HARDY AND BMO SPACES ASSOCIATED TO DIVERGENCE FORM
ELLIPTIC OPERATORS

STEVE HOFMANN AND SVITLANA MAYBORODA

AsstracT. Consider a second order divergence form elliptic operator L with complex
bounded measurable coefficients. In general, operators based on L, such as the Riesz trans-
form or square function, may lie beyond the scope of the Calderon-Zygmund theory. They
need not be bounded in the classical Hardy, BMO and even some LP spaces.

In this work we develop a theory of Hardy and BMO spaces associated to L, which
includes, in particular, a molecular decomposition, maximal and square function charac-
terizations, duality of Hardy and BMO spaces, and a John-Nirenberg inequality.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Extensive study of classical real-variable Hardy spaces in R" began in the early 60’s
with the fundamental paper of E.M. Stein and G. Weiss [30]. Since then these classes of
functions have played an important role in harmonic analysis, naturally continuing the
scale of LP spaces to the range of p < 1. Although many real-variable methods have
been developed (see especially the work of Fefferman and Stein [20]), the theory of Hardy
spaces is intimately connected with properties of harmonic functions and of the Laplacian.
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2 S. HOFMANN AND S. MAY BORODA

For instance, Hardy space H(R") can be viewed as the collection of functions f e
LY(R") such that the Riesz transform VA~Y/2f belongs to L*(R"). One also has alterna-
tive characterizations of H(R") by the square function and the non-tangential maximal
function associated to the Poisson semigroup generated by Laplacian. To be precise, fix a
family of non-tangential cones I'(x) := {(y,t) € R"x (0, ) : |x-y| < t}, x € R", and define

1/2
_ VA 2 dydt
(1.1) SAf(x) = (ff tVe‘Af(y)] =
I'(x)
(1.2) NA(X) =  sup e’t‘/Kf(y)|.
(D)

Then [N f|L1@ny and [|S2 f |1 gy give equivalent norms in the space HY(R"), that is

(1.3) INA Fllageny ~ IS Flliagen 2 1 fllHagny.

Consider now a general elliptic operator in divergence form with complex bounded
coefficients. Let A be an n x n matrix with entries

(1.4) ajk: LR — C, j=1,..n, k=1,..n,

satisfying the ellipticity condition

(1.5) AP < ReAg-¢ and |AE-ZI < AL, V& e,

for some constants 0 < 4 < A < oo, Then the second order divergence form operator is
given by

(1.6) Lf := —div(AVT),

interpreted in the weak sense via a sesquilinear form.

Unfortunately, the classical Hardy spaces need not be applicable to problems connected
with the general operator L defined in (1.4)—(1.6). For example, the corresponding Riesz
transform VL~%2 need not be bounded from H(R") to LY(R"). Indeed, by the solution
of the Kato problem [6], we know that the Riesz transform is bounded in L?(R"). Thus,
if it were also bounded from H(R") to LY(R"), then by interpolation we would have that
VL2 LP(R") — LP(R") for all 1 < p < 2, which, in general, is not true. It is true that
there exists p.,1 < pL < 2n/(n + 2), such that the Riesz transform is bounded on LP(R")
for pL < p < 2 (see [22], [12], [4] and §2 for more details; see also [13] for related theory),
but it is known that the best possible p. may be strictly greater than 1. Similar statements
apply to the heat semigroup e~ (for which LP boundedness may fail also for p finite, but
sufficiently large), as well as to the square function (see (1.15) below). This failure of
LP bounds for some p € (1,2) (and in (2, =)), which relies on counterexamples built in
[26], [5], [17], along with some observations in [4], illustrates the significant difference
between the operators associated to L and those arising in the classical Calderdn-Zygmund
theory. We note that it has been shown in [4] that the intervals of p < 2 such that the heat
semigroup and Riesz transform are LP-bounded have the same interior. In the sequel, we
shall denote by (p., pr) the interior of the interval of LP boundedness of the semigroup,
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ie.,
(1.7) pL:=inf{p>1:supllelLo_Le < o0}

t>0

and  PL:=sup{p < oo :suple Lo < oo},
t>0

We recall [4] that p. > 2n/(n — 2), and, as noted above, p_ < 2n/(n + 2).

In writing this paper we have two goals: 1) to generalize the classical theory of Hardy
spaces in order to ameliorate the deficiencies described in the previous paragraph, and 2) to
develop a corresponding BMO theory, which includes analogues of the H! — BMO duality
theorem [20] and of the John-Nirenberg Lemma [23].

We begin by discussing the first goal. Given an elliptic operator L as above, we construct
an H? space adapted to L, which, for example, is mapped into L* by the Riesz transforms
VL~1/2, and which serves as an endpoint of a complex interpolation scale which coincides
in part with some range of LP spaces. The utility of the Hardy space H* being due in
part to its many useful characterizations, thus, we aim to provide analogues to most of
these, including the atomic (or molecular) decomposition and characterizations by square
and non-tangential maximal functions. We note that one problem which remains open is
that of finding a Riesz transform characterization of the adapted H* space; i.e., we do not
yet know (except in the low dimensional case n < 4) whether L* bounds for VL=Y/2f, or
some suitable substitute, imply that f belongs to our Hardy space (as mentioned above,
we do prove the converse). We plan to present the low dimensional results, as well as
an analogous HP theory, p # 1, in a forthcoming joint paper with A. Mclntosh. We
remark that, in contrast to the classical setting, even the case p > 1 may involve Hardy
spaces which are strictly smaller than LP, and for at least some such spaces, we do have
a Riesz transform characterization. Finally, we remark that our Hardy spaces belong to
a complex interpolation scale which includes LP, p_. < p < pr. Indeed, this fact follows
as in [15], using interpolation of the so-called “tent spaces”, given the square function
characterization of our H* space (cf. Theorem 1.1 below), and the fact that the square
function S, (cf. (1.15)) is bounded on LP for p_. < p < p. (cf. Lemma 2.6).

We now discuss the various characterizations of our Hardy space. Let us start with
the matter of atomic/molecular decompositions. The decomposition into simple building
blocks, atoms, originally proved by Coifman for n = 1 ([14]) and by Latter in higher
dimensions ([25]), is a key feature of H(R"). In this paper we work with an analogous
molecular decomposition, in the spirit of the one introduced in the classical setting by
Taibleson and Weiss [31].

Throughout the paper for cube Q c R" we denote by I(Q) the sidelength of Q and set

(1.8) So(Q):=Q, Qi =2'Q, and Si(Q):=2'Q\2'Qfori=1,2,..,

where 2'Q is cube with the same center as Q and sidelength 2'1(Q).

Let1l < p. <2n/(n+2)and p_ > 2n/(n— 2) retain the same significance as above (that
is, they are the endpoints of the interval of LP boundedness for the heat semigroup). A
functionm € LP(R™), pL < p < Pv, is called a (p, &, M)-molecule, e > 0and M € N, M >
n/4, if there exists a cube Q c R" such that

19 () Ml < 27 VP9IQIYP i=0,1,2, ...,

(1.10) (i) N0Q) 2L Y mllees @y < 27O VPIQIMPL i =0,1,2, .., k=1,.., M.
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Having fixed some p, £ and M, we will often use the term molecule rather than (p, &, M)-
molecule in the sequel. Then the adapted Hardy space can be defined as

(1.11) HIR") = {Z Ajm; : {25}, € ¢* and m; are molecules},
i=0

with the norm given by

(112)  Iflhyen = inf{Z 1 : f = Z/ljmj, {41} € ¢* and m; are molecules}.
=0 =0

We shall prove in Section 4 that any fixed choice of p, e and M within the allowable pa-
rameters stated above, will generate the same space.

We remark that our molecules are, in particular, classical H molecules, so that H! ¢ H*
(and this containment is proper for some L, by our earlier observations concerning the
failure of HY — L* bounds). We also observe that one may construct examples of H}
molecules by hand: given a cube Q, let f € L2(Q), with ||f|, < |Q|7Y/?, and set

(1.13) m = (6(Q)2L)Me M Lf = (1 — (I + £(Q)2L) HMT.

One may then easily check, using the “Gaffney estimate” (2.8) below, that up to a suitable
normalizing constant, m, f are (2, &, M) molecules for every ¢ > 0.

Molecules have appeared in the H? theory as an analogue of atoms lacking compact sup-
port but decaying rapidly away from some cube Q (see, e.g., [21]). However, the classical
vanishing moment condition (fRn m(x)dx = 0) does not interact well with the operators
we have in mind because it does not provide appropriate cancellation. Instead, we impose
the requirement that the molecule “absorbs” properly normalized negative powers of the
operator L — the condition made precise in (1.10). In such a setting it can be proved, for
instance, that the Riesz transform

(1.14) VL2 HER™) — LYR),

as desired.
Next, given an operator L as above and function f € L?(R"), consider the following
quadratic and maximal operators associated to the heat semigroup generated by L

dydt\*?
_ 2y —t2L 2 ay!
(1.15) Shf(x) = ( ffr (X)lt Le™ ~f(y)l _tn+1) ;
1 —t2L 2 vz
(1.16) Mf(x) = sup [= e -f(2)|“dz] ,
w0ereo \t" Jey,n)

where B(y,t),y € R", t € (0, ), is a ball in R™ with center at y and radius t and x € R".
These are the natural modifications of (1.1)—(1.2). We use an extra averaging in the space
variable for the non-tangential maximal function in order to compensate for the lack of
pointwise estimates on the heat semigroup (an idea originating in [24]).

Alternatively, one can consider the Poisson semigroup generated by the operator L and
the operators
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1/2
-tvVL 2M
[, et o )

1 1/2
sup (—n f eVt f(x)|2dx) ,
v0erog \t Jegy
with x € R", f € L?(R").

We define HE (R") as the completion of {f € LZ(R") : Spf € L1}, with respect to the
norm

(1.17) Spf(x)

(1.18) N F(X)

1Fllg oy = IS fllseny

the spaces Hj, (R"), H (R") and H}, (R") are defined analogously. Then the following
result holds.

Theorem 1.1. Suppose that p. < p < p. (cf. (1.7)),e > 0and M > n/4 in (1.9)-(1.10).
For an operator L given by (1.4)~(1.6), the Hardy spaces H{(R"), Hg (R"), H}, (R"),
Hg,(R"), HY, (R") coincide. Moreover,

(1.19) Ifllz@ny = IShfllagn = M Fliigny ~ ISe flleny ~ INPfllLgn),
for every f € H(R).

The second half of the paper is to devoted to the study of the space of functions of
bounded mean oscillation, adapted to L.

The BMO space originally introduced by F. John and L. Nirenberg in [23] in the context
of partial differential equations, has been identified as the dual of classical H* in the work
by C. Fefferman and E. Stein [20]. Analogous to the role of H* as a substitute for L, BMO
substitutes for L* as an endpoint of the LP scale. For reasons similar to those discussed
above in connection with H?, the classical BMO may not be at all compatible with the
operator L.

The second goal of this paper is to generalize the classical notion of BMO. We define a
version of this space adapted to L, and prove that it is equipped with several characteristic
properties of BMO; in particular, it is tied up with the Hardy space theory via duality. The
adapted BMO theory (using a similar norm to our (1.22), but with M = 1) has previously
been introduced by Duong and Yan [18], [19], under the stronger assumption that the
heat kernel associated to L satisfies a pointwise Gaussian upper bound. Much of their
methodology seems inapplicable in the present setting; in particular, we have been forced
to take a completely different approach to the John-Nirenberg Lemma, and to view our
BMO space as a subspace, not of Llloc, but rather of a certain space of distributions as
we shall describe momentarily. Moreover, the lack of pointwise kernel bounds renders
the proof of the duality theorem significantly more problematic, and in addition seems to
require the higher order cancellation inherent in the parameter M.

We define our adapted BMO space as follows. For ¢ > 0 and M € N we introduce the
norm

M
lalhyzen = sup 290729 3" LKl (s s
120 k=0
where Qg is the unit cube centered at 0, and set

ME“M = {u € LX(R") ¢ flullyzen < oo).
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Implicitly, of course, this space depends upon L, and we shall write MS’E'M(L) when we
need to indicate this dependence explicitly. We note that if u € M S’S’M with norm 1, then u
is a (2, &, M) molecule adapted to Qg. Conversely, if mis a (2, &, M) molecule adapted to
any cube, thenm e M S'S’M (this follows from the fact that, given any two cubes Q1 and Qo,
there exists integers K; and K, depending upon ¢(Q1), £(Q2) and dist(Q1, Q2), such that
2K1Q; 2 Qz and 22Q, 2 Qy). Let (M5°M)* be the dual of MM, and let A, denote either
(1+t2L)"L or et We claim that if f € (M2=M)*, then (1 - A;)M f is globally well defined
in the sense of distributions, and belongs to leoc. Indeed, if ¢ € L2(Q) for some cube Q, it
follows from the Gaffney estimate (2.8) below that (I — A)M¢p € MS’S’M for every £ > 0.
Thus,

(1.20) (=AM, 0) = (F, (1 = A)Mp) < Cru@uas@ll Fllgnzeny. Igllz)-

Since Q was arbitrary, the claim follows. Similarly, (t?L*)MA; f € L2 ..
We are now ready to define our adapted BMO spaces. We suppose now and in the sequel

that M > n/4. An element
(1.21) f e neoMG™™) = (MGM)’
is said to belong to BMO_-(R") if

. 2 1/2
(122) ”f”BMOL*(R”) SUp (|Q| L|(| - e*'(Q)ZL )Mf(x)‘ dX) < 00,

where M > n/4 and Q stands for a cube in R". Eventually, we shall see that this definition
is independent of the choice of M > n/4 (up to “modding out” elements in the null space
of the operator (L*)™, as these are annihilated by (I — e™(Q*X)M: we thank Lixin Yan
for this observation). Clearly, we can define BMO_ by interchanging the roles of L and
L* in the preceding discussion. Using the “Gaffney” estimate (2.8) below, and the fact
that e QL1 = 1, one may readily verify that BMO € BMO, . Compared to the classical
definition, in (1.22) the heat semigroup e (L plays the role of averaging over the cube,
and an extra power M > n/4 provides the necessary cancellation.

As usual, we have some flexibility in the choice of BMO norm, by virtue of an ap-
propriate version of the John-Nirenberg inequality (see [23] for the case of usual BMQ),
although in our case we obtain a more restricted range of equivalence. To be more precise,
Iﬁt us denote by BMOE(R”), 1 < p < oo, the set of elements of (M S’M)* with the property
that

Q f (1= e @™) o] dx)l/p

is finite. By definition, BMO? F(R") = BMOL(R"). We have a “John-Nirenberg Lemma™:

(1.23) I fllemorgen = SUD(

Theorem 1.2. For all p such that p. < p < P the spaces BMOE(R”) coincide.

Another important feature of classical BMO is its Carleson measure characterization.
Roughly speaking, we shall establish the following analogue of the Fefferman-Stein crite-
rion:

dydt

(124) feBMOL(R") < |[(tPL)Mettf(y) is a Carleson measure;
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see Theorem 9.1 for the precise statement, in which, as in the classical case, a certain
“controlled growth” hypothesis is needed to prove the < direction.
And finally, we prove the desired duality with the Hardy spaces.

Theorem 1.3. Suppose p. < p < PL,e>0and M > n/4in (1.9)-(1.10), (1.22). Then for
an operator L given by (1.4)—(1.6)

(1.25) (HE®M) = BMOL. (R").

As we have mentioned, our results lie beyond the classical Calderdn-Zygmund setting.
Moreover, the methods we have at our disposal are substantially restricted. For instance,
no analogue of the subaveraging property of harmonic functions, no maximum principle,
no regularity or pointwise bounds for the kernel of the heat or Poisson semigroup are
available. The operators we work with do not even possess a kernel in the regular sense.
In fact, we employ only certain estimates in L? and LP with p close to 2, controlling the
growth of the heat semigroup and the resolvent.

The layout of the paper is as follows: Section 2 contains a few preliminary results, re-
garding general square functions and properties of the operator L. Section 3 is devoted to
the behavior of sublinear operators, in particular, Riesz transform, acting on H}(R"). Sec-
tions 4, 5, 6 and 7 cover the characterizations of Hardy space announced in Theorem 1.1.
Finally, in Sections 8, 9 and 10 we discuss the spaces BMO| (R"), duality, connection with
Carleson measures and John-Nirenberg inequality.

While this work was in preparation, we learned that much of the Hardy space theory
that we present here has also been treated independently by P. Auscher, A. MclIntosh and
E.Russ [8]. Their results are stated in the context of a Dirac operator on a Riemannian
manifold, but their arguments carry over to the present setting as well. To the best of
our knowledge, the theory of BMO|(R") spaces, in the absence of pointwise heat kernel
bounds, is unique to this paper. As mentioned above, some of this material has been
developed previously, assuming pointwise kernel bounds (see [9], [18], [19]).

Acknowledgements. This work was conducted at the University of Missouri at Columbia
and the Centre for Mathematics and its Applications at the Australian National University.
The second author thanks the faculty and staff of ANU for their warm hospitality. We
also particularly thank Pascal Auscher for showing us the proof of the L2 boundedness of
the non-tangential maximal function of the Poisson semigroup, for pointing out a gap in
the proof of our duality result in the original draft of this manuscript, and for providing
us with the argument which we have used to prove (3.3). The first author also thanks
Emmanuel Russ for a helpful conversation, and especially for explaining how to prove the
completeness of molecular H,}. Finally, we thank Chema Martell, Lixin Yan and Dachun
Yang for helpful comments.

2. NOTATION AND PRELIMINARIES

LetT'?, @ > 0, be the cone of aperture «, i.e. T*(x) := {(y,t) € R"x (0,00) : |x—y| <
at} for x € R". Then for a closed set F € R" we define a saw-tooth region R*(F) :=
User T%(x). For simplicity we will often write I" in place of I'* and R(F) instead of R(F).

Suppose F is a closed set in R" and y € (0, 1) is fixed. We set

(21) Fr:= {x € R": for every B(x), ball in R" centered at X, IF 2 Bl > }

BCII
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and every x as above is called a point having global y-density with respect to F. One can
see that F* is closed and F* c F. Also,

(2.2) F*={xeR": M(xr)(X) >1-v},

which implies | °F*| < C| °F| with C depending on y and the dimension only.
Here and throughout the paper we denote by °F the complement of F, yF is the char-
acteristic function of F, and M is the Hardy-Littlewood maximal operator, i.e.

2.3 MTF(X) 1= sup ———
23) ) r>€|B(X»r)| B(x.r)

where f is a locally integrable function and B(x, r) stands for the ball with radius r centered
atx e R".

If(y)ldy,

Lemma 2.1. ([15]) Fix some @ > 0. There exists v € (0, 1), sufficiently close to 1, such
that for every closed set F whose complement has finite measure and every non-negative
function @ the following inequality holds:

(2.4) f @(x,t)t"dxdt < C(a,y) f [ f <D(y,t)dydt] dax,
Re(F*) F r'(x)

where F* denotes the set of points of global y-density with respect to F.
Conversely,

(2.5) fF [ fr » D(y, t) dydt

for every closed set F ¢ R" and every non-negative function ®.

dx < C(a) f D(x,t) t" dxdt,
R (F)

Lemma 2.2. ([15]) Consider the operator

1/2
(26) STF(x) = ( [f |F(y,t)|2dydf) ,
re(o tn+

where @ > 0. There exists a constant C > 0 depending on the dimension only such that

(2.7) IS *FliLigny < ClIS " FllLsn).

Both lemmas above are proved in [15].

Turning to the properties of the differential operator L we start with the off-diagonal
estimates. We say that the family of operators {S}io satisfies L? off-diagonal estimates
(“Gaffney estimates™) if there exist some constants ¢, C, 8 > 0 such that for arbitrary closed
setsE,F cR"

dist(E.F)?

B
(2.8) IStfllzey <C ei( ) Iflle ey
for every t > 0 and every f e L2(R") supported in E.
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Lemma 2.3. ([22]) If two families of operators, {St}i=0 and {Ti}w0, Satisfy Gaffney esti-
mates (2.8) then so does {STi}=0. Moreover, there exist ¢, C > 0 such that for arbitrary
closed sets E,F c R"

_(dii(E,F)zr
(2.9) IS sTefll2ry < Ce Ve ||l 2,
forallt,s > 0andall f € L?(R") supported in E.

Lemma 2.4. ([22], [6]) The families

(2.10) {eM)so,  ftle ™Mo, {tY2Ve o,
as well as
(2.11) A+t Yo, (VL +tL) Hso,

satisfy Gaffhey estimates with ¢, C > 0 depending on n, 2 and A only. For the operators in
(2.10),=1,andin (2.11),8=1/2.

We remark that it is well known from functional calculus and ellipticity (accretivity)
that the operators in (2.10)—(2.11) are bounded from L?(R") to L2(R") uniformly in t.

Lemma 2.5. There exist p.,1 < p. < % and P, % < PL < o0, such that for every p
and q with p_ < p < q < P, the family {e~'*};. satisfies LP — L9 off-diagonal estimates,
i.e. for arbitrary closed sets E, F c R"

_dist(EF)?

(2.12) e iy < Ct2(a8) e ™5 |If|lo(e).

for every t > 0 and every f e LP(R") supported in E. The operators e, t > 0, are
bounded from LP(R") to LY(R") with the norm ct2(5-5) and from LP(R™) to LP(R™) with
the norm independent of t.

In the case p = q, the statement of the Lemma remains valid with {e~'"}..o replaced by
{(1 + tL) )10, and with exponent 8 = 1/2 in the exponential decay expression.

Proof. For the heat semigroup the proof of the Lemma can be found in [4] and the result
for the resolvent can be obtained following similar ideas. O

Remark. It has been shown in [4] that the interval of p such that the heat semigroup is LP-
bounded, and the interval of p, q such that it enjoys the off-diagonal bound (2.12), have the
same interior. In particular, there is no inconsistency between the definitions of p_ in (1.7)
and in Lemma 2.5. We will preserve this notation for p_ and p, throughout the paper.

Lemma 2.6. The operator

, dydt\"/?
(2.13) SKf(x):= (ff I(2L)Ke " f(y))? +1) , XeR" KeN,
r'(x)

tn
is bounded in LP(R") for p € (p., pL)-

Proof. The proof closely follows an analogous argument for vertical square function (see
[4]). We omit the details. m|

Finally, the solutions of strongly parabolic and elliptic systems satisfy the following
versions of Caccioppoli inequality.
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Lemma 2.7. Suppose Lu = 0 in Bx(Xo) = {x € R" : |x — Xg| < 2r}. Then there exists
C =C(4,A) > Osuch that

(2.14) f IVU(X)IdeS% f u(x)I* dx.
Br(%o) I JBa(x0)

Lemma 2.8. Suppose diu = —Lu in Iy (Xo, to), where I;(Xo,t9) = Br(Xo) X [to — cr?, o],
to > 4cr? and ¢ > 0. Then there exists C = C(1, A, ¢) > 0 such that

(2.15) ff [Vu(x, t)[2dxdt < %ff lu(x, t)[% dxdt.
It (Xo.to) r 12 (Xo.to)

3. SUBLINEAR OPERATORS IN HARDY SPACES

To begin, let us note that the space H,}, defined by means of molecular decompositions,
is complete. We learned the following proof of this fact from E. Russ. We first require a
well known completeness criterion from functional analysis.

Lemma 3.1. Let X be a normed space which enjoys the property that > xx converges in
X, whenever 3 ||xq|| < co. Then, X is complete.

The lemma is well known, and we omit the proof.
Let us now use the lemma to establish completeness of H&. To this end, we suppose that
f € HL, and that ||fk||H3 < oo, Given the former fact, there exists for each k a molecular

decomposition fi, = 320 AmK, with 330 |44 ~ IIfidlyz. Thus,
INLEDNIATEES
Tk K

Consequently, the sum 3 iy = 3y; A}‘m:‘ converges in H&, as desired. O

For certain technical reasons, we shall need to work also with a modified version of the
molecular representations. Given p € (p.,pL), € > 0, M > n/4, and § > 0, we say that
f = X, Ajm; is a 6-representation of f if {/1,-}‘].’10 € ¢* and each mj is a (p, &, M)-molecule
adapted to a cube Q; of side length at least 5. We set

HEs(R™ = {f € LYR") : f has a 5-representation).
Observe that a 6-representation is also a ¢ -representation for all 6’ < 6. Thus, H! ; < Hﬁﬁ,
for0 < ¢ <. Set
HER") = UssoH{ 5(RD),
and define

o)

(3.1) ||f||,q&(Rn) = inf {Z 5] : f = Z/l,-m,- is a 5-representation for some § > 0}.
j=0 j=0

We note that for f € ﬁ,}, [l < C||f||,q3, since in particular, ||m||.» < C for every molecule
m (of course, a similar statement is true for HY). Now for f € HY, set

(3.2) Il = Il en + 1@y = 1 llg g,

and define H{ as the completion of H! with respect to this norm. We now show that

(3.3) HL = HL,
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for any choice of p,e and M, within the allowable parameters. By definition, and the
completeness of H, we have

(3.4) HE < HE and [Iflhy: < IIfllg

whenever f € ﬁ&. Let us now verify that these statements can be reversed (up to a multi-
plicative constant). We learned the following argument from P. Auscher. Let f € H,}, f=
> Aim;, with ||f||H& ~ Y |4 Set fx = Z}‘zl/limi. Note in particular that f, — f in L1
Moreover, f, € ﬁ&, 50 that

k
il < D141l < Cllflly
i=1

Also,

k
= fiellga < ) 14il = 0,
i=k
so that {fy} is a Cauchy sequence in ﬁﬁ. Consequently, there exists f such that f, — f in
H! and thus also in L*. Therefore, f = f a.e.,, so f € H.

The advantage to working with ﬁ& is that, if f = Y 4m; is a §-representation with
(p, €, M)-molecules, for some ¢ > 0, then the partial sums fx = X 4im; convergeto f in
LP, since the LP norms of the molecules are uniformly bounded (with a constant depending
upon 6).

Theorem 3.2. Let p. < p < 2 and assume that the sublinear operator

(3.5) T : LP(R") —s LP(R")

satisfies the following estimates. There exists M € N, M > n/4, such that for all closed
sets E, F in R" with dist(E, F) > 0 and every f € LP(R") supported in E

M
3.6 T -et)M¢ < Clee—r—s| If , Vt>0,
(3.6) T —e™) " fllE < (dISt(E,F)Z) I llLece) >
M
3.7 ||T(tLeftL)Mf||LP(F) < C(m) IfllLecEy, Yt>0.
Then
(3.8) T:HIR") — L'R").

Remark. Of course, the estimates (3.5)—(3.7) are of interest only when t < dist(E, F)2. The
proof below shows that (3.5)-(3.7) imply (3.8) with the Hardy space H}(R") defined by
linear combinations of (p, &, M)-molecules for the same values of p and M as in (3.5)-
(3.7). We do not emphasize this fact as the space H&(R”) does not depend on the choice
(within the stated allowable parameters) of p, e and M in (1.9)-(1.12) — see Corollary 4.3.

Proof. Suppose that T : LP — LP is sublinear. We claim that for every (p, &, M) molecule
m, we have
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with constant C independent of m. Let us take this statement for granted momentarily. The
conclusion of the theorem is then an immediate consequence of the following lemma.

Lemma 3.3. Fix p, e, M within the allowable parameters, with p_. < p < 2. Suppose that
T is a sublinear operator, bounded on LP, which satisfies (3.9) for all (p, €, M) molecules.
Then T extends to a bounded operator on H?, and

IT il < Cllfllye.
Proof. Replacing f — Tf by f — [T f| if necessary, we may suppose that Tf > 0, Vf €
LP. By our previous observations, it is enough to work with the space Hﬁ. By density, it is

enough to show that
(T fllL < CIIfIIqE

for f € ﬁﬁ. Choose such an f, sothat f = >, A;m; is a 5-representation, where the m; are
(p, e, M)—molecules and
Il ~ DAl

Set fy = Z!‘Zl Am;. Then fy — fin LP N LY. Since T : LP — LP by assumption, therefore
by sublinearity |T fx — T f| < T(fx — f) — 0in LP. On the other hand, by (3.9),

k
IT fic= T fiells < IIT(fc = i)l < C > 1l = 0,
i=k’
as k,k’ — co. Consequently, {T fi} is a Cauchy sequence in L* so there exists h € L* such
that T fy — hin L1. Taking subsequences, we see that T f = h a.e.. Hence,

IT fil = Jim [Tl < C ) Jil < 11l

We now turn to the proof of (3.9). To begin, we write

ITMllign < ITO = e Q@ YMmil e + 1T = (1 - e QMM gny = 1 + 11,
and we further split | so that

1O
IT (1= e Q@NMmys @)llren.

o

Il
o

I <
i

Here, the family of annuli {S;(Q)};2, is taken with respect to the cube Q associated with m.
Going further,

_ 2
IT(1 - e @M Mmys @)l

<C Y @HIQYFIT(1 - e )M (mys @llrs @
=0

M

Q7 (Il
dist (S ;(Qi), Si(Q))? LP(Si(Q)

<c Y@y
=2

(3.10) +C21Q)™ FIMlr(s, (@)
where the last inequality follows from (3.5)—(3.6) and uniform boundedness of {e " }1.¢ in
LP(R™). Then by the properties of (p, £, M)-molecules the expression above is bounded by
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(311) C Z 2i(—2M—8)21(n—ﬂ/p—2M) +C 2—i8 <C 2—is’
j=2

sothat| < C.
As for the remaining part,

M
(3.12) = (1 - e QLM = 3T ci(q)kle k@7
k=1

where C' = 7o k = 1,..., M, are binomial coefficients. Therefore,

ITO = (1 - e QHMIml|sen < C sup [Te ™M@ mjjLn
1<k<M

(3.13) <C sup
1<k<M

M
T (% |(Q)2Le‘ﬁ'(Q)2L) (1(Q)2LMm

LL(R")
At this point we proceed as in (3.10)—(3.11) with (I(Q)~°L-)m in place of m,
(% I(Q)zLe‘ﬁ'(Q)z'-)NI in place of (1 — e™@*L)M and using (3.7) and (1.10) to obtain that

M

(3.14)  sup |IT (% '(Q)ZLB%"Q)ZL) (0@ Ymxs)| — <c27.
1<ksM LL®RD)

Summing in i, we obtain that Il < C, as desired. m|

Remark. The result of Theorem 3.2 holds for p € (2, p.) as well. However, in that case one

has to take M > 1 (n - ﬂp)

For f € L?(R") consider the following vertical version of square function:

™ 1/2
(3.15) anf ) = [ et )

Theorem 3.4. The operators g, and VL2 satisfy (3.6) — (3.7) for p = 2, M > n/4, and
map H}(R") to LY (R").

Proof. The proof rests on ideas of similar estimates for the Riesz transform (cf. Lemma 2.2
in [22]) and Theorem 3.2. By the LP bounds, p_ < p < pv, for g, [4], it is enough to treat
the case t < dist(E, F)? in (3.6) - (3.7).

First of all, the operators under consideration are obviously sublinear. Further, L2
boundedness of the Riesz transform has been proved in [6] and boundedness of gy in
L2(R") follows from the quadratic estimates for operators having bounded holomorphic
calculus (cf. [1]).

Let us now address the inequalities (3.6)—(3.7) for p = 2 and the operator T = gn. An
argument for the Riesz transform, viewed as

0 ds
3.16 VL2 = cf Ve S-f — |
(3.16) | NG

is completely analogous (cf. also [22]). Write
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ot — M f]| e = C [ [ tsLesq - etymp & "
Oh L2(F) — 0 S

L2(F)
o ds\"?
<C ’ (f |SLe—S(M+1)L(I _ e—tL)M f|2 _)
0 > L2(F)
t 2 ds\?
sc( [ llsterseeneq e, ?)
0 2 ds\Y?
(3.17) +c(f [|sLe™sM*D() —e*tL)Mf||LZ(F) ?) =11+ .
t

We will analyze 1; and 1, separately. Expanding (I — e~'*)M by the binomial formula, one
can see that

t 1/2
ML g2 98
|1sc(f0 IsLe=sM+ D117, o s)

t 2 ds\"2
+C sup (f ||sLe’S(M*1)Le"“Lf||L2(F) —)
1<ksM \Jo s

t 2 ds\Y?
< C(j; sLe S(M+1)Lf||L2(F) ?)

t sds\Y?
+C su e~ SM+DLy) oKL £||2 —)
s ([ ey 5

t i (EF2 dS 1/2
sc( f U —) Ifllee)
0 S

1 i (ER)2 t 1/2
+C sup oY fsds (Ifll2)
t2 0

1<k<M

where we used Lemma 2.4 and a variant of Lemma 2.3 in the last step. One may readily
check that the expression above is bounded by C (dist(tTF)Z)M [Ifll2(g), as desired.
Turning to the second integral,

o0 2 ds\Y?
(3.18) I,<C (J: |sLe st (e — e~(srOL)M f”LZ(F) ?) '

It was observed in [22] that

H E (e—SL _ e—(S+t)L)
t

t
g = Efare‘(s”)"gdr
LE  [[tJo

s [t ~ dr
SCYJ; [[(s+r)Le (S”)LgHLZ(F) m

s (Y _ases2 dr
(3.19) < Clgllizg (ffe‘d“(;s) _)
0

L2(F)

S+r



HARDY AND BMO SPACES 15

Buts+r ~sfors>tandr e (0,t), therefore the expression above does not exceed

_aser? (s dr _dS(EF?
(3.20) Clollege ™ = (onm)sCe s |1gllLeg)-

Now we multiply and divide the integrand in (3.18) by (%)ZM and use Lemma 2.3 for sLe™S-
and M copies of $(e~S- — e~(5*0) to get

S
M 12
" e tr dr
SC[]; ef(m) T] Ifll2)

<C (dist(E, Fy?

©  aeErn? (t\2M ds 12
(3.21) |2sc( f e e (g) —) 1 ll2ey
t

M
) IfllL2Eys

as desired, where in the second inequality we have made the the change of variables r :=
dist (E,F)>2

CS )

This finishes the proof of (3.6) for the operator gn,. The argument for (3.7) follows
essentially the same path. More precisely, one needs to estimate the integrals 1, and I
with (I — e"™)M replaced by (tLe™*-)M. As for the first one,

t 1/2
—s(M+1)L —tL\M £[2 %
( fo JsLe st ey, s)
1/2
<c( tHe‘s(""*”'-(tLe‘“-)'V"l(ELe‘%L)Zf sds
- \t2 o 2 L2(F)
dist(E.F)? M
3.22 <Ce a |f <C|l-—7r—— f ,
(3.22) <Ce IfllLz) < (dISt(E,F)Z) IfllL2ey
by Lemma 2.3. Concerning to the analogue of I,, one can write
o0 1/2
—(M+1)L —tLy\M £[|2 %
( [ lster ety s)
oo 1/2
t\2m Ly a9 \M (2 OS
(3.23) S(ft (g) [lsLe > (sLe M|, < -

At this stage, similarly to (3.19),
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_ s o [ i}
(324) [|sLe”® gy = 1T €7 f S (rLe)gdr
0 L2(F)
t
sC'EeSLf(LerL—rLZerL)gdr
t o Jo L2(F)

s [t dr
<Cc2 r+s)Le "+t —
=Cs j; lI(r +s) 9llizry P

s T rdr
+C2 r+ s)2L2e~(+9t
" fo ll(r +s) 9llz(r) (r+ 97

t X
S agE€r?  dr dist (EF)2
<C 2 - g asn —— | <Ce o 2(E)»
l9llL2(E (tfo S r) ll9llL2(E

and following (3.21) we complete the proof. |

Remark. Using the same line of reasoning and LP — L2 off-diagonal estimates (p,. < p < 2)
one can show for all closed sets E, F in R" with dist(E,F) > 0 and every f € LP(R")
supported in E

M
_ i(n_n t
(3.25) lign(l — e M fll2ey <ctiid) (m) Iflleg.  Yt>0,
1(n_n t M
(3.26) lign(tLe ™M fll2e) <ctih) (W) Iflleg.  Vt>0.

4. CHARACTERIZATION BY THE SQUARE FUNCTION ASSOCIATED TO THE HEAT SEMIGROUP
Theorem 4.1. The spaces H{ and HE are the same; in particular,
(4.1) I llz@ny = IS hFliL2gn).
In light of (3.3), the theorem is an immediate consequence of the following lemma.

Lemma4.2. We have the containments H! ¢ Héh c ﬁ&. Moreover,

(i) If f € L2 HY | then f is the limit in HY of fy € H{. Furthermore, for every & > 0,
M e N, pL < p < P there exists a family of (p, &, M)-molecules {m;};°, and a sequence of
numbers {4;};°, such that f can be represented in the form f = >.°, 4im;, with

4.2) Illgeeny < € z; Al < ClIflhug eoy-
i=

(ii) Conversely, givene > 0, M > n/4and p_ < p < p, let f = 32 4im;, where {m;}2,
is a family of (p, &, M)-molecules and };°, |Ai| < co. Then the series }};°, 4im; converges

in Hg (R") and
5 am
i=0

<C Ail.
. Z;| 1
In particular, we have that

(4.3) ||f||H§h(Rn) < Clifllzcan-
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The proof follows that of [15], and is based on the tent space decomposition of that
paper, as well as on the ideas of the proof of the atomic decomposition of the classical
Hardy spaces (as in [32]).

Proof. Step I. Let f € HE (R") N L*R"). We shall construct a family {fn}3_, € H such
that fy — f in HY and in HE, , with

Sl':llp ”fN”ﬁ&(Rn) < C”f”Héh(R”)'

In particular, this will show that f € H1, with norm controlled by ||f||Hé . The claimed
molecular decomposition will be established in the course of the proof. '

We start with a suitable version of the Calderon reproducing formula. By L? functional
calculus, for every f e L?(R™) one can write

—h
I

0 dt
C t2|_ g M+2f s
M fo (t°Le™ ") n

(4.4)

i N 21 2L\M+2 dt .
Cwm lim (tLe )M — = lim fy,
N—oo N t N—oo

with the integral converging in L2(R").
Now define the family of sets Oy := {x € R" : Spf(x) > 2K}, k € Z, and consider
O; = {x € R" : M(xo,) > 1 -y} for some fixed 0 < y < 1. Then Ox c O; and

|0yl < C(y)IOxl for every k € Z. Next let {Qlj(},- be a Whitney decomposition of Oy and 5;
be a tent region, that is

(4.5) Oy, := {(x,t) € R"x (0, 00) : dist(x, °O) > t).

For every k, j € Z we define

(4.6) T} = (QLx (0.=))n Oy N Oy,

and then recall the formula (4.4) to write

N dt -
_ 2] o—tPLYM+1 421 4-t2L) ¢ UYL il
@47 fu=Cu ) fl NG ()(Tdt Le )f == ) AmiN),

j-kezZ j-kez

where /llj( = CM2'<|Q|]<| and

i l N 2 2 dt
(4.8) miN) = = [ (fLe )M ()(TJ-tZLe*t L)f a
A Jun k t
kYl

We claim that, up to a normalization by a harmless multiplicative constant, the mlj((N) are

molecules. Assuming the claim, we note that by definition of T ’ m|j<(N) =0if Ct’(Qli) <
1/N, so that (4.7) is a §-representation with § ~ 1/N. Thus, once the claim is established,
we shall have
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C > 24Q)I<C > 240y

Sup ”fN”Hl(Rn) <C Z /lj

j,kez j,kezZ keZ
(4.9) < C ) 2904 < CliSnfllsen,
keZ

as desired. Let us now prove the claim: that is, we will show that for every jk € Z,
and N e N the function C*1m|‘<(N) is a (p, &, M)- molecule associated with the cube Qlj(,
2 < p < P, for some harmless constant C. The case p < 2 follows from this one by
Holder’s inequality. _

To this end, fix j,k € Z and i € N U {0} and consider some h € LP(S;{(Q))) such that

g 1.1 _

Il s,y = 1 5 + 7 = 1. Set
(4.10) Xl =

Then

X(Qlx(0.00))nC

(4.11) ‘ f n mJ (N)(x)h(x) dx

<L f f , ’tzLe“z'—f(x)((tzLe‘tzL)M”)* h(x)] dt i
A, J I t

i i . < dtd
f o | f w00 JPLe ) ((BLe ) h(y)| e dx
< E f (ff |t2 Le "L f(y )|2 dydt) dx _ X
/l] Ok+1mCQk ( ) tn+l
s )t )
X t2Le LML) hy y ] dx
[ﬁommcql{ [f fr(x)n(Qix(o,oo))n@'(( ) ) (y)| t+t

=11 x Iy

Some comments are in order here. For the second inequality we used Lemma 2.1 with
F = O (S0 that F* = €O; , and R*(F*) = °Oy,,) and

(4.12) O(x,1) := Yl (y. 1) 'tzLe‘tzL £00 ((PLe M)’ h(x)' L

The third estimate above is based on Holder’s inequality and the fact that whenever
y € T(x) N (Q}x (0,0)) N O we have x € cQj, where the constant c is related to the
implicit constant in Whitney decomposition. Without loss of generality we will assume
that ¢ < 3.

Observe now that

J
/lk

and Sy f(x) is bounded by 2%+ for every x € “Oy,1. Therefore

1 1/p
(4.13) Iy < c—.(f _ (Shf(x))pdx] ,
chJ(chk+l

1
(4.14) l; < c— 2411Ql5 < clQi L,
k
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Turning to Iy, recall that supp h c Si(Qlj(). Then to handle i < 4 it is enough to notice
that

(4.15) l2 < C|SR"* ][y gy < CllRllLy (st < C-

using Lemma 2.6. Then
When i > 5, we proceed as follows. We invoke Holder’s inequality to estimate LP norm
by L? norm and then apply (2.5) with F = °Oy,1 N ¢ Qlj( and

(4.16) Oy, ) = X0 c1iqly O] (LMY h(y)fr”-l.
Then

_ cl(Q)
@1n)  L<clQiF f | f ‘
3cQ} Jo

By Lemmas 2.5 and 2.3 applied to the operator L* the expression in (4.17) is bounded
by

———

L (@)  dit3oqlsi@)? 23-1) dt "2
3 fo e @ il g gy

cIQ)) A5+e) d vz
< C|Qj|p_1”; t i t2<g*§) at < C2—i(n—%+£)'
k 0 21(Q))

=1

(4.18) CIQy?

N

Allinall,

< Cz—i(n—n/p+s)|Qlj(|l/p—l

(4.19) ' fR n mJ (N)(x)h(X) dx

for every h € LP(Si(Qp)) with IIhll,» (s,(qyy = 1- Taking the supremum over all such h we
arrive at (1.9). ‘

The condition (1.10) can be verified directly applying (I(QI‘()*ZL’l)k, 1 <k < M, tothe
molecule and arguing along the lines (4.11)—(4.19). A few modifications relate solely to I,
which is majorized by

T

Y
i * dydt\?
J |(ekL (2] o-tPLyM+1-K)* ey DY ) dx
[\ﬁokﬂﬂch ( I'(X) Xk |( ( ) ) (y)‘ tn+1

(cf. (4.10)), and the rest of the argument follows verbatim. \We have therefore estab-
lished that fy € H&, and that fy satisfies the desired bounds in H&, unif(_)rmly in N. It
remains to verify that fy — f in H! and in HE , and also that f = > Aym/, where the

m|j< = liMnSeo mli(N) exist and are molecules (up to a harmless normalization). We defer
consideration of this matter for the moment, and proceed to:

Step 11. Let us now move to part (ii) of the lemma. To begin, observe that it is enough to
consider the case p < 2.
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The proof follows that of Theorem 3.2 above. We recall that Sy, : LP — LP,p. <
p < PL (Lemma 2.6). By Lemma 3.3, it will therefore be enough to show that S maps
allowable (p, &, M) molecules uniformly into L. To this end, we show that Sy, satisfies
certain estimates arising in the proof of Theorem 3.2, which may be inserted directly into
the appropriate places in the argument to establish (3.9). More precisely, the combination
of estimates (3.10) and (3.11) amounts to showing that

(4.20) ISn(1 - e QM (mys )l < €277,
while (3.14), with T = S}, becomes

<C27,
L1(RM)

(4.21) sup

1<k<M

M
sh(— (QYLe” '<Q’ZL) (rs@(1(Q) 2L Mm)

Given the latter two estimates, the remainder of the proof of Theorem 3.2 carries over
verbatim.

We begin with (4.20). We first note that since Sp, and (1 — e (Q*L)M are bounded in LP
(in the latter case with constant independent of 1(Q)), we have for j =0, 1, 2,

(4.22) ISh(l - efl(Q)zL)M(m)(si(Q))Ile(s,-(Qi)) < ClImllLe(s @)
Assume now that j > 3. By Holder’s inequality and Lemma 2.1

(4.23) [ISn(l - 7I(Q)ZL)M(mXS‘(Q))”ﬁp(S Q)

< c@ Q)5 f f L1 — 1O M (mys @) (P T
R(SJ(QI))
i+ on2-2) 2] o PL(| _ g (@PLyM 2 tdx
< C@IIQ)5 PLe (1 — e @M (mys )02 T
n\Q] 2+i
J2 oo}
@@y L (1 — O My @) T
k=0 v Sk(Q) J(2I-1-221(Q)
-2
=1+ Z Ig.
k=0

We observe that

(424) 1< C@ QYA Dign(l - e )M (mys ) ng )

Q) e
dist (Si(Q), R\ Qj-2+i)? HSQ
1 \am+2(3-2)
—Cﬁm) 2
where the second inequality follows from (3.25). Turning to I, k = 0,1, ..., j— 2, we make
a change of variables s := t?/(m + 1), so that s > [(2171 — 24)2'1(Q)]?/(m + 1) ~ [2*11(Q)]?
and

<@ IQYHE eyt

2
Mo, (-
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- n_n 0 _ _ ds
(4.25) he<C@IQAE? f sk ™ (1 — e O M s ) s, 5
2 IQ

< C@"(Q)Ai?)
o 1(Q)?\am ‘ L[S sk (@29 M ’ ds
X —_— sLe™|—=(e™>—e Mys —.
fc[Ziﬂ'l(Q)]Z( s ) ['(Q)Z( | (mes@) 12(5(Q) S

At this point we apply (3.19)—(3.20) with t = 1(Q)? combined with LP — L? off-diagonal
estimates for sLeS- and obtain

o0 . 2
i+ o(n_n 2 n_n _dus(si(ec).ssk(oi))z 1(Q)~\2m %
(20 tos NN Dimits [ P (R

) 1(Q)?\2m ds 2 1\
<C . m <Cl— m )
B (L[ZHH(Q)]Z( S ) S I ”LP(Si(Q)) = (2|+J ) Il |||_p(si(Q))

Combining (4.24) and (4.26), one can see that

)4M+z<g%>

_ 2 .
(4.27) ISn(1 = e Q)M (mys@)Iss, @y < Cl (F M2 s, (0-

Fnally, using (4.22) and (4.27) we obtain (4.20) as follows:

_ 2
ISh(1 — e QMYM(my s )llLzn)
(33

oL n o~ 1
<CY @I V(5] Imso
i3

+C21(Q)™ P IMllLosia)

< Czi(g—g—zM—e) Z \/izj(n/2—2M) +C27¢ < C27ie,
=3

A similar argument establishes (4.21). This time we use (3.26) to control an analogue
of (4.24), and (3.24) instead of (3.19) at the step corresponding to (4.25)-(4.26). This
completes the proof of part (ii) of the lemma.

To finish part (i), it remains to show that fy — f in I:fl} and in Héh, and that f has the
claimed molecular decomposition. To this end, we recall that fy — f in L2. We claim that
{fn} is a Cauchy sequence in ﬁ&. Let us postpone establishing this claim until the end of
the proof. Assuming the claim, we see that there exists g € ﬁﬁ such that fy — g in H,
and, in particular, in L*. By taking subsequences which converge a.e., we see that the L*
and L? limits are the same, i.e., g = f,and fy — f in ﬁ&.

Since we have already established part (ii), we may use (4.3) to extend S, to all of Hﬁ
(thus in particular by (3.4) to I:f&) by continuity. Let us momentarily call this extension Sp..
Then by (4.3) and (3.4), we have

ISh(fn = Flla@ny — O.
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Thus, by sublinearity, Spfy — Snf in LY. But also, Spfy — Snf in L2, 50 Spf = Spf
almost everywhere. Therefore, using (4.9), we have that

IllF2n = JiM IHinllg e < C Z/h]( < ISnfllz@ny = IShfllcen < Cllfllnz em)-

Next, we show that mli(N) converges weakly in each LP,p. < p < P, and that the
limits are molecules (up to a harmless multiplicative constant). Indeed, leth € LP n L2
Then

) N _
(m(N),hy = 1 ( (tzLe‘tzL)M”XTjtzLe‘tz'-f(x)g) h(x) dx
Ay Jren \Jn k t
1

N
. dt
— - <)(Tjt2 Le—tZL f, (tZL*e—tZL )M+lh>_

/llj( YN K t

1 ™ . dt
- = <)(Tit2Le_t2L f, (tZL*e—tzL )M+1h>_’
A Jo T t

by dominated convergence, since the square functions
1/2

00 dt 1/2 00 . dt
(f |t2Le—t2Lf|2_) , (f |(t2L*e—t2L )M+lh|2_) ,
0 t 0 t
belong, in particular, to L2. Similarly, but even more crudely, we may obtain existence of
lim ((EQYL) " m(N). by, 1<i<M,
since t < Cf(Qli) in Tli. On the other hand, we have shown that, up to a multiplicative

constant, the ml’((N) are molecules, i.e., the bounds (1.9) and (1.10) hold uniformly in N,
for m)(N), with Q = Q;. In particular,

Sl'flp ||m|j((N)|||_,,(Rn) < CIQIj(|1/p‘1.

Taking a supremum over h e LP(R"), with norm 1, we therefore obtain by the Riesz
representation theorem that the weak limit mli belongs to LP. The desired bounds (1.9) and
(1.10) follow by taking h € L” (Si(QIj()), and using the corresponding uniform bounds for
mlj((N). Thus, up to a multiplicative constant, the mlj( are molecules.

We now show that f = /llimlj(. Let ¢ € C7. Then, using absolute convergence, and the
fact that mli(N) - mli weakly in LP, we obtain

[e(Sam) = S [ em

L Akfm [ omict

dmzﬁifsﬂm.i('\l) (by dominated convergence)
tm [ (3} alm )

= lim [otu= [t

Since this equality holds for all ¢ € C°, we have that f = ), /llj(mlj( almost everywhere.
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To complete the proof of the lemma, it remains to show that {fn} is a Cauchy sequence
in HE. We recall that fy = 3, A/m}(N) where A} = C2¥/Q;|, and

' LN o et g2y ottt g
mi(N) = = (tLe " My it Le f—.
A JuN k t

For K € N, we write

o= 3 Am + D) alm)
jrk<K j+k>K
= ok(N) +Rk(N).
Then
(4.28) sup IRk (NIl zny < > -0
N jrk>K

as K — oo. Thus, it suffices to consider

Z A (m(N) = my(N"))

j+k<K

o (N) = ok (Nl eny =

H(RM)
Let n > 0 be given, and choose K so that (4.28) is bounded by . It is enough to show that

forall p € (pL,pL), for every e > 0, M > n/4, and every K € N, there exists an integer
N1 = N1(n, K, p, &, M) such that

(4.29) max My (N) = MmNl gt < 70

whenever N’ > N > N1, where the “(p, &, M)-molecular norm adapted to Q” is defined as

M
e = sup 20/ QIR N I(H(Q)PL) " tllocs 0
12 v=0

To this end, we note that, for N, N’ sufficiently large,
i i - 1 (W dt
(N, N7) = m(N') = mi(N) = = f (tZLe‘tz'-)M*l)(TkjtzLe‘tz"fT,
A JUN

since t < C¢(Q) in Tk Lethe LP (Si(QJ)), with [|hlly = 1. Then, following the argument
from (4.11) to (4.19), we obtain that

1 (N . dt
il <XTjt2Le—t2L f, (tZL*e—tZL )M+1h>_
Ay Jan t

1 p
c— (f (S #Nf)pdx) 2—|(n—n/p+s),
A \JoQlneoe,

1/2
Sy = ( f f |t2Le—‘2Lf(y)|2dy—T) :
x=yl<t<1/N t

Now, since f € L2, S}/Nf — 0in L2 We choose N so large that

e (N N), b

IA

where

1 . .
1/N R mi Ioli-1/2
(430) ”Sh f”LZ(]R”) < 6 n jQ’IllgnK /llek| / P
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whenever N > N1, where R will be chosen depending on p. If p = 2, taking R = 1, and
taking the surpemum over h as above, we obtain immediately that

”#l]((N, N/)”LZ(Si(Qi)) < nzfi(n/2+s)|Q|J(|,1/2.

The case p. < p < 2 follows by Hdolder’s inequality. For 2 < p < P., we choose
r € (p,PpL), and using that Spf < 2% on Oy, by definition, we interpolate between
(4.30) and the crude bound

1/r )
( f | (sﬁ/“f(x»fdx] < C2MQUM",
CQinCOkJrl
to deduce that . _ .
Kl (N, N), hy| < 27 O-/pre)Q /P,

for R chosen large enough depending on p. We now obtain (4.29), by applying ({’(Qlj()zL)*V
to pl'((N, N’), and then repeating the previous argument with minor changes. It follows that

{fn} is a Cauchy sequence in ﬁ&. This concludes the proof of Lemma 4.2 and therefore
also that of Theorem 4.1. m]

We conclude this section with

Corollary 4.3. The spaces Hﬁ(R“) coincide for different choicesof ¢ > 0, pL < p < pL
and M € N such that M > n/4.

Indeed, for all permissible values of these parameters, we have established that the
corresponding H' space is equivalent to Hg .
5. CHARACTERIZATION BY THE SQUARE FUNCTION ASSOCIATED TO THE POISSON SEMIGROUP
We start with the following auxiliary result.
Lemmab5.1. Fix K € N. For all closed sets E, F in R" with dist(E, F) > 0

2K+1
(5.1) “(t\/EZKe’“/E ) Ifleg,  Yt>0,

Cl0—/—"——
L2(F) = (dISt(E, F)
if f € L2(R") is supported in E.

Proof. The subordination formula

0 gu 2L
5.2 e tVhf = Cf e wfdu
(5.2) o Vo

allows us to write

() e

“(t \/[)ZKe—t\/[ 0

uk du
L2(F)

ooefu
<cf =
L2(F) o Wu

0 _di(EF)?
Clif e f ete S K2 gy,
0

(5.3)

IA

Then we make the change of variablesu - s := U%E’F)Z to bound (5.3) by
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o t2 K-12 2
Cllf e ST=ER? e 5(s— i ds
I ”LZ(E)j; ( dISt(E,F)Z) dist (E, F)2

2K+1 00
< Clifllze (m) fo e Ssk-Y2(s

2K+1
C - f b
= (dlst(E, F)) Illeze)

as desired. O

(5.4)

Theorem 5.2. Consider the operator

1/2
(5.5) SEf(x)::(ff |(t\/E)2Ke-‘Wf(y)|2%) , XeR" fel?R".
I'(x)

Suppose K e N, M € N, M+K > n/4-1/2,and & = 2M+2K +1-n/2. If f € L2(R"), with
||S§f||,_1(Rn) < oo, then f € H&. Furthermore, there exists a family of (2, £, M)-molecules
{mi}2, and a sequence of numbers {1}, such that f can be represented in the form f =
e Aimi, with

(5.6) Ifllpey < C Y 1Al < CIISE FllLany.

i=0
Proof. The lemma can be proved following the argument of Theorem 4.1 with minor mod-
ifications. To be more precise, we use the Calderon reproducing formula in the form

(57) f = Cf ((tZL)M+Ke—t\/E)2f % _ Cf (tZL)2M+Ke—t\/E(t2L)Ke—t\/Ef $,
0 0

for f € L?(R"). To be completely rigorous, we should truncate and approximate by fy as
in the proof of Theorem 4.1. As the details are similar in the present case, we shall merely
sketch a formal proof, and leave the details of the limiting arguments to the reader.

To begin, we define

(5.8) Ok:= {x e R": SKf(x) > 24,
and
i 1 21 \2M+K —tVL 2] \Ka-t VL dt
(5.9) mo= 7 | @nee (XTd(t L)<e )fT,
k

with Tli, k, j € Z, given analogously to (4.6). The rest of the proof follows the same path,
using Lemma 5.1 instead of Gaffney relations, which allows to derive the estimate

(5.10) ”mui“wsi@i» < ColiWKDQl-y2 0,12, ..,

forallk, j € Z.
As for the vanishing moment condition,
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(11  ((Q)2LYMmi = = w( ! )ZM(tZL)““Ke*“FL(XTd(tZL)Ke*W)f%

A Jo M(Q)
and hence
. Iy~ . m 2(Q. j S =i J- ) i = 9 Ay Ly eens
5.12 ” | Q|J( ZL I\M |](|||_ (@) c?2 I(2M+2K+l)|Q|J(| 1/2 0.1.2
Combined with (5.10), this finishes the argument. O

Theorem 5.3. Let £ > 0 and M > n/4. Then for every representation > >, Aim;, where
{mi}2, is a family of (2, &, M)-molecules and 3.2, |4i| < oo, the series 3%, Aim; converges
in Hg_(R") and

(5.13) ”i i, o SC i A,
i=0 Sp i=0

Proof. We will follow the argument of Theorem 4.1, Step Il, and mention only necessary
changes.

First, by Lemma 3.3, it will be enough to establish a uniform L* bound on molecules.
To this end, we observe that the operator

00 1/2
(5.14) gef = (f tve t Vo2 ?) ,
0

is bounded in L2(R"). This follows from the estimates on the operators having bounded
holomorphic functional calculus in L? (see [1]) and integration by parts. Then Sp is
bounded in L?(R"), since

dydt\"/?
(5.15) IS fllz@n < c(ff U dx} |tVe—th(y)|2—l)
RIx(0,00) | J|x-yi<t -

VT e pnrp dydt) Y2
<C o )|tV€' f(y)l </ = Clige fllLz@ny < Clifllz2@n)-
R ,00

Therefore, for j = 0,1, 2,

(5.16) IS p(1 - e ™) M(mys 0)lzs, @y < CliMlis oy
Turning to the case j > 3, we write

-2
(5.17) ISp(1 - e @M (mys @)IFzs gy < 1+ D Tk
k=0
where
0 dtd
G 1=c [ [ et - O s @) T
RMQj2+ O t

and
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°° dtdx
619 h=c [ [ et e O s g)00R T
Sk(Qi) Y (271-2921(Q)

fork =0, ..., j— 2. Then by the subordination formula and Minkowski’s inequality we have
that 1¥2 < C [~ e~¥ J%2du, where

=S
CQj—2+i 0 \/m

2
(- e M s )| T

fQ f‘sVe‘sz"(l _I(Q)ZL)4M(m)(s(Q))(X)'

dsdx

and where in the last step we have made the change of variable t — s := t/ V4u. However,

it can be proved along the lines of Theorem 3.4 that §,f := (fom [tve L2 %)1/2 (similarly
to gn f) satisfies the estimates (3.6) with p = 2 and therefore

Q)2 f— w2
<C (dist Si(Q).R"\ Qj2.i) Mz, < © (F) Mz, -

Concerning Iy, k = 0,1, ..., j — 2, we use the subordination formula once again to write

2
12 < cf f f ]—Ve w
0 54Q) Jea+-2921Q)! VAU

(5.20) (I — e~ (Q7LyM (Mys, (Q))(X)'Z dtdx 1/2du.

Then one can make a change of variables s := 4u(m+l)’ so that following (4.25)—(4.26)

1/2 oo —-u . —(m+1)sL
2 < C fo e™( ﬁ oy | V5 VE
ds\1/2
-1 L
X(| @? ) (mXS(Q))”LZ(Sk(Q.)) S) du
00 00 i 1 (Q), ; 2 2 /2
< [ e [ AR
0 [(21*1—20‘;)2”(0)]2 S S
(5.21) X[IMllz(s; @)
and hence
1 \4Mm 2
(5.22) 'kﬁc(ﬁ) lIMil2(s, Q-

Then
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ISp(1 — e QLY M(mys )L
) o 1 2M
<C > " IQ)™2 Vi (F) Imilczs, oy
=3
+ C2'1(Q))™2(Iml|2(s,(q) < C 27,

A similar argument provides an estimate for [IS p[1 - (I —e™@*1)]Mm|| 1) and finishes
the proof. O

Lemma5.4. Forall f € L?(R")

(5.23) IS # flliscany < CIIS Pl

Proof. To start, let us define the family of truncated cones

(5.24) r*Re(x) = {(y,t) e R"x (&,R) : [x—Y| < ta}, x e R".

Then for every function € C3(I'*/22R3/2(x)) such that n = Lon I'*RY(x) and 0 < p < 1

1/2
21 4-tVL 2%
m gy LR 25
- 1/2
< ( ([ e T Ry dy—df)
T/22R3/2(x) tn+

I T . dydt\"?
< tAVe VHE(y) -tV [tZLe t Lf(y)] ny.t) —
[#/22R3/2() e

- 1/2
(5.25) ; ( f f tAVe VL (y) - RLeVEf (y) tV(y. 1 dy—dlt) .
T/22R3/2(x) t+

We can always assume that |[Vz||_ r=22=2(x) < 1/t, s0 that the expression above is bounded
by

i dydt)"’* i dydt)"*
( f f tve VT f(y)|2—3/+1) ( ff tvt2Le VE £ ()2 —r)1/+1)
[e/22R3/2(x) t [e/22R3/2(x) t

dydt\* dydt\"*
vetVL 2 YyUt f f 2| a—tVL 2 Uyut )
* (f\fl;/z,zm/Z(x) |t ¢ f(y)l tn+1 ) ( [#/22R3/2(x) |t Le f(y)l tn+l

Consider now a covering of the set I'®22R3/2(x) given by collection of balls
{B(z, N}y in R™?, such that

Te22R32(x) € UR Bz M) € URoB(zk 2r) € T¥/43R2(x),

(5.26) dist(ze, S(T¥*3R2(x))) ~ 1 ~ dist(B(z, r), {t = 0}),
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and the collection {B(zk, 2ry)}, has bounded overlaps. Such a collection {B(zy, r¢)} can be
constructed using the Whitney decomposition (for the latter see [16], [27]). Then we use
Caccioppoli’s inequality (Lemma 2.7) for the operator

Lf = —divys(BVy,f),

where L is understood in the usual weak sense, B is the (n+1)x(n+1) block diagonal matrix
with components 1 and A and divy;, Vy denote, respectively, divergence and gradient taken

in space and time variables. Clearly, CetVLf = 0. We obtain

_ dydt = ~ dydt
5.27 tveLe Vi y)2 L < ff 7 2Le VL £ ()2
(5.27) f \fl:s/Z.ZR,S/Z(X) | W el = kz:(:) B [tVys W el

- t 2 dydt dydt
< chf —t2Le’“/Ef(y)‘ Y= <c f LV (2 22
— B(z.2r) | Tk tn+ Te/43R2(x) tn+
Combining this with the formulae above and passing to the limitas & —» 0 and R — oo, we
arrive at

(5.28) Spf(x) < C(Spf()YASHT()Y2,

and hence (5.23), as desired. m|

Corollary 5.5. H}(R") = HéP(R”), in particular, || fllyzen = IS p fllLsgen)-

Proof. The left-to-the-right inclusion follows from Theorem 5.3, the converse from The-
orem 5.2 combined with Lemma 5.4; in addition, we use Corollary 4.3 to guarantee that
the molecular spaces H&(R“) coincide for different choices of p € (p., pL) and € > 0, thus
removing the constraints on £ and p in Theorem 5.2. We omit the details. m|

Finally, consider two more versions of the square function:

= 1/2
(5.29) Spf(x) := (ff It \/Ee—t\/ff(y)|2 dy_dlt) ,
(%) tn+
1/2
(5.30) §p f(x) := (ff |tvx’te—t\/[ f (y)lz dydt) ,
(%) tn+l

where f € L2(R"), x € R" and V, stands for the gradient in space and time variables.

Theorem 5.6. We have the equivalence

(5.31) flzery = IS Flliageny = ISP fllLcany.

This result is just a slight modification of the previous ones in this section. In fact, the
argument for S p follows the same lines as the proofs of Theorems 5.2-5.3 ones we observe

thatt VLe VL = —tate“‘/t, and the result for Sp is a combination of those for Sp and Sp.
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6. CHARACTERIZATION BY THE NON-TANGENTIAL MAXIMAL FUNCTION ASSOCIATED TO THE HEAT
SEMIGROUP

Theorem 6.1. For every f e L2(R")

(6.1) IShfll@ny < ClING FllLgn.

Proof. The idea of the proof is based on the analogous argument for the maximal and
square functions associated to the Poisson semigroup for the Laplacian that appeared in
[20], with some technical modifications owing to the parabolic nature of the heat semi-
group. Similar ideas have also been used in [9].

To begin, notice that the argument of Lemma 5.4 also provides the estimate

(6.2) IS hfllageny < ClIShFllicanys
for Sh = S}, where

(6.3) SPE(x) = |tVe-t2Lf()|2%l/2 f e L’(R"), xeR"
' T U b ) ’ '

Therefore, it is enough to prove (6.1) with Sy, in place of Sy, Also, recall the definition of
truncated cone (5.24) and denote

1/2
G4 SR ( f fr Rﬁ()|tVe’tsz(y)|2 ‘:g’dlt) . fel?R"), xeR"
eRB(X

In what follows we will work with §E‘Rﬁ rather than §ﬁ and then pass to the limit as
e - 0, R — o0, all constants in estimates will not depend on & and R unless explicitly
stated.

Consider the non-tangential maximal function

1/2
(6.5) NEE(X) = sup (in f |e-t2Lf(z)|2dz) . fel?m®M,
erreo \ (BY" Jeiysn

where I'3(x), x € R", B > 0, is the cone of aperture 8. Let us introduce the following sets:

(6.6) E:={xeR": N,’ff(x) <o}, o€eR,

where 3 is some fixed constant to be determined later, and

(6.7 E":= {x € R": for every B(x), ball in R" centered at x, [E 0 BOOI > %}

BX)I
the set of points having global 1/2 density with respect to E. Also,

(6.8) B := °E, B* := °E*.
Finally, denote
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(6.9) RERB(E) = ] IR(x),
xeE*
(6.10) B*RE(E*) — the boundary of R&RA(E"),
and
(6.11) u(y.t) :=ettf(y), te(0,c), yeR"

It is not hard to see that

fE * (S2R42 () dx < fE * SRy (x))” dx

(6.12) <C f f t|Vu(y, t)|* dydt, Vae(1,2),
nRulela (E* )

by Lemma 2.1. Going further,

(6.13) f f {vu(y, 2 dydt
RH.E.(IR.l/(‘((E*)

=ff tvu(y, t) - Vu(y, t) dydt

Ras.aR 1/ (Er)

<cre [ [iAG)VUO.D - TUGD + Tu(y. - AGIVUO.D] dyel
R"‘”’Rl/”(E* )

using the ellipticity of A. Now we integrate by parts to bound (6.13) by

CRe f f |- tdivA@y)Vu(y, Uy, 1) - u(y, htdivAy)Vu(y, )| dydt
tRas.(vR.l/a(E*)

+ ke [ [tAG) VU0, D - 70y, DU, D
Bug,anla (E* )

+ U(Y, Oy, 1) - LAG)VU(y, )| dory,

where vy(y,t), y € R", t € R, is the projection of normal vector to B8**2RY/a(E*) on R"
(similarly, v will denote projection on R). However, u given by (6.11) is a solution of
system d;u = —2tdivAVu, and hence the first integral above can be represented modulo
multiplicative constant as

[ [out 560 + ue - A0 dyet
RaeaR1l/a (E*)

(6.14) = ff dru(y, t)* dydt = f lu(y, )Pvi(y, t) dory,.
Ras.an/a (E* ) 8ns,aR,1/n (E* )
Combining (6.13)—(6.14), one can write
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2
(6.15) fff t|Vu(y, t)|* dydt da
1 Rrxg,an/a(E*)

2
<C f f tIvu(y, t)l lu(y, t)ldoy da
1 Bng.aR.l/n(E* )

2
+C f f lu(y. t)[? dory da
1 B”‘E"’R'l/“(E*)
dydt
<C fj: IVu(y, D) lu(y, )l dydt + C fj: IU(y,t)IzyT
G E.R(E*) B‘E'R(E*)

1/2 1/2
< C( ff tIvu(y, t)lzdydt) ( ff luy, DI —dydt)
E&R(E*) E&R(E*) t
+ C ff ugy. e 2
gs.R(E*) t

(6.16) BR(E*) := {(x,1) € R" x (0, ) : (x,t) € B*RY(E*) for some 1 < « < 2}.

where

Consider the following three regions:

(6.17) BEE") = {(x.1) e R" X (g,2¢) 1 dist(x, E*) <t},
(6.18) BRE") = {(x,t) eR"x (R,2R) : dist(x, E*) < t},
(6.19) B(E*) :={(x.1) € B* x (&,2R) : dist(x, E*) <t < 2 dist(x, E*)},

and observe that

(6.20) BRE) ¢ B°(E*) U BRE*) U B (EY).

Below we will analyze separately the parts of integrals in (6.15) corresponding to the re-
gions (6.17)—(6.19).
Let us start with

dydt
(621) = [ wor 2,
q S(E*)

For every (y,t) € §€(E*) there exists y* € E* such that y* € B(y, t). By definition of E* this
implies that |E N B(y*, t)| > C|B(y*, t)| and therefore |E N B(y, 2t)| = Ct". Then

dydt
C f f u(y, )P dz 2
B(E*) JENB(y,2t) e

26
c f f (l f |u(y,t)|2dy)dzﬂ
s JE\U" B2y t

2 B e g, dt B g (12
C ING F(2) dZT <C | INf(@)I7dz,
& E E

&
Il

IA

IA

(6.22)

IA



HARDY AND BMO SPACES 33

forevery 8 > 2.
Using similar ideas,

2e
(6.23) I5:= f f t|Vu(y, t)[>dydt < C f f (iz f |Vu(y,t)|2dy)dzﬂ
B(E") e JE\U"C Jp@ay t

Recall now parabolic Caccioppoli inequality (2.15). By definition u(y, t) = e*tZLf(y), there-
fore, making the change of variables in (2.15), one can see that

1) C o
(6.24) f f tVu(x, )i dxdt < — f f tlu(x, )% dxdt,
to—cr J B(Xo,r) r to—2cr JB(Xp,2r)

for every xo € R", r > 0, tg > 2cr. Here ¢ > 0 and the constant C depends on c. Next,
we divide the integral int € (g, 2¢) from (6.21) into integrals over (g, 3¢/2) and (3¢/2, 2¢),
and apply (6.24) with tg = 2e and tg = 3¢/2, r = 2¢, ¢ = 1/4 to obtain the bound

2¢
5 o< cf [(5)  utorey)eat
er2 JE\U" UB(zs8e) t
2 (1 dt
(6.25) < C f f (—n f |u(y,t)|2dy)dz— <C f INEF(2) dz,
e2 JE\" U@ 16t t E
where 8 > 16.
Observe that the same argument applies to estimates
dydt
(6.26) f fg . |u(y,t)|2yT <C f INEF(2)? dz,
() E
(6.27) f ﬁ t|vu(y, t)|? dydt < C f INEF(2) dz,
BR(E") E
with 8 > 16.

To control the integral over §’(E*), we first decompose B* into a family of Whitney
balls, {B(Xk, ')}eq, such that U \B(xk, k) = B*, ¢y dist(xk, E*) < rx < cadist(x, E*), and
every point x € B* belongs at most to c3 balls, 0 < ¢; < ¢, < 1 and c3 € N are some fixed
constants, independent of B* (see [16], [27]). Then

t 2rk(1/c1+1) d dt
ff lu(y, 92 == y f u(y. t)IzyT
"(E) k 0 Yrk(1/ce-1) B(Xc.r)

o 2ri(1/ci+1) 1 dt
(6.28) < cyn f = f luy, HI> dy | =
2 Iney [ IBe gz t

On the other side, E* c E, hence, dist(xk, E) < dist(xx, E*) < (1 o "y t and the expression in

brackets above can be majorized by the square of non-tangential maximal function N (2)
forsomez e EandpB > Hence,

A

(= c)c

2

) 2
(6.29) lp<Cyr (sup N{jf(z)) < CIB’| (sup N{jf(z)) .
20 zeE zeE
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Similarly to (6.28)—(6.29) we can prove that there exists Co = Co(C1, C2) > 0 such that
2
(6.30) 15 := f ﬁ t|Vu(y, t)|> dydt < C|BY| (sup Nﬁf(z)) ,
B (E*) 2E

for B > Cy, using (6.24) to control the gradient of u.
Let us choose now

= _ G
(6.31) B := max {16, - cz)cl’CO}
in (6.6). Then
(6.32) I; <Co?B*| and I, <Co?B.

Combining all the estimates above allows us to write

(6.33) f (S2RH2f(x))” dx < Co?B*| + C f Nt @) dz,
E* E

and therefore, passing to the limitas e —» 0 and R — oo,

(6.34) f (’s?,i/zf(x))2 dx < Co?B*[+C f NG f(2) dz.
E* E

Denote by 4,4 the distribution function of NEt and recall that ¥ < o on E. Then

<12 2
(6.35) fE * (S¥21(%) dx < Co?App(0) +C foﬂ t s () dt,

since |B*| < C|B| < CA,.(0). Next,

Not
(6.36) Ague((0) <I(x € E": SH2f(x) > o}l + | °E"|
1 ~ 2
SC;fE* (S¥/21(%) dx + C (o)
l J
SC;L t/lNﬁf(t)dt+C/lNﬁf(O'),

and therefore,

(6.37) IS /2 Fllageny = fo ﬂgﬁ/zf(a)do'ﬁC||N€f|||_1(Rn),

for B as in (6.31). In view of Lemma 2.2 and (6.2) the theorem is proved modulo the result
we present below. O

Lemma6.2. Forall f € L?(R") andg > 1

(6.38) INA FliLsgery < CBMING Fllusany.
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Proof. Fix o € (0, o0) and consider the following sets:

(6.39) E,:={xeR": N}f(x) >0} and E.:={xeR": M(xe,)(x) > C/B".

It is not hard to see that |E;| < CB"|E,|.
Assume now that x ¢ E*. Then B(y,t) ¢ E, for every (y,t) € I'#(x). Indeed, if
B(y,t) c E,, then

BOOL S o gn

6.40 M x)>C >
(6.40) (re ) > Crgesoes
which implies x € E.

Therefore, there exists z € B(y, t) such that A} f(z) < o, in particular,

1 —t2L 2 12
(6.41) = e f@)Rdz] <o
" Jey

Recall that the above inequality holds for all (y,t) € T%(x). Now for every w € B(x, At)
one can cover B(w, At) by C8" balls B(y;, t), where y; € T%(x), to prove that

1 2 C 1 2
(6.42) f et f@)Pdz< = ) = f le f(2)? dz < Co?,
BY" Jews B" Z " Jwy
hence,
(6.43) N,’ff(x) <Co forevery x¢E.].

Having this at hand, we simply write
INE fllzqeny < C fo (xeR": N2f > Colldo

(6.44) <C f E;|do < C f B"Exldo < CBMNING Fllis o),
0 0
and finish the argument. m|

Theorem 6.3. Let e > 0 and M > n/4. Then for every representation ;> Aim;, where
{mi};2, is a family of (2, &, M)-molecules and 32, [4i] < oo, the series 3.2, Ajm; converges
in Hy, (R") and

(6.45) ||i A, o <C i Al
i=0 Mh i=0

Proof. As usual, by Lemma 3.3 we need only establish a uniform L* bound on molecules.
Consider the following modifications of the non-tangential maximal function

1 2 1z
sup (— f et '-f(x)lzdx) ,
>0 \{" [x-yl<t

1 ) 1/2
sup (—n f [PM Mgt I-f(x)|2dx) ,
[x=yl<t

t>0

(6.46) Ny E(Y)

(6.47) NME(y)
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wherey € R", M e Nand f € L?(R"). Both of the operators above are bounded on L2(R").
Indeed,

(648) ”Nh f|||_2(Rn)

2
(1 2 12

sCf su (—f le ™" (s ey x|2dx) d

B P> T Joge (Txs;@w.0)(X) y

t>0 =0

<c |
Rn

forevery pL < p < 2byLP-L? off-dlagonal estimates. Therefore, for every £ > 0 and
p < 2 as above

2
__ dist(By).S (Byb)?

sup Z A (| EYSHCTY0)

t>0 tn/p dy,

2
NifIPem < f su 2-i/p+e)) d
IR IILZ(R) RHLEZ IfllLees; @ty | dY
(6.49) < cC f MUY dy < C f ()P dy.
RN RN

using L%P(RM) boundedness of the Hardy-Littlewood maximal function.
Along the same lines we can prove L2 boundedness of the function N;;’M
On the other side, by Lemma 6.2

(6.50) N il < CING flluny < CING fllin),
and therefore, by Lemma 3.3, it is enough to show that

(651) ||N;:m|||_1(Rn) <C

for every m a (2, &, M)-molecule associated to some cube Q.
To this end, we use the annular decomposition of R" along with Holder’s inequality to
write

INGMllaery < C Y (IQ)™ NG Mllz(s

j=0
10

(6.52) <C ) @NQ) AINGMILz(s, @y +C Z(2'I(Q»“/zuthuLZ(s,(Q))
j=0 j=10

The finite sum above is bounded by some constant in view of L?(R") boundedness of N;
and (1.9) condition on molecules.

To handle the second sum in (6.52), we fix some number 0 < a < 1 such that n/2 —
2aM < 0 and split A;;m according to whether t < c231(Q) or t > ¢ 2%1(Q). Consider the
former case first. Set

(653) Uj(Q):=2"°Q\2"7°Q, Rj(Q):=2""°Q\2/°Q, and E;(Q)= °Ri(Q),
for every j > 10 and split m = myg () + MxE; Q-
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For x € Sj(Q), Ix -yl < tandt < c23I(Q) we have y € Uj(Q). Moreover,

dist(U;(Q), Ej(Q)) ~ C2I1(Q). Then the Gaffney estimates (Lemma 2.4) guarantee that
foreverysucht,ye R",a<landN e N

1 2 12
(rn [ e L(me,.@))(x)Fdx)
[x-yl<t

C _ep C t A\
(6.54) < wz © a2 [ImllLzEg Q) < 2 (T(Q)) [ImMll 2¢gn),
so that
S (o 1 2 1z
Y@ s (o[ e )R]
j=10 t<c221(Q) [X=-| <t L2(S{(Q))
(6.55) < » 2i0A02N < ¢
when N > n/2.
As for the contribution of myg(q), by L? boundedness of A; we have

D @INQ)™ING (Myry)lLzs; @)

j=10
(6.56) <C Z(2jI(Q))n/ZHmXRj(Q)”LZ(RJ-(Q)) <C Z 27 <C.

j=10 j=10
Now we consider the case t > ¢ 2211(Q). For every y € R"
1 . vz
sup (—n f le™" Lm(x)|2dx)
tc22l(Q) \ 1" Jixyi<t
1 ) 1/2
= sup (—n f [(PM LMY (7 2ML~Mm)(x)[2dx
tc221(Q) \ 1" Jjxyi<t

(6.57) < C2MINEMAQ) ML M m)(y),
so we use the boundedness of N;’M on L2(R") to finish the argument. m]

Corollary 6.4. HL(R") = Hy, (R"), in particular, [|fllya@n ~ N fllsen)-

Proof. The right-to-the-left inclusion is a direct consequence of Theorems 4.1 and 6.1, the
converse follows from Theorem 6.3 and Corollary 4.3. O

7. CHARACTERIZATION BY THE NON-TANGENTIAL MAXIMAL FUNCTION ASSOCIATED TO THE POISSON
SEMIGROUP

Theorem 7.1. Forevery f € L2(R")

(7.1) ISp fliLeen < ClING fllLagn),
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where Sp is the operator defined in (5.30).

Proof. We follow the proof in [20] for the case of the Laplacian, and also the proof of our
Theorem 6.1. More precisely, at the step corresponding to (6.11) we assign

(7.2) uy,t) :=eVbf(y), te(0,00), yeR"

The analogue of (6.13)—(6.14) can be obtained observing that —divyBVyu = 0, where as
before B is the (n + 1) x (n + 1) block diagonal matrix with entries 1 and A and divy; is
divergence in space and time variables. Concretely, we can write

ff . tVyu(y, > dydt
Ros.(vRﬁ (E*)

<CRe f fR WR%(E*)[— divy«[tB(y) Vyu(y, )]u(y, )
— u(y. vy [EBY) Vy.u(y, D] |dydt
+CRe fB ke [tBY)Vyauy, 1) - vy, tuly, D)
+ Uy, (Y, 1) - B Vy(y, B)]dory,e

<CRe f f [_6tu(y»t) -u(y, t) — u(y, t) - dru(y, t)] dydt
(Rns,aR% (E*)

#CRe [ [1BO)Vyun) 10 006D
B«rs.aR x (E*)

+ Uy, Oy, 1) - B Vyly. O] dory.,

so that (6.14)—(6.15) with Vy; in place of space gradient holds.
The rest of the argument is essentially the same as the proof of Theorem 6.1, just em-
ploying elliptic instead of parabolic Caccioppoli inequality. O

To handle the converse to (7.1), we start with two auxiliary Lemmas.

Lemma7.2. Define

© dt\2
(7.3) gef(x) = (f It \/Ee’“mf(x)l2 T
0
Then
(7.4) gef(x) < Cgnf(x), x e R",

for every f e L2(R").

Proof. By subordination formula (5.2) and Minkowski inequality

o 1/2
( f ltae V£ ()12 ?)
0

0 ~—U 00 1/2
c f £ ( f |t6tefuLf(x)|2g) du.
o Vu \Jo t

grf(x)

(7.5)

IA
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After the change of variablest — s = f‘—z, s € (0, ), % = g—z the expression above can be
written as

00 ~—U o 1/2
(7.6) cfo eﬁ (fo |sLeSLf(x)|2%) du < Cgn(X),

as desired. O

Lemma7.3. Define

0 2 dt\*2
& 100 = ([ e T -e e )
0
Then
(7.8) 9" f(x) <Cgnf(x),  xeR",

for every f e L2(R").

Proof. By the subordination formula (5.2)

g5 f(x)

2 g\
t
) 00 a-U t/ Vau ) 2 dt 1z
C f f —f 2rLe "L f(x)drdu| —| .
o |[Jo Wud t

We now split the integral in u according to whether u < 1/4 or u > 1/4. In the first case,

Il

O
—_—
s 8

00 A—U
fo %(e‘%—e‘tz'-)f(x)du

(7.9)

1/4 g-u t/ Vau 2
-— 2rLe™"=f(x)drdu
L% ®

0o t2/(4r2) e-u
7.10 < f f —du
(7.10) 1, 7

As for the second part,

l2rLe "L f(x)|dr < f tLe "L £ (x)|dr.
t

00 e—u t )
- 2rLe "t f(x) drdu
f1/4 Vu Jy vau ®)

t 00 e—u
7.11 = f f ~—du
(74 o [Jeja Vu

Inserting the results into (7.9), we get

t
[2rLe™ L f(x)|dr < C f I(r2/t) Le " £ (x)| dI.
0
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. o 2 1/2
gg“Xf(x)ch tz(f IrLe "L ()| ﬂ) %]
0 t r/t
12
0 1 t 2 _rZL Zdt
+C(j; t—z(ﬁlr Le f(x)|dr) T
00 00 ) 1/2 00 t ) dt 1/2
<C f f |rLe"'-f(x)|2drdt) +C f f|r2Le"Lf(x)|2dr—
0 Jt o Jo t2

o 2 dr 12
<C (f IrPLe "t f(x))? T) = Cgnf(x).
0

This finishes the argument. m|
Theorem 7.4. Lete > 0 and M > n/4. Then for every representation »;°, im;, where
{mi};2, is a family of (2, &, M)-molecules and 3, [4i] < oo, the series 3.2, Ajm; converges
in HY,_(R") and

(7.12) “i i, <C iuq.
i=0 Np i=0

Proof. Let2 < p <P, € >0, M > 7. Similarly to Theorem 6.3, it is enough to prove that

(7.13) INpMIlL2gny < C,
for every (p, €, M)-molecule m, where

1/2

(7.14) Npf(x) = sup(inf e tVEfy)Pdy] . xeR", e L2R").
>0 t [x-yl<t

To this end, by the standard dyadic annular decomposition and Holder’s inequality, it will
suffice to establish the estimate

(7.15) INEmlls @y < CRIQYG Y27, jenuol,
where Q is a cube associated to the molecule m and y is some fixed positive number.
Fix some a such that n (g + ZM)_1 <a<1. Then

1 1/2
sup (— f Ie‘fLm(y)Izdy)
Pyt LP(S(Q)

t>2ail(Q) \ 1"

1

o Q) (%[ e Tuern mers)

i@\ 1 t
M n/2
<c(X) (=1
28] 241(Q)

12
sup [ 1620 e QLY )Py

t>0

LP(S;(Q)

X

LP(S;(Q)
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Resting on Lemma 5.1, one can prove that for M > n/4 the family of operators (t2L)’\"e*t‘/E
is uniformly bounded in L2(R"). Also,

(7.16) I(Q*L) Mmllzem < CIQIY2, jeN,

by the definition of molecule and Holder’s inequality. Then

1 1/2
sup (—n f Ie“m(y)lzdy)
to20i1(Q) \ 1" Jj—yi<t

(7.17) < C2aI-2M-m2 i Py Q)Y PN — C(21(Q)) (52 e,

for &1 = a(2M +n/2) —n > 0 by the assumptions on a.
Turning to the case t < 2¥1(Q), we follow a suggestion of P. Auscher, and split

1 1/2
sup (—n f Ie‘tﬁm(y)lzdy)
t<2ai(@Q) \" Jixyi<t

1/2

(7.18) < sup (ln f [CRaCS e‘tz'-)m(y)|2dy) + Nam(x).
t<22i|(Q) [x-yl<t

We remark that Auscher has observed [2] that this splitting yields L2 boundedness of Np; a

similar idea has appeared previously in the work of Stein [29]. An argument similar to the

proof of Theorem 6.3 shows that A,m satisfies the desired estimate, so we will concentrate

on the first term on the right hand side of (7.18). Observe that

LP(Si(Q)

2
(7.19) 1" - e Hym(y)P = ' fo t 05(s42(e =" — e Fym(y)) ds
t 1/2 -sVL _ 5L 1 -1/2(n-sVL _ 5-S2L

fs/as(e -e )m(y)ds+§fs 2(e=SVt —e=Sbym(y) ds
0 0

t

<o [ 1= e T my)e
f s VLe™sVE m(y)|2 f Is?Le~ m(y)l? S)

Given Lemmas 7.2 and 7.3, this allows to control the first term in (7.18) by

2
<

1/2
(7.20) sup (—f f Is Le‘SZLm(y)|2 dy) , x e R".
t<22i|(Q) [x-yl<t

Much as for t > 221(Q), we have

1/2
(f f |s?Le” SZLm(y)F )
t<ZﬂJI(Q) Ix=yl<t J22i1(Q)
1/2

00 4M
(7.21) s(M[ fz (@) (LLMe =L (1(QPL) Mm(y)P 2 )(x)) ,

2@\ S
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where M denotes the Hardy-Littlewood maximal operator. Thus,

1 0 ds 12
sup (t—n f f | IszLeSsz(y)lz—dy)
t<2ail(Q) |-—yl<t J23I(Q) S LP(S;(Q)

C [L:(Q) (@)W (fRn |(52L)Me’SZL(|(Q)2|_)*Mm(X)|P dx)Z/p %]1/2

00 aMm
<[ [ () -<g-g>dss] UL Ml

@\ S

IA

(7.22) < caiM-n2e ) )(5-Y) = c(2i1(Q))" (s Yooz,

where e, = a(2M +n/2) —n+ (1 —a)n/p > &1 > 0 by our assumptions on a.
It remains to estimate

N 1/2
1 221(Q) ~ ds
sup (t_“ f f |s?Le™ m(y)|2 — dy
t<22il(Q) l-=yl<t JO S LP(S;(Q))

Consider first the case j > 10. Observe that for x € S (Q), j > 10, and |x — y| < t we have
y € U;(Q), aslightly fattened version of S j(Q) (see (6.53)). Then, in the notation of (6.53),

291(Q) 2 1/2
t<2€"|(Q)[ f|y|<tf Is*Le”"H (Mm@ _dY)

21(Q ds Y2
(M(j; IszLe’SZL(mXR,»(Q))I2 ?)]

(7.23)

LP(S;(Q)

<C

LP(S;(Q)

. 1 7)o ic
(724) < C ||gh(m/\/Rj(Q))”Lp(Rn) < C ”m”Lp(RJ(Q)) < C(le(Q))n(p 1)2 J R

where the next-to-the-last inequality follows from LP-boundedness of gy, for p. < p < P
(see [4]) and the last inequality follows from the definition of molecule. On the other hand,

21(Q) ‘ vz
( [ f 12Le S (Mye, @) )P —dy]
t<2al I(Q) |-—yl<t

1/2

LP(S;(Q)

291(Q) ds
<C H[M(xu,-(Q) j; IszLe*SZL(m)(E,-(Q))I2 ?)]

LP(Si(Q)

21(Q) vz
2y oL 2 ds @DjN
<C . lIs“Le (m/\/Ej(Q))”LP(Ui(Q)) Y <C2 [Im[Lpn),

where N is any natural number and the last inequality follows from the Gaffney estimates.

Clearly, we can take N large enough to bound the expression above by C(2jI(Q))”(%’l)2*jf.
Finally, in the case j < 10 following (7.24) we show
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aj 1/2
1 22Q ds
sup [—nf f |52Le—52|-m(y)|2_dy
t<ail@) \ 1" Jyoyi<t Jo s

LP(Si(Q)
1_
(7.25) < ClIghMil pgeny < C IMllLony < CIQ)™EY,
as desired.
Collecting all the terms, we arrive at (7.15) with y = min{e, €}. O

Corollary 7.5. HL(R") = H}, (R"), in particular, | fll:an = NP fllLign).

Proof. The Corollary follows from Theorems 7.1, 7.4 and 5.6. O

8. BMOL(R"): puaLITY WITH HARDY SPACES.

We start with an auxiliary lemma that gives an equivalent characterization of BMO| (R")
using the resolvent in place of the heat semigroup. In the sequel we shall frequently use
the characterization below as the definition of BMO (R") without additional comments. In
addition, by the results of Section 4, we are at liberty to choose the molecular parameters
&> 0and M > n/4 at our convenience. In the sequel, we shall use this fact without further
comment.

Lemma 8.1. Anelement f € N.o(MZ™M(L*))* = (MZM(L*))* belongs to BMOL(R") if
and only if

1/2
(8.1) sup(|Q|f|(l L+ QL) HM ([ dx) < oo,

QcRn

where M > n/4 and Q stands for a cube in R".

Proof. For brevity in this proof we shall distinguish (8.1) as ||f||BMorLe5(Rn). In the rest of the
paper both the norm based on the heat semigroup and the one based on the resolvent will
be denoted by || fllamo, &)

Step |. Let us start with the “<” inequality. To this end, we split

(8.2) f=(=@+1IQPL)™HMF +[1 - (1 - @+ I(QL)™HM| 1.
For every Q c R"

1/2
Q

M o 1/2
2% (1G5 e s @ = 2+ 170y 110 )

< ClIfllemopesn) +

-t 1/2
(8.3) +CZe(cw§>’2’( f (= (1+I(Q)2L)‘1)Mf(x)|2dx] ,
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where we used Lemmas 2.3, 2.4 for the second inequality. Now one can cover S j(Q) by
approximately 2!" cubes of the sidelength I(Q), this allows to bound the second term in the
expression above by

oo

_c2iAi
(8.4) c Ze 22102 fllgmopeseny < ClIf lemopsgen),
=

as desired.
As for the remaining term, observe that

- (- @+ 1Q*L) ™M
(1= @+ 1(Q2L)HM

M
1+ I(Q)ZL) |

(- @+ IQPL Y™ — 1 = (W

M S .
65 =(1+0Q) 1=, i pgma (@

and therefore,
1 2 o b2
(ig; [l @ -a- @ i@ ] o
Q

M 1(Q)
Z 1 Al (QPLYM—K(_ 2L 4 \K 21 \-k
=¢ k:1(|Q| L‘(I ° ) ( j; Ore dT) QL)

1/2

x(1 = (L+ QP M 1) dx)

M 1(Q)
1 A l(QPLY\M—K T 2 K
SCkZ;(@lL‘(I e Q7L (fo T dr)

8.6) x(1 = (1 +1(Q)2L) HM f(x)‘zdx)l/ 2

Having this at hand, we obtain the required estimate changing the order of integration
above and using the annular decomposition and Gaffney estimates, much as in (8.3)—(8.4).
Step I1. Let us now consider the “>" part of (8.1). For every x € R"

M

V2I(Q)
f(x)=2M(|(Q)-2fl(Q) sds) £(x)
M-1

V2I(Q) V2I(Q
=2M1(Q)? jl.(Q) sy(l — e‘ﬁ'-)’\’I ds; [I(Q)‘2 »[I;Q) sds] f(x)

M-1

M V21(Q) V2I(Q)
8.7 Ciml(Q)2 stk gs, [1(Q)2 d f(x),
8.7) +; wl(Q) f.( e sl[(Q) fl( o s] )

where Cym € R are some constants depending on k and M only. However, 6Se‘k52'- =
—2kLse kst and therefore,
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\/EI(Q) 52 2 2 2 2
2ka se L ds = e HQL _ g (QPL _ o-KI(Q7L(| _ g HQ’L)
[

Q
k-1
(8.8) = e MOL( _ QL) ) g QL
i=0

Applying the procedure outlined in (8.7)—(8.8) M times, we arrive at the following formula

(M+1)M

M
(89) f0= ), QL™ Chik M) pikf(x),
k=1

i=1
where 0 < N; < M and for all i, k as above either

V2I(Q)
(8.10) Pik = f s(1 —eSH)Mds
Q)

or pik is of the form (8.8).
Fix some Q c R"and x € Q and consider (I — (1 + 1(Q)%L) ™ H)M f(x) with f represented
in the form (8.9). The negative powers of L can be handled writing

(8.11) (1= @+ QL) HNHQZNL™ = (1 + 1(Q*L) ™.

Then the new expression for (I — (1 + I(Q)2L) )M f(x) is a linear combination of terms,
with the property that each term contains

V2l(Q) @ "
812  either 1(Q) f SI—eYMds or (1-e@LyM,
Q)

and a finite number of factors (almost) in the form of resolvent or heat semigroup cor-
responding to t ~ 1(Q). One can now build an argument similar to Step I, (8.3)—(8.4),
using dyadic annular decomposition and Gaffney estimates, to single out (I — e"(Q)z'-)M or

(1 —e*SZL)'V', s ~ 1(Q), and obtain the desired estimate. We leave the details to the interested
reader. O

Theorem 8.2. Let f € BMO.:(R") for some M € N. Then the linear functional given by

(8.13) I(9) = (f.9),

initially defined on the dense subspace of finite linear combinations of (2, &, M)-molecules,
e > 0, via the pairing of M2“™ with its dual, has a unique bounded extention to HX(R")
with

(8.14) Nl < ClIfllzmoy. &n).-

Proof. Let us prove first that for every (2, &, M)-molecule m

(8.15) [<f, m)| < Clifllamo,. &n)-
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By definition, f € (M3M(L))*, so in particular (I — (1 + (Q)?L*) ™ )Mf e L2_ (see the
discussion preceding (1.21)). Thus, we may write

m = [ 1= @) M Hme dx

+([1- (- @+ QL) ™M f,m)
(8.16) =11+ 1y,

where Q is the cube associated to m. Then

o , 1/2
_ 2] xy\-1\M 2
X Z( I R CRRRI dx] ( | e dx]

j=0

sl —je 1 B PUNERY 5 )1/2
;2 [(ZiI(Q»n fsi(Q)K' L+ QLY HM ([ dx

Clifllamo,. s

1/2

IA

IA

(8.17)

where we used (1.9) for the second inequality, and the third one follows by covering S j(Q)
by C2!" cubes of the sidelength 1(Q).
To analyze I, recall (8.5) (with L* in place of L), and write

M
M

N , Y2
— 21 x\-1\M
CZZ[L,-(Q) |(I 1+1QL)™) f(X)l dX) X

k=1 j=0

IA

12|

IA

f (- @+ QL) HM () (|(Q)2L)"‘m(X)dX’
-

IA

1/2
(8.18) X ( fs o 1(1(Q)2L) *m(x)? dx) .

We finish as in (8.17) using (1.10). Thus, (8.15) is now established.

Having at hand (8.15), our goal is to show that for every N € N and for every g =
Z?‘zo/ljmj, where {mj}g\‘zo are (2, &, M")-molecules, and M’ > n/4 is chosen large enough
relative to M, we have

(8.19) K. @)1 < Clglleqemy I lamioy -

Since the space of finite linear combinations of (2, &, M")-molecules is dense in Hﬁ(R“),
the linear functional | will then have a unique bounded extension to Hﬁ(R“) defined in a
standard fashion by continuity. We point out that this extension by continuity depends on
having a bound in terms of 19112 zn) in (8.19), as opposed to Z?':o |4;]. The latter bound is
immediately obtainable from (8.15) (since in particular, a (2, &, M’)-moleculeis a (2, &, M)-
molecule whenever M’ > M), but may be much larger than the H& norm. To obtain the
sharper bound (8.19) will be somewhat delicate. In the classical setting, the same issue
arises, but may be handled in a fairly routine fashion by truncating the BMO function so
that it may be approximated in (H1)* by bounded functions (see, e.g. [28], pp. 142-143).
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This avenue is not available to us, as we cannot expect that any L* truncation will interact
well with our operator L. Instead, we should seek a “truncation” in LP, p € (p., pL). In
fact, approximating by L2 functions will be most convenient, and this is what we shall
do. We note that it is to deal with this difficulty that we have been forced to introduce the
equivalent norm || - ||H1 The reason for our doing so will become apparent in the sequel.

We shall require some rather extensive preliminaries. In particular, we shall use the
“tent space” approach of Coifman-Meyer-Stein [15]. Let us now recall the basic theory.

For some F : RT! — C, RM! = R" x (0, o0), consider the square function SF := S1F,
where S*F, @ > 0, was deflned in (2.6) and

(8.20) CF(x) := sup (|B| ff| (v, ) dydt)l/z, x € R",

B: xeB

where B stands for a ball in R" and

(8.21) B = {(x,t) € R"x (0, o) : dist(x, °B) > t},

is the tent region above ball B. Define the tent spaces

(8.22) TR = {F : RT™ — C; [IFllrsgny = IS Fllusny < oo},
and
(8.23) TR = {F : R — C; [IFllye(gnety = [ICFlLen) < oo},

and recall from [15] that (T Y(R7*1))* = T (RT*1).
We now prove the following analogue of a classical estimate of [20].

Lemma 8.3. The operator
f o C((PL)Me™ 1)
maps BMO_(R") — T=(R™Y); i.e.,

1/2
xdt
sup(|B|f I(tPL)Me 7tsz(x)|2 ) < Cllfllemo, @n)-

Proof. For every cube Q c R"

1/2
(6 fo “ fQ (GRRR @)

= (|_é| j:(Q) j; |(t2L)Me*tZL(I 1+ |(Q)2L)*1)Mf(y)|

1/2
(i fol(Q) Jlevren -a-ari@m i) )

(824) =11+ 1
Then

) M)uz .
t
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> 1(0)] "
i < Z(%\L‘ Q L|(t2L)MetZL[XSj(Q)(I @+ |(Q)2L),1)Mf](y)|2 @)

=0

< oz o gl = (4 IQPLY Y D) +

Q@ pigy dt)? 21 \-1\M
©.25) +Z|Q|l/2( [0 @ 1@ e o

where

0o 1/2
(8.26) gV (x) := (f I(BL)Me L £ (x)2 %) ,  MeN, xeR"
0

is bounded in L?(R") according to [1]. Therefore, for every N € N

o 0= @ QP Y +

o ¢ 7
' JZ; 2 gy 10 = @+ QL) s

(8.27) < Clifllsmo, @)

To estimate I, we use (8.5) and write

1(Q) 12
lo<C sup (|Q| | f |PLMe " AQPLY K - (1 + QP M ()| dydt)

1<k<M

1 2 Mgt Y dydt)
= 1§ka(|Q|f (I(Q)) f’(t L) (I-1+1(Q)"L)™) f(y)]

the rest of the argument is similar to (8.25)—(8.27). This finishes the proof of Lemma 8.3.
m]

We shall also require an extension of the “Calderon reproducing formula”:
Lemma 8.4. Suppose that f € (M S’M(L))* satisfies the ““controlled growth estimate”

(1= @+ L)y HM
RN 1+ [xm+e

(8.28) dx < oo,

for some &3 > 0 (in particular, this holds trivially for every ¢; > 0 if f € BMO\-). Then for

everyg e H& that can be represented as a finite linear combination of (2, £, M”) molecules,
with &, M’ sufficiently large compared to &1, M, we have

(8.29) (f,9) = Cw f f (L )MeCL £(x) 2Le-PLg(x) —— dtdx

Proof. For 6,R > 0 consider
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f f (tZL*)M 2L f(X)Wdtdx < (f (tZL)M+1 2L dt)>

(8.30) =Cy(f,0) - < (C f (LM e Xl Oit)>

We will now write f in the following way

f = (-@AQ+L)T+@+L)HMs

M M1
. _ =\—1y M-k x\—kK
Z—(M_k)!k! (1= (L + L) HYMKL 4+ L7) ¢
37K = *)-1)M ¢
(8.31) Z e k)'k' (LY - L+ L)y HMf
Thus, the last expression in (8.30) equals Z&A:ock,M times

<(| - (L+L7)™HM, (CiﬁlL‘kg - fR(tZL)M*le—Z‘ZLL kg dt)>
5

d
<(| _ (1 + L*)—l)M f’f (tZL)M+1e—2tZLL7kg $>
0

) (0@ [Ten e st T,
R

since for L¥g e L2(R") the Calderdn reproducing formula is valid. The last term in (8.32)
is bounded by a constant times

( f (1= @+ LYy HME )P dx)”

1+ |x|n+es

o WML oLy koo AE2 ey o)
X sup (t°’L)" e L g(x)—‘ (1 + [x]™*1) dx
0<ksM R t
0 M+1 2 dt2 12
<CTY sup ZZJ(””WZ (f |f (t2L)M e 2 LL"‘g(x)—| dx)
0O<k<M Si(Qo)'JR t

dt

i(n+er)/2 * 21 \M+M"—k+1 212 | —-M’
<CTY sup ZZ 1 f “(t L) e~ L ™"g L2(8, Qo)) TR

0<k<M

(8.33)

where Y is the finite quantity defined in (8.28), and Qg is the cube centered at 0 with the
sidelength 1. Then the expression under the sup sign above is bounded modulo multiplica-
tive constant by
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. 2 \M+M’—k+1_—2t2L, —-M’ dt
jF; ||(t L) € L 9 L2(4Qo) t2AM' -K)+1

+ Z 2j(n+sl)/2fR ||(t2L)M+M/_k+1e’2tzL [X]R"\ZJ’*ZQO L,Mrg]
j=3

dt
L2(S)(Qo)) tAM'=K)+1

dt
L2(S;(Qo)) tAM-K)+1

N i Dien)/2 meH(tzL)M+M’—k+1e_2tZ|_ [XZHQO L‘M/g]
=

C w cC S :
= - = i(n+e)/2f| -M
< e |0 L@y T RAVR stz [ Lo(En22Qy)

(e8] . 00 B 2i dt ,
(8.34) +Z;2"”””/2( Joe® W) I 0l e -
j=

However,

2 dt 1

© 2 ds 1 .
ra 2 =
(8.35) j; € < w1 < C22(M’—k)j j;/zi € w1 <C 22(M'—K)] (2'/R)

for every ¢ > 0. Also, g is a finite linear combination of (2, &, M’)- molecules, therefore
for large j

< C2—j(n/2+s)’ 0< K’ < M/’

,k’
(8.36) |||_ 9|10 <

which allows to estimate the second term in (8.34). Without loss of generality we can
assume that ¢ > g1/2 and M’ > % + M. Then there exists ¢ > 0 such that the quantity
in (8.34), and hence the one in (8.33), does not exceed C/R<.
We now turn to the integral over (0, §). For convenience of notation, we set
f=0-@+L)HMt.

Since —2tLe L = g,e~*’L, we may write write

Kf, f 6(t2L)M+1e‘2t2'-L‘kg(x)g>’=C|<f~, f (tZL)Mate-?-“zLL-kg(x)dt>|
0 t 0

sCKﬁ f (t2L)Me2tZLLkg(x)$>
0

<C ZM] (F @D e @ L g()| + C (. @™ - DL g())

k=1

+C |(f , (62L)Me’252LL’kg(x)>‘

repeatedly integrating by parts in t. Therefore, as in (8.33),
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|<F, j: (tZL)M+1e‘2‘2'—L‘kg(x)$>|

(n+e1) k_ -262L| -k
< CTOESEMKZ:ZZ' n+ 1/2”(62L) e ¥t Ky

L*(Sj(Qo)

(8.37) +CYT sup Zzl<“+€1)/2”(e-252L—|)L-k’g
0<k’'<M

L2(S}(Qo)’

Now let us split L™'g = yr L™g + yr L™ g Where

Rj = 2*2Qp, if j=0,1,2,
Rj = 21*2Qp\2172Qo, if j=3,4,..,

and start with the part of (8.37) corresponding to xg, L—¥g. Fix some n > 0. Then for
NeNandforallO<k' <M

(8.38) C i i 21(n+81)/2( ||(52|_)ke—262|_()mi L¥g)

k=1 j=N

L2(Si(Qo))

+ @ - Drr L)

L%(S;(Qo)) )
(8.39) <C Z 2](n+81)/2||L*k’g”LZ(Ri) <C Z 2i(te1)/2)=](0/2+e)
j=N j=N

where the last inequality uses (8.36). Recall that £ > £1/2. Then choosing N ~ —Inn, we
can control the expression above by 5. As for the remaining part, for 6 small enough

I zM: zN: 2j(n+sl)/2(”(62L)ke—2§2|_(ij L—k’g)

k=1 j=0

(8.40) e ™ - ir L 9)

L2(S;(Qo))

Cn

<
LZ(Sj(Qo))) B

using that (62L)"e=2t 0 and e~2°L — | — 0 in the strong operator topology as 5 — 0.

The integral corresponding to y cg, L—g is analyzed similarly, with the only difference
that the Gaffney estimates instead of L2-decay of L™'g are used to control an analogue of
(8.39).

We have proved that the second term in (8.30) vanishes as 6 — 0 and R — oo. There-
fore, the formula (8.29) is justified for every g belonging to the space of finite linear com-
binations of molecules.

O

We return now to the proof of (8.19). We shall approximate f by

fK Ef tZL* —t2L* (XBK(tZL*)M —t L* f) dt
1/K
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where Bk = {x € R": |x] < K}. We claim that fx e L2, and that
(8.41) Supficlewo. ) < CIELYe™™ Fllrwensy < Clifllamoy. o).

We note that the second inequality in (8.41) is just Lemma 8.3, so the key issue is the
first inequality. Let us take the claim for granted momentarily. Since g is a finite linear
combination of (2, &, M")-molecules, in particular we have that g € ﬁ&. Consequently,
there is a § > 0 and a §-representation g = Y. A;m;, converging in L2, with 3 ;] ~ ||g||ﬁ& ~
llgllyz (by (3.3)). Thus, for fi € L?, we have that

(ol = [ 3 achic,mp)

(8.42) < C ) laillifkllemo. < Clif lemoy. gz,
where we have used the claim (8.41). Now, we also have that
oo = [[@Me 1 eie g 2,
RTl

by a dominated convergence argument which uses Lemma 4.2 (ii), Lemma 8.3, and the
duality of T* and T [15]. But by Lemma 8.4, the last expression equals (f, g); i.e.,
(fk,9) — (f,0),

so that (8.19) follows from (8.42).
To complete the proof of Theorem 8.2, it remains only to establish the claims concerning
f. To see that f € L2(RM), it suffices by Lemma 8.3 to observe that for all Fy € T=(R™1),

we have
K K
. dt dt
[ ereamr | < o IFieT
1/K L2(RM) 1/K
K 1/2
dt
< cK( I |Ft(x)|2dx—)
0o Je« t
1/2
(8.43) < CklIFtlregnyBrl™~.

To prove the claim (8.41), again by Lemma 8.3 it suffices to prove the following

Lemma 8.5. Suppose that Fy € T*(R™*1), and set

K 2]+ dt
fk = f t?Lre (vecFt) —.
1K t

Then
Sllip”fK”BMOL*(R") < ClIFtllre(eny-

Proof. We need to prove that for every cube Q c R"

i _ 21 #y-1\M « * o —t2L*
(8.44) [|Q|fQ|(| (1+1(Q2LY™Y) fwtl_e (v, Fo) dt

uniformly in K. To this end, we split the integral in t in (8.44) into two integrals over
(1/K, Q)] and (I(Q), K) (these are of course vacuous if £(Q) < 1/K, or if £(Q) > K,
respectively), and consider first the case t < 1(Q). Let h € L?(R") such that supph ¢ Q
and [|hll.z@ny = 1. The left hand side of (8.44), restricted to t < 1(Q), is bounded by the
supremum over all such h of the following:

2 2
dx) S C”Ft”T‘”(RTl)’
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1(Q) - _
f(l -1+ I(Q)ZL*)*l)Mf tL*e Ut (rs Ft) (x) dth(x) dx
Q 1/K

1
|Q|Y/2
dxdt

IQ
f f (re Fe(x) t2LeH(1 = (1 + 1(Q)?L) ™ )Mh(x) ——

IQll/2

(1 (@ dxdt
<C [—f f |F(x)|2—)
% QI Jo SiQ t t

(fI(Q)f 'tZLe_tZLU (4 1(Q2L) )V h(x )' dxdt]
SiQ

<C Z 22 Pyl ey
j=0

1/2
(8.45) ([ [ -y e 2

where we majorized the integral over S ;(Q) x (0, I(Q)) by the integral over B for some ball
B with size comparable to (2'1(Q))" in the last inequality.
Ifj=0,1

1/2
( f © f ’tzLe“z'—(I @+ |(Q)2|_)-1)Mh(x)]2 ﬂ)
0 Si(Q t

(8.46) <C sup [lgn(1 + 1(Q)%L) Nl zzny < C,

since g is bounded on L2(R") (see [1]) and (1 + 1(Q)2L)~ is uniformly bounded on L?(R")
(see Lemma 2.4).
Assume now that j > 2. Then

1/2
(fl(Q)f |t2Le t2L(| (1+|(Q)2L) 1)Mh( )| dth)
Sj(Q)

(8.47) <C sup ( f “ fs (Q)]tZLe L+ I(QPL) kh(x)' dx‘“]

0<k<M

When k = 0,

1(Q) 2 12 1(Q) iion2 12 .
(8.48) [ f f [Le "t h(x) ﬂ) gc( f o2 g) <C2iN,
o JsQ t 0 t

for every N € N. Here we used Gaffney estimates and the fact that supph c Q, [Ih[| 2gny =
1.
When 1 < k < M, the quantity under the sup sign in (8.47) can be rewritten as
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@ o ) ern 2 dxdt)
(j; L](Q) @ ’e ! L[(I(Q)ZL)(l + |(Q)2L) 1](]_ + I(Q)ZL) 1h(X)' T]

Q) 4 ] y
= Uo fs@ oG [0 = L HQRLY (L + QP 0] @)

Q) 4 Iio)2 12 Q 4 @Q)? 12
< C(f t_4e_(zlci(23)_) g) +C(f t_497 Q2 g) ,
o Q) t o Q) t

where the first term above comes from the case k = 1 and we use Lemmas 2.4 and 2.3. The
last sum in (8.49) is bounded by C2-IN for every N € N, and combining (8.45)—(8.49) we
deduce the desired estimate for (8.45) when t < 1(Q).

As for the case t € (1(Q), K),

1 K\ — K « —t2L* -
|Q|—1/2L(I — (L +1(Q)2L")™HM fKQ)tL e (ye. F) (x) dtRGX) dx

SR 241 dxdt)"”
<c) ) G
|Q| 2Q Jsi2Q t

k=0 j=0

[ 2+|(Q)f ’tzLe“ L1 — (1 + 1(QY2L) Y Mh(x )’ dxdt)
Sj(2<Q)

2Q

S C Z 2(j+k)n/2||Ft”Tm(RTl) X

j=0

2k+1|(Q) aM 1/2
[ f (@) @0+t a4 QL) M @]
24(Q) i(2Q) t t

Ms

i
o

Z 21n/22k(n/272M)”Ft”Tm(RTl) x
=0

Me

<C

i
o

2k+1|(Q)
(849) [ f |t2 )M+1 7t2L(1+ I(Q)2 ) Mh(X)‘ dth]
Q) Sj(ZQ)

From this point the argument is essentially the same as the one for small t. For j = 0,1

the expression in the parentheses above is bounded by C||h||L2 @) S C, and the sum in k
converges for M > n/4. For j > 2 we use Gaffney estimates to bound the quantity in (8.49)

by

SN in/20k(/2-2M 2Q e gt}
(850) > ) 2IWRMOVEIME ey f e @ —|  <ClFilgp,
k=0 =2 21Q

Therefore, (8.44) is valid for all M > n/4. This concludes the proof of Lemma 8.5, and
thus also that of Theorem 8.2. m]

Next, we prove the converse:
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Theorem 8.6. Suppose M > n/4, £ > 0, and that | is a bounded linear functional on
HL(RM. Then in fact, | € BMO_-(R") and for all g € H}(R") which can be represented as
finite linear combinations of (2, &, M)-molecules, we have

(8.51) I(9) =<1, 9),
where the latter pairing is in the sense of M S’E’M(L) and its dual. Moreover,

(8.52) NMemo. @y < CIII.

We observe that the combination of Theorems 8.2 and 8.6 gives Theorem 1.3.

Proof. By Theorem 4.1 and its proof, we have in particular that for any (2, &, M)-molecule
m, [Imlyz < C. Thus,

I(m) < Cilll
for every (2, &, M)-molecule m. In particular, | defines a linear functional on MS’E'M(L) for
every & > 0,M > n/4. Thus, (I = (1 + t2L*)")M1 is well defined and belongs to L2 for

loc

every t > 0 (recall (1.20) and the related discussion). Fix a cube Q, and let ¢ € L2(Q), with
lell 2 < Q72 As we have observed above (1.13),

fi=(1-(+6Q>L) )M
is (up to a harmless multiplicative constant) a (2, £, M)-molecule for every & > 0. Thus,
K=+ DMl = KL =1+ L))
K1, ) < CllIII.
Taking a supremum over all such ¢ supported in Q, we obtain that

1 _ 21 ) =1 My 2 2
|Q|j(;|(| (I + L) H)MIx)[“dx < CJ|lj|<.

Since Q was arbitrary, the conclusion of the theorem follows.

O

Corollary 8.7. The operator (L*)™Y2div = (VL*l/Z)* is bounded from L*(R") to
BMO,. (R").

Proof. The corollary follows from Theorem 3.4 and Theorem 1.3 or can be proved directly.
The argument is standard, we leave the details to the interested reader. O

We conclude this section with the following consequence of Theorems 8.2 and 8.6, and
Corollary 4.3.

Corollary 8.8. For every M > n/4, the spaces BMO_(R") defined by the norms (1.22) are
equivalent.

9. BMOL(R"): coNNECTION WITH CARLESON MEASURES.
A Carleson measure is a positive measure p on R™?* such that
1 -
(9.1) lIllc = sup — u(B) < oo,
B |Bl

where B denotes a ball in R" and B is a tent over B (see (8.21)). Recall the definition of the
operator C in (8.20) and observe that
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dydt
9.2) ICFI-qen = |IFe. 07 2=
C
Theorem 9.1. Assume that M € N, M > n/4. Then for every f € BMOL(R")
2
©3) ur = |eure i) 2

is a Carleson measure and

(9.4) ||yf||c < ClIfIZvo, @n)-

Conversely, if f € (M S’M(L*))* satisfies the controlled growth bound (8.28) (with L
in place of L*) for some g1 > 0, and if u; defined in (9.3) is a Carleson measure, then
f e BMOL(R") and

(9.5) IfIEmoy zry < C [luct .-
Proof. The direction BMO_ implies (9.4) is just a restatement of Lemma 8.3.

For the converse we follow [15], using the duality of the tent spaces. More precisely,
for f satisfying (8.28) and every g € H&* (R™) that can be represented as a finite linear
combination of (2, &, M")-molecules, £ > £1/2 and M’ > n/4 large enough compared to M,
we have by Lemma 8.4 that

dtdx

(9.6) (f,9) = Cw f f (tzL)Me’tsz(x)tZL*e—tz'-"g(x)T.
Rg+1

Now according to Theorem 1 in [15]
fﬁmwﬁwfﬂﬂmﬁﬁﬁﬁaﬁdx

<C f C((L)Me L f)(x) S (t2L e g)(x) dx
an

(9:5) < CIIC((PL)Me™™ F)llLean) 1S (L™ @)lILsgeny.
Then using (9.2) and Theorem 4.1, we have

1/2

dydt
P2 ol e

t
for every g € H.(R"). By Theorem 8.6 this gives the desired conclusion (9.5). O

95) (o <c|ee o)

Remark. Fix some p € (p.,2). Using the finite linear combinations of (p’, &, M’)-
molecules in the proof of Lemma 8.4, % + pi = 1, we can prove that the condition (8.28)
can be replaced by

95) fR (= @+ IR

1+ x|

for some g1 > 0. We will use this fact later in conjunction with the fact that every f €
BMO/(R") satisfies (9).
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10. JoHN-NIRENBERG INEQUALITY

We start with the following auxiliary result, which is a modification of Lemma 2.14 in
[71.
Lemma 10.1. Suppose there exist numbers 0 < @ < 1 and 0 < N < oo such that for some

function F € L2 ((0, 00) x R"), some a € R and every cube Q c R"

) dydt\1/2
{x cQ: ( f f v FEOERE) > N}

Then there exists C > 0 such that

b/2
(10.0) sup — (ff IF(t, )|2 d?]/dlt) dx <C,
Qcin IQI Ix-yl<at<al Q) e

forall p € (1, ).

Proof. Denote the set on the left-hand side of (10.1) by €, so that || < «|Q], and let UQ);
be a Whitney decomposition of Q. Also,

(10.0) < a|Q|.

dydt\P/2
M(5) := su foMFt 2 ) dx,
©) QJ’Q|Q| ( gy e

where the integral is set to be zero whenever I(Q) < 6. Then
dydt P2
f (f Ix-yi<a(t-6) |F(t )|2 tnerl ) dX
5<t<I(Q)
p/2 p/2
f (f %= y\<3a[|F(t’ Y)|2 dydlt) d f (f |x-yi<a(t— >) |F(t ) dydlt] dX
Qe t<1(Q) t 106 5<t<I(Q)) e
dydt)”?
+ et IFEYP ] dx
z,-: fQ,- (f fmaxu'@?)f“ékid(@ I et
dydt )"
aow i+ 3 [ ([ FenrPE) e
] ]

ax{1(Qj).0}<t<I(Q)

By the properties of the Whitney decomposition dist (x’, Q;) ~ I(Q;) for some x" € Q \ Q.
Therefore, without loss of generality we can assume that for every x € Q; there exists
X" € Q\ Q such that

(10.-2) {y: Ix—yl <a(t—6). max{l(Q;).s} < t < I(Q)} < fy : Ix' —yI < 3at, t < I(Q)}.
Then the last term in (10.-2) can be bounded by

dydt\P’?
(10.-2) QI sup f f L FEyP 2T g
xeQ\ \J Jt<l(Q) e

Repeating the procedure in (10.-2)—(10) for every cube Q’ c Q, we arrive at

(10.-2) (1 - @)M(5) < CNP,
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and the argument can be finished taking limitas 6 — 0. O
Proof of Theorem 1.2. Step |. It is an easy consequence of Holder’s inequality that
(10.-2) ||f||B|v|op(Rn) < Clifllsmo, @n) < C”f”BMOq(Rn) for pL<p<2<qg<pL

so we will concentrate on the reverse estimates.

Step 1. In this part we will show that f € BMO™(R") implies f € BMOL(R") with
pL < Po < 2. Let us first prove that whenever f € BMOE0 the inequality (10.1) holds with
p = po, a = 1. We split f as in (8.2). Then the contribution of the first part is handled as
follows. Making the dyadic annular decomposition,

[IQI f (ﬂ gy DM - @ QP ) t,ﬁ’ff)p_zo dx]
i |Q|f fj; w<t<|(Q)|(t2L)Me_tZL

% [rs@ -~ @+ QP ()P D) ¥ ax)™

3

3

_CK;LPKK|U—(1+KQVLY5MfuNde

+C if |(2L)Met'L
Z 1QIY2Y ) Jaoxi(@) L)

(10.-6) X [rs@ =@ +1QL) ™M I

Here we have used LP(R") boundedness of the conical square function (see Lemma 2.6)
for the first term above. To handle the second one we have applied Holder’s inequality
to pass from the L to the L? norm and then Lemma 2.1. Using LP — L? off-diagonal
estimates (Lemma 2.5) the second term can be further bounded by

2 dxdt)%

|(Q) 2i1(0)?2 2 3
(10.-6) (;Z G (f %%(f (1 = (L + I(Q)2L) HM F (x)|P dx)Po 7dt ] .

n,n
Si(Q) t 2t

Covering S j(Q) by approximately 2I" cubes of the sidelength 1(Q) and integrating in t, we
control (10) and hence (10.-6) by ||f||BMo’L’°(Rn)-
The contribution of

M
(10-6) 1= (1= @+ 1@ ™HM] f = Cim QL) ™( - (L + (QL) HMf
k=1

(cf. (8.5)) can be estimated in the same way as (10.-6)—(10), first combining L%, 1 < k <
M, with LM,
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We have thus proved that F := F(t,y) = t2Le*tsz(y) satisfies (10.1) for some p = po
and a = 1. Then by Chebyshev’s inequality F satisfies (10.1) with a = 1/3. Hence (10.1)
holds for p = 2, a = 1/3 and F as above by Lemma 10.1. The latter fact implies that
f € BMOL(R") using Theorem 9.1 and the Remark after Theorem 9.1.

Step I11. Let us consider the estimate

(10.-6) Ifllemofny < Clifllemo @y for 2 <q<pi.
Fix a cube Q, and let ¢ € L?(Q) 2 LP(Q), where p = ¢/, i.e.,
(P =p/(pL-1)<p=7q/(d-1) <2,
and suppose that
llellp < 1QIMP.
We claim that for some harmless constant Cy,

= o (-0 aQi )"

is a (p, &, M)-molecule, for the operator L*, adapted to Q, for every £ > 0. Indeed, by a
simple duality argument, we have that

(PL) = pu» PL=Pr-
Thus, for (BL)’ = p- < p < 2, the resolvent kernel (I + t?L*)~! satisfies the LP — LP
off-diagonal estimates by Lemma 2.5. Taking E = Q, and F = S{(Q), the reader may then
readily verify that m is a molecule as claimed. We omit the details.
Now, suppose that f € BMOL. Then by Theorem 8.2, f € (Hl.)*. Thus, since My, <
C, we have that

Cio '<(I -(I+ f(Q)2|_)—1)'V' f,tp>‘ = |[(F,m)| < ClIfllsmo, &n)-

Thus, taking a supremum over all ¢ as above, we obtain (10).
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