THE GREEN FUNCTION ESTIMATES FOR STRONGLY
ELLIPTIC SYSTEMS OF SECOND ORDER

STEVE HOFMANN AND SEICK KIM

ABSTRACT. We establish existence and pointwise estimates of fundamental so-
lutions and Green’s matrices for divergence form, second order strongly elliptic
systems in a domain Q C R"™,n > 3, under the assumption that solutions of
the system satisfy De Giorgi-Nash type local Holder continuity estimates. In
particular, our results apply to perturbations of diagonal systems, and thus
especially to complex perturbations of a single real equation.

1. INTRODUCTION

In this article, we study Green’s functions (or Green’s matrices) of second order,
strongly elliptic systems of divergence type in a domain @ C R™ with n > 3.
In particular, we treat the Green matrix in the entire space, usually called the
fundamental solution. We shall prove that if a given elliptic system has the property
that all weak solutions of the system are locally Holder continuous, then it has the
Green’s matrix in Q. (For example, if coefficients of the system belong to the
space of VMO introduced by Sarason [19], then it will enjoy such a property). For
such elliptic systems, we study standard properties of the Green’s matrix including
pointwise bounds, L? and weak LP estimates for Green’s matrix and its derivatives,
etc.

For the scalar case, i.e., a single elliptic equation, the existence and properties
of Green’s function was studied by Littman, Stampacchia, and Weinberger [14]
and Griiter and Widman [11]. In this article, we follow the approach of Griiter
and Widman in constructing Green’s matrix. The main technical difficulties arise
from lack of Harnack type inequalities and the maximum principle for the systems.
The key observation on which this article is based is that even in the scalar case,
one can get around Moser’s Harnack inequality [18] or maximum principle but
instead rely solely on De Giorgi-Nash type oscillation estimates [5] in constructing
and studying properties of Green’s functions. From this point of view, this article
provides a unified approach in studying Green’s function for both scalar and systems
of equations. We should point out that there has been some study of Green’s matrix
for systems with continuous coefficients, notably by Fuchs [7] and Dolzmann-Miiller
[6]. Our existence results and interior estimates of Green’s function will include
theirs, since as is well known, weak solutions of systems with uniformly continuous
(or VMO) coefficients enjoy local Hélder estimates. On the other hand, we have
not attempted to replicate their boundary estimates, which depend in particular on
having a C! boundary. Our method does not require boundedness of the domain
nor regularity of the boundary in constructing Green’s matrices, while the methods
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of Fuchs [7] and Dolzmann-Miiller [6] require both boundedness and regularity of
the domain at the very beginning. We note that a scalar elliptic equation with
complex coefficients can be identified as an elliptic system with real coefficients
satisfying a special structure, and thus our results apply in particular to complex
perturbations of a scalar real equation. In the complex coefficients setting, the main
results of Section 3 in our paper can be also obtained by following the method of
Auscher [2]. The estimates of the present paper will be applied to the development
of the layer potential method for equations with complex coefficients in [1].

The organization of this paper is as follows. In Section 2, we define the prop-
erty (H), which is essentially equivalent to De Giorgi’s oscillation estimates in the
scalar case, and introduce a function space Y01’2(Q) which substitutes WO1 2(Q) in
constructing Green’s functions; they are identical if € is bounded but in general,
Y01’2(Q) is a larger space and is more suitable for our purpose. In Section 3, we
study Green’s functions defined in the entire space, which are usually referred to
as the fundamental solutions. The main result is that for a system whose coeffi-
cients are close to those of a diagonal system, the fundamental solution behaves
very much like that of a single equation. In Section 4, we study Green’s matrices in
general domains, including unbounded ones. We also study the boundary behav-
ior of Green’s matrices when the boundary of domain satisfies a measure theoretic
exterior cone condition, called the condition (S). We prove in particular that if the
coefficients of the system are close to those of a diagonal system, then again the
boundary behavior of its Green’s function is much like that of a single equation.
In section 5, we discuss the Green’s matrices of the strongly elliptic systems with
VMO coeflicients. By following the same techniques already developed in the pre-
vious two sections, we construct the Green’s matrix in general domains including
the entire space. One subtle difference is that in this VMO coefficients case, one
should play with a localized version of property (H) since basically, the regularity of
weak solutions of the systems with VMO coefficients is inherited from the systems
with constant coefficients when the scale is made small enough. Therefore, all the
estimates for the Green’s matrix stated in this section are only meaningful near a
pole.

Finally, we would like to mention that when n = 2, the method used in this
article breaks down in several places and for that reason we plan to treat the two
dimensional case in a separate paper.

2. PRELIMINARIES

2.1. Strongly elliptic systems. Throughout this article, the summation con-
vention over repeated indices shall be assumed. Let L be a second order elliptic
operator of divergence type acting on vector valued functions u = (u!,...,u™)T
defined on R™ (n > 3) in the following way:

(2.1) Lu = —Dy (A%’ Dsu),
where A*? = A*%(z) (o, =1,...,n) are N by N matrices satisfying the strong

ellipticity condition, i.e., there is a number A > 0 such that

N n
(2.2) A (2)E5¢L > MEP = 2D D IEL?, VreR”

i=1 a=1
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We also assume that Af‘jﬁ are bounded, i.e., there is a number A > 0 such that

N n
(2.3) SN IAY (@) < A% Yz eR™

ij=1a,8=1
If we write (2.1) component-wise, then we have
(2.4) (Lu)' = —Do (A3 Dgu’), Vi=1,...,N.
The transpose operator of L of L is defined by
(2.5) 'Lu = —D,(*A*’ Dgu),

where 'A“? = (AP*)T (ie., tA%B = A?Z—a). Note that the coefficients tAf‘jﬁ satisfy
(2.2), (2.3) with the same constants A, A.
In the sequel, we shall use the notation fg f := ﬁ J f (assuming 0 < |S| < 00),

where S is a measurable subset of R™ and |S| denotes the Lebesgue measure of
measurable S.

Definition 2.1. We say that the operator L satisfies the property (H) if there exist
o, Ho > 0 such that all weak solutions w of Lu = 0 in Bg = Bgr(xg) satisfy

S

n—242p
(2.6) / |Du|2§H0(T) / Dul>, 0<r<s<R.
B, Bs

Similarly, we say that the transpose operator L satisfies the property (H) if corre-
sponding estimates hold for all weak solutions u of ‘Lu = 0 in Bg.

Lemma 2.2. Let (ao‘ﬁ(:v))g)ﬁzl be coefficients satisfying the following conditions:
There are constants Ao, Ag > 0 such that for all x € R™

2
(2.7) a®?(2)¢p8a > Mo lEf°, VEER™ D |aP(z)]” < AG.
Then, there exists eg = eg(n, Ao, Ao) such that if

2
<e, VreR",

(2.8) () = Z ‘Af‘f(x) —a“?(2)6i;

then the operator L associated with the coefficients A?jﬁ satisfies the condition (H)
with po = po(n, Ao, Mo), Hyo = Ho(n, N, Ao, Ag) > 0.

Proof. See e.g., [12, Proposition 2.1]. O
Lemma 2.3. Suppose that the operator L satisfies the following Hdélder property

for weak solutions: There are constants pg, Co > 0 such that all weak solutions u
of Lu = 0 in Bar = Bag(zg) satisfy the estimate

1/2
(2.9) Mmmms%mmg’mﬁ ,
Bor

where [flcn(q) denotes the usual C*(S2) semi-norm of f; see [10] for the definition.
Then, the operator L satisfies the property (H) with o and Hy = Hoy(n, N, A\, A, Cy).
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Proof. We may assume that r < s/4; otherwise, (2.6) is trivial. Denote @, = f, wu.
We may assume, by replacing w by uw — uy, if necessary, that ws = 0. From the
Caccioppoli inequality, (2.9), and then the Poincaré inequality, it follows

/ |Du|2 < Cr_2/ |u — HgT|2 < CT_2/ ][ |u(z) — u(y)\2 dy dx
BT BQT BQT B2T‘
< Cr 2 [uldm gy, ) (2r) %10 | Bay| < COr 2 F2H0[u2

< /sy [ < ofejsyre [ pul,

B, Bs

Bgy2)

The proof is complete. |

Lemma 2.4. Assume that the operator L satisfies the property (H). Then, the
operator L satisfies the Holder property (2.9). Moreover, for any p > 0, there
ezists Cp = Cp(n, N, X\, A, o, Ho, p) > 0 such that all weak solutions u of Lu =0
in Br = Br(xo) satisfy

Cp

(2.10) [wll (s, < R=rle lullropry . Vr€(0,R).

Proof. From a theorem of Morrey [17, Thoerem 3.5.2], the property (H), and the
Caccioppoli inequality, it follows that

(2.11) (WS () < CRZT2H0 HDU||%2( < CR™" 20 ||u||i2(B2R) :

Bsgry2) =

Then, by a well known averaging argument (see e.g., [12]) we derive

1/2
2
(212) i < € (1)
Bar

where C' = C'(n, N, A\, A, po, Hp) > 0. For the proof that (2.12) implies (2.10), we
refer to [9, pp. 80-82]. |

2.2. Function spaces Y 2(Q2) and Y, *(Q).

Definition 2.5. For an open set 2 C R (n > 3), the space Y12(Q) is defined as

the family of all weakly differentiable functions u € L?" (), where 2* = %, whose

weak derivatives are functions in L?(2). The space Y1:2(€2) is endowed with the
norm

lully12) = llull L2 @) + [[Dull 2 (g -
We define Y, (2) as the closure of C2°(Q) in Y'12(Q), where C2°(1) is the set of

all infinitely differentiable functions with compact supports in €.

We note that in the case © = R”, it is well known that Y2(R") = Y;"*(R™);
see e.g., [15, p. 46]. By the Sobolev inequality, it follows that

(2.13) lull oy < Cn) 1Dl oy Y € Y2 (€2).

Therefore, we have Wy > (Q) C Yy *(Q) and W, *(Q) = Yy *(Q) when Q has finite
Lebesgue measure.
From (2.13), it follows that the bilinear form

(2.14) (U, v) :z/DauiDavi
Q
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defines an inner product on H := Y;"*(Q)N. Also, it is routine to check that H
equipped with the inner product (2.14) is a Hilbert space.

Definition 2.6. We shall denote by H the Hilbert space Y, *(Q)" with the inner
product (2.14). We denote

1/2
iy o= (w,u)gy® = [ Dul| 2 -

We also define the bilinear form associated to the operator L as
B(u,v) := / Af‘jﬁDﬁujDavi.
Q

By the strong ellipticity (2.2), it follows that the bilinear form B is coercive; i.e,
(2.15) Bu,u) > X (u, u)gy .

3. FUNDAMENTAL MATRIX IN R"

Throughout this section, we assume that the operators L and UL satisfy the
property (H). The main goal of this section is to construct the fundamental matrix
of the the operator L in the entire R”, where n > 3. Since Y12(R") = Y, "*(R™),
we have, as in Definition 2.5,

lull por gy < C(n) | Dl pazay . Vu € YRHR™).

We note that WH2(R") ¢ Y 2(R?) € W,o?(R"). Unless otherwise stated, we
employ the letter C' to denote a constant depending on n, N, A\, A, ug, Hp, and
sometimes on an exponent p characterizing Lebesgue classes. It should be under-
stood that C' may vary from line to line.

3.1. Averaged fundamental matrix. Our approach here is based on that in
[11]. Let y € R™ and 1 < k < N be fixed. For p > 0, consider the linear functional
u — pr(u) u®. Since

fo™
B, (y)

Lax-Milgram lemma implies that there exists a unique v, = v,y 1 € H such that
(3.2) / A}’ Dgvl Dou’ :][ u*,  Yu e H.
" B, (y)

Note that (2.15), (3.2), and (3.1) imply that

2 —-n
Mlvpligy < B(wp,v,p) < CpP M2 vy,

(3.1) < P22 [ e gy < O/ [l

and thus we have

(33) 1DVl 12 gy = 0l < Cp72.

We define the “averaged fundamental matrix” I'’(-,y) = (F?k( . 73/))?,[1@:1 by
(3.4) Do (oy) = vl = vy

Note that we have

(3.5) / A;ﬁDﬁrjk(-,y)Dauiz][ uf, Vu e H,
R™ By(y)
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and equivalently (o < 8,1 < j).

(3.6) / T Dgu? Do (-, y) :]l uf, Yue H.
" Bp(y)

In the sequel, we shall denote by L2°(f2) the family of all L> functions with
compact supports in 2. For a given f € L°(R")Y consider a linear functional

(3.7) w — f-w,
R’n
which is bounded on H since
B8 | L] <1 g 0] ) < O ) P

Therefore, by Lax-Milgram lemma, there exists u € H such that
(3.9) / tAg.BDBuﬂ'Dawi = / flw', Vw e H.
R R

In particular, if we set w = v, in (3.9), then by (3.6), we have

(3.10) / rfk«,y)fi:]{g()uk.
n Y

Moreover, by setting w = wu in (3.9), it follows from (3.8) that
(3.11) ||Du||L2(R") <C ||f||L2"/(n+2)(Rn) .

3.2. L™ estimates for averaged fundamental matrix. Let u € H be given as
n (3.9). We will obtain local L estimates for u in Bgr(zo), where o € R"™ and
R > 0 are fixed but arbitrary.

Fix * € Bg(zp) and 0 < s < R. We decompose u as u = uj + ua, where
u; € WhH2(Bg(z))Y is the weak solution of ‘Lu; = 0 in By(z) satisfying u; = u on
OB(x); ie., uy —u € Wy ?(By(z)). Then, for 0 < r < s, we have

/ |Dul? < 2/ | Duy |2 +2/ | Dusy|?
() B, (x) r(z)
n—242p
gc(f) °/ |Du1|2—|—2/ | Dus |
S Bs(z) BS(I)
n—242u
<c(h) / |Du|2+0/ \Dus?.
s B. () B.(z)

Since ug € Wy *(Bs(z))N is a weak solution of ‘Lug = f in B,(x), we have

[ 1Dwl < CUflemmeno, o
Bs(x)
For given p > n/2, choose pg € (n/2,p) such that py := 2 —n/pg < po. Then

(312) |1

Therefore, after comblning the above inequalities, we have for all r < s < R

r n—2+4+2uo _
[l =) pul e e
B, (x) S Bs(x)

2 1+2/n—2 2 e
oy S Mooy [Bol 720 < O gy 8™ 220

Ln+2
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By a well known iteration argument (see e.g., [8, Lemma 2.1, p. 86]), we have

r n—2+4+2u1 _
/ Du < (4) / Duf? + Crm=22m | F2, )
B, (z) Br(z)

r n—2+2u1 _
<c(g) " [ el e g .

for all 0 < r < R and « € Br(xo). From (3.13) it follows (see, e.g. [12])

(314) Wy < C (RO 1Dul e g + 11 ) -

Note that since u € H, we have

(3.13)

||u||§,2(BR(mO)) < ||U||2Lz*(BR(mO)) |Br|*" < CR? ||Du||i2(nw) :
Consequently, we have
||U||2Loo(BR/2(mo)) < CR*™ (Ul 3oy + CRT Nl 72 (5120
< O (R Dl iy + B £y a) + CF [l
< CR*" ||f||i2"/(n+2)(]R") +CR* ||f||ipo(]Rn) ;

where we used the inequality (3.11) in the last step.
Therefore, if f is supported in Bg(zg), then (3.12) yields (recall u1 =2 —n/pg)

(315) Nl zo sy o)) < OB NF o0 (Bageny) < OB P UF Lo (Baten))

Now, (3.10) implies that for p < R/2, we have, by setting xo = y in (3.15),

/ ka( 7y)fl
Br(y)

provided that f is supported in Br(y). Therefore, by duality, we see that
(3.17) 1ol La(Briy) < CR2 "/, wgell, 1), Vpe(0,R/2),

(3.16)

s]{g T S O Sl o> 2
oY

where v, = v, 1 is as in (3.4).
Fix  # y and let r := 2 |2 — y|. If p < /2, then since v, € W?(B,(z))" and
satisfies Lv, = 0 weakly in B,(z), it follows from Lemma 2.4 that

(3.18) lvp(z)| < Cr™" ||'Up||L1(BT(m)) <cr ||vp||L1(Bgr(y)) <o,
Since p,y, k are arbitrary, we have obtained the following estimates.
(3.19) T (@, y)| < Cle =y, Vp<|z—y|/3

3.3. Uniform weak-L72 estimates for I'”(-,y). We claim that the following
estimate holds:

(3.20) / IT7(-,y)|"2 <CR™, YR>0, Yp>0.
R™\Br(y)
If R > 3p, then by (3.19) we have

/ |I‘p($ay)|% dx <C |lx — y|_2" dr < CR™™.
R™\Br(y) R™\Bgr(y)
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Next, we consider the case R < 3p. Let 'u,f be the k-th column of the averaged
fundamental matrix I'’(-,y) as in (3.4). From (3.3), we see that

1ol L2* g By < N00ll 2 gy < 1DVl Loy < CpP7™/2,

and thus (3.20) also follows in the case when R < 3p.
Now, let A; = {x € R" : |T”(x,y)| > t} and choose R = t~'/("=2)_ Then,

ANBa@ <7 [ < o B e - o,
Ai\Br(y)

Obviously, |A; N Br(y)] < CR™ = Ct~72. Therefore, we obtained that for all
t > 0, we have

(3.21) {z e R": |T7(z,y)| > t}| < Ct™ 72, VYp>0.
3.4. Uniform weak-L7-1 estimates for DI'’(-y). Let v, be as before. Fix a

cut-off function n € C°°(R™) such that n = 0 on Bg/2(y), n = 1 outside Br(y),
and |Dn| < C/R. If we set u := n?v,, then by (3.2)

0 :/ nQA?jﬁDgUZDav; +/ 277A?jﬁng£U2Dan7
Rn Rn
which together with (3.19) implies that if R > 6p, then
/ |Dv,|* < CR™? lv,|* < CR?™™.
R™\Br(y) Br(y)\Br/2(v)
On the other hand, if R < 6p, then (3.3) again implies

/ Dw,|? < / Dw, > < Cp2" < CR>™.
R™\Br(y) R™

Therefore, we have

(3.22) / |DT?(-,y)]> < CR*™, VYR>0, Vp>O0.
R™\Br(y)
Next, let A; = {x € R" : |D,T*(z,y)| >t} and choose R = ¢t~/ ("~ Then
ANBrI <62 [ DGy <o
A\Br(y)

and |A, N Br(y)] < CR™ = Ct~»~1. We have thus find that for all t > 0, we have
(3.23) {z € R" : |D,T*(z,y)| >t} < Ct™ 71, VYp>0.

3.5. Construction of the fundamental matrix. First, we claim

(324) ||Drp( ’ 7y)||Lp(BR(y)) < CpRl_n+n/p7 Vp>0, Vpe (07 L)

n—1

Let v, be as before. Note that

/ |Dv, P = / v, P+ / D, P
Br(y) Br(y)n{|Dvr|<7} Br(y)N{|Dvr|>7}

< | B +/ Dv, |7
{|Dvr|>1}
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By using (3.23), we estimate
/ Doyl = [ gt ((1D0?] > max(t. 7}
{|Dvr|>7} 0
< CT‘ﬁ/ ptpfldt+c/ ptP 1=/ (1) gy
0 T

=C (1 -p/(p— ﬁ)) rp=n/(n=1),

By optimizing over 7, we get
(3.25) / |Dv,|P < CRU—mPtn
Br(y)

from which (3.24) follows.
If we utilize (3.21) instead of (3.23), we obtain a similar estimates for I'’( -, y)

(326) ||11p( ’ 7y)||LP(BR(y)) = CpRQ—n-Q—n/p, Vp > 0, Vp € (07 %)

Let us fix ¢ € (1,-27). We have seen that for all R > 0, there exists some
C(R) < oo such that

[T7(- ’y)HWl!q(BR(y)) <C(R), Vp>O0.

Therefore, by a diagonalization process, we obtain a sequence {pu}:o:1 and T'(-,y)
in W9 (R™)N*N such that lim,, . p, = 0 and that

(3.27) L7 (-y) = T(-,y) in WH(Br(y))"", VR >0,

where we recall that — denotes weak convergence. Then, for any ¢ € C°(R™)V,
it follows from (3.5)

[ A DT )t = i [ A DTS ()P
(3.28)
= lim ¢ =" (y).
K= JB,, (y)
Let v;;r be the k-th column of T'’(-,y) as before, and let vT be the corresponding

k-th column of T'(-,y). Then, for any g € L°(Bgr(y))", (3.26) yields

[ v / vpu-g‘scpz#”*”/pngnm/wy)),

where p’ denotes the conjugate exponent of p € [1, -5). Therefore, we obtain

= lim
H—00

(3.29)

(3.30) ITC 9 Lo (Breyy < Cp BZP, Wp € [1, 3255).
By a similar reasoning, we also have by (3.24)
(3.31) IDT (-, 9)l| oy < Co RY™EVP, Wp e [ 22).
Also, with the aid of (3.20) and (3.22), we obtain
(3:32) [ rCwl <o

R™\Br(y)

(3.33) / IDT(-,y)|* < CR*™.
R™\Br(y)
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In particular, (3.32), (3.33) imply that

(334 ITC o0l S Cr' 2, ¥ >0

Moreover, arguing as before, we see that the estimates (3.32) and (3.33) imply
(3.35) {z e R : [T(x,y)| > t}| <Ot~ 72, Vt>0

(3.36) {z € R": |D,T(z,y)| >t} < Ct—77T Vit >0.

Next, we turn to pointwise bounds for I'(-,y). Let v” be the k-th column of
I'(-,y). For each  # y, denote r = 2|z —y|. Then, it follows from (3.34) and
(3.28) that v is a weak solution of Lv = 0 in B,(x). Therefore, by Lemma 2.4 and
(3.30) we find
(

3.37) (@) < Cr7 [0l L1 g, )y < O 0l 1y, () < CF27,
from which it follows
(3.38) ID(,y)| < Cle—y[*™", Va#y.

3.6. Continuity of the fundamental matrix. From the property (H), it follows
that I'(-,y) is Holder continuous in R™ \ {y}. In fact, (2.11) together with (3.28)
and (3.33) implies

(339)  [T(z,y) ~T(z,y)| < Clo— 2" o — gy "7 it |z — 2| < |z —y| /2.

Moreover, by the same reasoning, it follows from (2.11) and (3.22) that for any
given compact set K € R™\ {y}, the sequence {I'"*( - ,y)}:i1 is equicontinuous on
K. Also, by Lemma 2.4 and (3.20), we find that there are Cx < oo and pg > 0
such that

(3.40) I )l e (i) < Ok Vp < pg  for any compact K € R™ \ {y}.
Therefore, we may assume, by passing if necessary to a subsequence, that
(3.41) T*#(-,y) — I'(-,y) uniformly on K, for any compact K € R" \ {y}.

We will now show that I'(x, -) is also Hélder continuous in R™ \ {z}. Denote
by T (-, z) the averaged fundamental matrix associated to ‘L, the transpose of L.
Since each column of T'”(-,y) and T7(-,z) belongs to H, we have by (3.5),

[ g - / AP DT, ()DL (- )
(342) p(y)

:/ tA?iaDaTgl(-’z)Dgrgk(-’y) :][ ka(wy)-

Bo(m)

By the same argument as appears in Sec. 3.5, we obtain a sequence {al,}iozl tending
to 0 such that T (-, z) converges to T'( -, z) uniformly on any compact subset of
R™ \ {z}, where T'(-,z) is a fundamental matrix for 'L satisfying all properties
stated in Sec. 3.5. By (3.42), we find that

do=f o TiCw.
By, (v) Bo, ()
From the continuity of I} (-, y), it follows that for z,y € R with x # y, we have

: kl _ 1 Pu (. — Pu
S g = Jim f T Co) =T )



GREEN FUNCTION ESTIMATES 11

and thus by (3.41) we obtain
lim lim ngj = lim I} (2,y) = Ti(z, ).
HU—00 V—00 H—00

On the other hand, (3.27) yields
lim gt = lim T =f  Tul)
vee YU B,,, (v) By, (y)

and thus it follows from the continuity of Ty, (-, z) that

lim lim gl’jfj = lim Tr(z) = Tuly ).

pmee oo W= By, (y)
We have thus shown that

Tin(z,y) = Tu(y,z), Vk,iI=1,...,N, Vx#uy,
which is equivalent to say
(3.43) L(z,y) = T(y,z)", Vz#uy.

Therefore, we have proved the claim that T'(z, - ) is Holder continuous in R™\ {z}.
So far, we have seen that there is a sequence {p#}zoz1 tending to 0 such that

IPe(-,y) = T'(-,y) in R™\ {y}. However, by (3.42), we obtain
(3.44)

i.e., we have the following representation for the averaged fundamental matrix:

(3.45) T’ (z,y) :][ I'(z,z2)dz.
Bp(y)
Therefore, by the continuity, we obtain
(3.46) lir% I(z,y) =T(z,y), x#uy.
p—

3.7. Properties of fundamental matrix. We record what we obtained so far in
the following theorem:

Theorem 3.1. Assume that operators L and L satisfy the property (H). Then,

there exists a unique fundamental matriz T'(x,y) = (T'y;(z, y))f\gzl (x # y) which is

continuous in {(xz,y) € R™ x R"™ : & # y} and such that T'(z, -) is locally integrable

in R™ for all x € R™ and that for all f = (f1,..., M) € CR™Y, the function

u=(ul,...,u™)T given by

(3.47) ule) = [ Tnf)dy

belongs to Y12(R™)N and satisfies Lu = f in the sense

(3.48) /Rn AP Dgul Dog' = . figt, Vo e C2RMN.
Moreover, T'(xz,y) has the property

B4 [ AP 9D =6 V€ CZ (R,
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Furthermore, T'(x,y) satisfies the following estimates:

(3:50)  ITC,9)lly e\ B,y + IT@s lly12@m b @) <Cr' %, Vr>0,
(3.51) ||I‘('7y)||LP(BT(y)) + | T(z, ')”LP(BT(;E)) < O;DT2_TL+%5 vp € [1, ;%)
(3:52) IDTC0) oo + 1T Miws oy < Cor' ™5, Ve [1,227),
(3.53) Hz e R" : |D(z,y)| >t} + {y € R" : |D(z,y)| > t}| < Ct =z,
(3.54)  [{z € R":[D,T(z,y)| >t} + [{y € R" : |D,L(z,y)| > t}| < Ct~ 71,
(3.55) I(x,y)| < Cle =y, Va#y,

(356) [T(x,y) —T(z,y)| < Clo—2" |z —y[* "7 if |z -2 <|e—y| /2,
(357)  |T(w,y) = T(w,2)| < Cly— 2" |z —y[*"7" if ly—z| <[z —yl|/2,

where C' = C(n, N, \, A, uo, Hy) > 0 and C, = Cp(n, N, \, A, 10, Ho, p) > 0.

Proof. Let T'*(x,y) and T'(x,y) be constructed as above. We have already seen
that T is continuous in {(z,y) € R™ x R"™ : 2 # y} and satisfies all the properties
(3.49) — (3.57). By using the Lax-Milgram lemma as in Sec. 3.1, we find that for
all f € C>®(R™)¥, there is a unique u € Y12(R")V satisfying

/ AP Dgu? Dov' = / fit, Yo e YRRV,
R" R™
If we set v* = I'?,(z, -) above, then (3.5) together with (3.43) implies that
(3.58) / 7 (z, ) f :/ tAin‘DatTfk( -, x)Dgu? :][ u®.
" " By (x)

Assume that f is supported in Bgr(z) for some R > 0. Then, by (3.27) and (3.43)
we have

lim . (x, f = lim . (x, Nt = /n Cri(z, <) f*.

p—0 Rn p—0 BR(:E)
By the same argument which lead to (3.14) in Section 3.2, we find that u is Holder
continuous. Therefore, (3.47) follows by taking the limits in (3.58).
Now, it only remains to prove the uniqueness. Assume that I'(z, y) is another ma-

trix such that I is continuous on {(z,y) € R™ x R" : z # y} and such that I'(z, -)
is locally integrable in R™ for all z € R™ and that for all f € C°(R™)V,

als) = [ Do) fw)dy

belongs to Y12(R") and satisfies Lu = f in the sense of (3.48). Then by the
uniqueness in H = Y12(R")V | we must have u = @. Therefore, for all z € R™ we
have

[ @-Dwar=o vrecEEn,
and thus we have ' =T in {(z,y) € R" x R" : z # y}. O

Theorem 3.2. Assume that the operators L and 'L satisfy the property (H). If
fe (L R NLP

PJ(RNY for some p > n/2, then there exists a unique u in
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YL2(R™)N such that
(3.59) /Rn A} Dgu? Dov' = / ft, Yo e YR2(RYN.
Moreover, u is continuous and has the following representation:
(3.60) uk(:v)z/n Tri(z, ) fi(y)dy, k=1,...,N,
where (T (z, y))i\fi:1 is the fundamental matriz of L.
Proof. Since f € L%(R”)N, the same argument as appears in Sec. 3.1 implies

that there is uw € Y12(R")V satisfying (3.59). If we set v’ = I'},(z, -) in (3.59),
then (3.2) implies that

(3.61) / 7 (z, -)fi:/ tA?io‘Dathk(-,:c)Dﬁuj :]{9 ( )u’f.
P T

Next, note that (3.20), (3.26), and the assumption f? € L%(Rn) NnLy.
some p > n/2, imply that

lim I (z, O ft = lim / Iy (z, If +/ Iy, (x, If
p—0 Jrn =0\ JB; () R™\ By ()
(3.62) :/ Thi(z, -)fi+/ Tyi(z, ) f!
B (x) R™\ By (2)

= /n iz, -)f°

Finally, by the same argument which lead to (3.14) in Sec. 3.2, we find that w is
Holder continuous, and thus (3.60) follows from (3.61) and (3.62). O

(R™) for

Corollary 3.3. Suppose that f = (f',..., fN)T has a bound
(3.63) If(z)| < C(1+ |&))~0+/2H) ve e R™ for some e > 0.

Then, u = (ul,...,u!)T given by (3.60) is a unique Y12(R™)N solution of Lu = f
in R™ in the sense of (3.59).

Proof. Note that (3.63) implies f € (L%(R") N LP(R™))V. O

Theorem 3.4. Assume that L and 'L satisfy the property (H). If f € Y12(R™)N
satisfies Df € LY (R™M)N*" for some p > n, then

loc

(3.64) fH@) = | Dalwi(z, VA Dsfi, k=1,....N,

where (T (z, y))i\fi:1 is the fundamental matriz of L.

Proof. We denote by T* the averaged fundamental matrix of ‘L. Recall that
columns of T belong to H. Then, by (3.5) we have

/n tAJ@iaDank( -, x)Dgf? :][ 7~

Bp(m)
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As in (3.62), the assumption Df € L? (R")V for p > n, together with (3.22) and
(3.24) yields

lim f* = lim / + / AT DTS (-, 2) D f
=0 JB,(z) P=0\JBi(x) "\B1 ()
(3.65) _ / i / AXDoTir(-,2) D f?
Bi(z) JRM\Bi(2)

= / AP DoTgi(w, )Dpf?.

where we used (3.43) in the last step. By the Morrey’s inequality [17], f is contin-
uous and thus (3.64) follows from (3.65). O

Corollary 3.5. Assume that L, 'L, L, and 'L satisfy the property (H). Denote by
T and T’ the fundamental matrices of L and L, respectively. If the coefficients A?jﬁ

of L and /if;ﬁ of L are Hélder continuous, then

(3.66) Tim(2,y) = Lim(z,y) + . Do, - ) (A = APV Dl (-,y),  x #y.

Proof. We denote by T and T” (p < |& — y| /4) the averaged fundamental matrices
of L and L respectively. Recall that columns of '’ and NG belong to H. Moreover,
since we assume that the coefficients are Holder continuous, the standard elliptic
theory, (3.38), and (3.45) implies that DT’ (x, - ) and DI( -, y) are locally bounded.
Therefore, by setting f/ = f‘fm( -,%) in (3.64) we have

(3.67) ) (2,y) = [ Dalu(@, DAY DT, (-, ),

Next, set f/ = I‘lpj (z, -) and apply (3.64) with L replaced by L to get
Cha(ey) = | Doy, )AL Dale, )

By using (3.43) and interchanging indices (a < 3, i < j), we obtain

(3.68) Pin(@y) = | Dalfi(@ )AY Dalym(-,v).

Now, set r = |z — y| /4 and split the integral (3.67) into three pieces (recall p < r)

/ +/ +/ Darli(xa )AZﬁDﬁf_?m(vy)
B, (z) B (y) "\(Br(z)UBr(z))

Since we assume that the coefficients are Holder continuous, it follows from the stan-
dard elliptic theory that DI'(z, - ) and DT'(-,y) are continuous (and thus bounded)
on B, (y) and B,(z) respectively. Moreover, (3.45) implies

DI?(-,y) — DI(-,y) uniformly on B,(z) as p — 0.
Therefore, as in (3.65), we may take the limit p — 0 in (3.67) to get

f‘lm(‘ruy) = . Dol'i(, ')A%BDBf‘jm('=y)7
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Similarly, by taking the limit p — 0 in (3.68), we obtain

R’Vl
The proof is complete. O

Remark 3.6. We note that in terms of matrix multiplication (3.60) is written as

ale) = [ T i)y

where both u, f are understood as column vectors. Also, (3.66) reads

T(x,y) = T(x,y) + . DT (z, -)(AF — AP\ DT (-, y).

4. GREEN’S MATRIX IN GENERAL DOMAINS

4.1. Construction of Green’s matrix. In this section, we shall construct the
Green’s matrix in any open, connected set {2 C R™, where n > 3. To construct the
Green’s matrix in 2, we need to adjust arguments in Section 3.

Henceforth, we shall denote ,.(y) := QN B, (y) and d, := dist(y, 9Q). Also, as
in Section 3, we use the letter C' to denote a constant depending on n, N, A, A, o,
Hy, and sometimes on an exponent p characterizing Lebesgue classes.

It is routine to check that for any given y € Q and 1 < k < N, the linear
functional w — pr(y) u* is bounded on H = Y "*()N. Therefore, by Lax-Milgram

lemma, there exists a unique v, = v,y 1 € H such that

(4.1) / A’ Dgvl Dou’ :][ uf, Yue H.
Q Q,(y)

Note that as in (3.3), we have
2-n
(4.2) ||D'Up||L2(Q) = [lvpllg < C12(y)[ .
We define the “averaged Green’s matrix” G*(-,y) = (ng( . ,y))?fk:l by
ng( SY) = ”5 = Ufuy,k'
Note that as in (3.5), we have

(4.3) / A%—BDQG?,C( -, y)Dau’ :][ uf, Yu € H.
Q Qp(y)

Next, observe that as in (3.7)—(3.10), for any given f € L°(Q)Y, there exists a

unique u € H such that
Q Q,(y)

Moreover, as in (3.11), we have

||Du||L2(Q) <C ||f||L2n/(n+2)(Q) :

Also, by following the argument as appears in Section 3.2, we find that if f is
supported in Bg(y), then we have

el Lo (B ae)) < CR*™? | fllto(ntyy YR <dy, Yp>n/2.
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Therefore, as in (3.16), for any f € L2°(Br(y)), R < dy, we have

/ Gfk( 7y)fi
Br(y)

Therefore, as in (3.17), we see that if R < d,, then

1G9 La(ppgy) < CR*™9, ¥p < R/4, Vge[l,:25).
Then, by following the lines in (3.18)—(3.19), we obtain

GP (@) < Clo—yl”™ i lr -yl <dy/2, Yp<|z—y|/3.

Next, we shall derive an estimate corresponding to (3.22). Let n € C*°(R"™) be
a cut-off function such that 0 <7 < 1, n = 1 outside Br/2(y), n = 0 on Bg/4(y),
and |Dn| < C/R, where R < d,,. By setting u = n?v, € H in (4.1), we obtain

[ Do, <c [ 1puf o, <cr® [ o,
Q Q Br2(y)\Br/a(y)

(44) < OR72/ |I _ y|2(2—n) dx
Br/2(y)\Br/a(y)

=CR?R* " =CR*™", Vp<R/12.
Therefore, we have (r = R/2)

< CR* /P £l e (Brey) > P <R/4, Vp>n/2

(4.5) / IDGP(-,y)? < Cr* ™, Vp<r/6, Vr< dy/2.
N\ B:(y)

On the other hand, (4.2) implies that if p > r/6, then

2—n

@o) [ el < [ D) <cln,ml T <o
N\Br(y) Q

Therefore, by combining (4.5) and (4.6), we obtain
(4.7) / IDG*(-,y)|> < Cr*™, Yr<d,/2, Yp>0.
Q\Br(y)

From the estimate (4.7), which corresponds to (3.22), we can derive an estimate
corresponding to (3.24) as follows. By following the lines between (3.22) and (3.23),
we obtain

(4.8) {z € Q:|D,G (z,y)| >t} <Ct a1, Yp>0 ift>(d,/2)'"
Then, by following lines (3.24)—(3.25), we find (set 7 = (R/2)1™")

n—1

4.9 DG*(-,y)lf < CRrU-mtn  yRp < d, . Vp >0, Vpe(0,-2-).
= y
Br(y)

Now, we will derive estimates corresponding (3.20) and (3.26). Let 1 be the
same as in (4.4). Note that (4.4) and (4.7) implies that for R < d,

(4.10) / DO, < 2/ 7 | Dv, |* +2/ Dl 0,2 < CR*™, Yp < R/12.
Q Q Q
Since v, € H = Y;"*(Q), it follows from (4.10) and (2.13) that

(4.11) / lv,|% <Cr ™, Vr<d,/2, Yp<r/6.
AN\Br(y)
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On the other hand, if p > r/6, then (4.2) implies

2% /2
2% 2" 2
v S/ v <C (/ Dv >
(4.12) /Q\Br(y) ol Q o Q Doyl

<CQ, "t <or
Therefore, by combining (4.11) and (4.12), we obtain

(4.13) / IGP(-,y)|* <Cr™™, Vr<d,/2, Yp>0.
OB, (1)

As in Section 3.3, the above estimate (4.13) yields
(4.14) {z € Q: |G (z,y)| >t} <Ct 72, Vp>0 ift>(d,/2)*
Then, as we argued in (4.9), we find (set 7 = (R/2)>™")

(4.15) / GP(- y)P < CRPG=™0 VR <d, Vp>0, Vpe(0,-2).
Br(y)

Now, observe that (4.9) and (4.15) in particular imply that
(4.16)  |1G”(-, 9|l »(Bay () = C(dy) for some p € (1, -25), uniformly in p.

Therefore, from (4.16) together with (4.7) and (4.13), it follows that there exist a
sequence {p#}zoz1 tending to 0 and functions G(-,y) and G(-,y) such that

(4.17) G (-,y) = G(-,y) in W'P(Bg,(y)"*" and
(4.18) G’ (-,y) =~ G(-,y) in Y12(Q\ By, 2 (y)N N as p— oc.
Since G(-,y) = G(-,y) on Ba,(y) \ Ba, 2(y), we shall extend G(-,y) to entire Q

by setting G(-,y) = G(-,y) on Q\ By, (y) but still call it G(-,y) in the sequel.
Moreover, by applying a diagonalization process and passing to a subsequence, if
necessary, we may assume that

(4.19)  G**(-,y) = G(-,y) in Y'2(Q\ B.(y)V*N as p — o0, Vr<d,.
We claim that the following holds:
(420) | A DG Dt = (). Vo€ O ()

To see (4.20), write ¢ = n¢ + (1 —n)p, where n € C°(Bg,(y)) is a cut-off function
satisfying n = 1 on By, 2(y). Then, (4.3), (4.17), and (4.19) yield

¢*(y) = lim n¢* + lim (1 —n)g"
H=20 )Ry, (v) H=20 )9y, (v)
= lim AP DGl (- y)Da(ng') + Jim /Aa"D G% (-.y)Da((1 = n)¢")

:1}$m%mwwmwnffﬁm@mwwmkmw>

:/A%ﬁDﬁij(',y)Daqbi as desired.
Q

Next, we claim that G( -, y) = 0 on 9 in the sense that for all n € C2°(Q) satisfying
n =1 on B,(y) for some r < d,, we have

(1=mG(-.y) € Yy ()N,
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To see this, it is enough to show that
4.21 1—nG*(-,y) = (1 -nG(: in Y'2(Q)VN as p— oo
(4.21) (1—n) Y nG(-y 1 7

for (1 — )G (-,y) € Y 2 (NN for all x> 1 and Y, *(Q) is weakly closed in
Y12(Q) by Mazur's theorem To show (4.21), we note that (4.19) yields

/Q( NGr(-,y)o = /sz )1 =1 ¢—11m/G yy) (1 —n)é

= lim ( )GZ;L( ,Y)o, Vo e Lm(ﬂ),

p—>00

/QD<<1_77>GM< )= — /le y) Dy ¢+/DGM y)- (1=

= — lim Gif(-,y)Dn-¢+M1Lrgo QDGZ;‘(-,y)-(l—n)dJ

=0 Jo
= lim | D0 -mG (). Ve L@
By using the same duality argument as in (3.29), we derive the following esti-
mates that correspond to (3.30)—(3.36):

(422) HG( ) y)”LP(BT(y)) S O;D T27n+n/p7 VT < d’ya vp € [ Y n— 2)
(4.23) IDG(- )l Lo, ) < Cp riTne e <d,, Wp e, 1))
(4.24) 1G(-, y)”Ylﬂ(Q\Br(y)) <Cr'ThE v < dy/2,

(4.25) He € Q:|G(z,y)| >t} <Ot~ 7z, Vt>(d,/2)°",

(4.26) {z € Q:|D,G(z,y)| >t} < Ct 71, Vit > (d,/2)' ™.

Also, we obtain pointwise bound and Holder continuity estimate for G(-,y)
corresponding to (3.38) and (3.39), respectively, as follows. Denote by vT the k-th
column of G(-,y) and set R := d; /2, where
(4.27) sy = min(dy, dy, |z — y|).

Since v is a weak solution of Lu = 0 in Bsg/s(x) C Q\ Bg/2(y), it follows from
(2.10) and (4.24) that

|v(gc)| < CRC-™/2 H’UHLZ* (N\Br/2(y)) < CRQ_R’
which in turn implies that
(4.28) |G(z,y)| < Cd2 " o where d ,, := min(d,, dy, |z — y]).

In particular, we have
(4.29) G(z,y)| < Clz—y|*™ if |z —y| <dy/20r |z —y| <d,/2.
Similarly, it follows from (2.11) and (4.24) that

430 o SCRTH [ Dot < oRAE),
Bsry2()

Therefore, we find that

(4.31) |G(x,y) — G(z,y)| < Clz — 2| CE;TL_HO if v — 2| < dyy/2,

where d,, is given by (4.27).



GREEN FUNCTION ESTIMATES 19

Denote by ‘G° (-, z) the averaged Green’s matrix of ‘L in Q with a pole at z € Q.
Observe that we have an identity corresponding to (3.42).

(1.32) f oG- ot
2 (y) Qo ()

Let 'G(-,z) be a Green’s matrix of ‘L in Q with a pole at z € Q that is obtained
by a sequence {o,} -, tending to 0. Then, by a similar argument as appears in
Section 3.6, we obtain

(4.33) Gu(z,y) = Gu(y,x), Vk,l=1,...,N, Vao,ye€Q, x#y,
which is equivalent to say
(4.34) G(z,y) = 'Gly,x)", Vo,yeQ, z#y.

Using (4.34), we find that G(z, -) satisfies the estimates corresponding to (4.22)—
(4.26) and (4.31). Moreover, by following the lines (3.44)—(3.45) and using (4.32)

we obtain
(4.35) G’ (z,y) :][ G(z,2)dz.
Q,(y)

Therefore, by the continuity, we find
(4.36) lim G*(z,y) = G(z,y), Vr,yeQ, z#y.
p—

Finally, we summarize what we obtained so far in the following theorem.

Theorem 4.1. Let Q be an open connected set in R™. Denote d, := dist(z, 9Q)
for x € Q; we set dy = oo if Q = R"™. Assume that operators L and 'L satisfy the
property (H). Then, there exists a unique Green’s matriz G(z,y) = (G4j(z, y))f\gzl
(x,y € Q@ # y) which is continuous in {(z,y) € A x Q:x #y} and such that
G(z, -) is locally integrable in ) for all x € Q and that for all f = (f*,..., fN)T €

C(Q)N, the function w = (ul,...,u™)T given by

(4.37) u@) = [ Glanf)dy

belongs to Yy > ()N and satisfies Lu = f in the sense

(4.38) /Aﬁpwn%wzz o', Yo e o=V,
Moreover, G(x,y) ;;as the properties tha?f

(439) | A7 DsG (D’ = ), 6 € C2)”
and that for all n € C°(Q) satisfying n =1 on By(y) for some r < d,,
(4.40) (1=mG(-,y) € Y5 ().

Furthermore, G(x,y) satisfies the following estimates:

(4.41) IGC W)l o, gy < Cor® " HP, Wr<d,, Vpell, ),
(142) G Yy < Cor® P, V< dy Wpe [l 2y),
(4.43) ”DG("y)”LP(BT(y)) <G, rl—n-i-n/p, Vr <d,, Vpe 1, %)’

(444) ||DG(.T, ')HLP(BT(;E)) < Cp TlfnJrn/p, Vr<d,, Vpe [13 #)a
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(445) ||G( . 7y)||Y1a2(Q\BT(y)) S Crlin/2a VT < dy/27

(4.46) Gz, ')HYlv?(Q\BT(z)) <crtt? v < dz/2,

(4.47) Hz € Q:|G(z,y)| >t} < Ct™ 7=, Vt>(d,/2)* ",

(4.48) fy e Q: |Gyl >}l < Ct 2, Wi > (d,/2)> ",
(4.49) Hz € Q: |D,G(x,y)| >t} <Ct™ 71, Vt>(d,/2)' ™
(4.50) {y € Q:|D,G(z,y)| >t} < Ct 71, Vt> (d/2)'",
(4.51) |G (z,y)] < Ccfi@", where d , = min(d,,d,, |z — yl),

(4.52) G(z,y) = G(z,y)| < Clo — 2" d7 710 if |o— 2] < duy/2,
(4.53) G(z,y) = G(z,2)| < Cly— 2" d7 7" if |y — 2] < doy/2,

where C' = C(n, N, \, A, o, Hy) > 0 and Cp, = Cp(n, N, A\, A, o, Ho, p) > 0.

Proof. Let G?(x,y) and G(z, y) be constructed as above. We have already seen that
G is continuous on {(z,y) € Q x Q: x # y} and satisfies all the properties (4.39)
— (4.53). Also, as in the proof of Theorem 3.1, we find that for all f € C°(Q)V,
there is a unique u € (Yy (Q) N C(Q))N satisfying

/Q AP Dgu? Do’ = /Q fit, Yo e Y AN,
If we set v = G, (z, ) above, then by (4.3) and (4.34), we find
(4.54) / Gz, ) f' = / AU D,'GY, (-, ) Dgu? :][ uk.
Q Q

Qp(x)
Fix r < d,/2. By (4.17), (4.18), and (4.34), we have

lim GZ§ (z, )fl lim (/ GZ§ (z, )fZ —|—/ GZ§ (, )fz>
=00 Jo 1= \ JB, (z) Q\B,(z)
— [ Gu s [ Gule
Bl xr

(z) N\ Bi(z)
Q

Therefore, (4.37) follows by taking the limits in (4.54). By proceeding as in the
proof of Theorem 3.1, we also derive the uniqueness of Green’s matrix in €. O

4.2. Boundary regularity. Let ¥ be any subset of Q and u be a W12(Q) function.
Then we shall say v = 0 on ¥ (in the sense of W12(Q)) if u is a limit in W2(Q)
of a sequence of functions in C°(Q2\ ¥).

We shall denote Xg(x) := 022 N Br(x) for any R > 0. We shall abbreviate
Qr = Qr(z) and g = Lg(x) if the point z is well understood in the context.

Lemma 4.2 (Boundary Poincaré inequality). Assume that |Br \ Q| > 0 |Bg| for
some 0 > 0. Then, for any u € W12(Qr) satisfying u = 0 on g, we have the
following estimate:

1
(4.55) ||U‘||L2(QR) < §R||DU||L2(QR)'
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Proof. Since u = 0 in Y, we may extend u to a W12(Bg) function by setting
u=01in S := Br\ Q. Note that Du =0 in S. Then the lemma follows from (7.45)
in [10, p. 164]. O

Lemma 4.3 (Boundary Caccioppoli inequality). Let the operator L satisfy condi-
tions (2.2), (2.3). Suppose u is a WL2(Qr)N solutions of Lu = 0 in Qg satisfying
u =0 on Xg. Then, we have

C
(4.56) 1Dull 20,y € 5= lull 2y YO <T <R

where C = C(n, N, A\, A) > 0.

Proof. Tt is well known. O

Definition 4.4. We say that Q satisfies the condition (S) at a point z € 9Q if
there exist § > 0 and R, € (0, cc] such that

(4.57) IBr(2)\ Q| > 0|Br(z)|, VR < Ra.

We say that 2 satisfies the condition (S) uniformly on 3 C 99 if there exist 6 > 0
and R, such that (4.57) holds for all z € X.

Definition 4.5. Let Q satisfy the condition (S) at Z € 9. We shall say that
an operator L satisfies the property (BH) if there exist p1, H1 > 0 such that if
u € WH2(Qg(Z))"N is a weak solution of the problem, Lu = 0 in Q(Z) and u = 0
on X r(Z), where R < R,, then u satisfies the following estimates:
n—24+2u
(4.58) / \Dul® < H, (f) / IDul>, Yo<r<s<R
Q.. (z) S Q. ()
Lemma 4.6. There exists eg = €o(n, Ao, Ao) > 0 such that if the coefficients of the

operator L in (2.1) satisfies (2.8) in Lemma 2.2, then L satisfies the property (BH)
with M1 = Ml(n,)\o,Ao,e) >0 and Hy = Hl(n,N, )\Q,Ao,e) > 0.

Proof. Throughout the proof, we shall abbreviate 2, = Q.(z) for any r > 0,
¥, = X,.(&), the point & € 9Q to be understood. For any s < R < R, let
v (i = 1,...,N) be a unique W?(Qy) solution of Lov’ = 0 in €, satisfying
vt —ut € Wy (Qs), where Lov' = —Dq(a® Dgo?).

We claim that there exist ua(n, Ao, Ao, ) > 0 and C(n, Ag, Ag,d) > 0 such that
the following estimate holds:

n—24+2u
(4.59) / D> < C (f) ’ / |Dv|*, V0<r<s.
Q. s Qs

We first note that we may assume that r < s/8; otherwise (4.59) becomes trivial.
Since each v* satisfies v = 0 on Xy, it follows from Theorem 8.27 [10, pp. 203-204]
and Theorem 8.25 [10, pp. 202-203] that there is puo = pa(n, Ag, Ag,8) > 0 and
C = C(n, Ao, Ao, 0) > 0 such that

(4.60) oscv’ < Ort2s™12 sup [vf] < Ork2s 122|012

Qo Qs/a 8/2)'
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In particular, the estimate (4.60) implies v*(Z) = lim v*(z) = 0. Then, Lemma 4.3

and Lemma 4.2 imply that for all i = 1,..., N (recall r < s/8)

/ ’Dvi‘z < Crfz/ [vt|? = Crfz/ [v* — v'(z)?
Q, Qo Qo
. 2 n—2+2u .
< COr"2 (osc U’) <C (C) ’ 8_2/ |’Ul|2
Qo S 95/2

r ) n—2+2puo

<o D',
Qg

s
and thus we have proved the claim.
Next, note that w := u — v belongs to W, *(Q,)" and thus it satisfies

)\/ | Dw|? §/ a®? Dgw' Dyw' :/ (a®P ;5 — Afjﬁ)DﬁujDawi.
Qs Qs Qs
Therefore, we have

(1.61) [ Dl < el [ (bl
Qs Qs
where €(z) is as defined in (2.8). By combining (4.59) and (4.61), we obtain

n—242p
/ puf <o (%) / |Du|2+COHe||2Lm/ Dul?, Y0<r<s.
Qs Q

Q. €

s

Now, choose a 1 € (0, u2). Then, from a well known iteration argument (see, e.g.,
[8, Lemma 2.1, p. 86]), it follows that there is €y such that if ||e]|; . < €o, then
(4.58) holds. O

Theorem 4.7. Let the operator L satisfy the properties (H) and (BH). Assume
that  satisfies the condition (S) at T € O with parameters 0, R,. Let x € Q such
that |z — Z| = dy < R/2, where R < R, is given. Then, any weak solution u of
Lu =0 in Qr(T) satisfying u =0 on Xg(T), we have

(4.62) lu(z)| < CdR""H||Dul 2y > o 1= dist(z,09),
where C = C(n, N, X\, A, 0, o, p1, Ho, H1) > 0 and p = min(po, p£1)-

Proof. The proof is an adaptation of a technique due to Campanato [4]. In this
proof, we shall use the notation u, , := fﬂ (o) W Also, we shall abbreviate d = d.
Observe that

(4.63) Qd(CL‘) = Bd(:zc) C di(:v) n di(f).

We may assume that R > 3d so that Qu4(z) C Qr(Z); otherwise 2d < R < 3d and
(4.62) follows from Lemma 2.4. We estimate u(z) by

|u(z)| < |u(z) — wyp 24| + |Us.2d — Uz 24| + |0z 24| =T+ 11+ II1.
We shall estimate I first. For any r1 < ro < 2d, we estimate
(4.64) [Ug ry — Ug |2 <2u(z) — ug,r |2 + 2 |u(z) — ug ry |2 .
Note that since Bg(x) C €2, we have
Q- (z)] > Cr™,  Vr < 2d.



GREEN FUNCTION ESTIMATES 23

Therefore, by integrating (4.64) over £, (x) with respect to z, we estimates

(4.65) Uy — Uy ry|” < Cr7™ (/ lu— g | +/ lu — um|2> .
Qg Qry

Since u = 0 on ¥x(Z), we may extend u to Br(z) as a W12 function by setting
u = 0 on Bg(Z)\ Q. Therefore, by a version of Poincaré inequality (see, e.g. (7.45)
in [10, p. 164]), we have for all r < 2d,

(4.66) / |u—um|2g/ |u—uw,r|2gcr2/ |Du|2:0r2/ \Du?.
B, Q.

r T

Therefore, by (4.65) and (4.66), we obtain

(4.67) [ty — ugg,m|2 <Cri" (r%/

Qry ()

|Du|2 + r%/

|Du|2> :
Qr, ()
Next, we claim that the following estimate holds:

n—2+42
(4.68) / Duf < (L) “/ Dul®, Vr<2d
Q,(x) R Q

r R(z)
We first consider the case when r < d. Note that in this case, we have Q,.(z) = B,(x)
and Qg4(x) = Bg(z). Since L satisfies (H), it follows from (4.63) that

n—2+2 n—2+42
(4.69) / Duf < (%) ”/ Duf < (%) “/ \Dul?.
Q, (x) d Qu(x) d ¢

224(7)
On the other hand, since L satisfies (BH), it follows from (4.58) that
d n—242p
(4.70) / \Dul? < C (-) / \Duf?.
22a(2) R Qn()

By combining (4.69) and (4.70), we obtain (4.68). Next, consider the case when
d < r. In this case, we have Q,(z) C Q2,(Z), and thus it follows from (4.58)

n—2+2
/ | Du? g/ Dup < (%) “/ \Duf?.
Q. () Qa2 () R Qr(z)

We proved the claim (4.68).
Now, by using (4.68), we estimates (4.67) as follows (recall 7y < ro < 2d):

AT e OO e [
R(T

For any r < 2d, set 71 = 2~ +1) and 7y = 7277 in (4.71) to get

2 < CT2ILL272/_L(’L.+1)R277172}L/ |Du|2 )
QR(:E)

|um,r2*(i+1) — Uy ro—i

Therefore, for 0 < j < k, we obtain
k—1

‘um,r2*k - um,r?*j‘ < § ‘uzﬁ7«27(i+1) — Ug ro—i
i=j

(4.72) > ;
< Ot 22‘“(”1) R Dl 2 )

i=j
= O Ihpk R/ 2= 1 1Dl 1225 2)) -
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By setting r = 2d, j = 0, and letting k — oo in (4.72), we obtain

(4.73) I = |w(z) — g 24| < Ca" R || Dul| 12 2 -

Next, we estimate ITI. Since |B,(Z) N By(z)| > Cr™ for r < 2d, we have
(4.74) 1Q-(2)] > Cr",  Vr < 2d.

Also, as in (4.66), we have for all » < 2d (recall w =0 on Bgr(Z) \ )

(4.75) / |u—u5m«|2§/ |u_uf,,ﬂ|2gcr2/ |Du|2:0r2/ |Dul®.
Q. B B Q

T T r

Therefore, as in (4.67) we have for r < ry < 2d,

[z, — Uz,,|> < Cri® <rf/ |Dul? + rg/ |Du|2> .
Q. (Z) Qr, (T)

2ry

Then, by using the property (BH), we obtain (c.f. (4.72), (4.73))
(4.76) () — wz 24] < CA* R | Du|| 200 sy, »

where @(Z) := limg o0 Uz 9-,. (note that (4.72) implies w(Z) exists). It follows
from (4.74), (4.55), and (4.58) that for any r < 2d, we have

a2 < f luf? < Crn / a2
Q. (z) Q. (z)

n—2+2
< CTQ_"/ Duf’ < o (1) ”/ | Du?
Q,.(z) R Qr(z)

= Cr2“R2*"*2“/ |Dul?,

and thus that @(zZ) = 0. Therefore, by (4.76) we obtain
(4.77) ITT = |uz 24| = |@(Z) — uz 2a] < Cd*R™™>7# Dl 12 s

Finally, we estimate I1.
(4.78) [ths,20 — wa,2al” < 2[0(2) = we 0al” + 2 |u(z) — wz 24|

By integrating (4.78) over Bg(z) C Qaq4(z) N Q24(Z) with respect to z, we estimate

[y 2q — Uz 24> < Cd™" / |t — Uy 2q]” + / lu — wz 24|
Qa4 () Qo4 ()

(4.79) < Cd* / |Dul® +/ |Dul?
Q24(z) Qg (T)

< Cd?MR*" 2 / |Du?,
QR(E)

where we have used (4.66), (4.75), (4.68), and (4.58). Therefore, by combining
(4.73), (4.77), and (4.79), we obtain (4.62). 0

Theorem 4.8. Let the operators L, 'L satisfy the properties (H) and (BH). Assume
that Q satisfies the condition (S) uniformly on OQ with parameters 6, R,. Denote

R, :=min(|z — y|,4R,).
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Then the Green matriz G(x,y) satisfies
(4.80) G(x,y)| < CduRy "1y if dy < Ry /8,
(4.81) G(z,y)| < CALR, ">/ if dy < Ry /8,

where C' = C(n, N, \, A, 0, po, 1, Ho, H1) > 0 and p = min(ug, u1). As a conse-
quence, we have G(-,y) =0, G(x, -) =0 on 99 in the usual sense.

Proof. We only need to prove (4.80), for (4.81) will then follow from (4.34). Set
R=R;,/4, r =d,/2, and choose T € I such that |z — Z| = d,. Then, since

dy§|z—y|+dz§§|x—y|,

we have
ly—z| >z —yl—de > le—y|> R+,

and thus, Qr(Z) C Q\ B, (y). Now, we apply Theorem 4.7 with w = G(-,y). Then,
by (4.62) and (4.24), we obtain

1-n/2— 1-n/2—p g1—n/2
The proof is complete. O

Remark 4.9. We note that in the scalar case, the maximum principle yields (see
[11, Theorem 1.1])

(4.82) Gz, y) <Clz—y|*™, Vz#yeq
Then, by the boundary Caccioppoli inequality, we have (c.f. (4.4)—(4.7))
/ IDG(-,y)|* <Cr®™", Vr>o0.
B (y)
Therefore, in the scalar case we don’t need to require that r < d, /2 (or r < d;/2)
in the proof of Theorem 4.8 and we may as well set r = |z — y| /2 to get
Gla,y) < CAERL ™ o=y il de < Ry /8,
G(z,y) < CdRLM* o —y[' ™ if dy < Ry,/8.
In particular, if G(x,y) is the Green’s function on R, then we obtain
Gla,y) < Cdi o —y|* ™" ifdy < |z —y| /8,
G(z,y) < Cdl |z — y e dy <z —y|/8,
for OR"} satisfies the condition (S) with § = 1/2 and R, = oo.

5. REMARKS ON VMO COEFFICIENTS CASE

Definition 5.1 (Sarason [19]). For a measurable function f defined on R"™, we
shall denote fzm = fBT(w) f and for 0 < 6 < oo we define

61 M= s s f (7T M) = i M)
z€R™ r<§ J B,.(x) —0

We shall say that f belongs to VMO if My(f) = 0.
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Definition 5.2. We say that the operator L satisfies the property (H), . if there
exist o, Ho, Re > 0 such that all weak solutions w of Lu = 0 in Bg = Bg(x¢) with
R < R, satisfy

n—242p
(5.2) / \Dul? < Hy (g) / Dul>, 0<r<s<R.
r B

Similarly, we say that the transpose operator 'L satisfies the property (H),,, if
corresponding estimates hold for all weak solutions u of !Lu = 0 in B with R < R..

Lemma 5.3. Let the coefficients of the operator L in (2.1) satisfy the conditions
(2.2) and (2.3). If the coefficients belong to VMO in addition, then L satisfies the

property (H),,...

Proof. Tt is well known that if the coefficients are uniformly continuous, then L
satisfies the property (H),,.; see e.g. [8, pp. 87-89]. Essentially, the same proof
carries over to the VMO coefficients case. One only needs to make a note of the
following two facts. First, a theorem of Meyers [16] implies that there is some

p=p(n, N, \,;A) > 2 such that if u is a weak solution of Lu = 0 in Br(z), then

1/p 1/2
<][ |Du|p> <C <]l |Du|2> , Vr<R/2
B (x) Bar(x)

Secondly, note that the John-Nirenberg theorem [13] implies that

1/q
(]{3()|f_7r,x‘q> <C(n,q)Ms(f), Vr<c(n)s, Vqe (0,00),

where M;(f) is defined as in (5.1). For the details, we refer to [3, pp. 47-48]. O

In the rest of this section, we shall assume that the operators L and 'L satisfy
the property (H), = with parameters po, Ho, R.. We shall denote

loc

(5.3) ryp = min(dy, Re), Ty :=min(dgy, Re),
where d, = dist(z,09) and d,, is as in (4.28). It is routine to check that all

estimates appearing in Section 4.1 remain valid if d;, d. , are replaced by 7, 7z 4,
respectively. Therefore, we have the following theorem:

Theorem 5.4. Let ) be an open connected set in R™. Denote d,, := dist(x, 9) for
x € Q; we set d, = 0o if @ = R™. Assume that operators L and 'L satisfy the prop-
erty (H),,.. Then, there exists a unique Green’s matriz G(x,y) = (Gij(x,y))N;—
(x,y € Q@ # y) which is continuous in {(r,y) € A x Q:x # y} and such that
G(z, -) is locally integrable in Q for all x € Q and that for all f = (f*,...,fN)T €

C= ()N, the function u = (u,...,u™)T given by
(5-4) u(@) = | G(z,y)f(y) dy
belongs to Y01’2(Q)N and satisfies Lu = f in the sense

(5.5) / AP Dgul Dog' = / fiot, Ve
Q Q
Moreover, G(x,y) has the properties that

(5.6) /Q AP DG+ u)Dad = 6 (y). Vb € C(Q)Y
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and that for all n € C(Q) satisfying n =1 on By(y) for some r < d,,

(5.7) (1=mG(-,y) € Yy ()N,
Furthermore, G(x,y) satisfies the following estimates: For vy, 1y, 7z, as in (5.3),
(58) ||G( . 7y)||LP(BT(y)) S Cp T2in+n/pa VT < Tyv Vp 6 [17 #)a
(5.9) 1G(@, ) es, @) < Cp P2 e <y, Wp el )
(5.10) IDG(- )l Lo (B, () < Cp Pt e <y, Wp e L ),
(5.11) DGz, M o5, (x)) < Cp plmnAne e <y Wp e 1, L),
(5.12) IGC 9 lyrz@\p, ) < O3 Ve <ry/2,
(5.13) |G (z, ')HYlw?(Q\BT(m)) < Crlfnp, Vr <. /2,
(5.14) He € Q: |Gz, y)| >t} < Ct™ a2, Vt> (r,/2)* ™,
(5.15) (€9 [Glay)| > )] < CO™, Vi > (re/2),
(5.16) Hz € Q: DGz, y)| >t} < Ct 71, Yt > (r,/2)' 7",
(5.17) {y € Q:|DyG(z,y)| > t}| < Ct- 71, V> (r,/2)'7",

. T,y <Cr., 5 T,y €4,
5.18 G cr, v 0
(5.19) G(@,y) = G(z,y)| < Cla — 2" "7 if | — 2] < Tay/2,
(5.20) G(2,y) = G(a,2)| < Cly— 2" F2"7H if ly — 2] < Tay/2,

where C' = C(n, N, \, A, o, Hy) > 0 and Cp, = Cp(n, N, A\, A, o, Ho, p) > 0.
Remark 5.5. Dolzmann-Miiller [6] derived a global estimate
(5.21) G,y <Cle -y VoyeQ, z+#y,

assuming that  is a bounded C! domain. We have not attempted to derive the
corresponding estimate here. However, we would like to point out that the constant
C' in their estimate depends on the domain (e.g., the diameter of the domain and
also some characteristics of 9Q) while our interior estimate (5.18) does not.
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