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Asstract. We consider divergence form elliptic operators of the form L = —div A(X)V,
defined in R™? = {(x,t) € R" x R}, n > 2, where the L™ coefficient matrix A is (n +
1) x (n + 1), uniformly elliptic, complex and t-independent. We show that for such op-
erators, boundedness and invertibility of the corresponding layer potential operators on
L2(R") = L2(AR™1), is stable under complex, L™ perturbations of the coefficient matrix.
Using a variant of the Tb Theorem, we also prove that the layer potentials are bounded and
invertible on L2(R") whenever A(x) is real and symmetric (and thus, by our stability result,
also when A is complex, ||A - A9\ is small enough and Al is real, symmetric, L* and
elliptic). In particular, we establish solvability of the Dirichlet and Neumann (and Regular-
ity) problems, with L2 (resp. I'_i) data, for small complex perturbations of a real symmetric
matrix. Previously, L2 solvability results for complex (or even real but non-symmetric)
coefficients were known to hold only for perturbations of constant matrices (and then only
for the Dirichlet problem), or in the special case that the coefficients Ajni1 = 0 = Aniy,j,
1 < j < n, which corresponds to the Kato square root problem.
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1. |NTRODUCTION, STATEMENT OF RESULTS, HISTORY

In this paper, we consider the solvability of boundary value problems for divergence
form complex coefficient equations Lu = 0, where

n+1 g P
L=—divAVz—ZaX (A.,ax)
|

S. Hofmann was supported by the National Science Foundation.
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is defined in R™* = {(x,t) € R"xR},n > 2 (we use the notational convention that x,,1 = t),
and where A = A(X) is an (n+1) x (n+1) matrix of complex-valued L* coefficients, defined
onR" (i.e., independent of the t variable) and satisfying the uniform ellipticity condition

n+1

(L.1) AR < Re(AXE €)= Re Y AjXEE,  IAlln < A,

i,j=1
for some 1 > 0, A < oo, and for all £ € C™%, x € R". The divergence form equation is
interpreted in the weak sense, i.e., we say that Lu = 0 in a domain Q if u € Wll'Z(Q) and

oc
fAVu.Wzo

for all complex valued ¥ € C3(Q2).

The boundary value problems that we consider are classical. To state them, we first
recall the definitions of the non-tangential maximal operators N., N,. Given xo € R",
define the cone y(Xo) = {(X,t) € R : |xo — x| < t}. Then for U defined in R*1,

N.U(Xo) = sup [U(Xt), N.U(X)= sup [Jcﬁxyld |U(y,s)|2dyds].

(x.t)ey(%o) (X.)ey(%o) t—si<t/2

Here, and in the sequel, the symbol f denotes the mean value, i.e., fE f= |E|*1fE f. We
use the notation u — f n.t. to mean that for a.e. x € R", limgy,n—(x0) u(y,t) = f(x), where
the limit runs over (y,t) € y(X).
We shall consider the Dirichlet problem*
Lu=0inR™ = {(x,t) € R" x (0, o)}
(D2) lim_ou(-,t) = f in L(R") and n.t.
SUP o (-, D)ll2@ny < oo,
the Neumann problem?
Lu=0inRM!
(N2) F060) = = T Ana (075 (%, 0) = 9(9) € LA(R")
N.(Vu) € L2(RM),
and the Regularity problem
Lu=0inRM!
(R2) u(H - f e L2(RM) n.t.
N.(Vu) € L(RM).
Our solutions will be unique among the class of solutions satisfying the stated L2 bounds
(in the case of (N2) and (R2), this uniqueness will hold modulo constants). The homo-
geneous Sobolev space Lf is defined as the completion of Cg with respect to the semi-

norm ||VF|.. For n > 3 this space can be identified (modulo constants) with the space
11(L?) = A"Y2(L?) c L%, where 2* = 2n/(n - 2); for n = 2, the identification with 11(L?) is

1our uniform L2 estimate for solutions of (D2) can be improved to an L2 bound for N,u, given certain
LP estimates for the layer potentials. The fourth named author and M. Mitrea will present the LP theory in a
forthcoming publication. In the present paper, we shall be content with a weak-L? bound for N,.u.

2\We shall elaborate in section 4 the precise nature by which the co-normal derivative assumes the prescribed
data.
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still valid, but in that case the fractional integral I; f must itself be defined modulo constants
for f € L2, and the space embeds in BMO.

We remark that for the class of operators that we consider, solvability of these boundary
value problems in the half-space may readily be generalized to the case of domains given by
the region above a Lipschitz graph, and even to the case of star-like Lipschitz domains. We
shall return to this point later. We shall also discuss later the significance of our assumption
that the coefficients are t-independent.

In order to state our main results, we shall need to recall a few definitions and facts.
We say that u is locally Hlder continuous in a domain Q if there is a constant C and an
exponent & > 0 such that for any ball B = B(X, R), of radius R, whose concentric double
2B = B(X, 2R) is contained in Q, we have that

(1) w0 -u@y < o L2 (f el

whenever Y, Z € B. Observe that any u satisfying (1.2) also satisfies Moser’s “local bound-
edness” estimate [M]

) 3
(1.3) iggm(Y)l <C (JL;B u] ) )

By the classical De Giorgi-Nash Theorem [DeG, N], (1.2) and hence also (1.3) hold, with C
and « depending only on dimension and the ellipticity parameters, whenever u is a solution
of Lu = 0in Q ¢ R™1, if in addition the coefficient matrix A is real (for this result, it need
not be t-independent). Moreover, it is shown in [A] (see also [AT, HK]), that property (1.2)
is stable under complex, L* perturbations.

We now recall the method of layer potentials. For L as above, let ', I'* denote the
fundamental solutions® for L and L* respectively, in R™1, so that

Lt (%Y, 8) = 0y.9> LysT7 (¥, 8, % 1) = Ly sT(X,1,Y,8) = x>

where 6x denotes the Dirac mass at the point X, and L* is the hermitian adjoint of L. By
the t-independence of our coefficients, we have that

(1.4) r'(x,ty,s) =T(x,t-s,y,0).
We define the single and double layer potential operators, by

Stf(x) Ef I'(xty, 0 f(y)dy, teR
(1.5) B

Dif(x) = f 0, T*(y,0,x, 1) f(y)dy, t#0,

Rn
where 9, is the adjoint exterior conormal derivative; i.e., if A* denotes the hermitian ad-
joint of A, then

n+1

oart
6V*r* (y’ 0, X’ t) = - Z A;+1,](V)W(y, 0, X, t) = _el"l+1 . A* (y)vy,sr* (y’ S’ X’ t) |S:0
=1 !

3see [HK2] for a construction of the fundamental solution.
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(recall that yn,1 = S). We define (loosely? for the moment) boundary singular integrals

Kf(x) = “p.v.” f 3,-T*(y,0,x,0) f(y) dy
(L6) o

_ or
Kf(x) = “p.v."f =, (% 0,y.0) F(y) dy
Rn OV

where % denotes the exterior conormal derivative in the (x,t) variables. Classically, K
is often denoted K*, but we avoid this notation here as K need not be the adjoint of K
unless L is self-adjoint. Rather, for us, K*,S* and D* will denote the analogues of K, S
and D corresponding to L* (although sometimes we shall write K4, etc., when we wish
to emphasize the dependence on a particular operator), and we use the notation adj (T) to
denote the Hermitian adjoint of an operator T acting in R". With these conventions, we
have that K = adj (K*), as the reader may verify. We apologize for this departure from
tradition, but the context of complex coefficients seems to require it.

For sufficiently smooth coefficients, the following “jump relation” formulae have been
established in [MMT]. We defer to Section 4 our discussion of the jump formulae, and the
nature of their “non-tangential” realization, in the non-smooth case. We have

(1.7 D.sf - (¢%I + K)f

1 f(x)
Fo.— VW
2 Aniinei(X)

(these convergence statements must be interpreted properly - see Section 4) where

(1.8) (VSY) l=ssf — ens1+ 71,

(1.9) T f(x) ="“p.v.” Ln VI'(x,0,y,0)f(y)dy.

Then, as usual®, one obtains solvability of (D2) in the upper (resp. lower) half space
by establishing boundedness on L2(R") of f — D.f, uniformly in t, and invertibility of
—% I+K (resp. %I+K). Similarly, solvability of (N2) and (R2) follows from L2 boundedness
of f — N,(VS.:f), and (for (N2)) invertibility on L2 of +21+K, and (for (R2)) invertibility
of the mapping So = S0 : L?(R") — LE(R“). We now set some convenient terminology:
we shall say that an operator L for which all of the above hold has “Bounded and Invertible
Layer Potentials”. If in addition we have the square function estimate

(1.10) f f|t6$8tf(x)|2%ﬁcl|f”§,
—o0 JRN

then we shall say that L has “Good Layer Potentials”. Finally, we shall refer to the constant
in (1.10), together with all of the constants arising in the estimates for the boundedness and
invertibility of the layer potentials, collectively as the “Layer Potentials Constants” for L.

In this paper, we prove the following theorems. In the sequel we assume always that our
(n+ 1) x (n+ 1) coefficient matrices are t—independent, complex, and satisfy the ellipticity
condition (1.1) and the De Giorgi-Nash-Moser estimates (1.2) and (1.3).

4For non-smooth coefficients, some care should be taken to define the “principal value” operators on the
boundary - see Section 4.

5N the setting of non-smooth coefficients, some rather extensive preliminaries are required in order to apply
the layer potential method to obtain solvability; see Section 4.
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Theorem 1.11. Suppose that Ly = — divA°V and L; = — div AV are operators of the type
described above, and that solutions up, wo of Loup = 0, Lgwo = 0 satisfy the De Giorgi-
Nash-Moser estimates (1.2) and (1.3). Suppose also that Lo and Ly have “Good Layer
Potentials™. Then Ly and L} have Good Layer Potentials, provided that

1A% — Al o @n < e,

where ¢ is sufficiently small depending only on dimension and on the various constants
associated to Lo and L}, specifically: the ellipticity parameters, the De Giorgi-Nash-Moser
constants (1.2) and (1.3), and the Layer Potential Constants.

We observe that it is not clear whether the property that L has “Good Layer Potentials”
is preserved under regularization of the coefficients. For this reason, we shall be forced to
prove Theorem 1.11 without recourse to the usual device of making an a priori assumption
of smooth coefficients. We also note that we shall use the invertibility of the layer potentials
associated to Lo and L even to establish the boundedness of the layer potentials associated
to L (see Section 7 below).

Theorem 1.12. Suppose that L = — div AV is an operator of the type defined above, and
in addition, suppose that A is real and symmetric. Then L has Good Layer Potentials, and
its Layer Potential Constants depend only on dimension and on the ellipticity parameters
in (1.1).

We remark that while Theorem 1.12 yields in particular the solvability of (D2), (N2)
and (R2) in the case that A is real and symmetric, it is only the fact that this solvability
is obtainable via layer potentials that is new here, the solvability of (D2) having been
previously obtained by Jerison and Kenig [JK1], and that of (N2) and (R2) by Kenig and
Pipher [KP], without the use of layer potentials. The essential missing ingredient had been
the boundedness of the layer potentials.

The previous two theorems are our main results. As corollaries, we obtain

Theorem 1.13. Suppose that L; = —divAlV is an operator of the type defined above,
and that ||AT — A%l «n) < €, for some real, symmetric, t-independent uniformly elliptic
matrix A € L*(R"). Then (D2), (N2) and (R2) are all solvable for L3, provided that € is
sufficiently small, depending only on dimension and the ellipticity parameters for A°. The
solution of (D2) is unique among the class of solutions u for which sup.q [lu(-, t)ll2@n <
oo, and the solutions of (N2) and (R2) are unique modulo constants among the class of
solutions for which N,.(Vu) € L2.

Theorem 1.14. The conclusion of Theorem 1.13 holds also in the case that |JAT — A%||., is
sufficiently small, where A° is now a constant, elliptic complex matrix.

The last theorem follows from Theorem 1.11, and the fact that constant coefficient op-
erators have Good Layer Potentials (see the appendix, Section 10).

We note that by a standard device, Theorems 1.11, 1.12 and 1.13 all extend readily to
the case where Q = {(x,t) : t > F(x)}, with F Lipschitz. Indeed, by “pulling back” under
the mapping p : R™! — Q defined by

p(x.1) = (X, F(x) + 1),
we may reduce to the case of the half-space. The pull-back operators are of the same
type, and, in particular, the coefficients remain t-independent. Moreover, if the original
coefficients are real and symmetric, then so are those of the pull-back operator. In this
setting, the parameter ¢ will also depend on ||[VF||.. In addition, our results may be
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further extended to the setting of star-like Lipschitz domains (which would seem to be the
most general setting in which the notion of “radial independence” of the coefficients makes
sense). The idea is to use a partition of unity argument, as in [MMT], to reduce to the case
of a Lipschitz graph. We omit the details.

Let us now briefly review the history of work in this area, which falls broadly into two
categories, depending on whether or not the t-independent coefficient matrix is self-adjoint.
We discuss the former category first, and we mention only the case of a single equation,
although results for certain constant coefficient self-adjoint systems in a Lipschitz domain
are known, see e.g. [K, K2] for further references. (Moreover, the present setting of
complex coefficients may be viewed in the context of 2x2 systems, and indeed this provides
part of our motivation to consider the complex case). For Laplace’s equation in a Lipschitz
domain, the solvability of (D2) was obtained by Dahlberg [D], and that of (N2) and (R2)
by Jerison and Kenig [JK2]; solvability of the same problems via harmonic layer potentials
is due to Verchota [V], using the deep result of Coifman, Mclntosh and Meyer [CMcM]
concerning the L? boundedness of the Cauchy integral operator on a Lipschitz curve. The
results of [VV] and [CMcM] are subsumed in our Theorem 1.12 via the pull-back mechanism
discussed above. Moreover, as mentioned above, for A real, symmetric and t-independent,
the solvability of (D2) was obtained in [JK1], and that of (N2) and (R2) in [KP], but those
authors did not use layer potentials. The case of real symmetric coefficients with some
smoothness has been treated via layer potentials in [MMT].

In the “non self-adjoint” setting, previous results had been obtained in three special
cases. First, it was known that (D2) is solvable for small, complex perturbations of con-
stant elliptic matrices. This is due to Fabes, Jerison and Kenig [FJK] via the method of
multilinear expansions. To our knowledge, (R2) and (N2) had not been treated in this
setting.

Second, one has solvability of (D2), (N2) and (R2) in the special case that the matrix A
is of the “block ” form

(1.15)

where B = B(x) is a nxnmatrix. In this case, (D2) is an easy consequence of the semigroup
theory, while (R2) amounts to solving the Kato square root problem for the n-dimensional
operator

J = —divy B(X)Vy,

and (N2) amounts to L? boundedness of the Riesz transforms VAR (equivalently, to solv-
ing the Kato problem for the adjoint operator adj (J)). Moreover, the boundedness of the
Riesz transform VJ~2 can also be interpreted as the statement that the single layer poten-
tial is bounded from L? into I'_i. These results were obtained in [CMcM] (n = 1), [HMCc]
(n = 2), [AHLT] (when B is a perturbation of a real, symmetric matrix), [HLMc] (when
the kerrgel of the heat semi-group e has a Gaussian upper bound) and [AHLMcT] in
general®.

e remark that Theorem 1.11 may be combined with these results for block matrices (1.15) to allow pertur-
bations of the block case, but we do not pursue this point here; see, however, [AAH], where this is done without
imposing De Giorgi-Nash-Moser bounds, and where also extensions of Theorems 1.13 and 1.14 will be presented,
via the development of a functional calculus for certain Dirac type operators.
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Third, Kenig, Koch, Pipher and Toro [KKPT] have obtained solvability of (Dp) (the
problems (Dp), (Np) and (Rp) are defined analogously to (D2), (N2) and (R2), but with L?
bounds replaced by LP) in the case n = 1 (that is, in R2), for p sufficiently large depending
on L, in the case that A(x) is real, but non-symmetric. Moreover, they construct a family of
examples in R2 in which solvability of (Dp) may be destroyed for any specified p by taking
A(X) to be an appropriate perturbation of the 2 x 2 identity matrix. Very recently, in the
same setting of real, non-symmetric coefficients in two dimensions (that is, in R2?), Kenig
and Rule [KR] have obtained solvability of (Ng) and (Rq), where q is dual to the [KKPT]
exponent. Their result uses boundedness, but not invertibility, of the layer potentials.

The main purpose, then, of the present paper is to develop, to the extent possible, an L2
theory of boundary value problems for full coefficient matrices with complex (including
also real, not necessarily symmetric) entries. In fact, in the setting of L2 solvability with
t-independent coefficients, the counter-example of [KKPT] shows that our perturbation
results are in the nature of best possible.

A word about t-independence is in order. It has been observed by Caffarelli, Fabes
and Kenig [CFK] that some regularity in the transverse direction is necessary, in order to
deduce solvability of (D2). More precisely, they show that given any function w(r) with

fol(w(r))zdr/r = +oo, there exists a real, symmetric elliptic matrix A(x, t), whose mod-
ulus of continuity in the t direction is controlled by w, but for which the corresponding
elliptic-harmonic measure and the Lebesque measure on the boundary are mutually sin-
gular. On the other hand, it is shown in [FJK] that (D2) does hold, assuming that the
transverse modulus of continuity w(7) = SUPycan o< IA(X, 1) — A(X, 0)] satisfies the square

Dini condition fol(a)(‘r))zd‘r/‘r < oo, provided that A(x, 0) is sufficiently close to a constant
matrix Acong. It Seems likely that the methods of the present paper would allow us to ob-
tain a similar result, but with the constant matrix Acng replaced by an L™ matrix A%(x)
satisfying the hypotheses of Theorem 1.11 (in particular, real, symmetric). However, we
have not pursued this variant here, in part because we conjecture that somewhat sharper
estimates should be true. To explain this point of view, we recall that a more refined, scale
invariant version of the square Dini condition has been introduced by R. Fefferman, Kenig
and Pipher [FKP], and Kenig and Pipher [KP, KP2], to prove perturbation results in which
one assumes (roughly) that |AY(x,t) — A%(x, t)|2@ is a Carleson measure (actually, their
condition is slightly stronger, but in the same spirit). Note that this condition requires that
Al = A® on the boundary. Our work provides a complement to [FKP] and [KP, KP2], in
that we allow the coefficients to differ at the boundary. At present, the results of [FKP]
and [KP, KP2] apply only to the case of real coefficients. It is an interesting open problem
to extend the theorems of [FKP] and [KP, KP2] to the case of complex coefficients, even
in the case of small Carleson norm. Given such an extension, along with our results here,
one could specialize to the case Al(x,t) = A(x,t), A%(x,t) = A(x,0), with A(x,0) close
enough to a “good” (e.g., real, symmetric) matrix, to obtain a rather complete picture of
the situation for L? solvability.

Let us now set some notation that will be used throughout the paper. We shall use div
and V to denote the full n + 1 dimensional divergence and gradient, respectively. At times,
we shall need to consider the n-dimensional gradient and divergence, acting only in x, and
these we denote either by V| and div;, or by Vy and divy; i.e.
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and for R"-valued W, divywW = V| - W. Similarly, given an (n + 1) x (n + 1) matrix A, we
shall let A, denote the n x n sub-matrix with entries (A))i;j = Aij, 1 <1i,j <n,and we
define the corresponding elliptic operator acting in R" by

LH = —diVx A”VX.
We shall also use the notation
0 .
Dan—ijﬁxj, 1S1Sn+l

bearing in mind that x,,1 = t. Points in R™! may sometimes be denoted by capital letters,
e.g. X = (x,1), Y = (y,s). Balls in R™?! and R" will be denoted respectively by B(X,r) =
{Y : IX=Y| <r}and A/(X) = {y : |x =yl < r}. We shall often encounter operators
whose kernels involve derivatives applied to the second set of variables in the fundamental
solution I'(x,t,y,s). We shall indicate this by grouping the operators with appropriate
parentheses, thus:

(S{V) f(x) = f Vy.s[(X,1,Y,8) |s=0 T(y) dy.
Rn
Hence, one then has
(StV))- F'==S¢(div ), (StDn1) = -dSt,

where in the second identity we have used (1.4)

Given a cube Q, we denote the side length of Q by £(Q). Furthermore, given a positive
number r, we let rQ denote the concentric cube with side length r£(Q).

We shall use P; to denote a nice approximate identity, acting on functions defined on
R" i.e. Pef(X) = ¢+ f, where gi(x) = t™¢ (x/t), ¢ € Co({IX < 1}), 0 < ¢pand [, ¢ = 1.

Following [FJK], we introduce a convenient norm for dealing with square functions
(although we warn the reader that our measure differs from that used in [FIK]):

1 1

dxdt\? dxdt)?

|||F|||iz(ff |F(x,t)|2—), |||F|||anz(ff |F(x,t)|2—) .
RTI |t| Rrul |t|

For a family of operators Uy, we write

Udllop = sup UL,
11£ll,2geny=1
and similarly for ||| - [ll-.op and [I| - |lla1,0p. Sometimes, we may drop the “+” sign when it
is clear that we are working in the upper %-space. As usual, we allow generic constants C
to depend upon dimension and ellipticity, and, in the proof of the perturbation result, upon
the constants associated to the “good” operator Lo. Specific constants, still depending on
the same parameters, will be denoted C,, C», etc..

The paper is organized as follows. In sections 2 and 3, we prove some useful technical
estimates. In section 4 we discuss the boundary behavior and uniqueness of our solutions.
The next five sections are the heart of the matter, in which we prove Theorem 1.11 (sec-
tions 5, 6 and 7), and Theorem 1.12 (sections 8 and 9). Section 10 is an appendix, in which
we briefly discuss the constant coefficient case.

Acknowledgements. The fourth named author thanks M. Mitrea for helpful conversa-
tions concerning several of the topics treated in this work, including constant coefficient
operators, the boundary behavior of layer potentials, and in particular, for suggesting the
approach used here in Lemma 4.18 to obtain the analogue of the classical jump relation
formulae.
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2. SOME cONSEQUENCES OF DE GrorGI-NASH-MOSER BOUNDS

Throughout this section, and throughout the rest of the paper, we suppose always that
our differential operators satisfy our “standard assumptions”: that is, divergence form el-
liptic, with ellipticity parameters A and A, defined in R™*, n > 2, with complex coefficients
that are bounded, measurable and t—independent; moreover, we suppose that solutions of
Lu = 0 satisfy the De Giorgi-Nash-Moser estimates (1.2) and (1.3). We now prove some
technical estimates using rather familiar arguments. In the sequel, T will denote the funda-
mental solution of L, and we set

(2.1) Kmt(X,Y) = 8)™(x,t,y,0)

Lemma 2.2. Suppose that L and L* satisfy the “standard assumptions™ as above. Then
there exists a constant C; depending only on dimension, ellipticity and (1.2) and (1.3),
such that for every integer m > —1, forall t € R, and x,y € R", we have

2.3) |[Kme(x, )| < CCTF(t] + [x — y) ™™
lhj
(2.4) (D" Kme(-, 1)) 09| + (P Kime(x, ) ()] < €CTF [T x=yprme’

whenever 2|h| < |x — y| or |h| < 20]t|, for some « > 0, where (th) (x) = f(x +h) - f(x).

Sketch of proof. The case m = -1 of (2.3) follows from its parabolic analogue in [AT],
Section 1.4; alternatively, the reader may consult [HK2] for a direct proof in the elliptic
case. The case m = 0 may be treated by applying (1.3) to the solution u(x, t) = d:I'(x,t,y, 0)
in the ball B((x,t),R/2), with R = +/|t]2 + |x — y|2, and then using Caccioppoli’s inequality
to reduce to the case m = —1. The case m > 0 is obtained by iterating the previous
argument, and (2.4) follows from (1.2) and (2.3). O

We remark that, by taking more care with the Caccioppoli argument, using a ball of
appropriately chosen radius cR rather than R/2, one may obtain the natural growth bound
m!CT"in (2.3) and (2.4). We leave the details to the interested reader.

Lemma 2.5. Suppose that L, L* satisfy the standard assumptions. Then, there exists a
constant C,, and for each p > 1 a constant C,, such that for every cube Q € R", for all
x € Q, and for all integers k > 1 and m > —1, we have

() Frorgpeo [@EQ)Y™ @)™ VI (x. .y, O)f dy < CCF (24(Q)) ™2 Vte R
.. 2
(1) o QM @)™ VyT(x, .y, O)f dy < CIF(Q) ™2 X2 <t < p £(Q).
Proof. We first suppose that A € C*; we shall remove this restriction at the end of the

proof. Of course, our quantitative bounds will not depend on smoothness. Let us consider
estimate (i) first. We shall actually prove that for C, large enough we have

(28) > C™[|EUQI™ @™ I - ) aerggy < CREUQ) ™
m=0

Fix x € Q. Let g € CF, ¢ = 1 on 21Q\2%Q, supp ¢  3271Q\ $25-1Q, with

IVl < C(2%(Q)) ™%
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We observe that

<CRe f A Vy ()™ (%, 1.y, 0) - Vy (3™ T(x, 1.y, 0)¢i(y) dy

(where A is the adjoint of the n x n matrix A defined by (A))ij = Aij, 1 <i, j <n)

_CRe f (L1 (0™ T(x 1y, 0) ()™ T(x. 1y, 0) ¢2(y) dy

~CRe f A} Ty ()™ T(%,1,Y,0) (3)™ T (x, 1.y, 0) - Vygi(y) dy

_ ’”
=I5+ Iy

where Lﬁ = —divy A"[VX. For each integer m > —1, define

am = am(x) = (20(Q)™ (Dnet)™ VI (x.t. -, 0)gull2 = (24(Q))" 142
Since I'(x, t, -, -) is a solution of L* away from x, t, we have that

n+1

n
(LyT(xty,0) = Z DiA 1Dl + Z Ani1j - DDl
i1 i1

where in the second term we have used t-independence. We designate the respective con-
tribution of these two terms to If, by If ; and 17 ,. Now,

ol <C f Vs Dnst)™2T'| |(Det) ™1 | o2

< C(1I¥y (D)™ T @idllz + | (D) ™ T kllz) | (s 1) ™ T oillz

< CCF ((2“(Q) ™ Vamea + CIM (210(Q) ™ 2F) (2 e(Q) ™ #
(where we have used (2.3))

< CCTF (ama(Z(@) 2™ 4 4 C{™ 2 (2X0(@) 272 )

< Coa2,,,(2¢(Q)) ™ + CCT ™2’ (571 4 1) (2¢(Q)) 2™ 2™,

where ¢ > 0 is at our disposal. Also, after integrating by parts

n
Iy =—CRe ) f Al i1 (B)™T(x, 1Y, 0) (3)™ DIT(x, L.y, 0) ¢ (y)dy
i=1

n
~CRe ), f Al et (0)™2T(x, 1Y, 0) (3)™ T LY. 0) Diggidly.
i=1

By Cauchy’s inequality, (2.3) and the bound for || V||, We obtain
17,4l < Gl + CC2MD (571 4 1) (2kQ) 212
Similarly,
1] < Colm + CC2™ 571(24¢(Q)) 2™ 2,
Collecting our estimates for 17 ,, If, ,, and 1, we obtain for 6 small enough that

(20Q) ™ 1m = 8y < Caal,,, + O™ 5 UQ) ™,
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Thus,

C;™az < ' Co™Coaz,, + » CoMCCH™ s 2k(Q)
m=-1 m=-1 m=-1

We now choose 6 = ém = %CEZ”H, so that the right side of the last inequality equals
l [oe] (o9
E Z CE(erl)zaerl +2C Z CEmZJran:LCi(erz)z(2kf(Q))_n_2.
m=-1 m=-1
Choosing now C, = Cf, we obtain (2.6), under the a priori assumption that

S el < oo
m=—1

The latter holds if A(x) € C*, for in that case (9;)™* VyI'(x, t, y) satisfies point-wise bounds
analogous to (2.3), possibly depending on the regularization of the coefficients. The con-
stants in (2.6) and in the conclusion of Lemma 2.5 are independent of this regularization.
The proof of estimate (ii) is similar, except that we replace the cut-off function ¢y by
¢ € C3(3Q), with ¢ = 1 on 2Q. We omit the details.
To finish the proof of the lemma, it remains to remove the a priori assumption of smooth-

ness of the coefficients. To this end, fix a cube Q, and let g € C3'(Q), fe C5'(R(Q),CM),
where Ro(Q) = 2Q, and R¢(Q) = 2**1Q \ 2%Q, k € N. It is enough to prove the estimate

K9, (D)™ 1S ¢ (divy, )] < CCT/2(2%6(Q)) 2™ Yigllall filo»

with t > 0, and, when k = 0, p~1£(Q) < t < p£(Q), with the constants depending upon p
in the latter situation. The case t < 0 may be handled by an identical argument, which we
omit. We define

A: = PA= ¢, A,

where ¢.(x) = e™"¢(x/&), and ¢ € CT({|x| < 1}) is non-negative and even, with fRn ¢=1.
Then A, — A a.e.. Set
L. = —divA.V,
and let I', denote the corresponding fundamental solution. We note that
-t =t - Lt = LAdiv(A, - A)VLL
We choose a non-negative even cut-off function ¢ € Cg'(-1, 1), with ﬁw =1.Fixt>0
(ort e (0724(Q), pt(Q)) if k = 0). For 6 > 0, set ps(s) = 6 Lp(s/6), and define
f50.8) = fY es(9),  Gax1) = 9 wst— 1)
Now, fix £ > 0 and suppose that 0 < § < t/8. Then for |t — 7| < 6, we have

f (0™ T, (x. .y, 5) divy Fly) ¢5(s) dyds

(Dn)™* Lt divy f5(x, 7)

f‘Pé(s) (Dml)rml (S I.:S divj F) (x) ds,
where S denotes the single layer potential operator associated to L,. Thus,
(@5 (D) ™ L  div f;>| = 'fftp(s(r)t,o(;(s) <g,(Dn+1)m+l(StLj(T+s)V”)- 'y dsdr

CCI2 |gll4IIfll (24e(Q)) 2™

IA
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by the a priori bound obtained for smooth coefficients, since [t+s| < 26 < t/4and g1 = 1.
Moreover,

KGts> (Dnen)™ (L = L) divy £ = (Do) ™ gus, Ly div(A, — A)VL divy £5)]
= (V(L2) ™ (Dns)™gus. (A — A)VL Udiv) ),
which converges to 0 as € — 0, for each fixed 6 > 0, by dominated convergence, since
V(L) (Dre) ™ ges, VL divy f; € LAR™).

(For the first term, the case m = —1 uses that C’ C L2 — Lﬁl, where 2, = 2(n+1)/(n+3)
is the lower Sobolev exponentin n + 1 > 3 dimensions.) Thus,

KGus, (Dnsn)™ L2 divy 5] < CCT 2 iglall il (246(Q)) 2™ 2.
The conclusion of the lemma now follows from the observation that
(G- O™ £ = [ [ ga(e)es9) 9. Ons ™S ey vy F dsde
— (0, (Dne)™*S div; 1,
as & — 0, since h(t) = (g, (Dns1)™1S div; f3 is continuous (even C*) in (0, o0). O
As a Corollary of the previous two Lemmata we deduce

Lemma 2.7. Suppose that L, L* satisfy the standard assumptions, and let f : R" — C™1.
Then for every cube Q and for all integers k > 1 and m > —1, we have

(I) ”6{“—”-(8 tV) : (f 12k+1Q\2kQ)”EZ(Q) S CCTZT\ZZ*nk(Zkg(Q))*ZITFZHf”EZ(ZHIQ\ZkQ), t € R
.. —2m— £
(i) 0™1(SV) - (flzq)IIfZ(Q) s CL”Z”{’(Q) am 2I|fI|EZ(2Q), 9 <Itl <pl(Q).
Proof. We consider estimate (i). Let x € Q. Then
2
10 1(S V) - (Floaguxg)(X)IP = f O™V L(X, 1Y, S) [s=o0 - F(y)dy
2k+1Q\2kQ
<1107 Vy,sT(X 1, Y, 8) Is=0 22010, 20) 220101240
-n-2m-2
S CC?Z (2k£(Q)) ||f||EZ(2k+1Q\2kQ)’
where in the last step we have used Lemma 2.5(i) and (2.3). The bound (i) now follows
from an integration over Q. The proof of (ii) is similar, and is omitted. O

Lemma 2.8. Suppose that L, L* satisfy the standard assumptions, and let f : R" —
C™1, f:R" — C. Then for every t € R, and for every integer m > 0, we have

(i) ™IS V) - flLegery < CCT /22

(i) ™ OPIVS  Fllzqeny < CCF /2 I o,
Proof. Fixt € Rand m > 0. It is enough to prove (i), since (ii) follows by duality and
the fact that adj S; = S*;, where S} is the single layer potential operator associated to L*.

We may further suppose that t # 0, since otherwise the left hand side of the inequality
vanishes. Set 6; = t™15™1(S,V). We write

1/2

||etf||Lz=[§Q] fQ |etf|2]1/2=[§ jg fQ |etf|2] :
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where the sum runs over the dyadic grid of cubes with £(Q) ~ [t|. With Q fixed, we
decompose f into f15g plus a sum of dyadic “annular” pieces (f1x¢10\2q). The bound (i)
now follows from Lemma 2.7. We omit the details. o

The next lemma says that

n+l n
L =Ly~ > An1jDnaDj = ) DiAiniiDnia
j=1 i=1

in an appropriate weak sense on each “horizontal” cross-section.

Lemma 2.9. Let L satisfy the standard assumptions of this paper. Suppose that Lu = g
in the strip a < t < b, where g € CJ(R™?). Suppose also that Vu, Vo € L2(R"),
uniformly in t € (a,b), with norms depending continuously on t € (a,b). Then for every
F € L2(R") N L2(R"), and for all t € (a, b), we have that

n+1
fA”(x)qu(x,t)VxF(x)dx = Zf Ani1,j (X) 0,0t u(x, 1) F(x) dx
(2.10) h A

n
-3 [ A0t axFodx+ [ g0 FOoux.
i=1 VR" R"
Proof. Lett € (a,b), and let < min(t — a,b —t). Set ¢,(s) = 77 (s/n), where ¢ €
Ce(F.3). 0< ¢, [¢ =1 Define
Fey(X, 5) = F(X)gy(t —s).

Then by the definition of weak solutions, and t-independence, we have

n+1

ffAH(x)qu(x, S) VxFi,(x, s)dxds = foAnﬂ,j (X) 9x;0¢ u(X, 8) Fy,(x, s) dxds
=1

—Zn:ffAi,ml(x)asu(x, S) 9y Fiy(X, s) dxds +f g(x, s) F,(x, s)dxds.
i=1

By our hypotheses, the functions of t defined by the four integrals in (2.10), are all contin-
uous in (a, b). The conclusion of the lemma then follows if we let  — 0. O

We may now prove a “2-sided” version of Lemma 2.8.

Lemma 2.11. Suppose that L, L* satisfy the standard assumptions, and let f : R" — C™1,
Then for every t € R, and for every integer m > 0, we have

t™2V0 (S1V) - Fll2 < Cllfll2-
Proof. Fixt € R. We may suppose that t # 0, since otherwise the left hand side vanishes.
By Lemma 2.8 (ii) and t—independence, we may replace (S.V)-f by (S;V)- f = =S div; f,
where f'e Cg’(R",C"). It then follows from Lemma 2.8 (ii) that
(2.12) Bun(®) = ™2V, (S.9)) - i3 < CECH vy .

This last bound will not appear in our final quantitative estimates. Rather, the point is that
the left hand side is a priori finite with some (non-optimal) quantitative control.



14 M. ALFONSECA, P. AUSCHER, A. AXELSSON, S. HOFMANN, AND S. KIM

By ellipticity, Lemma 2.9 and Lemma 2.8 (i), we have that
ﬁm(t) < Ct2m+4 Re (AHVH(?{”*lSt diV” f_), VH(a{THlSt diV” f_)>

n+1

CRe Z<An+1, (t™3D;0M 25, divy f, ™S, divy )
j=1

n
~CRe Z<Ai,n+1 t™20m™25  div, f,t™2D;0™1S, div, )
i=1

CoCTIIFIE + CCS I3 + Copmer(t) + CoC™ ) fllz + CoBm(1).

where § is at our disposal. Choosing & small enough, we may hide the last term, so that
Brn(t) < C52CT |13 + CoBmea(1).

Thus, taking 6 = 6m = 60C;2™, with o small, we have

IA

o0 ~ ) R _ B N B 2
2™ ) < € Y G (ST + 0™ a0
m=0 m=0
0 . _ _ »
< c)y (5glcgm||f||§ + 6oC; M (™) ﬂm(t))
m=0
<

R P
< CIfIE+5 > GG, ™ Bn(t).
m=1
by choice of 6o small enough. By (2.12), the series converges, so the last term may be
hidden on the left side of the inequality. In particular, we conclude that
Ban(t) < CCEM25m 2.
m]

Lemma 2.13. Suppose that L, L* satisfy the standard assumptions. Fix a cube Q c R",
and suppose thaty,y’ € Q. For (x,t) € R™?, set

u(x,t) =T(x t,y,0) - T'(x,t,y’,0).
If @ is the HOlder exponent in (2.4), then for every integer k > 4, we have

2 —ka ok -n
(2.14) fz MQ\szwu(x,m dx < C27% (2¢(Q)) .

Proof. By (2.4), itis enough to prove (2.14) with Vy in place of V. Let ¢x € C3'(3 - 2¢Q\
3. 2%2Q), with ¢, = 1 on 21Q \ 2XQ and ||Vxexlle < C(2K£(Q))~L. Then the left hand
side of (2.14) is bounded by an acceptable term involving a t derivative, plus

flVXu(x,t)|2 (gok(x))zdxsC‘RefA“qu-V_Xu‘pE

= CRe fA“VXu Vi (Te?) - C%efAHqu Ve(gf)Tu = 1+11.
By Lemma 2.2, fory,y’ € Q and x € (2"1Q)¢, we have
(2.15) u(x Bl < 27 (24Q) "
and also
(2.16) jBru(x, )] < C274 (2¢(Q))

-n
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Using the first of these, we obtain
1-
1< c27 (24(Q)) " ¥l [ Wl

1/2
<27 (2¢(Q)) " ( f Ve ) < Cel272e (2X¢(Q)) "+ e f Ve,

where ¢ is at our disposal. Moreover, by Lemma 2.9,

n
| = —C Re Z {fAi,mlatU D_IU‘PE + fAiv”Jflatu Di ("Di) U}
i=1

n+1
+C ‘}’\EZ fAn+l,j DjatUU(pi =l + 1+ 1s.

Now, I satisfies exactly the same bound as term |1, and by essentially the same argu-
ment, except that we use (2.16) in place of (2.15). Moreover, using (2.15), (2.16), and the
properties of ¢y, we see that

1ol < 272 (2¢(Q)) "

To handle 13, we note first that the case m = 0 of Lemma 2.5(i) (with the roles of x and y
reversed), applied separately for y and y’, implies that

f 10V xu(x, t)|2p2dx < C (2"5((3))‘“‘2
Thus, using also (2.15), we have

llal < C27% (24(Q)) "

Collecting these estimates, choosing & sufficiently small, and hiding the small term on the
left hand side of the inequality, we obtain the desired bound. O

In the sequel, we shall find it useful to consider approximations of the single layer
potential. The bounds in the following lemma will not be used quantitatively, but will
serve rather to justify certain formal manipulations. For > 0, set

(2.17) Si= f%(t—s)ssds,
R

where ¢, = @, * &, ¢, € C5(-n/2,1n/2) is non-negative and even, with f(,NO,] = 1and
Go(t) = 7 (t/m).
Lemma 2.18. Suppose that L, L* satisfy the standard assumptions, and let S; denote the
single layer potential operator associated to L. Then for each > 0 and for every f €
L2(R") with compact support, we have

(|) ”atS:’f”LZ(Rn) < C’B,n”f”LZn/(mZﬁ)(Rn) N 0 <ﬁ < 1

(i) ||VXS;If|||_2(Rn) < C,]||f||L(2n+2)/(n+3)(Rn)

(iii) |||ta$s;7f||| < Cpyllfllzvezagmy, 0<B< 1.

(iv) IV(S{=St) Fllzeny < lelfllz, n < Itl/2.

(V) limyo [, 1tV0(S7 - S¢) FPEL =0, 0<e<l.

(vi)  Foreach cube Q c R", [18:S{llL2(q-L2n) < Cre@)-
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Proof. (i). We observe that
087109 = [ Kx )Ty,
]Rn
where ki(x,y) = 0; ((p,] x« (X, -, Y, 0)) (t). Thus, by Lemma 2.2

ke Y < Cmin(Ix =y 7 x = yI*™") < CpPlx -y, 0<B<L.

Estimate (i) now follows by the fractional integral theorem.
(ii). We first note that

ST£(x)

f f f T(x,t—s - .y, 0)f(y)dy&,(s)@,(o)dsdo
f (L7H,) (%t = )y (o)dor,

where f,(y,s) = f(y)@,(s). Let § € CF(R",C"), with ||gll. = 1, and set g,(x, o)
g(X)@,(o). Then

K@, VST )| = ' f f divxg’,,(x,o-)(L—lf,,)(x,t—o-)dxda-'
< NG llz@eny VL fyllz@eey < Cop~ Y201 lliz @neay = C Y2l llz: @yll FllLz. nys

where 2, = (2n +2)/(n + 3), since L% (R™?!) — L2, (R™!) = (L%(R”*l))* ,and VL 1 div :
L2(R™1) — L2(R™1). Estimate (ii) now follows.
(iii). We proceed as for estimate (i), and write

wESI100 = [ ey fo)dy.
Rn
where hy(x,y) = t6? (cp,7 « (X, -, Y, 0)) (t), so that, by Lemma 2.2,

Ihe(x, y)I < Ctmin(1x =y, p72x -y ") < Cty " Px -y, 0<p< 1.

Moreover, if t > 25, we have the sharper estimate

|ht(X,y)| < CW < Ct_ﬂlx - y|’8_n, 0 <ﬂ <1

Thus,

2n 00
|||ta$s;7f|||zsc( [t [ t“ﬂdt)||f||fzm<mw(m,

0 2n
and (iii) follows.
(iv). We suppose that < |t|/2. Then
IV (S7 = St) fllLaqeny < @ # IV (S () = St) FllLen).

But for |s — t| < 5 < [t|/2, we have by the mean value theorem and Lemma 2.8(ii) that

IV (Ss—S0) flizen < = SUP [ITV8:S < FllLzqery < CL I Fla.
[t r—ti<pti/2 It]
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(V). We take 7 < /2, and write
* dxdt * dxdt
f tV6 (S - 1) 1P —— = f f Iy * VD1 (S = S0) F2 ——
& R" & R"

* dt
[ e mvDna 0 -S0 1B T
We claim that the last expression convergesto 0, as  — 0. Indeed, for |[s —t| < 5 < t/2,

we have that

VD01 (S5 = S1) flloery < SUP. I7V92S < Fllaer < Cgllfllz
[r—t|<t/

(2.19)

IA

by Lemma 2.8(ii). Thus, for n < &/2, (2.19) is bounded by Cn%s~?||f||2, and the claim
follows.

(vi). Estimate (vi) follows from (i) and Holder’s inequality. O

3. SOME CONSEQUENCES OF “OFF-DIAGONAL” DECAY ESTIMATES

Here, we prove some estimates that hold in general for operators satisfying the conclu-
sions of Lemmas 2.7 and 2.8. For the sake of notational convenience, we observe that part
(i) of the former conclusion can be reformulated as

|t| 2m+2
(3.1) ll:(f 12k+1Q\2kQ)||fz(Q) < Cm2 ™™ (2k€(Q) ) IIf ”EZ(ZkﬂQ\sz)

where 6, = t™15™1(S,V). We now consider generic operators 6; which satisfy (3.1) for
some integer m > 0. The next lemma is essentially due to Fefferman and Stein [FS]. We
omit the well known proof.
Lemma 3.2. Suppose that {6}« is a family of operators which satisfies (3.1) for some
integer m > 0 and in every cube Q, whenever [t| < C£(Q). If [II6tlllop < C, then
dxdt
16eb(X) [P ——
It]
is a Carleson measure for every b € L™,
Lemma 3.3. Suppose that {6;}icr is a family of operators satisfying (3.1) for some integer
m > 0, as well as the bound
sup |6 fllzgeny < ClIfll2.
teR

Suppose that {A¢}icr is a family of operators satisfying the bounds

—dist(E, E’
sup [|A¢fll2 < ClIf[l2, IAtfllz) < Cexp ZdiH(E B IfllLe e
teR Cit|
whenever (in the latter estimate) support f C E’. Then 6;A; also satisfies (3.1), whenever

It < C£(Q).

Proof. We may suppose that k > 4, otherwise, subdivide Q dyadically to reduce to this
case. Given Q, set Q = 2k-2Q. Then

(34) QtAt = etlQAt + etl]R"\QAt-
For the first term, we have the bound
101 5As (Flaagz)liz ) < N16tlls2ll At (flavigi2o)lliz@)

—2kg
< 16tll22 eXp{ Clt(|Q)}||f||L2(2k+1Q\2kQ)
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which in particular yields (3.1) for this term, if [t| < C£(Q). Next, we consider the second
term in (3.4), which equals

Z 9t121+1Q\21QAt~

j>k-2
The desired bound follows for this term by applying (3.1) for each j fixed, and summing
the resulting geometric series. m]

Lemma 3.5. (i). Suppose that {Ri}cr is a family of operators satisfying (3.1), for some
m > 1, and for all [t| < C£(Q), and suppose also that sup; |[Rt|l—2 < C, and that Ri1 = 0

for all t € R (our hypotheses allow R;1 to be defined as an element of leoc) Then for
he LZ(R”)
(3.6) f IRth|? < Ct2 f IV,h|2.

RN R"
(i1). If, in addition, ||R; divy |22 < C/|t|, then also
(3.7) IR flll < ClIf]l2.
Proof. We suppose that t > 0, and show that (3.6) implies (3.7). The latter follows from

. (St

(3.8) IR (s2A€%) oz < C mln(? g),

by a standard orthogonality argument. In turn, (3.8) is easy to prove: the case t < s is just
(3.6), and the case s < t follows by hypothesis from the factorization A = divy V.

We now turn to the proof of (3.6). Let D(t) denote the grid of dyadic cubes with £(Q) <
[t] < 2£(Q). For convenience of notation we set mgh = fQ h. Then

(oo (&, fomoe) (5, fmo-men]

f|Rt[(h szh)le]lz] +[ |Rt[(h szh)l(zQ)c:“ ] =1+l
QeD(t)

[N

[Qe]D(t)
Since Ry : L? — L?, we have by Poincaré’s inequality that

3
IsC[Zflh—szmZ] sC|t|[Z
Qeb(y v

QeD(t)
Moreover, we are given that R; satisfies (3.1). Thus,

g

1

2
f |vxh|2] < CIt|IVxhllz.
2Q

I/\
Nl

f |Rt[(h mZQh)12k+1Q\2kQ]| ]
QeD(t)

1
2

where in the last step we have used that
h - mth =h- m2k+1Qh + m2k+1Qh - mszh o= + m4Qh - szh.
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By Poincaré’s inequality, since j < k we obtain in turn the bound

. K 3
cmZz—kZ[ Z 2—J”f”1 2 h|2] <C|t|22 k [ ff] IV h|2)
k=1 =1 \QeD(t) 2 k=1 QeD(t) Q
o0 k
ciuy 2 kZ( [f |vxh(x)|2dxdy) ~ CIt Vil
p=) R J|x-yl<C2it

j=1

Lemma3.9. Given {Ri}er, asin part (i) of the previous lemma, we have that

IE1ReF I < CHIVFlIL2gen),
provided that |%Rt<1>(x) &t is a Carleson measure, where d(x) = .

Proof. We may assume that F € C3’, and thatt > 0. Let D; denote the dyadic grid of cubes
of side length 271, Then

2]+1
IR = f f it 1RtF(y)Foly—
—ooQED

J:

2]+1 dt
Yo [ [ f o
:oerD 2 QvQ t

We now use an idea taken from [J] and [Ch2, pp. 32-33]. For (x, t) fixed, set
Gxi(2) = F(@) - F(X) — (z—x) - Pt (V;F) (%),
where as usual Py is an approximate identity. Since R;1 = 0, we have, for any fixed X,

TRE(G) = TRGO) + TROY) - PUTF) (0 =1+ 11

The contribution of 11 to (3.10) is bounded by

i f21+1f|Pt(V“F)(x)|2f’

j=—o0 QED

< Cj:o Lnlpt (VHF)(X)'Z{J[B(X’CO %

by Carleson’s Lemma, where

(3.10)

dydxd—

dt
dy} dXT < C”V”F”EZ(Rn)”,u”C’

1

{(Q) 2 dt
be=sw [ f { f | dy}dx—
Q Jo o WUsxey It t

(Q) 1 dt Q) 1
< Csupf J[ - dxdy— < Csupf JC '—th)
Q Jo colt x—yl<Ct t Q Jo olt

Next we consider the contribution of | to (3.10). For Q € D_;, and x € Q, we have

2 dxdt

Ri

| = Rt (tilnytle) (y) + Z Rt (tilnytlzkﬂQ\sz) (y) = |() + Z |k.
k=1 k=1
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Since R; : L2 — L2, we obtain the bound

Moll2 < C Z Z f21+f 2 IGxt(y)I dy d dt

j=—0c0 QeD_;

X
SCf f(ﬁ(X,t))zT < ClIVyFllzgny,
0 Jrn

where (8(x,1))? = J|Cx—y|<Ct t72|Gx1(y)|°dy, and where the last step is a well known conse-

quence of Plancherel’s Theorem, see, e.g. [Ch2, pp. 32-33] or [H, pp. 249-250]. Further-
more, since R; satisfies (3.1) for some m > 1, whenever t ~ £(Q), we have that

1
o 21+t 2 :
) IGxt(y)I” dydxdt
c! I < ’
kz:; [l1klll 2 [ Z Z f fQ tn2k(n+4) fx VI<C2t t2 t

j=—0c0 QeD;

Nk [T G )P _) _ S
_;2 (fo fRnJ[xwm 2z —;2 3l

where, after making the change of variable t — t/2¥,

1/2
Bu(x.t) = (Jf IF(Y) = F(X) = (Y = X) - Poii (V) F) (X)|2dy) |
Ix-y|<Ct

t2

We now claim that |||8k/|| < C \/EIIV”FHZ, from which the conclusion of the lemma trivially
follows. By Plancherel’s Theorem, the definiton of P; and the change of variable x —y = h

we have
oo iEh _ 1 — (ih-&) ¢ ™2 _, - dt
I||.3|<|I|2=fO ﬁKCth € (t|2|§|2§)¢( £) IfIZIF(é-‘)Ideth,

where ¢ € C3{|x| < 1} and qu = 1. By the change of variable h — th, we have

I e — 1 — (iht- &) R .15 pdEdNG
- F .
Bl fo fhkc B e EPIFEP =

Since ¢ € S and ¢(0) = 1, we have that

e — 1 — (ih - t&) p(27t2)|
té]

C 2
1,
< Cmin (t|f| tlfl)

Indeed, if t|¢] < 1, then
e — 1 — (ih - t&) p(274t&)| . letéh — 1 —jh-tg . lih-t¢ (1- $(27)) |

tjé| - t1é] té]
< C(t)é] + 271)¢]) < Ctlgl.

On the other hand, if t|¢| > 1, then

el Tt
and ~ ok 2"
I(ih - t&) d(27 )| ~ 15—k c
T < OB < g < Cm'”( tlfl)

We then obtain the bound |||8y/|]> < Ck||VHF||2 as claimed. O
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Lemma 3.11. Suppose that 6; satisfies (3.1) for some m > 0, whenever 0 < t < C¢(Q)
and that ||6;]l>—> < C. Letb € L*(R"), and let A; denote a self-adjoint averaging operator
whose kernel ¢(x, y) satisfies |¢i(X, y)| < Ct™" Ljjx-yi<cy, ¢t =0, f<pt(x, y)dy = 1. Then

sup [|(60) A fll2 < Cliblleoll fl2-

teR,

Proof. Since we do not assume that 6; : L* — L, this requires a bit of an argument.
Observe that

@) ASNE < NIll21AEDIEAS 2 < IFISIFGX Nlsen),
where %K (x, y) is the kernel of the self-adjoint operator f — A(|6;b|°A, ), i.e.,

%) = [ el ab@P e

Consequently,
0l = [ aedab@idz<ce [ iab@ide
RN |x—2<Ct

Thus, by (3.1) and the fact that 6; is bounded on L2 uniformly in t, we have that

s 172 o 1/2
1760 Y <C{(f |b|2) +Zz-k(f |b|2) }scubnm,
Q(x.ACt) — Q(x,2X+1Ct)\ Q(x,2<Ct)

where Q(X, Rt) is the cube centered at x with side length Rt. This proves the lemma. m]

t ds
Qtzf( )Wtsgs
0

for some 6 > 0, where sup, ¢ |[W¢sll2—2 < C. Then

Lemma 3.12. Suppose that

1Qxlllop < CllI6slllop-

Proof. This is a standard Schur type argument. Indeed, if |||G(x )|l < 1, then

O f(x)dx— 1{S<t, G(x t)wtsasf(x)dx—td_ss
.
([ [ woeor [ dfdm) ( A f e (0 4]

< Cliiesflll.

4, TRACES, JUMP RELATIONS, AND UNIQUENESS
We begin by proving a useful technical lemma.

Lemma 4.1. Let L, L" satisfy the standard assumptions. Suppose that Lu = 0 and that
N.(Vu) € L(R"). Then

(4.2) sup VU, Dll2 < CIINL(Vu)|l2.
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Proof. The desired bound for 9;u follows readily from t-independence and (1.3). Thus, we
need only consider Vyu. Let g€ Cy’(R",C"), with IW]l> = 1. For tg > O fixed, it will then
be enough to establish the bound

f u(-, to) divy v/

R

< C[IN.(Vu)|l2.

To this end, we write

fnu(.,to)divxzﬁ = fRn (u(x,to) - ’ u(x,t)dt)divxlﬁ(x)dx

t0/2

o
+f u(x, t) dive(x) dtdx = I + 1.
RN Jtp/2

We first observe that

to
f f (Jf dy) Vu(x, t) ¢(x) dtdx
RN Jtg/2 [x-yl<t

by Cauchy-Schwarz and Fubini’s Theorem. Moreover,

| = < C[IN.(VU)|l2,

o to
I = f Asu(x, s) ds divy (x) dtdx

to/2 Jt
to 1/2
SCto(J[ f |V85u(x,s)|2dxds)
to/2 JRN

t 1/2
<C (JC ldsu(x, s)|%dx ds) ,

to/2 JRO
where in the last step we have split R" into cubes of side length ~ to and used Caccioppoli’s
inequality. The conclusion of the lemma follows since the bound already holds for dsu. 0O

o

o
f f V,dsu(x, s) &(x) dxds dt
t RN

to/2

We now discuss some trace results. The following lemma is the analogue of Theorem
3.1 of [KP]. We recall that u — f n.t. means that limy,y—(x0) u(y, t) = f(x), fora.e.x e R",
where the limit runs over (y,t) € y(x). As usual, P, will denote a self-adjoint approxi-
mate identity acting in R". We shall denote by W the subspace of compactly supported
elements of the usual Sobolev space W2,

Lemma 4.3. Suppose that L, L* satisfy the standard assumptions. If Lu = 0 in R™! and
N.(Vu) € L3(R"), then there exists f € L3(R") such that

(i) 1IV)fll2 < CIIN.(Vu)ll2, and u — f n.t., with u(y,t) — f(X)| < CtN.(Vu)(x) when-

ever (Y, t) € y(x).
(i) Vyu(-,t) = v, f weakly in L?(R") as t — 0.

If Lu = 0in R" x (0,p), where 0 < p < oo, and supg.;, [IVU(:, Dllz@ny < oo, then there
exists g € L?(R™) such that g = du/dv in the variational sense, i.e.,

(iii) ffw AVU-VOdxdt= [ g@dx, ¥ eWF*R" X (-p.p)).

(iv) N -Avu(-,t) > g weakly in L2(R") as t — 0.
(Here, N = —ep.; is the unit outer normal to R,

Of course, the analogous results hold for the lower half space.

Proof. The existence of f € Li(R”) satisfying (i) may be obtained by following mutatis
mutandi the corresponding argument in [KP] pp. 461-462.
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(ii). We first establish convergence in the sense of distributions. Let i € Cg'(R",CM). Then
by (i),

'fRn (VG - vy )@

By the density of C7* in L2, the weak convergence in L? then follows readily from (4.2).

(iii). We follow [KP], with some modifications owing to the unboundedness of our domain.
We treat only the case p = oo, and leave it to the reader to check the details in the case of
finite p. Fix 0 < R < oo and set Bg = B(0,R) = {X € R™! : |X| < R}, B = BN R** and
Ar = Br N {t = 0}. Define a linear functional on Wé’z(BR) (the closure of C in WL2(BR))
by

= 'f (u(-,t) = ) divy | < Ct|IN.(Vu)|l2ll div #ll2 — O.
Rn

AR(Y) = f f AVU- V¥, ¥ e Wr%(BR).
R

Clearly, [|ARIl < CRY2 supe, [IVu(, t)ll2. By trace theory, tr (Wy*(Br)) c Hy'*(Ar), de-
fined as the closure in HY2(R") of C5*(Ag). Here, [ fllhs@n = IIfllz@n + I |§|sﬂ||_2(Rn), for
0 < s < 1. On the other hand, suppose that y € HZ/?(Ag). We extend ¢ t0 e € W32(BR)
by solving the problems

(D+,D-) { 002yt = 0in B

Vodlar = ¥, Yexlopzrrrs = 0

We set ex = Wéle; + Wexle,. and by standard theory of harmonic functions we have
IViextllLzgr) < ClllIHI2(AR)-

Thus, we may define a bounded linear functional on HY/*(Ag) by Er(¥) = Ar(Wex). Since
AR(Y) = 0 whenever Y € Wy%(B}:), then Er(y) = Ar('¥) for every extension ¥ € W,(Bg)
with tr(¥) = . Thus, there exists a unique gr € H/2(Ag) with

f f AVU - V¥ = (gr, tr(¥)), ¥'¥ € Wy *(BR).

Bk

Now suppose that R1 < Ry, and construct gg, corresponding to By = B(0,Ry),k = 1,2.

Then, since W2*(B1) © W,?(By) (if we extend elements in the former space to be 0 outside

of By), we have that gr, = gr, in H"Y?(Ag,). Thus, (gr,,¥) = (Or,, %), Whenever y €
L2(rM), and B4, B, contain the support of . It follows that g = limg_,ogr exists in the

sense of distributions, and that

(4.4) f f AVU- V¥ = (g, tr(P)), V¥ e W3R,
RTI

To complete the proof of (iii), it remains only to establish that g € L2. The bound

gl <C Sug IVu(-, t)ll2
>

will be an immediate consequence of (iv), to which we now turn our attention.

(iv). Again we present only the case p = co. Since sup.q [IVU(-, t)ll2 < oo, it is enough to
verify the weak convergence for test functions in C;’. Let'¥ € Cg’(R”*l), ¥ = Wli=0. By
(4.4), it is enough to show that

fl\T-AVu(-,t)zpﬁff AVU- VY,
RP RTl
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ast — 0. Integrating by parts, we see that for each ¢ > 0,
(4.5) f N - P, (AVU(-, t))y = ff P. (AVU(-, t + 5)) (X) - VP(X, s)dxds,
RN RTI

since Lu = 0 and our coefficients are t-independent. By dominated convergence, we may
pass to the limit as & — 0 in (4.5) to obtain

(4.6) f N - AVu(, )y = f f A(X)VU(x, t + ) - VI(X, s)dxds,
R" R
It therefore suffices to show that
ff AX)(Vu(x,t + 8) — Vu(x, s)) - V¥(x, s)dxds = O ( \/f), ast — 0.
RTl

To this end, let R denote the radius of a ball centered at the origin which contains the
support of . We split the integral into fOZt f”X|<R] +f;f”X|<R] . Since sup. [IVU(-, Bl < oo,
the first of these contributes at most O(t), while the second is dominated by

R 1/2 g 1/2
cnwnzt( f ||Vasu(-,s)||EZ(Rn)ds) sc¢t( f ?) sup [IVu(-, 2
t t/2 t>0

where in the last step we have used Caccioppoli’s inequality in Whitney cubes in the 1/2-
space. The desired conclusion follows. |

Next we discuss the boundedness of non-tangential maximal functions of layer poten-
tials. We recall that S{ is defined in (2.17), and that P, denotes a smooth approximate
identity acting in R". In the sequel, given an operator T, we shall use the notation

[IT fllL2(any

4.7 ITllop.@ = T llL2(@)-L2@ny = SUP
1flle (@)

>

where the supremum runs over all f supported in Q with ||f||2 > 0.

Lemma4.8. Let L, L* satisfy the standard assumptions. Then for 1 < p < oo, we have

(i) IN.(3:StF)llp < Cp (SUPg 19:S tllpp + 1) I llp-
(i) IN.(VSF)llp < Cp (SUPo VxS fllp + IINL(3:S tF)lp) -
(iii) [IN. (Pe(VSF)) llp < Cp (SUPo VxSt Fllp + IN.(3St F)lp)

(iv) supysolIN. (Pt6t8?+tof) lo<C (supt>0||6t8§’||op,Q + 1)||f||2, n>0, supp f c Q.
(V) 1IN, ((StV) - ) llLe < C (SUPo (S V)22 + 1) Ifll2.
(Vi) IIN. (D) llz < C (SUPLo IS tV)ll2-2 + D) [IFll2.

where L%* denotes the usual weak-L? space.

Proof. By Lemma 2.2, the kernel K¢(x,y) = d:I'(x,t, Y, 0) is a standard Calderén-Zygmund
kernel with bounds independent of t. We may then prove (i) by a familiar argument in-
volving Cotlar’s inequality for maximal singular integrals. We omit the details (but see
the proof of (iv) below, which is similar). Estimate (ii) may be obtained by following the
argument in [KP], p. 494 (again we omit the details) and (vi) follows from (v). It remains
to prove (iii), (iv) and(v).
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(iii). The proof is similar to that of estimate (ii), and we follow [KP]. Fix xo € R", and
suppose that |[x — Xg| < t. It is enough to replace V by V. We have

Pt (VStf) (x) ViP(SF)(x) = t2Gi(StF)(x)

t
t‘l(jt(f 6Sszds+Sof—J[ Sof)(x)
0 Ax(Xo)

where we have used that tV,P; = (jt annihilates constants. But

o] (t-l fo t asssfds) ()

and, by Poincaré’s inequality,

13 (s f— S f)
Gi(so Jim%) of | (%)

(iv). We suppose that << £(Q), and that Q is centered at 0, as it is only this case that we
shall encounter in the sequel. We shall deduce (iv) as a consequence of the following re-
finement of Cotlar’s inequality for maximal singular integrals. Let T be a singular integral
operator associated to a standard Calderon-Zygmund kernel K(x,y). As usual, we define
truncated singular integrals

< CM (N..(8sS sf)) (o),

< CM(V;Sof)(x0).

A= [ Koty

and we define a maximal singular integral
TRt = sup [T.f].

0O<e<R
We claim that the following holds for all f supported in a cube Q:
(4.9) T/Qf(x) < C(Ck + ITllopq) MF(X) + CM(T f)(x).

where Ck depends on the Calderén-Zygmund kernel conditions. Momentarily taking this
claim for granted, we proceed to prove (iv).
Let K{(x,y) denote the kernel of 8;S{ (see (2.17)), i.e.,

KY(%,Y) = 8t (5 * T(%,-,Y, 0)) (©)-
Then by Lemma 2.2 we have for all t > 0, uniformly in tp > 0,

Lxoyietodop  Lixeyiet<don
n
(4.10) Ky, (x,Y)I < C ((t Py + o=yl
lh|*
(4.11) |Ktn+to(x +h,y) - Ktn+to(X, y)l < CW, x=yl+t>10n

where the last bound holds whenever |x —y| > 2|h| or 2t > |h|. Of course, we also have a
similar estimate concerning Holder continuity in the y variable. In particular, K{\; (x,y) is
a standard Calder6n-Zygmund kernel, uniformly in t, to and 7.

We begin by showing that for each fixed xo € R"and ty > 0,
(4.12) N. (PtdtS s, f) (X0) < suplaiS{ f (Xo)l + CM(Mf)(xo).
>0

t+to

To see this, let |[x — Xg| < t, and note that

IPt(0tS {1, T)(X) = 3tS ¢y, f(¥0)l < Ct" f o fR Kt (2, Y) = Kby, (X0, VI F (y)Idydz,
Xo-Z<2t JR
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for which, in the case t > 10n, we obtain immediately the bound CM f(xo) by applying
(4.11). Inthe case t < 10n, we split the inner integral into

f +f < CMf(xp) + C (Mf(2) + Mf(xp)).
[Xo—Yl>105 [X0-Yyl<10y

where we have applied (4.11) to bound the first term, and (4.10) to handle the second. The
estimate (4.12) now follows readily.
Next, we observe that for f supported in a cube Q centered at 0, with £(Q) >> n,

(4.13) supla:S{F()I < sup 16:S{f(X)| + CMf(x).
>0 0<t<{(Q)
Indeed, suppose that t > £(Q) >> n. Then
SI1091 < [ IKx )Ty < CMF),
by (4.10), since fory € Q, we have |x —y| ~ |X|, if x| > Ct, and |x — y| < Ct, if |x] < Ct.

Combining (4.12) and (4.13), we see that it is enough to treat supo_,(q) 16:S{ f(X)]. To
this end, fix xp and t € (0, £(Q)), and set p = max(t, 2). Then

aSTf(xo) = fl i (K{(Xo0.y) — Kg(xo.¥)) f(y)dy
Xo—Y|>5p

[ Koty KY(x0,) f (y)dy
[Xo—Y|<50

50>|Xo-yI>p
+f Ko(Xo, ) F(y)dy = 1+ 11+ 1T+ 1V.
[Xo=YI>p
Then [1] + [11] + [111] < CMf(Xo), by Lemma 2.2 and by (4.10). Also,

(V| < sup
0<e<((Q)

f Kg(xo,y)wy)dyl.
[Xo-Yl>e

Thus, taking T in (4.9) to be the singular integral operator with kernel Kj(x,y), we obtain
(iv), modulo the proof of (4.9).

We now turn to the proof of (4.9). The argument is a variant of the standard one.
Suppose that f is supported in a cube Q, and fix £ € (0,£(Q)) and xo € R". Set A =
Ag2(X0), 2A = Ag(Xo). Let f1 = flp, fo = f — f1. Then for x € A, we have

[Tef(Xo)l = [T f2(x0)l [T fa(Xo0) = T f2(X) + T £(x) = T f1.(X)|
CkMf(xo) + [T fF(X)| + [T fa(x)I.

Letr € (0, 1), and take an L" average of this last inequality over A. Note that f; = 0 unless
2A c 5Q, since diam(2A) < 2¢(Q). We therefore obtain

IA

A

1/r
Tf00) < cKMf(xo)+M(|Tf|')1”(xo)+(£ |Tf1|f)

C (CK + ||T||L1(Q)—>L1-°°(5Q)) Mf(Xo) + M(T f)(xo),

where we have used Kolmogorov’s weak-L* criterion, and L>* is the usual weak-L* space.
But by a localized version of the Calderon-Zygmund Theorem,

IA

ITlly@o1re) < C(Ck + ITlz@-260)) < C (Ck + Tl @tz
and (4.9) follows.
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(v). By (i) and t-independence, we may replace V by V. The desired estimate is an
immediate consequence of the following pointwise bound. For convenience of notation set

K = SUPso 1 (StV)) llo—2. Let f e CI(R", C"). We shall prove’
(4.14) NL((StV:) - (%) < C(M((StheoVi) - F)(¥) + (K + D)(M(IT12))" (%))
To this end, we fix (Xo, to) € R™?* and suppose that |xg — X| < 2t, [to — S| < 2t and that k > 4.
We claim that
(4.15) f [Vy(T(X, 5, Y, 0) — T(Xo, to, y, 0))|2dy < C27(2k¢)™.
2kt<|Xo—y|<2k+1t
Indeed, the special case s = tg is essentially a reformulation of Lemma 2.13, but with the
roles of x and y reversed. In general, we write
I'(x,s,y,0) = T'(xo,to,¥,0) = {['(X,s,Y,0) —'(Xo, S, ¥, 0)} + {T'(Xo, S, ¥, 0) — ['(Xo, to, ¥, 0)}.

The first expression in brackets is the case s = to, while the horizontal gradient of the
second equals

S
f Vy0:T'(Xo, 7, Y, 0)dr.

to
We may handle the contribution of the latter term via Lemma 2.5. This proves the claim.
We set u(-, t) = (S+Vy) - ff and we split u = up + X, , Uk = Up + U, where

00

Uo=(StVy) - fo, Uk=(Sevy) - fi, Gi= ) g
k=4

and fo = 1y jcten. fx = g, and Re = {y : 2% < |xo — y| < 21t}. By (4.15), for
s € [-2t, 2t] and |xo — X| < 2t, we have that

9 -l O < €272 f
R
Summing in k, we obtain
(4.16) I6(x, s) - U(xo, 0)] < C (M(I)
Moreover, since Lug = 0, by (1.3) it follows that
1/2

1/2
2
luo(x, I < C(JC fB((x,t),t/2) o )
CK (M(f))™ (xo).

Taking s =t in (4.16), we therefore need only establish the bound
- 2o \1/2
(4.17) 8(%0. )] < C(K + 1) (M(1?))™" (X0) + CM (u(:, 0)) (¥o)

The proof of (4.17) is based on that of the well known Cotlar inequality for maximal
singular integrals. Set Ag = {|x — Xo| < t}, and let x € Ag. We write

[Gi(%o, 0)I [G(x, 0) — T(Xo, 0) + |T(x, O)|
[G(x, 0) = T(Xo, 0)| + [uo(X, 0)I + [u(x, 0)|
C (M(R)" (x0) + luo(x, 0)l + [u(x, O),

= 12 —o\\1/2
|f|2) <C272(M(fP)" (%)-

k

)" (x0).

IA

Ct™2sup|(S.V)) - follz
>0

IA

IN A

IA

"The bound for the last term in (4.14) may be improved to (M(| fﬁlq))”q(x), for some g < 2 depending on
dimension and ellipticity, as the fourth named author will show in a forthcoming paper with M. Mitrea.
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where in the last step we have used (4.16) with s = 0. Averaging over Ag, we obtain
1/2
N o \1/2
001,00 = C (M) () +  f oG 0P|+ M w0
Ao

Since the L? average of ug is bounded by CK (M(l 1‘72))1/2 (Xo), we obtain (4.17). O

We are now ready to discuss the jump relations and traces of the layer potentials. We
recall that S;, D5 denote the single and double layer potentials associated to L*.

Lemma 4.18. Suppose that L, L* satisfy the standard assumptions, and that the single
layer potentials S, S satisfy

(4.19) Sup [I[VS+llo2 + sup [IVS{l—2 < co.
t#0 t#0

Then there exist L2 bounded operators K, K, 7~ with the following properties: for all f €
L2(R"), we have

(i) (£31+K)f=0,u*
where u* = Sf, t € R, and 9, denotes the conormal derivative —en,1 - AV, interpreted in
the weak sense of Lemma 4.3 (iii) and (iv).

(i) Dust - (F31+K) f weakly in L2

(iii) (VS1) hessf — (Fzet—ena +7)f weaklyin L2,
Proof. It is enough to prove (i). Indeed, if we define
K = adj(K¥),

then (ii) follows from (i) and the observation that Ds = adj (N - A"VS;) -_s. To obtain
(iii), we first use (4.19), Lemma 4.8, Lemma 4.3 and the formula

n
(4.20) ~Ani1ns10St = N - AVS; + 3" An1 iDjSy
=1
to deduce that 9;S+f converges weakly in L2, as t — 0. Thus, we may define
Tf=tr (VStf) .

Then (iii) follows from (4.20) since VS f does not jump across the boundary.
To prove (i), we apply Lemma 4.3 (iii) in both R}, to obtain g* € L?(R"), with g* =
d,u* in the weak sense. We now define® K by

1, PR TS S
(4.21) (§I+K)f=g,(—§I+K)f=g,

and to show that this operator is well defined, we need only verify that g* — g~ = f. Itis
enough to prove that

(4.22) ff AVU* - VWPdxdt + ff AVU™ - VWPdxdt = fydx,
RTl RTl RN
forall ¥ € Cg(R™?). To this end, set uf = S{'f, where S is defined in (2.17), so that

0 = f f T(xt.y, 5)f,(y, )dyds, t e R,
le

8We are indebted to M. Mitrea for suggesting this approach.
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where f,(y, s) = f(y)p,(s) and ¢, is the kernel of a smooth approximate identity acting in
1 dimension. Let U, = Uylgma + U, 1gna. Since LI = 6, we have that

ff AVu; V¥ + ff AVu, - V¥ ff AVU, - V¥

RTI RE” RN+1

ff f,¥ — f f\,
Rn+1 RN

as n — 0. On the other hand, fixing € momentarily, we have that

ff AV(u;;—u*)-V‘P:ff +fleg+llg.
RN & n 0 Jrn

Fix a number R greater than the diameter of supp(¥). Then

R
I < Cy f sup V(57 = S)fllageny — O

e<t<R

asn — 0, by Lemma 2.18. Moreover,

sup|lls| < Cy esup[[VSifll2 < Cy &llfll2,
>0 t£0

where we have used that sup, ., [IVS{ fll2 < sup, [[VS:f|l2, by construction of S{ (2.17).
The analogous convergence result for the lower half-space concludes the proof of (i). O

We turn now to the issues of non-tangential and strong L2 convergence for D.

Lemma 4.23. Suppose that L, L* satisfy the standard assumptions, that the single layer
potentials St, S; satisfy (4.19), and that S = S{li—o : L(R") — L3(R") is bijective. Then
for every f € L2(R"), we have the following:

Df > (¢%| + K) f n.t andinL?.

We first require a special case of the Gauss-Green formula.

Lemma4.24. Let L, L* satisfy the standard assumptions, and suppose that Lu = 0, L*w =
0 in R™! with

(4.25) sup (IVuC, llz + [IVW(-, ll2) < e,

and d,uWw(-, 0, d,-w u(-,0) € LY(R")°. Suppose also that there exist Ro, 8 > 0 such that for
all R > R, we have

(4.26) f f [Vu|[VW] + [VulR™Yw| + [VWR Lju| = O (R’ﬁ).
R™N(B(0,2R)\B(0,R))

Then
faqu=fu6V*w.
Rn R

Of course, the analogous result holds in R™1.

9Here, d, and d,+ are the exterior conormal derivatives, corresponding to the matrices A and A* respectively,
which exist in the weak sense of Lemma 4.3.
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Proof. By the symmetry of our hypotheses, it is enough to show that

(4.27) f f AVu - Vw = f A UW.
RTI RN

To this end, for Rg < R < o, let @r(X) = O(X/R), where ® € C5(B(0,2)) and ® = 1 in
B(0, 1). We set wg = w®Og. Then by Lemma 4.3, we have that

ff AVu-VWszavuw_R.
RTl RN

A simple limiting argument completes the proof. ]

Corollary4.28. Let L, L* satisfy the standard assumptions, and suppose that the respective
single layer potentials Sy, S; satisfy (4.19). Further suppose that u(-,7) = S in R™1,
where y € C3’(R"). Then setting uo = u(-, 0), we have

(429) Diug = St(ayu).

Proof. It is enough to show that for all ¢ € C3’(R"), we have
Doy = f St(0,u) @.
Rn n

Note that adj(Dr) = N - A* (VS%)lr=—t, and that adj(St) = S*;. Set u*(-,7) = Sigp,, so that
L*u* = 0 in R™1\ {r = 0}. It suffices to verify the hypotheses of Lemma 4.24, in the
lower half-space, for u, w, with w(:, s) = u*(-, s—t), s < 0. Estimate (4.25) is immediate by
(4.19). By Lemma 2.2, we have

(4.30) u(X)| + w(X)| = O(X|™1) as |X| — co.

Also, Lu = 0,L*w = 0 in R™!\ B(0,Ro), if Rg is chosen large enough, since ¢,y have
compact support. Thus, by Caccioppoli,

2
u
R™1N(B(0,2R)\B(O,R)) R™1N(B(0,3R)\B(0,R/2)) R

for R > 4R, and similarly for w. Estimate (4.26) follows. Finally, the boundary integrabil-
ity of 9,uw and 9,-w u follows readily from Cauchy-Schwarz, the fact that n > 2, and two
observations: first, that by Lemma 2.7 and duality, we have

f 9,02 + 18, W2 = OR™;
Ar(0)\AR(0)

second, that (4.30) implies that

f U + wi> = O (R*™).
Azr(0)\AR(0)

We leave the remaining details to the reader. m|

Proof of Lemma 4.23. Since we have already obtained the limits (i%l + K)f in the weak
sense (Lemma 4.18), it is enough here merely to establish existence of n.t. and strong L2
limits, without concern for their precise values. We give the proof only in the case of the
upper half-space, as the proof in the other case is the same.

We begin with the matter of non-tangential convergence. Observe that adj (S:V) =
(VS%) lr=—t, S0 by (4.19) and Lemma 4.8(vi), it is enough to establish n.t. convergence for
f in a dense class in L%. We claim now that {Sodiv; @ : § € C5(R",C")} is dense in L2.
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Indeed, by hypothesis and duality, So : L2, — L? is bijective. Thus, L? = {Sodiv;§: g €
L2}. The density of Cg in L? establishes the claim.

We now set f = ug = So(divy §), with g € C, and let u(-, 7) = S-(div; g), T < 0. We
may then apply Corollary 4.28 to obtain that D;f = S¢(d,u). Moreover, (4.19), Lemma
4.8, and Lemma 4.3 imply that ,u € L? and hence also that S(d,u) converges n.t., from
which fact the non-tangential part of (ii) now follows.

We turn now to the issue of strong convergence in L2. By (4.19), we have in particular
that L2 bounds hold, uniformly in t > 0, for D,. Thus, it is once again enough to establish
convergence in a dense class. To this end, choose ug, u as above. It suffices to show that
Dy is Cauchy convergent in L2, ast — 0. Suppose that 0 < t' < t — 0, and observe that,
by Corollary 4.28, (4.19) and our previous observation that d,u € L?,

t
1Dtuo — Drlollz = I | 9sSs(9yu) dsll2 < (t = t')1|0sS sdyull2 — O.
t/

O

Lemma 4.31. (Uniqueness). Suppose that L, L* satisfy the standard assumptions, and
that we have existence of solutions to (D2) and (R2). Then those solutions are unique, in
the following sense:

(i) If usolves (D2), with u(-,t) — 0inL? ast — 0, thenu = 0.

(ii) If usolves (R2), and u — 0 n.t., then u = 0.1°

If, in addition, L and L* have ““Good Layer Potentials™, then the solution to (N2) is unique,
in the sense that:
(iii) If usolves (N2), with du/dv = 0 in the sense of Lemma 4.3 (iii) and (iv), thenu = 0
(modulo constants).

Proof. Consider first uniqueness in (D2). We begin by constructing Green’s function. By
Lemma 2.5 with m = —1, for each fixed (x, t) € R™?, we have I'(x,t, -,0) € L2, with
(4.32) IViL(X, t, -, O)llzqzmy < Ct2.
Thus, by (R2), there exists w = wy solving

Lw =0inRM!
(R2) w(-,s) — I'(x,t,-,0)n.t.

INL (VW) 2ny < CE2,
Set

G(x,t,y,8) =T'(X,t,Y, S) — Wxr(Y, S),

and note that

(4.33) sup  [IVG(X,t,, S)llz@ny < Ct™2

s)|s-t|>t/8

Letd e C?(RQ”), with 6 = 1 in a neighborhood of (x,t). Then, since Lu = 0, we have

u(x, t) = (uo)(x,t) = ffA*Vy,SG(x,t, Y, s) - V(u)dyds

=—ff6V9-AVu+ff%-Avauz|+||.

100ur data in the problem (R2) belongs to I'_i, whose elements are defined modulo constants; thus, uniqueness
in this context must be interpreted correspondingly. We assume here that we have chosen a particular realization
of the data equal to O a.e. on the boundary.
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We now choose ¢ € C;(-2,2),¢ = 1in (-1,1), with 0 < ¢ < 1, and set 6(y,s) =
[1 — ¢(s/€)] ¢(s/(L00R)) #(Ix — yI/R), with ¢ < t/8,R > 8t. With this choice of 9, the
domains of integration in I and 11 are contained in a union Q; U Q, U Qg, where

(1) Q1 c Ajr(X) x {e < s < 2¢}, with (IVOllL~ () < Ce L

(2) Qp € Azr(X) X {100R < s < 200R}, with ||VE]l.~(q,) < CR7L.

(3) Q3 c (Ar(X) \ Ar(X)) x {0 < s < 200R}. with (IVOlL~ () < CRL.
We treat term | first. We recall from [HK2] that

(4.34) VoG (X, Mizenngpery < CrE2, vr >0, X e R
and that
(4.35) IG(X,Y)| < CIX = Y|*™",

whenever [X — Y| < min(6(X), 6(Y)), where 6(X) denotes the distance to the boundary of
the half-space (i.e., the t-coordinate). Thus, in particular we obtain that
(4.36) RTIG(X t, liz@uues) < CRET2,

where in proving the bound on Q3 we have used that G vanishes on the boundary, to reduce
matters to (4.34). We then have that

1 1/2
(4.37) —| < s_lf IG||Vu] + R&/2 (ff |Vu|2) =1y + .
C Q1 QUQ3

Since u vanishes on {t = 0}, we may apply Caccioppoli’s inequality in Q, U Q3 to obtain
that I, < CR™2supg o llu(:, s)ll2 — 0 as R — co.
To treat 15, we first note that for (y, s) € Qy,

(4.38) IG(x. .y, 8)l < Ce ((Ix =yl + )™ + No(Vwie)(y)).
by Lemma 2.2, Lemma 4.3 and construction of G. Consequently,
1/2
(4.39) (a-l f f IG(x,t, Y, s)|2dyds) <Cet™?
L2(Q)

Thus, using Caccioppoli to estimate the L? norm of Vu in Q;, we obtain that
I, < Ct™2sup|ju(-, s)ll. — 0

s<3¢

as e — 0, since u(-, s) — 0in L2,
We now consider term I1. By Cauchy-Schwarz and then Caccioppoli’s inequality,

s_lf |VG||u|+R‘1ff VG| |ul = Iy + I
Q Q,NQ3

Ce32G(X,t, -, llLzay) SUP IUC- S)llz
s<2¢

IA

IA

(4.40)

+RZZIG(X, 1, -, Nz, SUP UC, S)I2
s>0

By (4.39), the term 11; may be handled exactly like 11, and by (4.36), 11, yields the same
bound as I,. The proof of uniqueness in (D2) is now complete.

Uniqueness in (R2). Suppose now that N,(Vu) € L2, and that u — On.t.. Choosing 6 as
above, we split u(x, t) = (Ud)(x, t) into the same terms | + 11, which we dominate again by
I+ 1z and Iy + 113 as in (4.37) and (4.40), respectively. We now claim that

l; + 11y < Cet™2||N,(Vu)ll, — 0
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as ¢ — 0. For Iy, this follows from Cauchy-Schwarz and (4.39). To handle 114, we first
note that, by Lemma 4.3(i), |u(y, s)| < CeN,(Vu)(y) in Q1, since u(-,0) = Oa.e.. The claim
then follows from Cauchy-Schwarz and Caccioppoli (applied to VG).

Rewriting the last expression in (4.37), we see that

1/2
e G | IS B L s
2U3

by construction of Q, U Qs. Moreover, Lemma 4.3(i) implies that |u|/R < CNl(Vu) in Q3
and |ul/R < Cinfa,xnareg N«(VU) in Q. Thus, by (4.34),

o 12
CRY/2 (ff IVy,sG(x, t,y, s)|*dyd S) (Rl ff M)
QUQ3 e "

CRE V2N, (VU) I 2(Am(\A(x) -
Since n > 2, we obtain dominated convergence to 0.
Uniqueness in (N2). Suppose that N.(Vu) € L2, and that du/d, = 0, where the latter

is interpreted in the sense of Lemma 4.3(iii) and (iv). By Lemma 4.3(i), we have that
u — upn.t., for some ug € Lf(R”). By uniqueness in (R2),

u(-t) = Su(Sp'uo),
where Sg = St|i=o. Thus, by Lemma 4.18,

(%I + K) (S 5tuo).

But by hypothesis, 31 + K : L2 — L?and So : L — L2 are bijective, so that uo = 0 in the
sense of Li, i.e., Up = constanta.e.. By uniqueness in (R2), u = constant.

IA

IP)

IA

_ou_

0
v

m]
As a corollary of uniqueness, we shall obtain the following “Fatou Theorem”.

Corollary 4.41. Let L, L* satisfy the standard assumptions, and have “Good Layer Poten-
tials™. Suppose also that Lu = 0, and that

(4.42) sug) [lu(-, B2 < oo.
>

Then u(-, t) converges n.t. and in L? ast — 0.

Proof. By Lemma 4.23, it is enough to show that u(:,t) = D¢h for some h € L?(R"). We
follow the argument in [St2], pp. 199-200, substituting D for the classical Poisson kernel.
For each & > 0, set f, = u(-, £). Let u, be the layer potential solution with data f,; i.e.,

Ugs(x,t) = Dy [(—%I + K)l fg} (x).

We claim that u.(x,t) = u(x,t + &).

Proof of Claim. Set U, = u(x,t+ &) — u(x, t). We observe that

(1) LU, = 0inR™M?! (by t-independence of coefficients).

(2) (4.42) holds for U, uniformly ine > 0

(3) Us(-,0) = 0and U.(-,t) = 0 n.t.and in L2.
(Item (3) relies on interior continuity (1.2) and smoothness in t, along with Lemma 4.23).
The claim now follows by Lemma 4.31. |
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We return now to the proof of the Corollary. By (4.42), sup, || fs|l2 < co. Hence, there
exists a subsequence f,, converging in the weak* topology to some f € L2. For arbitrary

g € L? setg; = adj (—%I + K)fl adj(Dr)g, and observe that

-1
f@t(—}HK) fg ffglzllmffgkgl
o 2
= IlmfZ) —1I+K f‘
- Kosoo . 1 2 Skg
= Iimfu(-,t+ek)§:fu(-,t)§.
k—co Jgn RN

Since g was arbitrary, the desired conclusion follows. O

We conclude this section with a discussion of n.t. convergence of gradients.
Lemma 4.43. Suppose that L, L* satisfy the standard assumptions, and have “Good Layer
Potentials™. Then for all f € L2, we have

Ps((VSy) i=ss) T — ( ;eml + ‘T) f n.t andin L2

2An+1 n+1

Proof. We treat only the case of the upper half space, as the proof in the other case is
the same. Since the weak limit has already been established (Lemma 4.18) for VSy, it
is a routine matter to verify that the strong and n.t. limits for P(VS;) will take the same
value, once the existence of those limits has been established. It is to this last point that we
therefore turn our attention. By Lemma 4.8 and the dominated convergence theorem, it is
enough to establish n.t. convergence.

The non-tangential convergence of ;S follows immediately from the “Fatou Theorem”
just proved; a simple real variable argument yields the same conclusion for P;9;St. We may
therefore replace V by V.. On the other hand, we shall still need to consider the boundary
trace of 9;Sf, which for the duration of this proof we denote by V f. Fix now xo € R". For
[X — Xo| < t, we write

Pe(ViStf) (%)

VPt (jo‘t 0sS Sde) (X) + Py (V”Sof) (X)

- (1
Qt(f f aSSSfds) (X) + P (VSof)(x) = 1 + 11,
0
where Q1 = 0. By standard facts for approximate identities, 11 — VSof n.t.. Also,
2 1 t 2
I = Qt(?f (0sSsf —Vf)ds)(x) +Qt(VEF=VI(x0) (X)) =11+ I5.
0

It is straightforward to verify that I, — 0 ast — 0, if o is a Lebesgue point for the L?
function V f. The term 11 is more problematic. We first observe that by Lemma 4.3,

dt(% fot (Ssf —Sof)ds)(x)

for a.e. Xo. Thus also for f e Cg’(R"), we have

(4.44) < CtM (NL(VS)) (xo) = 0

(4.45) - 0n.t.

t
G [ (69 = Som- ) ds) o
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By Lemma 4.8(v), the density of C;" in L2, and the fact that G, is dominated by the Hardy-
Littlewood maximal operator which is bounded from L% to itself, the latter convergence
continues to hold for f € L2 Moreover, if ug belongs to the dense class {Sodiv; G : § €
Cg’}, by Corollary 4.28 and (4.44), we have that

(4.46) -ont,

o) (% j: (Drup — tr(Druo)) ds) (x)

and again this fact remains true for ug in L?, by Lemma 4.8(vi) and our previous observation
concerning the action of the maximal operator on weak L2. Combining (4.45) and (4.46)
with the adjoint version of the identity (4.20), we obtain convergence to 0 for the term I,

since every f € L can be written in the form f = A* __ h,he L% o

5. Proor oF THEOREM 1.11: PRELIMINARY ARGUMENTS

As noted above, the De Giorgi-Nash estimate (1.2) is stable under L* perturbation of
the coefficients. Thus, for & sufficiently small, solutions of Lyu = 0, Ljw = 0 satisfy (1.2)
and (1.3). In particular, the results of Section 2 apply to the fundamental solutions and
layer potentials To, SO and 'y, S{ corresponding to Lo and Ly, respectively.

We claim that the conclusion of Theorem 1.11 will follow, once we have proved

(5.1) 1tVAS Hllop + suguvsﬁm <C
t>

(recall that V = V). Indeed, by the symmetry of our hypotheses, similar bounds will then
hold in the lower half space, and for StLI. Now, by t-independence, —(SDns1) = Dns1S¢.
Moreover, if Ji(x, y) denotes the kernel of (S{V,), and I'; is the fundamental solution for
the adjoint operator L, then the kernel of adj(S V) is

Ji(y, X) = VuI'1(y, t, x,0) = Vi I7(X, 0,y, 1) = VuI[3(%, -1, y, 0).

Consequently, adj(S1v,) = VHS'j, so that L? boundedness of (S{V) (and hence of D)

follows from that of VS . Thus, by Lemma 4.18, we also obtain L2 bounds for K2, K*
and 7°%. Appropriate non-tangential control follows from Lemma 4.8. Moreover, since we
have allowed complex coefficients, analytic perturbation theory implies that

IK® = KYlomz + 1K = Koz + 1170 = T Yoz < CIIA® — Al

The method of continuity then yields the invertibility of +31 + K : L? — L?, 31 + K.
L2 - L2and S} = S0 : L2 > LZ. It therefore suffices to prove (5.1).

Lemma5.2. Suppose that L, L* satisfy the standard assumptions. For f € CZ°, n > 0, and
to > 0, we have

(5.3) IViStfllz < C(IN.(P@:Stto Dllz + VS Flll + Ill2)
(5.4) IViSEfllz < C(IIN. (P@iS{hy, )2 + IVAST FIll + 1Ifll2)
(5.5) ItVaS il < CIItaES flll + Clifllz
(5.6) ItVaS{Ell < ClItaES{ flll + ClIfllo.

The analogous bounds hold also in the lower half-space.
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Before proving the lemma, let us use it to reduce the proof of Theorem 1.11 to two main
estimates, whose proofs we shall give in the next two sections. We claim that it suffices to
prove that for all f € C=, and 57 € (0, 1071°), we have
(5.7)

1t92S " flllan < Ceo (|||tvatst1”'f|||au +IN® (PaiS {1 Iz + sup ||V5t1’"f||2) +ClIfllz
t#
(5.8)
sup 16:S ¢ Fll2 < Ceo (|||tvatst1’"f|||an + IN® (POS ") 2 + sup |IVSt1’"f||2) +Clifllz,
t# t#

where N% denotes the non-tangential maximal operator with respect to the double cone
Y®P(x) = Y (X) Uy (X) = {(y,t) € R™ 1 [x —y| < [t]}. Indeed, for e sufficiently small,
Lemma 2.18 (iii) and (5.6) allow us to hide the small triple bar norm in (5.7), so that

(59  lItVaS{ flllan < Ceo (nNSb (PoS " t)llz + sup ||V5tl’"f||2) +Cllfll2.
t#
Using (5.4), (5.9) and hiding the small gradient term via Lemma 2.18 (i, ii), we obtain
(5.10) sup VS fll, < C (sup N (PdiS 1, ) llz + sup 1S ¢ Iz + ||f||2),
t#0 >0 t+0

t+tp
t — to in the lower cone y~. Feeding the latter estimate back into (5.9), we obtain

where the notation N% (Pia;S % ) is interpreted to mean t + to in the upper cone y*, and

(5.11)  1ItVAS flllar < Ceo (sup ISP (Ptatstlggo f) ll2 + sug ||6tStl"7f||2) + Cl[f]l2.
t#

to>0

Combining (5.8), (5.10) and (5.11), we have
sup IS fllz < C||f||2+Ceo(sup||Nfb(PtatStlﬂof)Hz+sup||6tSt1”’f||2).
t#0 >0 t£0

Since f € Cg, there is a large cube Q centered at 0 containing the support of f. By Lemma
4.8 (iv), taking a supremum over all f € C3*(Q), with || f[| 2 = 1, we have

1 1
sup 18:S ¢ "lLz(@otz@ny < C (1 + €0 Sup [|0;S n”LZ(Q)aLZ(Rn))-
120 t£0

Using Lemma 2.18 (vi), we may hide the small term to obtain

(512) SU(E)||6t83-"]|||_2(Q)H|_2(Rn) <C
t

uniformly in Q. Thus, letting £(Q) — oo, and then n — 0, we obtain by Lemma 2.18 (iv)
that

(5.13) sup|1tS 122 < C.
t+0

In addition, (5.12), Lemma 4.8 (iv) and a limiting argument as £(Q) — oo imply that
sup IN® (PiaiS il f) Il < Clfllp, T € L2(R").

120 t+ty
The latter estimate, (5.11), (5.12) and Lemma 2.18 (v) yield the bound for the first term in
(5.1). The bound for the second term in (5.1) follows from (5.3), the bound just established
for [||tVH:S t1|||op, the fact that N, (P19;S 41, f) < CM (N.(9:S:f)), Lemma 4.8 (i) and (5.13).
The estimates (5.7) and (5.8) are the heart of the matter, and will be proved in sections
6 and 7, respectively.
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We return now to the proof of the lemma.

Proof of Lemma 5.2. We prove (5.5) first. We have that ||[tVa,S f|||> =
1/e
Iin(1)|||tV6tStf|||2(s) = Iirr(l)f f VoS f - VoS ftdt
E £ Rn P
1 1/e
=—-=lim f f H(VESf - VoS Ft?dt + “OK”,
2 -0 RN Je
where we may use Lemma 2.8(ii) to dominate the “OK” boundary terms by C||f||§. By
Cauchy’s inequality, we then obtain that
C
ItVaS FII*(e) < SIVAS Il (e) + SHEVIS FIIE(e) + CIFIE,

where ¢ is at our disposal. For § small, we can hide the first term. The second term is
bounded by ||[td?S f|||, as may be seen by splitting R*! into Whitney boxes, and applying
Caccioppoli’s inequality. The bound (5.5) now follows.

The proof of (5.6) is similar. We write

1 21 *
|||tV6tSt’”f|||2=f f+f f =1+l
0 JRn 27 JRN

Term Il may be handled just like (5.5), since by definition (2.17),
[tVaS{ f| < C (o * (LoylsVAS sF1)) (©), t> 27,

and u(x,t) = 62S/f(x) solves Lu = 0 in the half space {t > n}. We omit the details.
To bound term I, we note that by definition (2.17), ;S{f(X) = L™1(Dpn.1f,)(X,t), where
fa(y, 5) = f(y)en(s), so that

=y [ I9onat)axt <o [P iné = cirig
where we have used that VL1 div : L2(R™?) — L2(R™Y).
Next, we prove (5.3). By the ellipticity of the sub-matrix A, we have that
VSt fll2 < ClIA VSt Fllo.

Now let g € C3'(R",C"), with ||gll. = 1. By the Hodge decomposition [AT, p. 116],
we have that § = VF + h, where F € I'_i(R”), IV«xF|l2 < CJigllz (C depending only on

ellipticity), h € LA(R") and div;(A)*R = 0 in the sense that [ AV, - = 0forall £ € L2,
Lemma 2.9, with m = -1, ensures that S, f € Lf, (albeit without quantitative bounds).
Thus, for f € C3(R"), we have

(AIVISt, .8 = (A)V|St, f, V| F),

and it suffices to bound the latter expression with F € C°. Now,
(A“V“Sto f, V“F) = - f 6t(AHVHe’tZL”St+tO f, V||€7tZ(L”)* F)dt
0
= 2]0‘ {(A“V“tL“e’tz"”Smo f, VHeftz(L”)* F) + <A‘|V||€7tzl'”st+t0 f, V”'[(LH)*eftz(L”)* F)} dt

- f (AV1e 10 1, £ Ve CO Fydt = 1+ 11— 111,
0
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Integrating by parts, we see that

[ [ (b5 f9) (e Foo) e
0 RN
< 4jte™Ch LS et T |||t(|-\|)*e_t2(l'”)*|:||| < Clfite™b LSt TIIIVF 2,

since, by [AHLMCcT], applied to (L;)*, we have that [[it(L;)*e *™)F||| < C|IVF|l>. We
consider now the first factor on the right side of (5.14). Since u(x,t) = S, f(X) solves
Lu = 0, we have

(5.14) |1 +11|=4

n n+1
I—||St+tof = Z DiAin+1Dns1S t+tof + Z An+1,ijDn+1S t+tof =2+ 2,
i -1

in the weak sense of Lemma 2.9. Since e L1 : L2 — L2 uniformly in t, we obtain
lite™ 115, < CllItVOcS tat, FIIl < CI[tVS ]
which is one of the allowable terms in the bound that we seek. Also,

n
(5.15) te"HS) = Rid Sy, T+ Z(te’tzL” DiAin1)Pid:S ta, .
i=1
where, by the familiar “Gaffney estimate”(e.g., [AHLMcT], pp. 636-637), the operator

n
Ri = Z (te™ DA ni1 - (te™HDIA 1) Pt)
i=1
satisfies the bound (3.1) for every m > 1 (indeed, it satisfies a stronger exponential decay
estimate). Moreover, Ry1 = 0, and R; : L? — L2. Thus, by Lemma 3.5 we have
[IRt0tS tato Tlll < ClItVOLS 1, Tl < ClIIEVOS ¢ T

as desired. In addition, by [AHLMCcT], we have that te~tLi divj Blzﬁ is a Carleson mea-

sure for all b € L®(R",C"). Therefore, by Carleson’s Lemma, the triple bar norm of the
last term in (5.15) is dominated by [IN..(Pi0:S t+t, T)ll2.
It remains to handle the term I11. Integrating by parts in t, we obtain

(5.16) -1l = f (AVe 1028 1 Ve CW) Fitdt + “easy”,
0

where the two “easy terms” arise when 9\ hits either etLi or eM)", These two easy terms
may be handled by an argument similar to, but simpler than the one used to treat (5.14)
above. The main term in (5.16) is dominated by

lte™H102S 111, FIII NI1E(Ly) e " Fll| < CIItdZS  F Il IIVF 2,

where we have used the L2 boundedness of e~*"Li to estimate the first factor, and [AHLMCcT]
to handle the second.

Finally, (5.4) may be proved in the same way as (5.3) with one minor modification.
Since LS{f(x) = f,(x,t) = f(X)¢,(t), the application of Lemma 2.9 produces, in addition
to the analogues of £; and X5, an error term f,(,t + to). But

1/2
[[te "L fn(',t+to)|||SC(77 f |¢n(t+to)|2dt) I fll2@ny = ClIfll2,
and (5.4) follows. O

We finish this section with a variant of the square function estimates.
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Lemma5.17. Suppose that L, L* satisfy the standard assumptions, and have “Good Layer
Potentials”. Then for m > 0, we have the square function bound

IE™ 40 4(S V) - flll < Cllf 2,
where f € L2(R", C™1),
Proof. By t-independence and Caccioppoli’s inequality in Whitney boxes, we may reduce
to the case m = 0. By t-independence and (1.10), we may replace V by V. By ellipticity

of the n x n sub-matrix A;, and the Hodge decomposition of [AT, p. 116], as in the proof
of Lemma 5.2, it suffices to show that

(5.18) 1t3:(SVy) - AyVyFIll < CIIV) Fll2,
with F € {Soy : ¢ € Cy’} (which is dense in L2, by the bijectivity of the mapping So :
L? - L%). In the weak sense of Lemma 2.9, we have

n n+1l
0

TR 9 A (v) A+ (V)
(L“)yr(x’ t’ ya S) = ; 6_y| (Ai,nJrl(y)aSF(X’ t, y’ 5)) + ]Z]; AnJr]_’j(y)a_yjaSr(x’ t’ y5 S)

By t-independence, we therefore have that
n
(StV)) - A\VF = Z 025 tAn:1iDiF + 02(S10,-)F,
i=1
where 8, = — er‘j Ar . .Dj. Wesetu(-,7) =Sy, 7 <0, sothatu(-,0) = F. Using “Good

. n+lj 0 .
Layer Potentials”, we obtain in particular that

(5.19) IVu(-, 0)ll2 < ClIV)Fllz.
Since (S¢d,-) = Dy, Corollary 4.28 implies that
92(S19,)F = 82S(d,u(:, 0)).
Consequently, the left hand side of (5.18) is dominated by
n

D I9ZS tAns1i DIF Il + 157 «(B,uC-, Ol < CIIV,Fl,

i=1
where in the last step we have used (1.10) and (5.19). O

6. ProOF OF THEOREM 1.11: THE SQUARE FUNCTION ESTIMATE (5.7)

In this section we prove estimate (5.7). To be precise, suppose that ¢; = 6~1¢(-/9) is the
kernel of a nice approximate identity in 1 dimension, as in the definition of S{ (2.17). We
shall prove that, for all f € C3*(R"), forall ¥ € Cg"(RTl), with |||P]]| < 1, and forall 6 > 0
sufficiently small, if Ws(x,t) = @5 = (X, -)(t), then

(6.1) ff tatZStl’”f(x) Ys(x, 1) @ <Ce(M* +M7)+ C|Ifll2,
RTl
where
62 M7 s(|||tvatst1"7f|||++||N*(Ptatst1’"f)||z+sug||vst1”'f||z+||f||z ,
>

and M~ is the corresponding quantity for the lower half-space. The proof of the analogous
estimate in R™? is identical, and we omit it. By Lemma 2.18 (iii), we may take first the
limitas § — 0, and then the supremum over all such ¥ to obtain (5.7).
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The proof is by perturbation. Setting €(z) = A'(z) — A%(z), we have
Lot — Lt = Lokt - Lytlolit = —Lgt divevL ™t

Since [[[ta2S2flll < ClIfllo, we have also that sup”>0|||tat28?’”f||| < C||f|lo, as may be
seen by arguing as in the proof of (5.6). Thus, it is enough to consider the difference
to? (S - S¢). By definition (2.17),

(6.3) S H(X) = ((Dniagy) +S{, F(X)) (1) = L (Dnaa f)(x. 1), i=1.2,
where f,(y, s) = f(y)g,(s), and ¢, = n72¢(-/n) is as above. We then have

OESE(0) - 9FS () = 9t (Lot diveVL  (Dneay)) (x.1)
0t (Lo" div eVD,aS (' F) (x, 1),

so that
dxdt

f f (t07S " F(x) — t97S " F(x)) Ps(x. 1) — =
RTl

(64) [ rvas i) T 0Tty dyes.

Essentially following [FJK], and using (6.3), we decompose

VLY 0¥ = [ TS (9 0) )
= f {Vy,sass Is-éf (PG 0) () - (Vy,sasS ?3) |$O (P(-,1)) (Y)} dt
t>2|9
Ly.6
’ jt;2|s| (Vy,saSS st )|S=0 (¥(. 1) (y) dt

VE- Vs R
N e A=

Is|

1/2 .o
" f (T) Vy 058 L (1) (y) dt

12 .
_f (@) Vys9sS 0 (W(,0) (1) dt = i +ii + i + v — .
t>2|g

In turn, this induces a corresponding decomposition in (6.4):

I+ +1T+1V-V= ff e(y)V(?sSé’”f(y)-(i+ii+iii +iv — v) dyds.
Rn+1

All but term 11 will be easy to handle, and we shall deal with these easy terms as in [FIK].
The main term here (and in [FJK]) is 11, but in our situation, matters are much more
delicate, since for us A° is not constant. The approach of [FIK] depends critically on the
fact that solutions of constant coefficient equations are, in particular, twice differentiable, a
fact which fails utterly in the present setting (unless at least one of the derivatives falls on
the t-variable). We shall require new methods, which exploit the technology of the solution
of the Kato problem, to deal with term 11.
We dispose of the easy terms in short order. To begin,

= ze Ln Lv(L*)-L . ks
'V‘ffw's' VIS L) V(L) (Dnﬂ(% \ft)) (v. 9 dyds.
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Since VL div : L2(R™1) — L2(R™!), we have that |IV| < CeollltVOS " f|l|r. Given
the following lemma, I, 111 and VV may be handled by Hardy’s inequality, yielding also the
bound [I] + [IT1] + V] < Ceo|||tV6tSt1”’f|||a“. We omit the details.

Lemma6.5. We have

(6.6) IVDns1S &% — VDiiaS %l < cg, sl < t/2, 6 <1000t
67)  IV8SH < % r£0

Proof of the Lemma. If || > 1006, estimate (6.7) is essentially just the case m = 0 of
Lemma 2.8. Otherwise, we obtain the better bound C5~1, using definition (2.17) and the
hypothesis that Lo, L have bounded layer potentials. Estimate (6.6) is obtained from the
case m = 1 of Lemma 2.8, and the identity

™~ 17—t

* * ¢ S * o
VD18 % — VDpaS 0 = f vo2s 7 dr.
0

It remains to handle I, which equals

t/2 —
JLAS cmasirrgas) (vDnsss) o) ) e
le —t/2
(6.8) =— f f (3:SPv) - eV (S af —S1, 1) (x) Tolx. 1) dxdt,
RTI

where we have used that for n > 0, VS{ does not jump across the boundary. Since ¥ is
compactly supported in R™*2, for § sufficiently small,

t2ws(x, 0l < C f%(t — S)[¥(x, s)Is"2ds.

Thus, it is enough to bound |||t (ats ?V) -€VS tl/’gf|||, plus a similar term with —t/2 in place of

t/2, which may be handled in the same way. The desired bound then follows immediately
from the change of variable t — 2t and (6.10) below.

Lemma 6.9. Suppose that a € R\{0}, and define M* as in (6.2). Then
(6.10) it (9S % V) - VS fll C(a)eoM™*
(6.11) It* (978 3V) - VS "flll < C(a)eoM™.

IA

Moreover, the analogous bound holds in the lower half space.

Proof of Lemma 6.9. This lemma is the deep fact underlying estimate (5.7), and the proof
is rather delicate. For the sake of notational simplicity, we treat only the case a = 1, as the
general case is handled by an almost identical argument. We begin by showing that (6.11)

implies (6.10). Set
1/0
J(o) Ef f
o R"

After integrating by parts in t, we obtain that

ou(509) - evs [ axtat.

sy =-ze [ [ 2 {(aser) i) [os) Wl axat + ok
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where by Lemma 2.8 (i), the “OK” boundary terms are dominated by Ceg SUPo lIVS tl‘” f||§.
By Cauchy’s inequality, modulo the “OK” terms,

1
Jo) < EJ(O’)+|||t(6tS?V)-etVﬁtStl’”flllz+|||t2(6t28?V)-eVStl"’f|||2

N =

J@)+ 1 +11.

The term %J((r) may be hidden on the left hand side. By Lemma 2.8 (i) with m = 0, term

| is no larger than Ce§|||tV6tS tl”’f|||2. The square root of the main term, 11, is estimated in
(6.11). Taking the latter for granted momentarily, we obtain (6.10) by letting o — 0.
We now turn to the proof of (6.11), again with a = 1. We make the splitting:

n+l n

2o3(SPV) - eVS{TE = > ) oA(SPD)eD;S
i=1 j=1
n+1 _
+ ) POXSID)EnDnaSt "t = Vif + Vi,
i=1

We treat V; first. For f : R" — C™1, set
6f = t204(Sv) - 1,
and let € = (e1n+1, €041, - - - » €nr1n+1). Then, using a well known trick of [CM], we write
Vif = {618 - (6P} 0SS f + (B PISTE = RIOSTE + (6. &)PISTf,

where as usual Py is a nice approximate identity. By Lemmas 5.17, 2.7, 3.2 and Carleson’s
Lemma, the triple bar norm of the second summand is no larger than C eg|IN. (PtatS Pl f) Ilo.
In addition, by Lemma 3.5, we have that

IIREAS " lll < CeolltV3:S " flll < CeollitVarS " Flll.
It remains to control |||V, f]||, which is the primary difficulty. By definition,
Vi = 6&V,S7 = oS V) - v ST,
where € is the (n + 1) X n matrix (ej)1<i<n+1,1<j<n. Recall that Aﬁ is the n x n sub-matrix of
Al with (A]ij = A%, 1 <1, j < n, and that (L1); = —div; AjV. Then

Vi = QtEV“ (| - (| + tz(l—l)ll)_l)stlﬂ + QtEVHU + tZ(L]_)‘|)7lSE"U = Yi + Z;.
We first consider Y;. Note that (I -(1+ tZ(Ll)”)fl) = (L) (1 + t2(L1)H)71, S0

- -1
Ye = 6@V (1 + (L))~ (La)Se™

As above, set f,(x,t) = f(X)g,(t). In the weak sense of Lemma 2.9, we then have

n n+1
(LS = D DAL LGS T + DT ALL DIaS T + 1y,
i=1 =1

and we denote by Yt(l) + Yt(z) + Yt(3) the corresponding splitting of Y;. Now, by Lemma 2.8,
6 : L2 — L2, and it is well known that tV (I + t3(L1);)™} : L2 > L2 Thus

Y@ £l < CeollltVas I,
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and also, as in the proof of (5.6),
Y1l < Ceollitfyll < CeollFllzeny.
We make a further decomposition of Yt(l) as follows:
YO = (U@ - (U@)Py) 8iS " + (U@)Pid S = RidSy" + (Ud)PidS ",
where
(6.12) Udg = HtEtZVH(I +t2(L1)||)_1divH g,
and & = (A7 1, A1 -5 AR p)- We now claim that
(6.13) lUtlllop < Ceo

Let us momentarily defer the proof of this claim. It is a standard fact that for two sets E
and E’ € R", with g supported in E’, we have

<Cexp {%} lIgll2e)

(the corresponding fact for the operator tV (1 + '[2(L1)||)7l is proved in [AHLMcT] for
example, and (6.14) may be readily deduced from this fact plus the same argument). Thus,
by Lemma 3.3, the operator U; satisfies (3.1), with a bound on the order of Ceg, whenever
t < ¢£(Q). Therefore, by Lemma 3.2 and Carleson’s Lemma, we have that

IUE@PG:S Il < CeolIN (PS¢ f)llz-
Moreover, by Lemmas 3.5 and 3.11, we have that
IR "l < CeollitV3:S ¢ Il < Ceoll1tV:S " Il

To finish our treatment of Y, it remains to prove (6.13). We continue to defer the proof
of this estimate for the moment, and proceed to discuss the term Z;. We write

6.14) [V (L+ 2wy divig

L2(B)

z = 0V (1+ (L)) (51 - S§")
+ GV, ((| +2(La)y) " - |)sg’" +6EVSY = Z0 422 + 20,
By Lemma 5.17 with m = 1, we have that
NZ& £l < Ceo sup IV fll2.
t>0

Also,
o -1 .
Zt(z) = bie V” (| + tz(l—l)“) tz d|V|| Aljl'V“Sé'U = UtAljl'V“Sé'U
(see (6.12)), so by the deferred estimate (6.13) we have that
NZP flll < Ceosup IVS " flz.
>0

Integrating by parts, we obtain
_ t _ t
Zt(l) = QtEV” (| + tz(l—l)\l) 1f 6sSi‘"dS = —QtEV“ (| +t2(|—l)ll) 1f 56@8&'”(15
0 0

+ 6Evy(1+ tz(Ll)H)il 95" = QP + P,
By Lemma 3.3, and the fact that V(I + t?(L1);)"11 = 0, we have that the operator
- -1
Rt = QtétV“ (| + tZ(Ll)H)
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satisfies the hypothesis of Lemma 3.5, with a bound on the order of Ceg, so that
QP 1l < Ceo lltVarS " FIl.

Furthermore,
ds

t
S . -1
o - _ f 262ty (1 + (L)) 031,
0 t S

so by Lemma 3.12, we have
QM £l < Ceo litaZS £l

Modulo (6.13), this concludes the proof of Lemma 6.9, and hence also that of (5.7).

We conclude the present section by proving (6.13). The proof will depend on some
technology from the proof of the Kato square root conjecture. By ellipticity, it is enough
to show that

IU:AGlll < Ceollgll2

for § € L2(R", C"). But
UAL = 0222V, (1 + 2(La)y)  divy AL,

so by the Hodge decomposition [AT, p. 116], we may replace g by V| F, where ||[V,F|l> <
Cligll2. As usual, by density we may suppose that F € C;’. Now

- -1 - -1
UtAlll'V”F = —QtGVH (| + tZ(Ll)”) (tZ(L]_)H)F = QtGV” ((| + tZ(Ll)”) - |) F.
We recall that 6; = t262(S°V) -, so by Lemma 5.17 with m = 1,
lll6c€ ViiFlll < Ceol V) Fll2.
The main term is
- 1
th VH (| + tz(L]_)H) ! F= ?RIF,

where by Lemmas 2.7, 2.8, and 3.3, and the fact that V(I + t?L,)"'1 = 0, we have that
R; satisfies the hypotheses of Lemma 3.9, with a bound on the order of Cey. Therefore, it
suffices to prove the Carleson measure estimate

Qi1 2 dxdt
[ [ [freco] ZF <caia.
0 Q
where ®(x) = x. To this end, we write
1 ~ 2 -1 -
(615) YRt(D = b€ VH ((' +t (I—l)\l) - |)(D + b€ VH(D.

But V@ =T, the n x n identity matrix. Thus, Lemmas 5.17, 2.7 and 3.2 yield the bound

Q . dxdt
f 6V D> —— < CeolQ|.
0o Jo t

The remaining term in (6.15) equals

- -1 . - -1 .
QtEtZVH (| + tz(l—l)“) dIVH AHVH(D = QtétZV” (| + tz(L]_)H) d|V|| A” = TtA“
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We now invoke a key fact in the proof of the Kato conjecture. By [AHLMCcT], there exists,
for each Q, a mapping Fq = R" — C" such that

0 fR ViFof <CIQ
@ [ KFol < Cos
{(Q)
(iii) sgpj; ngij,t)lzﬁ
(|
< ngpj; f(;lZ(X,t)EtV”FQ(XNZ@,

for every function Z : RM! — C", where E; denotes the dyadic averaging operator, i.e. if
Q(x,1) is the minimal dyadic cube (with respect to the grid induced by Q) containing x,

with side length at least t, then
Eig(x) = f 9.
Q(x.t)

Here V| Fq is the Jacobian matrix (Di(Fq);)1<i.j<n, and the product

(6.16)

n
[EV|Fo = ) GEDiFq
i=1

is a vector. Given the existence of a family of mappings Fq with these properties, as in
[AT, Chapter 3], we see by (iii), applied with Z(x, t) = TiAy, that it is enough to show that

1 dxdt
fo LITtAKX) EtVIIFQ(X)|ZT < CelQl.
But as in [AT], we may exploit the idea of [CM] to write
(TAPEV Fo = {(TAADE: - TA} ViFq + TiA V) Fq
= (TtA”)(Et - EtPt)V”FQ + {(TtA”)EtPt - TtAH} V”FQ + TtA”V”FQ
= ROV, Fq + ROV Fq + TAV,Fo.
where Py is a nice approximate identify. The last term is easy to handle. We have that
- -1
TiAVFq = -6tV (1 + t(Ly)y) ~t(La)Fo.

Therefore, since 6; and tV; (1 + t3(L4);)~* are uniformly bounded on L2, we obtain that

Q) ,dxdt , 9
f f |TtAHV||FQ| — < CEof |(L1)HFQ| f tdtdx < Ce|Q|,
0 Q t RN 0

where in the last step we have used (6.16)(ii).
It is also easy to handle R§1)VHFQ. Indeed E; = E?, so that

R® = (TWADE(E: - Py
By the definition of T, Lemma 3.3 and Lemma 3.11, we have that
(6.17) I(TtAEtll2-2 < Ceo.

Thus,
1Q dt dxdt
f f |R§1)VHFQ|2dXT <Ce f f E - Pt)VHFlexT < CelQl,
0 Q T
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where in the last step we have used (6.16)(i), as well as the boundedness on L? of

0 dt\?
g- (f I(Et - Pt)g|2T) .
0

It remains to treat the contribution of the term R§2)VHFQ. By (6.16)(i), it will be enough to
establish the square function bound

IIRPV, Folll < CeollVyFall2-
To this end, we write
6.18 RAV,Fq = RA(I - PV Fq + RPPVF
(6.18) £ ViFo = R{”(1 = P)V Fq + R{”PV|Fq,

where | denotes the identity operator. The last term is easy to handle. We note that Rﬁz)l =

0, and therefore by Lemmas 2.7, 2.8, 3.3 and 3.11, the operator REZ) satisfies the hypotheses
of Lemma 3.5 with bound on the order of Cey. Thus,

IIRPPyV, Folll < Ceo ItV PtV Folll < Ceo IV Falla,

where the last inequality is standard Littlewood-Paley theory.
By the definition of sz), we may further decompose the first summand on the right side
of (6.18) as
(TtA”)EtQtVHFQ - TtA”VH(l - Pt)FQ = | - ”,
where Q; = Py(l — Py) satisfies [[|Qtlllop < C. Then by (6.17), we have
I < CeollV) Fall2.

Next, by definition of Ty, we see that
1l = QtEV” ((| + tZ(L1)||)7l - |)(| — Pt)FQ = — HtEV“FQ

+ GEVIPFq + 6EV) (I +t2(L1)H)_1(| —P)Fo=l1+1l2+113.
By Lemma 5.17,
N4l < CeollVyFall-
Moreover, by Lemma 2.8 and the fact that ||tV (1 + t3(L1);)}|l>—2 < C, we obtain that
N3l < Cellit™11(1 = PY) V-AFqlll < CeollVyFollz,

where 1; = (-A)"Y2 is the fractional integral operator of order one on R", and where we
have used the Littlewood-Paley inequality

it 12(1 = PYlllop < C.

The latter estimate holds by Plancherel’s Theorem, since
1 - 1

—(1 - o(t 'sCmin(t —)
T 4 4

if pt(X) = t™"¢ (x/1)), the convolution kernel of Py, is chosen so that fRn X¢e(x)dx = 0.
Finally, it remains only to consider the term I1,. Now

[ = 6:€PV|Fq,
so we need that |[|6:&P¢[llop < Ceo. By Lemmas 5.17, 3.2 and 2.7, |6;€[°t~dxdt is a Carleson

measure with norm at most Ceg, so it is enough to bound [/|6:€P; — (6:€)Ptlllop. We may
choose P to be of the form P, = PZ, where Py is of the same type. Set

Rt = HtEISt - (GtE)ISt,

(6.19) '
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which satisfies the hypothesis of Lemma 3.5 with bound Ceg. Thus,
l16:€P = (6€)Plllop = llIRePrlllop < CeollItVPylllop < Ceo.

This concludes the proof of Lemma 6.9, and hence that of the square function bound (5.7).
O

7. Proof oF THEOREM 1.11: THE SINGULAR INTEGRAL ESTIMATE (5.8)

We shall consider separately the casest > 0 and t < 0, and since the proof is the same
in each case we treat only the former. More precisely, we shall prove

(7.1) sup  sup [0S+ fllz < Clifllz + Cao(M* +M7),
0<7<10-10 t>0

where M* are defined in (6.2). We begin by reducing matters to the case t > 4n. Suppose
that 0 < t < 47. We claim that

0S¢ (x) = DieaS " () < CMF(x).
Indeed, let K'(x, y) denote the kernel of 8,5+, i.e.,

K{(%.) = 3 (¢ * T1(x, .y, 0)) ().

To prove the claim, it is enough to establish the following estimate:

Lx-yi<10m) n
IK{(x,y) = K, (x,y)| < C (77|X Y + Xy Lx-yi>109) | -

In turn, the case |x —y| < 10n of the latter bound follows directly from (4.10). On the other
hand, if |x — y| > 107, we have by Lemma 2.2 that

K(0y) = K (x9)1 =| f 1(5) (DnaT (X £~ 5.Y,0) = Dl (x, 47 - 5,3, 0)) |

<C f| @n ()l |)|(4ny|n+1 = |X _T§,|n+1'

Having proved the claim, we fix to > 4n, and use (1.3) to obtain, for eachy € R",
3
Essitonsc| ff asticotar
B((y.to).to/2)

3
<C ff 0.5 — 9,59 f2dxdr| + “OK”,
B((y:to),to/2)

where || “OK” |2z < CI|f|l2 uniformly in to, by our hypotheses regarding Lo, and where
we have used that u,(x,t) = Stl’”f(x) solves Lyu, = 0in {t > 57}. Consequently,

1 3tg/2
I(DnaSiFIZ < Cllfllz + ok 10:S7f — 9,57 f[2dxdr.
to/2 JRN

As in the section 6,

8:S7"F(X) - 8-S (X) = 0- (Lg" div VS (' f) (x, 7).
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Thus, it is enough to prove that for every ¥ € C7’ (R” X (2, > )) with t‘l/zll‘Pllz =1, and
for each n > 0 and § > 0O sufficiently small, we have

(7.2) |— f f €()VS2H(y) - V(L3) T (Dora®y) (. )dlyds

where again W5 = ¢;s = . We may then obtain (7.1) by taking first a limit as § — 0, and
then a supremum over all such .
To prove (7.2), we begin by splitting the integral on the left hand side into

1 to/4 to 00 —to/4
(7.3) —{ f+f4f+ff+f f}E|+||+|||+|V.
tO —to/4 n to/4 4ty n

Since V(Lg)~ L div is bounded on L?(R™1), by Cauchy-Schwarz and our assumptions on ¥,
we have that

<Ce&(M* +M7),

to 1/2
1] < Ce (tgl f VS é"’f(y)|2dyds) < Ceosup [IVS " flo.
to/4 JRN t>0

Next we consider terms 11 and 1V. These may be handled in the same way, so we treat
only 111 explicitly. We use (6.3) to write

(7.4) V(L) H(Dner )Y, §) = f V5958 % (¥(-. 7)) (y) .

so that

i =t* fﬁt fRnaso ) - €VS ¥ ()5 (x, 7)dxdsdr
0

l 00
:—fff - ff =111 — error.
to 2r JRO to 2

Inthe error term, s — 7 ~ s ~ T = to, if § is sufficiently small, given the support constraints
on ¥. Thus by Cauchy-Schwarz and Lemma 2.8 (i), the absolute value of the error term is
bounded by Ceg sup,. IIVS; Lo |l2. The remaining term is

=ty ffz fR aso eVSé’”f(x)‘P(;(x,T)dxdsdT

2R
=5t lim fR { fz (6TSSSV)-5VS§’”f(x)d5} W,(x, 7)dxdr

= tal fé'_To Ln HRr(x, 7) ¥s(X, T)dxdT,

where the expression in curly brackets equals

R 2R
Hr(x,7) = — f at( f (atsto_sv)-svsi’if(x)ds)dt
T 2t
R 2R-t
_ f ) ( f (Dn1S°3V)- eVSt1+”Sf(x)ds)dt
T t

R R
- f (Dni1S%V) - eVS 3 F(x)dt - f (Dre1S2 1Y) - €VS 71 (x)dt

R 2R-t
- f ( f (Dni1S°V) - eVarS t+Sf(x)ois)
T t

= Hi(X, 1) — HR (X, 7) = HR'(X, 7).
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Since |t — 2R| ~ R, we have that by Lemma 2.8 (i),

1,
sup [IHR(, 7)ll2 < Ceosup [IVS " fll,
7,R0<7<R >0

from which the desired bound for the corresponding part of IT1 follows readily. Similarly,
we may treat the contribution of H;(x, 7) by a direct application of the following Lemma,
which is really the deep result in this section.

Lemma7.5. Let a, b denote non-zero real constants. We then have that

sup < C(a,b)eo(M* + M7).

0<71<T2<0

T2
f (DniaS3V)- evs;fdt
2

1

We defer for the moment the proof of this Lemma, and consider now

2R
HE (X, T)—f f ats?s ) €dsVS T f(x) dsdt.

Then for h € L?(R"), with ||h||, = 1, we have

R 2R

(7.6) |¢h, H' ()| = (VDn.1S 2.h, €9sVS 27y dsdt|,
t

where we have used that adj(S? ) = o & (recall that adj indicates that we have taken

the adjoint in the x,y variables only, whereas S, " s the single layer potential operator
associated to Lg). Thus, (7.6) is dominated by

s/2 2
CEO (f ||Vass h||2 det) (f ||(33V81”f”2f dtdS) = CGO Bl' Bg.
2t

Note that B, = CJ||sVdsS é"’f|||. Similarly, the change of variable s — s + t yields that

B1 = |||s0sVS ;"hlll < CJlhll2 = C. A suitable bound follows for the contribution of HY’.
It remains to consider the term | in (7.3), which we shall also treat via Lemma 7.5.
Again using (7.4), and that for small §, ¥ is supported in {tp/2 < 7 < 3to/2}, we write

to/4
| =52 f f f (0:52.4V) - €VS £ () (x. 7)dxdlsd 7
—to/4JRN

1 T/Z 1 —
=—ff f— —ff fsl—error.
to —r/2JRn to to/4<|si<r/2J RN

By Cauchy-Schwarz and Lemma 2.8 (i), the absolute value of the error term is bounded by
CeosupolIVS tl”’f||2, since T — S = T = tg. The remaining term splits into

T/2
=t f fR { fo (6,SE_SV)-EVS§"’f(x)dS} Ws(x, T)dxdr
= t61ff F(x, ) ¥s(x, 7)dxdr,
Rn
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plus a similar term T_, which may be treated by the same arguments, in which the expres-
sion in curly brackets has domain of integration (—7/2, 0). Now,

T t/2
F(-,T)=fat(f (6tStO_SV)-eVSi"7fds)dt
0 0
T t
=f‘9‘(f (Dn+182V)-eVStl"’sfds)dt
0 t/2

= f (3SPV) - evs " fdt - f (DnaS{,V) - eV hfdt
0 0
T t/2
+ f f (S V) - eVaSsfdsdt = F/ —F” +F".
0 0
We may estimate the contribution of F” directly via Lemma 7.5. Also,
F'(.7) = (SV) - VS " f - (S0.V) - eVS "t
so by our hypotheses concerning Lo,

supIF’(-, 7)ll2@n) < Ceo suguvstl*”fuz.
T t>

We therefore obtain a permissible bound for the contribution of F’. We also have that

(7.7) F7(.7)= f ) f t/zat((S?,s—S?)V)~eVﬁsSi‘”fdsdt
0 Jo
o [ (stv)- evsigrat- [ (astv)- evsyria

In turn, the last term equals —F’, and the middle summand may be handled via Lemma 7.5.
The first summand on the right hand side of (7.7) equals

T t/2 S
- f f f 02(S2 V) - eVAsS & f (X)dordsdt.
0 0 0

Dualizing against h € L2(R"), with ||h||> = 1, we see that it is enough to consider

f f f 1{(T<s<t,2,<VD§+lst_§th,eDn+1vs§”’f>dadsdt'
0 0 0

1
<Ce ( f f f Lipesat/zyS 2 t3[IVDZ, ;S 2 hi2 do-dsdt)
0 0 0
1
00 00 00 13 17’ 5 5
X 1{a'<s<t/2}52t 2||(33VSS’ f||2dO'det
0 0 0

= CEoBg . B4.

oo . s w0 o1/2 3 L
By = f 19sVS 27|12 f do-f >__dt|ds| =clIsvassE .
0 0 2s 13/2

Now,
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Similarly, the change of variable t — t + o~ yields the bound

1
0o 00 00 ¥ , . ;
Bs:(f f f Lig<s<(t+)/2)S 5(t+a-)§||VDﬁ+18‘t’hllgdo-dsdt)
0 0 0

1

00 N t S 2 ¥
< c(f t%nvafsEOhugf s’%f do-dsdt) = C||[t2Va2S || < Cllh|lz = C,
0 0 0

and the desired estimate for the contribution of F””” now follows.
To complete the proof of estimate (5.8), it therefore remains to prove Lemma 7.5.

Proof of Lemma 7.5. For the sake of simplicity of notation, we shall treat the case a = 2,
b = 1, as the general case follows via the same argument.
As above we dualize against h € L?(R™), so that it is enough to consider

T2 . T2 .
(7.8) f (VoSS h, evs M fdt = — f (VRS h, evS M ftdt
T1 T1

T .
—f (VatSE"Zth,evatStl’”fﬁdt + boundary,
where we have integrated by parts in t, and where the boundary term is dominated by

Ceo (supnrvaTsLi,huz) (supnvs}”fnz) < Ceosup[IVST" fll2,
0

>0 >0

as desired. Here, the last inequality follows from Lemma 2.8 (ii). Moreover, by Cauchy-
Schwarz, the middle term on the right hand side of (7.8) is no larger than

CeollItVarS il - tVaS 7 flll < CeollltVaS 7 il
In the first term on the right hand side of (7.8), we integrate by parts again in t, to obtain

T2 .
(7.9) % f (Va3s'S h, evs M )t2dt + Errors,
T1

where the error terms correspond to the last two terms in (7.8) and are handled in a similar
fashion. Turning to the main term in (7.9), we note that
1 L L
Eaﬁs S N =007 (hlss.

Now set g = 325 2 h. Let u solve

U(', O) =g

By invertibility of the layer potentials for L¢, and by uniqueness, we have that

{Lgu =0 in RM+1

Ll L -1
u(-,-s) =904 5' + K9] g

On the other hand, we also have that u(:, —s) = 92S E{’_S h. Consequently,

-1
AVu(:, —s) = asvz)ﬁg(%l + K"5) g=0Va2S 2 h.
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Setting s = t, we have that

-1 -1
1 : (1 : (1 * :
EV(')\?sfg_,th = —DpyVDS (§| + KLO) g = — DpyVDS (EI + KLO) 328 h,

But, Z)E? =(S E?a_vo) where 4, denotes conjugate exterior co-normal differentiation for
Lo. Thus,

adj (VDM@B}) = (3,,0:S2V).
Therefore, the main term in (7.9) equals in absolute value
21 L o 2c Lo 0 g\ 2
Sl +Kb 923N, (8,,Dns1SPV) - €VS F ) it
T1

.
< ClItoZS 3| - [[1t? (VD1 S V) - VS 7 Flll < Cllit? (V3 S V) - VS I,

To conclude the proof of Lemma 7.5, it then suffices to prove that
(7.10) lIt? (V3:S V) - VS [ < CegM ™.
To this end, we first prove a lemma that will allow us to reduce matters to (6.10).

Lemma7.11. For k € Z, set t, = 2%, Then

k+2

(7.12) Zf |VStl"’f(x)—VS f(x)|2 <C|||tvat SHE|I,.

Let us momentarily take the lemma for granted, and deduce (7.10). Combining Lemma
2.8 (i), Lemma 2.11 and Lemma 7.11, we may replace the square of the left hand side of
(7.10) by

2k+
Zf } 12 (VOiSOV) - VS 27 £ (x )|2dth

Since ug(-,t) = (6tSt°V) . eVStlk‘”f solves Loux = O in the upper half space, we may use
Caccioppoli’s inequality in Whitney boxes to reduce matters to considering

2k+2

f 1t(0:S0V) - evS L H( )|2dxdt

Applying Lemma 2.8 (|) and Lemma 7.11 again, along with (6.10), we obtain (7.10).

Proof of Lemma 7.11. The left hand side of (7.12) equals

2k+2 2

dxdt

f VoSS 27f(x)ds

<< JL.

The desired bound now follows from the Hardy-L.ittlewood maximal theorem. m|

2k

t 2
f Lipercgenezy \/EVassé”’f(x)ds dtdx.
t

This concludes the proof Lemma 7.5, and thus also that of Theorem 1.11 m]
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8. ProOF OF THEOREM 1.12: BOUNDEDNESS

Let L = —div AV, where A is real, symmetric, L, t-independent and uniformly elliptic.
In this section, we show that the layer potentials associated to L are bounded; we defer
the proof of invertibility to the next section. By the classical de Giorgi-Nash Theorem,
estimates (1.2) and (1.3) hold for solutions of Lu = 0. By Lemma 5.2 and Lemma 4.8, in
order to establish boundedness of the layer potentials, it suffices to prove

(8.1) supl0iSfll2 < ClIfll
t20
and
* 26 £24y 0t
8.2) 3¢S P < Cliflo
—oo JRN

By Lemma 2.2, the kernel Ki(x, y) = oiI'(x, t,, 0) satisfies the standard Calderon-Zygmund
estimates

C
(8.33) IKi(x,y)I < W

ha
(8.3b) Ke(X, Y + h) = Ke(x, Y)I + [Ke(x + h,y) = Ki(x,y)] < Cm,

uniformly in t, where the later inequality holds for some @ > 0 whenever |x —y| > 2|h|. In
addition, the kernel
(X, y) = t82I(x, t,y, 0)
satisfies the standard Littlewood-Paley kernel conditions
It]
< - 0000
e (X, y)I < ([ X =y

Clt | Clh*

WOey ) = OIS Gy S e -y

(8.4)

for some a > 0, whenever |h| < %lx —ylorlh <t/2.
The bound (8.2) will be deduced from the following “local” Th Theorem for square
functions

Theorem 8.5. Let 6;f(x) = fRn Yi(X, y) T (y)dy, where (X, y) satisfies (8.4). Suppose also
that there exists a system {bg} of functions indexed by cubes Q < R" such that for each
cube Q

(i) fin Ibol <CIQ
(i) f; o lbo(PLe < CiQ)
(iii) éIQI < Re fQ bo.
Then we have the square function bound
e il < Clifllo.

We omit the proof here. A direct proof of the present formulation of Theorem 8.5 may
be found in [A2] or [H2], although we note that the theorem and its proof were already
implicit in the proof of the Kato square root conjecture [HMc], [HLMc] and [AHLMCcT];
see also the works [Ch], [S] and [AT] for some important antecedents.

We shall deduce estimate (8.1) as a consequence of the following extension of a local
Th Theorem for singular integrals introduced by M. Christ [Ch] in connection with the
theory of analytic capacity. A 1-dimensional version of the present result, valid for “perfect



54 M. ALFONSECA, P. AUSCHER, A. AXELSSON, S. HOFMANN, AND S. KIM

dyadic” Calderon-Zygmund kernels, appears in [AHMTT]. A self-contained proof of the
more general formulation below may be found in [H3]. Alternatively, the result of [AY]
may be combined with that of [AHMTT] to deduce the general case (in the slightly sharper
form g = 2). In the sequel, we let T" denote the transpose of the operator T.

Theorem 8.6. Let T be a singular integral operator associated to a kernel K satisfying
(8.3), and suppose that K satisfies the generalized truncation condition K(x,y) € L*(R" x
R"). Suppose also that there exist pseudo-accretive systems {bg}, (b3} such that b, and b3,
are supported in Q, and

() Jg (Ib§1%+ Ib31%) < CIQl, for some g > 2
(i) J5 (ITbE2 +IT"b3?) < CIQ|
(i) &1QI < mln(‘Re fQ by, Re fQ bé).
Then T : L2(R") — L2(R"M), with bound independent of ||K||..

Let us first show that Theorem 8.5 implies (8.2). As usual, we may restrict our attention
to the case t > 0. As above let y(x, y) = to2I(x, t,y, 0), so that

S 100 =109 = [ m(x )T,

By Theorem 8.5, it suffices to construct a system {bg} satisfying the hypotheses (i), (ii) and
(iii) of the Theorem.

Our functions bg will be normalized Poisson kernels. Given a cube Q c R", let xq
denote its center, and let £(Q) denote its side length. We define

6= (xQ.UQ) R, Ag = (xq. ~(Q) € RI'™.

Given X* e R™1, X~ e R™1, let kX" (y), kX" (y) denote, respectively, the Poisson kernels for
L in the upper and lower half spaces, and let G*(X, Y), G™(X, Y) denote the corresponding
Green functions, so that

+ 3G+ - 6G_
KX (y) = X*,y,0), kKX (y)= —(X",y,0
A\ av;( ¥.0), k2 (y) av;( SAUR
where % % denote the co-normal derivatives at the pointy € R+, GR™?* respectively.
We now set
8.7) bg = QIK™.

We recall the following fundamental result of Jerison and Kenig [JK1] (see also [K, pp
63-64]), which amounts to the solvability of (D2) in the lower half-space:

Theorem 8.8. [JK1] Suppose that L = — div AV, where A is real, symmetric, (n+1)x(n+1),
t-independent, L> and uniformly elliptic. Then there exists 1 = &1(n, 4, A) such that for
all 0 < & < &1 and for every cube Q,

®9) [ 0oy < caqrt.

We remark that (8.9) is usually stated in terms of an integral over Q, but in fact the
global bound follows from the local one and duality, since by [JK1], [K] the local version
of (8.9) and the LP version of (1.3) yield the estimate

u(Ag)l <C SUE) luC:, Ylle@ny < Cllglle@n),
t<

where u(x, t) = fRn k*'(y)g(y)dy, and p is the dual exponent to 2 + &.
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We now note that hypothesis (i) of Theorem 8.5 follows immediately from (8.7) and
(8.9). Moreover, (iii) follows immediately from (8.7) and the following well known esti-
mate of Caffarelli, Fabes, Mortola and Salsa [CFMS] (also [K, Lemma 1.3.2, p. 9]):

(8.10) W™(Q) > é

where *~ denotes harmonic measure for L at X~ € R™?,

It remains to verify that bg as defined in (8.7) satisfies hypothesis (ii) of Theorem 8.5.
To this end, let (x,t) € R5 = Q x (0, £(Q)). Then, since for fixed (x, t) € R, we have that
A20(X,t, -, -) is a solution of Lu = 0 in R™1,

(8.11) fibo(x) = 1QIt f G2 (x,t,y, 0) K" (y)dy = [QIt&2(x,t, A),

by Theorem 8.8 (i.e., [JK1]) and uniqueness in (D2) (e.g., Lemma 4.31 (i), although of
course, uniqueness in the present setting of real symmetric coefficients appears already in
[JK1], [K]). Therefore, by (2.3) and translation invariance in t, we have that

[Btbo(X)| < Cé’(Q)

from which hypothesis (ii) follows readily. Thus, given Theorem 8.5, we conclude that

e dxdt
fo |t6t28tf(x)|2— < C|If|l5.

The corresponding square functlon estimate in the lower half-space follows by the same

argument, if we replace k_ Ao by k, Al in the definition of bg. We then obtain (8.2) as desired.
Next, we show that Theorem 8.6 implies (8.1). We consider only the case t > 0, the
other case being handled by a similar argument. Again, it suffices to construct systems
{bg), (b}, now with bg, and b supported in Q, satisfying hypotheses (i), (ii) and (iii) of
Theorem 8.6.
In fact, we shall use the same construction as before, except that we truncate the function
outside of Q, i.e. we set

] "
(8.12) bl = IQIK 1 = bolo, b3 = QK 1q

As before, (iii) and (i) follow immediately from [CFMS], and (8.9), respectively.
It remains to establish (ii). We observe first that, as in (8.11),

8101 =10 [R ATty 0K )y = QAT (x £ A < C,

uniformly in (x,t) € R, where bg is defined as in (8.7), and we have used (2.3) and the
fact that t > 0. We now claim that, for x € Q and t > 0, the same L* bound holds for

S t(pqhg)(x), where g € CF, v = 1 0n5Q, suppeg € 6Q, with [[Vyeqglle < C/£(Q).
Indeed, fixing (x,1t) € Q x (0, =), and setting u = dI'(x, t, -, -), we have that

0Su(eabe)() = 101 | U0 Oheals) 5 (A . 0y
! y

We now extend ¢q smoothly into the lower half-space so that ¢g(y,s) = 1 on 5Q x
(0, -£(Q)/4), ¢y, s) vanishes in R™1\[6Q x (0, —£(Q)/2)], and

-1
||V90Q||Lm(@) <CHQ)™.
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Since G*(Aé, -,y and u are both solutions of Lu = 0 in supp ¢q, we obtain from Green’s
formula (whose use may be justified in the sense of Lemma 4.3 (iii)) that

0Su(eab)®) =101 [[ | AT6 (Ag.y. 9oty uty. s

- 1Q] G Veg - AVudyds = | +11.
RO

We first consider term Il. Let Dg = supp Veg. By the definition of ¢q(y, ), a standard
estimate for G~, and Cauchy-Schwarz, we have that

1
2
IWsCK@WW%iTIWHU¢%W%N%
Dq

1
2
<cHQ™”? ( [} areey.rayas|
Do
where the last inequality follows by Caccioppoli’s inequality, and where f)Q is a fattened
version of Dg. But for x € Q, t > 0, and (y, s) € Dg, we have by (2.3) that
B(x, 1.y, )l < CIQI™,

hence |11] < C. Similarly,

Il < CeQ2 ( [ wetagy. s)|2)§ <c.
Do

again by Caccioppoli. Altogether then, sup,. [10:St(¢qbo)llL=(q) < C, and therefore

(8.13) sup fQ 195 1(qbo)l? < CIQ

To prove (ii), it will be enough to observe that, for any kernel K(x,y) satisfying (8.3)(a),
we have

2
(314) [ | keynsaamtoi] desc [ e

Q 6Q\Q

Indeed, given (8.14), we may replace ¢q by 1g in (8.13) (with controlled error), and (ii)
follows. The proof of (8.14) is omitted. Since I'(x,t,y,0) = I'(y, —t, x, 0), a similar argu-
ment yields the corresponding bound for (6tSt)"(b2Q), and (8.1) now follows.

9. ProOF OF THEOREM 1.12: INVERTIBILITY

We now consider invertibility of the layer potentials in the case of real symmetric coef-
ficients. The proof will follow the strategy of Verchota [V], using the well known “Rellich
identities” combined with the method of continuity. In our case, the continuity argument
will exploit Theorem 1.11.

Proof of Invertibility. From self-adjointness and integration by parts, we obtain the equiv-
alence

(9.1) 19y UllLo@ny = [VxUllzgen).
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for solutions of Lu = 0 in R?*? for which N.(Vu) € L2, where the implicit constants depend
only upon ellipticity (see, e.g., [K] for details). In particular, (9.1) holds for u(-,t) = Sf,
with f € L2. By the jump relation formulae Lemma 4.18, (9.1) becomes

92 || (t%l + R) flla ~ [V,S ol
Thus, by the triangle inequality and (9.2) we have

(9.3) Il <Cl (%l + K) flla
and also

(9.4) Ifll2 < ClIVxSofll,

where the constants in (9.3) and (9.4) depend only on ellipticity. Moreover, if we set
L, =-divA,V, 0<o <1,

where
Ar=(1-0)+0A,

and I denotes the (n + 1) x (n + 1) identity matrix, then (9.3) and (9.4) hold, uniformly in o,
for the layer potentials associated to L; indeed, we have uniform control of the ellipticity
constants for A,. By the result of Section 8, we of course have boundedness of the layer
potentials associated to L, again with uniform constants depending only upon ellipticity
and dimension. Thus, once we have established invertibility of the layer potentials asso-
ciated to L, for a given o, the corresponding Layer Potential Constants will depend only
upon ellipticity and dimension, since, in particular, the quantitative bounds for the inverses
are precisely the constants in (9.3) and (9.4). We may therefore establish invertibility of
%I+R 12 > L%2andSq: L2 > I'_i as follows. Since Ly clearly has Good Layer Potentials,
we may invoke Theorem 1.11 to deduce that L has Good Layer potentials, for 0 < o < e,
for some ¢ depending only upon ellipticity and dimension. By our previous observation
concerning the uniform control of the layer potential constants, we may then iterate this
procedure, advancing each time by the same distance e, so that we reach A = A; in finitely
many steps. O

10. APPENDIX. CONSTANT COEFFICIENTS

Suppose that L = —divaV, where a is a constant complex elliptic matrix. Following

[FIK], we observe that L has Fourier symbol

n+1

q(i£,i7) = Y. ajéiéic = anana(t — T ()T - 7€),

k=1
where &,,1 = 7, and 7. : R" — C are each homogeneous of degree 1, C®(S™1), with
(10.1) Imri(€) 2p, Imr_() <,
for some u > 0. In particular,
(10.2) lr.(€) —1-(@)l = ¢, £eR"

The fundamental solution I'(x, t) is a convolution kernel with Fourier symbol q(i&, i) 2.
Inverting the Fourier symbol in t only, and then using the method of residues, we obtain

00 eit‘r _ eitu(f) 1|t>O} + eit‘r,(.f) l{t<0|

— 1
.06 = 2n j:oo q(i&, iT)dT A (T (@) - 7o)
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so by (10.2) and the accretivity of an.1n+1, We have in particular that

TGO |~ 147
Consequently, Sp : L2 — I'_f is bounded and invertible, by Plancherel’s Theorem. One also
readily verifies via Plancherel’s Theorem that

sup IVStllop < C, Itd?Stlllop < C.
t#

Finally, we note that f — (%I + R) f = 9,Sf|i=o+ is invertible on L2. Indeed, the corre-
sponding Fourier symbol is

ne1ne1T+(€) + Z?:l an+1,j€j

ans1ne1 (T4(8) — 7-())

and by [AQ], Lemma 4, the modulus of the numerator ~ |£|. By the accretivity of an,1n+1
and (10.2), the same holds for the denominator, and the invertibility follows. Of course, a
similar observation holds for —%I + K.

bl

_ aq
- tlirg ens1-aVI(, 1)(é) =
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