supported onE

	
;

where bf denotes the Fourier transform off . Then E is said to be of type �( p),
or E has the �( p) property, if there exists a constant C > 0, depending only
on p and E, such that for every function in L p

E , the following bound holds:




 f






L p � C
� X

n 2 E

�
� bf (n)

�
�2

� 1=2
:

We denote by � p(E ) the smallest constant C for which this inequality holds
for all f 2 L p

E .

Using convexity, one sees that every �(p) set is also a �( q) set for any real
number 2 < q < p .

We also recall that, as shown in [16], there is a natural size limitation for
the intersection of any �( p) set with a �xed arithmetic progression. More
precisely, if 2< p < 1 is �xed, and E is a �( p) set, then

#
�
E \ f a + b; a+ 2 b; : : : ; a+ Nbg

�
� 4

�
� p(E )

� 2
N 2=p (3.3)

for all integers a; b; N with N � 1. This result is optimal. Indeed, given
2 < p < 1 , there is a subsetEN of f 1; : : : ; N g for each integerN , satisfying
# EN � N 2=p and � p(EN ) � Cp where the constant Cp depends only onp.
This result was �rst shown by Rudin for even integers (see [16]), then later by
Bourgain for arbitrary real numbers (see [2], and also [19]). It follows that for
every 2< p < 1 , there exists a �( p) set that is not a �( q) set for any q > p.

In [16], a certain combinatorial property has been considered which is not
only stronger but often easier to deal with than the analytic property �(2 k).
Let k � 1 be a �xed integer. A set E � Z is called aZ + (k) set if there exists
a constant C > 0, depending only onE, such that for all 
 2 Z,

#
�

(n1; n2; : : : ; nk ) 2 E k
�
� n1 + n2 + : : : + nk = 


	
� C:

It has been shown by Rudin [16] that everyZ + (k) set is necessarily of type
�(2 k). In particular, for any �nite set Q of primes, the setEQ satis�es Z + (k)
for all k � 1 (see Section 9); hence it follows thatEQ is of type �( p) for every
2 < p < 1 .
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4 Noncommutative �( p) sets

The notion of noncommutative �( p) sets was �rst introduced and studied
in [5]. For 2 < p < 1 and E � Z, let

L p
E (Sp) =

�
f 2 L p(Sp)

�
� bf is supported onE

	
:

The set E is called a noncommutative �( p) set (or simply, a �( p)cb set) if
there exists a constantC > 0, depending only onp and E, such that for every
function f in L p

E (Sp), the bound
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� 1=2
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n 2 Z

bf (n) bf (n) �
� 1=2









Sp
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:

We denote by � cb
p (E ) the smallest constant C for which the inequality (4.4)

holds for all f 2 L p
E (Sp). Note that, by convexity, the opposite inequality

�
�
�
�
�
� f

�
�
�
�
�
�
p �




 f






L p (Sp ) (4.5)

always holds for everyf 2 L p(Sp). We remark that the notation cb is an
abbreviation for the words \completely bounded." Harcharras [5] showed that
a given setE has the �( p)cb property if and only if every bounded sequence
(an )n 2 E can be extended to a completely bounded Fourier multiplier on the
operator spaceL p when the latter is endowed with its canonical operator
space structure as de�ned by Pisier [13].

It is clear from the de�nition that every �( p)cb set is necessarily a �(p) set,
therefore the size restriction (3.3) applies. On the other hand, it has been
shown in [5] that there exist sets with the �( p) property for every p which
do not have the �( p)cb property for any p; thus, the �( p)cb property is much
stronger than the �( p) property in general.

Note that, by convexity, a �( p)cb set is also a �(q)cb set if 2 < q < p < 1 .
Building on the work of Rudin [16], it has been shown in [5] that for every
even integerp = 2 k > 2, there exists a �( p)cb set that does not have the �( q)
property for any q > p; the general case is still open.

In [5], a combinatorial property has been considered which is stronger and
easier to deal with than the analytic property �(2 k)cb. Let k � 1 be a �xed
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integer. A set E � Z is called a Z (k) set if there exists a constantC > 0,
depending only onk and E, such that for all 
 2 Z,

#
�

(n1; n2; : : : ; nk ) 2 E k

�
�
�
� ni 6= nj if i 6= j; and

kX

j =1

(� 1)j +1 nj = 

�

� C:

It has been shown in [5] that an arbitrary Z + (k) set need not possess the
�(2 k)cb property even though it is a �(2 k) set as mentioned earlier. However,
any set with the Z (k) property is necessarily of type �(2 k)cb.

Our review of the combinatorial property Z (k) has been intended primarily to
motivate our consideration of the new propertyZ ?(k) introduced in Section 8.
In many situations, it is useful to have combinatorial criteria like Z (k) and
Z ?(k) which imply the (albeit weaker) analytic property �(2 k)cb. For the
purposes of this paper, theZ (k) property alone is insu�cient, since for an
arbitrary �nite set Q of primes, the set EQ need not be of typeZ (k). For
example, taking Q = f 2; 3g, the relation

2i +3 3j � 2i 3j +2 + 2 i 3j = 0 ; 8 i; j � 0;

implies that EQ is not of type Z (3) even though it is of type Z ?(k) for all
k � 2 and therefore of type �( p)cb for every 2 < p < 1 (see Section 9).

5 Sidon sets

A set E � Z is called a Sidon set if there exists a constantC > 0, depending
only on E, such that for all continuous functions f whose Fourier transforms
are supported in E , the following bound holds:

X

n 2 E

�
� bf (n)

�
� � C




 f






L 1 : (5.6)

We denote by � 1 (E ) the smallest constant C for which this inequality holds
for all f 2 L 1

E .

It is well known that a Sidon set is a �( p) set for every 2< p < 1 . In fact,
it is a �( p)cb set for every 2< p < 1 as shown in [5]. On the other hand,
there is a natural size limitation for the intersections of any Sidon set with a
�xed arithmetic progression. It has been shown in [16] that there exists an
absolute constantC > 0 such that for every Sidon setE ,

#
�
E \ f a + b; a+ 2 b; : : : ; a+ Nbg

�
� C

�
� 1 (E )

� 2
logN

for all integers a; b; N with N � 1.
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6 Pisier's Rademacherization principle

In this section, we describe a result of [14] that can be used to determine
nontrivial upper bounds for the norm of certain sums of products of operators
in which various repetitions of the indices occur.

Given two partitions P = fP j g and Q = fQ i g of the set f 1; 2; : : : ; kg, write
P � Q if for every j , Pj � Q i for some i , and write P < Q whenever
P � Q and P 6= Q. It is easily veri�ed that the relation � provides a
partial order on the set of all partitions of f 1; 2; : : : ; kg; the unique minimal
element with respect to � is the partition Pmin =

�
f 1g; f 2g; : : : ; f kg

	
, while

Pmax =
�

f 1; 2; : : : ; kg
	

is the unique maximal element.

Given a k-tuple n = ( n1; n2; : : : ; nk ) 2 E k , where E is an arbitrary set, let
Pn = fP n;j g denote the canonical partition attached to n; that is, for all
1 � i; ` � k, both i and ` belong to the same setPn;j if and only if ni = n` .

Proposition 1. Let (
 ; � ; P) be a probability space andf "n gn 2 E a family of
independent random variables with

P
�
f "n = 1 g

�
= P

�
f "n = � 1g

�
= 1 =2; 8 n 2 E:

Let k � 2 be an arbitrary integer. For 1 � j � k, let X j be a Banach space,
and f j : E �! X j a �nitely supported function. Let

' : X 1 � X 2 � : : : � X k �! X

be a k-linear map of norm at most 1, where X is a given Banach space.
Finally, for any partition P of the set f 1; 2; : : : ; kg, put

AP =
�

j 2 f 1; 2; : : : ; kg
�
� f j g 2 P

	
:

Then the following inequality holds:









X

n =( n 1 ;:::;n k )2 E k

P n �P

'
�
f 1(n1); : : : ; f k (nk )

�









X

�
Y

j 2 A P








X

n 2 E

f j (n)







X j

Y

1� j � k
j 62A P

� Z











X

n 2 E

"n f j (n)







k

X j

dP
� 1=k

:
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7 Some operator norm inequalities

Proposition 2. Let 1 � p � 1 , a; b > 1 with a� 1 + b� 1 = 1 , y a positive
operator in Sap , and x1; x2; : : : ; xm a sequence of operators each inS2bp. Then
the following inequality holds:








mX

n =1

x �
n yxn








Sp
�




 y






Sap max
n







mX

n =1

x �
n xn








Sbp
;







mX

n =1

xn x �
n








Sbp

o
:

This proposition �rst appears in [7] when x1; x2; : : : xn is a sequence of self-
adjoint operators. The general case requires only the threeline lemma and
can be found in [15].

The following corollary follows from Proposition 2 by a simple inductive ar-
gument.

Corollary 3. Let 1 � p � 1 and k � 1 be �xed. For each 1 � j � k, let
E j be a �nite set of indices, let aj > 1, and let f x j;n gn 2 E j be a family of
operators in S2a j p. Finally, suppose that

P k
j =1 a� 1

j = 1 . Then the following
inequality holds:










X

n j 2 E j ; 1� j � k

x �
k;n k

: : : x �
2;n 2

x �
1;n 1

x1;n 1 x2;n 2 : : : xk;n k










Sp

�
kY

j =1

max
� 







X

n 2 E j

x �
j;n x j;n








Saj p
;







X

n 2 E j

x j;n x �
j;n








Saj p

�
:

8 Main results

Throughout this section, let k be a �xed integer with k � 2. Here we introduce
a new combinatorial property for sets E � Z, similar to the Z (k) property
described in Section 4.

We say that a set E � Z has the property Z ?(k) if there is a constant C > 0,
depending only onE and k, such that:

(i ) For every nonzero
 2 Z, the conditions

n1 � n2 + : : : + ( � 1)k+1 nk = 
 (8.7)
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and X

j 2J

(� 1)j +1 nj 6= 0 for all ; 6= J ( f 1; : : : ; kg (8.8)

are satis�ed for at most C elements (n1; n2; : : : ; nk ) 2 E k .

(ii ) For every ; 6= J � f 1; : : : ; kg, there are at most C vectors v̀ 2 Q# J

such that if the vector n = ( nj ) j 2J 2 E # J satis�es the conditions

X

j 2J

(� 1)j +1 nj = 0 (8.9)

and X

j 2J 0

(� 1)j +1 nj 6= 0 for all ; 6= J 0 ( J ; (8.10)

then n = � v` for some� 2 E and some 1� ` � C.

Theorem 4. If a set E � Z has the propertyZ ?(k), then E is a �(2 k)cb set.

Proof. Without loss of generality, one can assume thatE � N. Throughout
the proof, the letter C is used to denote any positive constant that occurs and
depends only onk and or E ; its precise meaning might change from line to
line.

For every n = ( n1; n2; : : : ; nk ) 2 E k , let Rn denote the collection of all subsets
; 6= J ( f 1; : : : ; kg such that (8.9) and (8.10) hold, and let R be the set of
all collections obtained in this way; that is,

R = f R j R = Rn for somen 2 E k g:

For R; R0 2 R , write R0 < R or R > R 0 whenever ; 6= R0 ( R. Then the
relation < de�nes a partial order on R. We also put

d0 = max f # R j R 2 Rg ;

and for 0 � d � d0, let

R(d) = f R 2 R j # R = dg:

Then R is the disjoint union R =
S d0

d=0 R(d).

Now let f =
P

n 2 E xn eint be �xed; note that xn = bf (n) 2 S2k for every
n 2 E. For simplicity, we assume that the Fourier transform bf is �nitely
supported.
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For every k-tuple n = ( n1; n2; : : : ; nk ) 2 E k , let

exn = x � 1
n 1

x � 2
n 2

: : : x � k
n k

2 S2;

where � j = 1 if j is odd, and � j = � if j is even. Then




 f




 2k

L 2k (S2k ) =



 f � 1 f � 2 : : : f � k




 2

L 2 (S2 ) =












X


 2 Z

ei 
t
X

n 2 E k ( 
 )

exn












2

L 2 (S2 )

;

where for each
 2 Z,

E k (
 ) = f n = ( n1; n2; : : : ; nk ) 2 E k j n1 � n2 + : : : + ( � 1)k+1 nk = 
 g:

It follows that
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 2k

L 2k (S2k ) =
X


 2 Z










X

n 2 E k ( 
 )

exn










2

S2

=
X


 2 Z












X

0� d� d0
R2R (d)

X

n 2 E k ( 
 )
R n = R

exn












2

S2

:




 f




 2k

L 2k (S2k )
� C

X

0� d� d0
R2R (d)

X


 2 Z












X

n 2 E k ( 
 )
R n = R

exn












2

S2

= C
X

0� d� d0
R2R (d)

S(R);

where we have set

S(R) =
X


 2 Z












X

n 2 E k ( 
 )
R n = R

exn












2

S2

:

For each collectionR with 0 < # R < d 0, one has

S(R) � 2
X


 2 Z












X

n 2 E k ( 
 )
R n � R

exn












2

S2

+ 2
X


 2 Z












X

n 2 E k ( 
 )
R n >R

exn












2

S2

� 2 eS(R) + C
X

d<d 0� d0
R 02R (d0)

S(R0);

where we have set

eS(R) =
X


 2 Z












X

n 2 E k ( 
 )
R n � R

exn












2

S2

;

10



when # R = 0 or d0, it is clear that S(R) = eS(R). Consequently,



 f




 2k

L 2k (S2k ) � C
X

0� d� d0
R2R (d)

eS(R): (8.11)

Step 1. We start by showing that the inequality eS(; ) � C
�
�
�
�
�
� f

�
�
�
�
�
�2k

2k
holds for

some constantC > 0. Indeed,

eS(; ) = S(; ) =
X


 2 Z

 6=0












X

n 2 E k ( 
 )
R n = ;

exn












2

S2

+












X

n 2 E k (0)
R n = ;

exn












2

S2

: (8.12)

Since E has the property Z ?(k), for every 
 6= 0 the equation (8.7) has at
most C solutions n 2 E k such that (8.8) also holds. Thus,

X


 2 Z

 6=0












X

n 2 E k ( 
 )
R n = ;

exn












2

S2

� C
X


 2 Z

 6=0

X

n 2 E k ( 
 )
R n = ;




 exn




 2

S2

� C
X

n 2 E k




 ex �

n exn





S1 = C







X

n 2 E k

ex �
n exn








S1

= C







X

n 1 ;n 2 ;:::;n k 2 E

(x � k
n k

)� : : : (x � 2
n 2

)� (x � 1
n 1

)� x � 1
n 1

x � 2
n 2

: : : x � k
n k








S1

� C
kY

j =1

max
n







X

n j 2 E

x �
n j

xn j








Sk
;







X

n j 2 E

xn j x �
n j








Sk

o

where for the last inequality, we have applied Corollary 3. It follows that

X


 2 Z

 6=0












X

n 2 E k ( 
 )
R n = ;

exn












2

S2

� C
�
�
�
�
�
� f

�
�
�
�
�
�2k

2k :

For every n occurring in the second term of (8.12), since
 = 0, we see that the
equation (8.9) holds with J = f 1; 2; : : : ; kg; sinceRn = ; , the condition (8.10)
also applies. Hence, sinceE has the property Z ?(k), there are at most C
vectors v̀ 2 Qk such that for each n occurring in the second term of (8.12),
n = � v` for some� 2 E and 1 � ` � C. Using Cauchy-Schwarz's inequality,
we see that












X

n 2 E k (0)
R n = ;

exn












2

S2

� C
X

1� ` � C












X

� 2 E

x � 1
� v`; 1

x � 2
� v`; 2

: : : x � k
� v`;k












2

S2

:
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Note that here and elsewhere in the proof, we writexz = 0 if z 2 Q, z 62E.

At this point, �x 1 � ` � C. We apply Proposition 1 with the following
choices: 
 is f� 1gN equipped with the counting probability; f " � g� 2 E is a
family of coordinate projections, where" � is the m� -th projection on 
, for
some enumerationf m� j � 2 Eg of the set N; P is the maximal partition
Pmax ; ' is the k-linear contractive map that is simply the k-fold product
from S2k � S2k � : : : � S2k into S2; the functions f j : E �! S2k are de�ned
by mapping � 2 E to f j (� ) = x � j

� v`;j
in S2k , for each 1 � j � k. By the

proposition, it follows that












X

� 2 E

x � 1
� v`; 1

x � 2
� v`; 2

: : : x � k
� v`;k












S2

�
kY

j =1

0

@
Z











X

� 2 E

" � x � v`;j








k

S2k
dP

1

A

1=k

:

Now, apply Jensen's inequality followed by the noncommutative version of
Khintchine inequalities (2.2) as follows:
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� 2 E

x � 1
� v`; 1

x � 2
� v`; 2

: : : x � k
� v`;k












S2

�
kY
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0

@
Z











X

� 2 E
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`;j








2k

S2k
dP

1

A

1=(2k)

� C
kY

j =1

�
�
�
�
�
�
�
�
�

X

� 2 E

x � v`;j
ei � v`;j t

�
�
�
�
�
�
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It follows that 
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which completes Step 1.

Step 2. Next, we show that the inequality eS(R) � C



 f
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L 2k (S2k )

�
�
�
�
�
�f
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�
�
�
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2k holds

for every 1 � d � d0 and every R 2 R (d).

For this aim, �x 1 � d � d0 and R 2 R (d). There is a canonical equivalence
relation PR induced by the collection R on the set f 1; 2; : : : ; kg, de�ned as
follows. Write j � ` (mod PR ) if and only if there exists a positive integer
t = t(j; ` ) and setsJ 1; : : : ; J t in the collection R such that:

12



(i ) j 2 J 1 and ` 2 J t ,

(ii ) J j \ J j +1 6= ; for 1 � j < t .

Let PR also denote the corresponding partition off 1; 2; : : : ; kg, and let aR

denote the number of singleton sets inPR . Below we show the following more
precise inequality:
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Combining (ii ) in property Z ?(k) with condition ( ii ) in our de�nition of the
equivalence relationPR above, it is not hard to see that there are at mostC
vectors v̀ = (v `;j )k

j =1 2 Qk with the properties:

(i ) v `;j = 1 if f j g 2 PR ,

(ii ) For every n = ( n1; n2; : : : ; nk ) 2 E k , the inequality Rn � R holds if and
only if for some 1 � ` � C and some� = ( � 1; � 2; : : : ; � k ) 2 E k with
� i = � ` wheneveri � ` (mod PR ), nj = � j v`;j for all 1 � j � k.

Consequently,

eS(R) =
X


 2 Z












X

n 2 E k ( 
 )
R n � R

exn












2

S2

=
X


 2 Z












X

n =( n 1 ;:::;n k )2 E k ( 
 )
R n � R

x � 1
n 1

x � 2
n 2

: : : x � k
n k












2

S2

=
X


 2 Z












X

1� ` � C

X

� =( � 1 ;:::;� k )2 E k ; P � �P R

� 1 v`; 1 � � 2 v`; 2 + ::: +( � 1) k +1 � k v`;k = 


x � 1
� 1 v`; 1

x � 2
� 2 v`; 2

: : : x � k
� k v`;k












2

S2

� C
X

1� ` � C

X


 2 Z












X

� =( � 1 ;:::;� k )2 E k ; P � �P R

� 1 v`; 1 � � 2 v`; 2 + ::: +( � 1) k +1 � k v`;k = 


x � 1
� 1 v`; 1

x � 2
� 2 v`; 2

: : : x � k
� k v`;k












2

S2

= C
X

1� ` � C

eS` (R);

where eS` (R) denotes the inner summation for each̀ .
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Let 1 � ` � C be �xed; then we can estimate eS` (R) as follows:
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We apply Proposition 1 with the following choices: 
 is f� 1gN equipped with
the counting probability; f " � g� 2 E is a family of coordinate projections, where
" � is the m� -th projection on 
, for some enumeration f m� j � 2 Eg of the
set N; P is the partition PR ; ' is the k-linear contractive map that is simply
the k-fold product from L 2k (S2k ) � L 2k (S2k ) � : : : � L 2k (S2k ) into L 2(S2);
the functions f j : E �! L 2k (S2k ) are de�ned by mapping � 2 E to

f j (� ) : t 7!
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for each 1 � j � k. Note that each f j 2 L 2k (S2k ). By the proposition, it
follows that
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where for the second inequality, we have used Jensen's inequality, and for the
third one, we have used Fubini's Theorem followed by (2.2), and where
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for every 1 � j � k with f j g 62 PR . Therefore, we have shown that for each
1 � ` � C,

eS` (R) � C



 f




 2aR

L 2k (S2k )

�
�
�
�
�
� f

�
�
�
�
�
�2k � 2aR

2k :

14



It follows that
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where for the second inequality, we have used (4.5). This completes Step 2.

Step 3. Combining our estimates from Steps 1 and 2, we have by (8.11):
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This completes the proof.

9 S-unit equations

In this section, we use some known number theoretic results to show that for
an arbitrary �nite set Q of primes, the setEQ is of type �( p)cb for 2 < p < 1 .

Let K be an algebraic number �eld of degreed; that is, K is a �nite extension
of the rationals Q, with d = [ K : Q]. Let S be a �nite collection of places
of K containing all of the archimedean places, and letUS be the group of
S-units inside the integral closure OK of Z in K . Given nonzero elements
a1; : : : ; ak 2 K , one is interested in counting the number of nondegenerate
solutions to the S-unit equation

a1x1 + a2x2 + : : : + ak xk = 1 ; x1; x2; : : : ; xk 2 US ; (9.13)

i.e., those where no proper subsumaj 1 x j 1 + : : : + aj ` x j ` vanishes.

Mahler [9] proved that for k = 2 and K = Q, (9.13) has only �nitely many
solutions. Van der Poorten and Schlickewei [12] and Evertse[3] independently
proved that for all k � 2 and every number �eld K , (9.13) has only �nitely
many solutions. This result was later extended by Evertse and Gy}ory [4],
who showed that the number of solutions is bounded by a constant which is
independent of the coe�cients a1; : : : ; ak . Later, Schlickewei showed that the
constant depends only onk, on the cardinality # S of the set S, and on the
degreed (see [17] for the caseK = Q, and [18] for the general case).

In particular, when K = Q, for any �nite set Q of primes, one can apply
the results of [17] mentioned above withS = Q [ f1g to deduce that EQ
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satis�es both properties Z + (k) and Z ?(k) for all k � 2, where the constant
C > 0 depends only onk and on the cardinality # Q of the set Q. In fact,
our de�nition of property Z ?(k) was chosen with precisely these sets in mind.
Applying now Theorem 4 together with our remarks from Section 4, we obtain
the following:

Theorem 5. Let Q be a nonempty �nite set of prime numbers. Then the set
EQ is of type �( p)cb for every real number2 < p < 1 .

We conclude this section by observing thatEQ is not a Sidon set whenever
# Q � 2. Indeed, let s = # Q, and let q1 < q2 < : : : < q s be the primes
in Q. Then for all nonnegative integers� 1; � 2; : : : ; � s � (log N )=(s logqs), the
integer n = q� 1

1 q� 2
2 : : : q� s

s lies in EQ and in [1; N ]. Thus, if N is su�ciently
large,

#
�
EQ \ [1; N ]) � C (log N )s

where the constant C > 0 depends only onQ. This contradicts (5.6) (with
a = 0 and b = 1) whenever s = # Q � 2.

10 Remarks

The notions of �( p) and �( p)cb sets and the propertiesZ + (k) and Z (k) can
be naturally de�ned for an arbitrary discrete group G. In this more general
context, it has been shown that any subset ofG with the Z + (k) property is
necessarily of type �(2k). The argument is identical to that given by Rudin
in the special caseG = Z; see [16]. It is also known that any subset ofG
with the Z (k) property is necessarily of type �(2 k)cb by the results of [5]. It
would be interesting to �nd a suitable generalization of the property Z ?(k)
for an arbitrary discrete group G and to show that any subset ofG with the
Z ?(k) property is necessarily of type �(2 k)cb. It would also be of interest to
obtain explicit examples of �(2 k)cb sets in G that are similar to the sets EQ

considered here.

Let G be any discrete group andk � 2 a �xed integer. If a set E � G
has the Z (k) property, then it is of type �(2 k)cb as we have just mentioned.
Consequently, the union of any �nite number of sets with the Z (k) property
is also of type �(2 k)cb. It is natural to ask whether the converse statement is
also true; this question was originally raised by Pisier when G = Z and is still
open.

Question 1. Let G be a discrete group, and letE � G be a set of type
�(2 k)cb, where k > 2 is a �xed integer. Does there exist a �nite collection
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E1; E2; : : : ; Ec of subsets ofG such that eachE j has the Z (k) property and
such that E is the union of the E j ?

Using Mih�ailescu's recent proof of the Catalan conjecture(see [10], and also [1]),
one can show that every setEQ with # Q = 2 can be decomposed into (at
most) four sets, each with the Z (3) property. In particular, this shows that
EQ is of type �(6) cb without using our Theorem 4. However, we do not see
how to generalize this to an arbitrary set EQ and an arbitrary integer k � 2,
since the appropriate analogue to Mih�ailescu's result is missing.

Finally, it has been shown in [5] that any noncommutative �( p) set cannot
contain the sum A + A for any in�nite set A. Neuwirth [11] later noticed that
the arguments in [5] can be slightly modi�ed to show that a noncommutative
�( p) set cannot contain the sum A + B for any in�nite sets A and B . By
Theorem 4, this can therefore be applied to any setE with the property Z ?(k).
For the special setsEQ , stronger results are known: EQ cannot contain the
sum A + B for any in�nite set A and any set B with at least two elements.
This follows, for example, from a fairly deep result due to Mahler: for any
�nite set of primes Q, the gaps between consecutive integers free of primes
outside of Q tend to in�nity. The authors wish to thank Carl Pomerance for
bringing this to our attention.
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