A PROOF OF THE LOCAL Th THEOREM FOR STANDARD
CALDERON-ZYGMUND OPERATORS

STEVE HOFMANN

AsstracT. We give a proof of a so-called “local Th” Theorem for singular integrals whose
kernels satisfy the standard Calderdn-Zygmund conditions. The present theorem, which
extends an earlier result of M. Christ [Ch], was proved in [AHMTT] for “perfect dyadic”
Calderon-Zygmund operators. The proof in [AHMTT] essentially carries over to the case
considered here, with some technical adjustments.

1. INTRODUCTION

Following Coifman and Meyer, we say that an operator T, initially defined as a mapping
from test functions C°(R") to distributions, is a singular integral operator if it is associated
to a kernel K(x,y) in the sense that for all ¢, € C* with disjoint supports, we have

To= [[ Koupemuoosyx
and if the kernel satisfies the standard “Calder “on-Zygmund” bounds

1.1a K(x,y)| < ——

(1.1a) Kooyl < o=
[h|

|X _ y|n+a ’

where the later inequality holds for some « > 0 whenever [x —y| > 2|h|.

For future reference, we note that, for any kernel K(x,y) satisfying (1.1)(a), and for
1 < p < oo, we have

(12) IS KW Ls0 o] dx<C, [ LD

We omit the proof.

The following theorem is an extension of a local Thb Theorem for singular integrals
introduced by M. Christ [Ch] in connection with the theory of analytic capacity. See
also [NTV], where a non-doubling versions of Christ’s local Th Theorem is given. A
1-dimensional version of the present result, valid for “perfect dyadic” Calder on-Zygmund
kernels, appears in [AHMTT]. In the sequel, we use the notation T to denote the transpose
of the operator T.

(1.1b) IK(x,y +h) = K(x,y)| + IK(x + h,y) = K(x,y)| < C

Theorem 1.3. Let T be a singular integral operator associated to a kernel K satisfying
(1.1), and suppose that K satisfies the generalized truncation condition K(x,y) € L®(R" x
R"). Suppose also that there exist pseudo-accretive systems {bg,}, (b} such that bg, and b,
are supported in Q, and
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(i) fQ (|le|q + |b2Q|q) < C|Q|, for some q > 2
(ii) Jo (ITB2 +1TbE?) < CIQl
(iii) Q1< mln(‘Re fQ by, Re fQ bZQ).
Then T : L?(R") — L2(R"M), with bound independent of ||K||..

The theorem in [Ch] is similar, except that the L? (or L?*€) control in conditions (i) and
(i) is replaced by L* control. The proof of the present theorem follows that of [AHMTT],
except for some technical adjustments related to the presence of the Calder ‘on-Zygmund
tails in condition (1.1b). These tails do not appear in the perfect dyadic setting considered
in [AHMTT], and their absence allows one to take g = 2 in condition (i); moreover,
Auscher and Yang [AY] have extended the present result to the case q = 2, by reducing to
[AHMTT]. At present, we do not know a direct proof of our theorem without taking q > 2,
nor (in contrast to the perfect dyadic case) any proof with q < 2.

The present version of the theorem has been applied in [AAAHK] to establish L? bound-
edness of layer potentials associated to certain divergence form elliptic operators with
bounded measurable coefficients.

2. PRELIMINARIES

We begin by setting some notation, and recalling some familiar facts. In particular, we
discuss adapted averages and difference operators following [CJS]. We define the standard
dyadic conditional expectation and martingale difference operators

1
Ecf() = Y 1lo(x)—= | f,
“ C% Q |Q|fQ

where Dy, k € Z, denotes the standard grid of dyadic cubes in R" having side length 27X,
and

Ak = Ek+1 - Ek.
Then

EjEk = Ey, j >k
and thus also
A]'Ak =0, j #k
AZ = A
Moreover, the operators Ex and Ay are self-adjoint. Consequently, we have the square
function identity

(2.2) f DT IACGE = 111,
R

n k=—c0

as well as the discrete Calder “on reproducing formula

(2.3) ZAZ:ZAK:I,

where the convergence is in the strong operator topology on L2, as well as point-wise a.e.
for f € L2, as may be seen by the telescoping nature of the sum, and the fact that

2.1)

(2.4) limEf = fae, fe LP..1<p<oo
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(by Lebesque’s Differentiation Theorem), and
(2.5) lim Exf =0, felP,l1<p<oo.

k——o0
Details may be found in [St]. As a consequence of (2.2), we have the standard dyadic
Carleson measure estimate.

Proposition 2.6. There exists a constant C such that for every dyadic cube Q,
1

QI

Remark. The well-known proof is the same as that in the continuous parameter case

[FS], and is omitted.
Suppose now that b is dyadically pseudo-accretive, i.e.

IAh()Pdx < ClIhRyo.
Q k2 *<0(Q)

(DyA) bel™, |Ekbl =56,
for some 6 > 0, and for all k € Z, or more generally that
@27) ifb >, f|b|2 <0l
1Ql Jo Q
for all Q in some “good” subset of D . Then we can define the adapted expectation opera-
tors
Ex(fb)
EXf =
“ Ex(b)

(at least on the good cubes), and we can also define the martingale difference operators
A =

at least on cubes Q € Dy which are not only “good”, but whose dyadic children are also

“good” (in the sense of (2.7)). The following result is well known (see, e.g. [Ch2, p. 45])

Proposition 2.8. Suppose b € Dy/A. Then we have the following square function estimate

f DT IARfR < CIIfI3.
Rn
We omit the proof.

It is routine to check that for b € DWA, EP, A also satisfy
a) EPEP=EPEP=ED. j>k
b) APAP=0 j=#k
) (AD)? = A
(2.9) d) limEXf=fae, felP . p>1
k—oo

loc ?

e) k|imEEf=o, felP, 1<p<o

f) Z(AE)Z = ZAb =1.

We shall also find it useful to consider the transposes of the operators EP, AE, which we

denote as follows:
Ex
Ab = Eb tr — b ,
B =P
One may readily verify that for b € DyA the operators AP, DE satisfy the properties enjoyed
by EP, AL in (2.9). Moreover, we have

D} = A - A2 = (4
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Proposition 2.10. If b € DyA then
D IDEIB < CIFIE.
k

Proof. Observe that ADf = bE f/Exb. Hence
Eal _Edf) 0 ( Al IExflIAb] )
Exetb  Exbl ™ 7 \|Ekeabl  [ExeabllExbl)”
The conclusion of the proposition now follows from (2.2), Proposition 2.6, dyadic pseudo-
accretivity, and the dyadic version of Carleson’s Lemma. We omit the details. m]

IDRf < [b|

Next, we introduce some further terminology.
Definition 2.11. Givenadyadic cube Q C R", a“discrete Carleson region” is the collection
Rq = {dyadic Q" such that Q" € Q}.

We shall refer to Q as the “top” of R . We remark that in using the term “discrete Carleson
region” in this fashion, we are implicitly identifying a cube Q * with its associated “Whitney
box" Q” x [£(Q")/2, £(Q")].

Definition 2.12. Given a dyadic cube Q € R", a “discrete sawtooth region” is the collection

Q =Rg\(URp),
where {P;} is a family of non-overlapping dyadic sub-cubes of Q.

Definition 2.13. We say that b is “g-dyadically pseudo accretive on a sawtooth domain Q"
(b € g — DyA(Q)), if there exist constants § > 0 and Cy < oo such that for every Q’ € Q

0 by
(i) & i Il < Co.

We now introduce some alternative notation, which we shall find useful when working
with discrete sawtooth regions. For Q € Dy, we set

DR f(x) = 1o(X)D f(x)

and we adapt the analogous convention for AR(A2), AP(A2) and ER(ER). Since the cubes
in a given dyadic scale are non-overlapping, we have, for example

DUIDRTIE = > IDRFIE,
Q k=—co

where the first sum runs over all dyadic cubes.
We also describe a convenient splitting of a discrete sawtooth region as follows. Given
a dyadic cube Qq, and a discrete sawtooth

Q=Rq,\(URp)),
we split
Q = Q1 U Qpyfer,
where
Qnufier = {Q € Q : Q has at least one child not in Q}.

Thus, if Q € Qg, then every child of Q belongs to Q. We have the following extension of
Proposition 2.10:
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Lemma 2.14. Let Q = Rq,\(URp,) be a discrete sawtooth region corresponding to a
dyadic cube Q, and let ©; U Quygper be the splitting of © described above. Suppose also
thatb € 2 — DyYA(Q). Then

D7 IDY I3 < CIIfI12, g,
Qe

Proof. Fix Q € Dy N Q. By definition,

2
b g2 _ be2 _ Exiaf  Eif
”DQfHZ_lekﬂ _flb(Ekub Ekb

Eof Eof Eof Eoff
f' (EQ EQb) Z EQb EQb |b|2
QD ¥ Q/ Q Q' €Dy Q Q
Q<Q Q<Q
_ Z f Aqf EQfAQb| f bP.
o, EQb EobEgb| Q|
QcQ

where in the last two steps we have used that Eq, Eq are constant on Q. But if Q € Qy,
then its children Q’ all belong to Q. Since b € 2 — Dy/A(Q), the last expression is therefore
bounded by

cf(|AQf|2+|EQf|2|AQb|2).
Q

Summing over Q € Q; vyields the desired estimate, once we have proved the following
analogue of the discrete Fefferman-Stein Carleson measure estimate Proposition 2.6. O

Lemma 2.15. Let Qp, Q = Q3 U Quueer be as in the previous Lemma, and suppose that
b e 2 - DyA(Q). Then
1
sup — Z Al < CC,
QeQ1.Q<Q
where Cy is the constant in Definition 2.13, and where the supreme runs over all dyadic

Qc Q.
Proof. We observe that

D0 lagblE = > llAa(gb)iB

Qe Qe
QcQc QcQc

is non-zero only if Q € Q. But b € 2 — DyA(Q), 50 by (2.2) we have that
Y lsoligh) <C [ b <CCold
Q dyadic Q
This concludes the proof of Lemma 2.15 and hence also that of Lemma 2.14. m]

3. Proor oF THEOREM 1.3 (LocAL Th THEOREM FOR SINGULAR INTEGRALS)

We now proceed to give the proof of Theorem 1.3. The proof follows that of Theorem
6.8 in [AHMTT], which for the sake of expository simplicity treated only the case of
“perfect dyadic” Calder 'on-Zygmund kernels in one dimension. The more general version
given here, in which the “perfect dyadic” cancellation condition is replaced by (1.1)(b),
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will entail dealing with a moderate amount of purely technical complication, but the gist
of the proof is unchanged.

By the T1 theorem, plus a localization argument, it is enough to show that there is a
constant C, depending only on dimension, the kernel bounds in (1.1), and the constants in
hypotheses (i), (ii) and (iii) of the Theorem, such that for every dyadic cube Q,

(TLioc) (@ Tlglliyg < CIQl
(b) T 1gllg < CIQI

Indeed, it is well known that one may deduce both the weak boundedness property, and
that T1, T"1 € BMO, from (T 1joc), (1.1) and (1.2). We omit the details. In the sequel we
shall use the generic C to denote a constant depending only on the benign parameters listed
above.

Now, by the symmetry of our hypotheses, it will suffice to establish only (T1,c)(b), and
we do this for Q contained in same fixed cube Qy;ig. Since Quig is arbitrary, the general case
follows, as long as our constants are independent of Qyg (as they will be).

We thus fix Qpig, and define

1
B1 = sup |_Q|||TtrlQ||L1(Q)’

where the supremum runs over all dyadic Q C Quig. By our qualitative hypothesis that K e
L, we see that B1 < oo, although apparently it may depend on ||K|l. and Quig. However,
we shall show that there exists e > 0, depending only on the allowable parameters, such
that for every Q C Quig, and for every f € L*(Q) with ||f|l.. < 1, we have the estimate

(3.1) | fQ TFI<(1-ByQl+CIQL

By duality, this proves that B; < (1 — €)B; + C, and (T1,c)(b) follows.
In the sequel, we shall use the following convenient notational convention:

1
— | f=[flo.
@L£ [flo
By renormalizing, we may assume that hypothesis (iii) of the Theorem reads
(3.2) [bglo = 1 = blo.

Lemma 3.3. Suppose that {bg} satisfies (as in the hypotheses of Theorem 1.3)
(i) fQ Ibgld < CIQl, for some q > 2

(i) J,ITbol < CIQ)

(i) [bolo =1,
and that suppbg € Q. Then there exists e > 0, and for each fixed Q; a partition of Rg,
into

Rq, = Q1 U Qpurer U (URp)),

where the tops {P;} are non-overlapping dyadic sub-cubes of Qy, such that if b = bg,, then

(3.4) DUIPI<(1-€)Qul
(3.5) b € g - DyA(Q1 U Qpyrer)
(36) sup [(Mb)’]g < C,

QcQc2Q
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for all Q € Q3 U Quuger (here, 2Q denotes the concentric double of Q);

(3.7) [|Tb|2]Q <C, VQeQ1UQpyfer
(3.8) > QI CiQl
QeQpufrer
(3.9) f=[flob+ > D&F+ > (flp ~[flebe)+ > so,
QeQ j QeQpufrer
where

fo=83f+ > [flpbe,

Pj children of Q
and, for x € Q’, and Q’ a child of Q € Qpuger,

<[P0 % @0
—AQf(X), X € Q" ¢ (Q1 U Qpurer)

Furthermore [ o =0, and [|qll2 < CIQI*>.

Proof of the lemma. We begin by verifying the claimed properties of (g, for Q € Qpyger,
assuming (3.5). By definition of S2,

b b
{o= ——[flole + [flobe — ==I[flole,
é) [blo éz [blo
Q'child of Q Q'child of Q
where in the middle term we have used that [bo]o = 1, and that if Q’ is a child of
Q € Qpufrer, With Q" ¢ Q = Q1 U Qpygrer, then Q” = P; for some j. It is now routine to verify

that fg“Q =0, since [bo]o = 1. Clearly, supp {o € Q. Also, the bound

lIZall2 < ClIfllo]QI? < CIQ[2

follows from (3.5) and Holder’s inequality.
We now turn to the main part of the proof. By hypothesis (i) of the Lemma, applied to
b in Q1, and by the L9 boundedness of the maximal function, we have that

(3.10) Ln(Mb)q < CL Ib|9 < C|Q

where we have used that b is supported in Q1. We now perform a standard stopping time
argument, subdividing Q; dyadically to extract a collection of sub-cubes {P;} which are
maximal with respect to the property that for some § > 0 to be chosen, at least one of the
following holds:

(1) Iblpl <o
(3.11) 2) sup  [(Mb)¥g + [ITbTp, > %
Q:P;cQc2pP; o

As usual, we then set Q = Rg, \(URp,), and we further decompose Q = Q3 U Qpygrer, Where
as above

Qputier = {Q € Q : Q has at least one child not in Q}.

Then (3.5), (3.6) and (3.7) hold by construction. The representation (3.9) holds by defini-
tion of Dg and S g, by the normalization [bg]o = 1, and by the telescoping nature of sums
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involving the DE operator. Furthermore, since each Q € Qpuuger CONtains at least one bad

child Pj, we have that
DI 2" Y 1Pl < 2Qul,

QeQuufrer
which is (3.8). It therefore remains only to verify (3.4). To this end, we assign each “bad”
cube Pj to afamily S or S, according to whether P; satisfies property (1) or (2) of (3.11).
If it happens to satisfy both of these inequalities, then we assign it arbitrarily to S;. We
then define

Badl = UPjeslpj, Badz = UPjeSZPj
and

Good = Q;\(Bad; U Bady).
Then by hypothesis (iii) of the lemma,

@i= [ b= b+ [ b+ b
L Good Bad; Bad,

< 1Good|?[lblliqy + 8 ) IPjl + | Bads 12|IbllLe(,),
where we have used (3.11)(1) to control the middle term. Now, by hypothesis (i) of the
Lemma and Hdlder’s inequality, we have that ||b]|, < C|Q1|%, whence
(3.12) (1-6)IQul < CIGood|?|Qu|? +|Bad, ||Qu?.

Choosing 6 > 0 sufficiently small, we will obtain the conclusion of the Lemma once we
show that

|Bad, | < C6%Qul.
To this end, we observe that by (3.11)(2) and the Hardy-L.ittlewood Theorem,

|Bad; | <

{M(Mb)q) > %} ; ‘{M(|Tb|21Q1) > %}

SC&Z( (Mb)q+f ITbIZ) < C&%Qul,
RN Q

as desired. This concludes the proof of Lemma 3.3. O

We now return to the proof of (3.1). Fix a cube Q1, and let f be supported in Q1, with
Ifllo < 1. We apply Lemma 3.3 in the cube Q;, with bg = b(lg, b= blQl = by, so that we
have a decomposition Rg, = Q1 U Qpuger U (UP;), for which (3.4)-(3.8) are satisfied, and
furthermore f may be decomposed as in (3.9). We need to estimate UQI T f|, so by (3.9) it
is enough to consider

|[f]Q1|f Thy|+| > TDZf|+ _fT(flpj—[f]pjb,ljj)
Q Qe j Qu
+ Z fT§Q = [+ 0]+ +]1V].
QEQpyfrer Q

By hypothesis (ii) of Theorem 1.3 and Cauchy-Schwarz, we have that
[11 < ClifllelQ1l < CIQul.
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Term Il is the main term, and we defer its treatment momentarily. Next, we consider term
I11. For notational convenience, we set

fj = f].pj - [f]prJF',I

Since [b,l,j]pj = 1, we have that f f; = 0. Moreover, supp f; € Pj, and

(3.13) Ifilla < CllflleolPI*2.

We now claim that

(3.14) = [ T+ 0011/
i vPi

Indeed,

(3.15) f T fj = f T fj +f Tfj.
Q1\P; Q1\2P; (QuN2P))\P;

The second term is dominated in absolute value by

1 % 1
CIPj|z (f T fj|2) < CIPjIZ[Ifjll2 < ClIfllwIPjl,
AP,

2Pj\P;
where the first inequality is essentially dual to (1.2), by the kernel condition (1.1)(a) and
the fact that supp f; € Pj, and the second inequality is just (3.13). The first term in (3.15)
may be handled by the classical Calder ‘on-Zygmund estimate, using (1.1)(b) and the fact
that [ f; = 0, and we obtain the bound

e[ oy
x-yl>cepy) [X = yIme

< Clifjll < CIPjIZlfillz < ClIflllPyl-

Summing in j, we obtain (3.14).
Thus, to finish our treatment of term 111, we need only observe that

zj:fPinj Ej:ijT(flpj) Zj:(fPin,gj)[f]Pj
< Billflle Y. IPjI+Cllfll Y Py,
]

where we have used the definition of B; and hypothesis (ii) of Theorem 1.3. From (3.4)
and the normalization || f||. < 1, we obtain the bound

[111] < Ba(1 - €)IQul + C|Qul.
We now consider term IV. By Lemma 3.3 and the definition of {g, we have that

< +

suppdq € Q. f {o =0, and l|Zgll2 < CIQIM2,

Thus, from the same argument used to establish (3.14), we obtain

(3.16) V=3 fT§Q+O(IQ1I),

QeQpufrer
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where in the “big O” term we have used (3.8). We recall that
L=Sgf+ >, [flebp,
P; children of Q

where for x € Q’, with Q’ a child of Q € Quyuger, We have either that
f f
SPf(x) = —by(X)—
2 F(x) = ~by(¥) by

if Q" ¢ Q = (Q1 U Qpuger) (in which case we say that Q’ is a“bad” child of Q) or

Jo f fo}

b fybr
if Q' € Q (Q’ is a“good” child of Q).
Now, by (3.5), by € g — DyA(Q) (Definition 2.13), so that

(3.17) UQTgQ < fQ

Saf(x) = bl(x)[

T(bllQ)|]
Q

< —
Q good child of Q

+ f Thy |
Q bad child of Q IV'Q
where in the last term we have used that the bad children of Q are precisely those P; which
are children of Q.
We shall estimate this last expression via the foIIowing

Lemma 3.18. Suppose that Q € Q;. Then with b; = , We have

f T(oi1o)? < C f ThyP? + f |b1|2 f (M(by))?

and similarly for b2 , T".

Let us take the lemma for granted momentarily. In (3.17), Q’ is a child of Q, hence the
concentric triple 3Q’ contains Q. Moreover, the “good” children, being in Q, satisfy (3.6)
and (3.7), with b = b;. Consequently, we may apply the lemmato Q" € Q; orto Q € Q;
in the first two terms on the right side of (3.17) to obtain the bound

ol Lot [ s | MEF) < S

In addition, the last term in (3.17) is no larger then

1
(lfQ\Q TP )<CZ|Q|<C|Q|

by the dual estimate to (1.2), plus hypotheses (i) and (ii) of Theorem 1.3. Since § > 0 is
fixed, summing over Q in Qpger Yields that

Tbl

[V < ClQl,
by (3.8).
Combining our estimates for I, 111 and IV, we have therefore proved that
(3.19) f T <|H+C|Q1] + B1(1 - €)IQul,
Q
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modulo the proof of Lemma 3.18, which we shall give now, before embarking on our
treatment of the math term II.

Proof of Lemma 3.18. The proof is based on another Lemma.

Lemma 3.20. For all dyadic Q, and for every f € L?(Q), we have that
Ifllzig < C (I = [flallzig + QI 2K F,b3)I).

and similarly for b,

We first show that this lemma yields Lemma 3.18. By the dual estimate to (1.2), we

have that
f T(ilo)? <C f 3
3Q\Q Q

Thus, it suffices to show that fQ T (b110)I? < 3, where
p= [0+ [ o+ [ M
Q 2Q Q
We note that

KT (b11q). b3)l = [{b1lq. T"OH) < lIballz T b3z < CIQM? IIbilizg)

by hypothesis (ii) of Theorem 1.3. Thus, by Lemma 3.20, with f = T(b110), it suffices to
show that

(3.21) If - [flollzg < C VB.
In turn, (3.21) will follow if we can show that, for all h € L?(Q) with fQ h = 0, we have

(£, )l < Cllhllz vB.
But
(f, h) = (bllQ,Ttrh> = (bl,Ttrh> - (bll(zQ\Q),Ttrh> - (bll(zQ)cTtrh> =U+V+W.
Now
U] < ITbyll2@lihllzq) < C VBI.
Moreover, we have that
VI < [Iballzeo)IT "hllzeaig) < C VAN,

where we have used the dual estimate to (1.2) in the last step. Finally, since fh =0, we
have by the standard Calder 'on-Zygmund estimate that

(Q
Wis [ i) [ IR day < [ 0016 ox < Cln B

x —y|e

Thus, Lemma 3.20 implies Lemma 3.18. m|
We now give the
Proof of Lemma 3.20. Let h € L?(Q), with ||h|l, = 1. Then
(f.hy = (f,h — [h]gb%) + [h]o(f.b) = (f — [f]q.h — [h]gh%) + [Mo(f. b).
where we have used that fQ(h - [h]Qbé) = 0, since [bé]Q = 1. Thus, by Cauchy-Schwarz,

[KE )] < 1IF = [flalleg) (1 + Il IIb3ll2) + 1Mol K f, ).
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1 21/2 4
Ihlol < (|Q|f|h|) <1Qr,

and by hypothesis (i), ||b l, < C|QI*/2. The conclusion of the lemma now follows readily.
O

But

Next, we return to (3.19), and more precisely, to the term

= Zf TDRT,

Qe

where f is supported in Qy, and ||f|l.. < 1. Having established (3.19), we must now show
that | 11] < C|Q1|, whence (3.1) follows, since Q; is arbitrary. But

1= Z (A2T"1q,, DR ),
Qe

because (D)2 = D2, and (D) = A2 Thus

3
(3.22) [ < [Z ”Dblf”LZ(Q)] [Z ”AbthrlQlHLz(Q)] .

Qe Qe

Since b, satisfies (3.5), we have by Lemma 2.14 that the first factor on the right side of
(3.22) is bounded by C||f|l2(q,) < CIQ1|*2. It is therefore enough to show that the second
factor is also dominated by C|Q1|'/2. More generally, setting

B, = sup IAST 10,172y
QcQy |Q2| QES;:RQ THQ

we shall show that B, < C. More precisely, for Q, € Q1 now fixed, we shall show that

(3.23) > AR T 10,02 < (1 €)B2lQal + CIQa.
QeQ1NRq,
Once (3.23) is established, we shall be done. To this end, we decompose Rq, as in
Lemma 3.3, with respectto b = béz = by. In particular, Rg, = Q2 U Qp pyfrer U (uRpiz),
where
D PH<@-91Qd Y, 1Q<CIQal
QEQZ,bulrer
and b, € g — DyA on Q; U Qo pusrer- The left hand side of (3.23) then splits into

+ Z +Z Z =21+ 2o + X3,

QeQ1nQ, Qeglngz,bulrer i QEQIQRPZ
Now, by definition of B,,
% = Z Z ||A%T”1Q1||L2(P2) <B; Z IPf| < Bo(1 - €)IQal-

T QeinR
Next, we consider X;. For Q € Q1 N Qo pusrer, We Write 1o, = 19,20 + L2000 + 1o
Since by € q — DYA(Q1 U Quuger), We have that Agl : L2(Q) — L?(Q). Thus, using also
(1.2), we obtain
IAST " L@,r20nal < Clilagial < CIQI.
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Summing this term over Q € Qo pusrer Yields the bound C|Q;| as desired. Also Agll = 0.
Thus, if we denote by 4,0 1(x,y) the kernel of A% we have by (1.1)(b) that

Q)"

z-yol>ce(Q) 12 = Yal™

= )

45T 0120001 < C [ Iexidy
where yq is the center of Q. Therefore

IAAT " 1,120l < CIQ,

and we can again sum over Q € Qg puser to Obtain the bound C|Q2|.
To finish our treatment of X5, it remains to consider the contribution of 1. By definition,

by 1(Y) , L D)
00) = ~La0)1o0) 5 7 * s LW O

= A3 (% Y) ba(y).

Then,
ART 1000 = (4G (%, Jbr. T"1o) = fQT(W%(X’ .

Since x € Q (otherwise /lgl = 0), we have that by definition of /lgl, the last expression
equals

1 1
Q chi%e:n onlQ’(X) (f Thile )) Q1 [bio (fQ ( 11Q)) QI [bulo”

Since Q € Q, we have that b; € g — Dy/A on Q and all of its children, so that

I[ba]ql, I[b1]g | > 6.
Consequently,

1 1
1 : 1 i

Q children of Q
_1
< CIQI™? (ITballzg + lIbliLzegy + IMbyliLzg)) < C.

where we have used Lemma 3.18, and then estimates (3.6) and (3.7), in the last two in-
equalitities. Thus, ||Ang”1Q||f2(Q) < CJ|Ql, and summation over Q € Q2 puer COMpletes the
estimate

%, < ClQal.
This leaves Z;. That is, we need to prove
(3.24) DT IAAT 13 < CIQ,),
QeQ1NQ

where we have replaced 1, by 1 in the definition of X;. Indeed, the error may be controlled
by a well-known argument of Fefferman and Stein [FS], since A%l = 0, and the kernel of
T obeys (1.1). Combining (3.24) with our estimates for X, and X3, we obtain (3.23), and
thus also the conclusion of Theorem 1.3.

We now proceed to prove (3.24). We fix k such that Q € Dy. We begin by observing
that for Q € Q, N Dy, we have that

AGT1| < |(Ab1T”1)[b2]Q| AblT"lEkbzl
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where in the last step we have used that A%T”l is supported in Q, by definition of Agl. We
now use a variant of a trick of Coifman and Meyer [CM], to write

(AZTUD)E, = {(ART 1)Ex — ART EW} + AAT (B — 1) + AZT"

(3.25)
= TQ,]_ + TQyz + TQy3.

It is therefore enough to establish (3.24) with A%T“l replaced by each of Tq1by, Tg2b2
and TQ,3b2.
The contribution of the latter term is easy to handle. To this end, we define an operator
A by the relationship
Ag(b10) = Ag,
by
Q

PR (%) = A2 (x.Y) ba(y),

i.e. if QD%(X,y) denotes the kernel of A%, and, as above

then
A%900 = [ 230cy)a0) .
We shall prove the following.

Lemma 3.26. Suppose that Q, C Q1. Let by, b, € g — DyA on dyadic sawtooth regions
Q1 U Qnutter, 2 U Qz purer, Tespectively. Define C2 = SUPaeq,u0, pe [Ib21%]q. Then

D IAZ (0291 < CCallglig,-
QeQnQy

We momentarily defer the proof of Lemma 3.26.

Applying this lemma with b; = by, Q; = Q,, we obtain
(3:27) > 1A%l < Cligl3.

Qe
Thus,
D0 IToaballf < D7 IR (1, TD)IE < C | [T"byl? < CIQ),
QeunQ, Qe Q

as desired, where in the last step we have used hypothesis (ii) of Theorem 1.3.

Let us now prove Lemma 3.26. By (3.5), and Lebesque’s Differentiation Theorem,
b, € L*(F2), where F, = Q,\(UP?), with

b2l e,y < Ca.

We decompose
(3.28) byg = bogle, + ) (b20)1e.
i

By definition, for Q € Dy, and x € Q,

Ekah(x) _ Exh(x) _ _Ah(x) —  Exh(x) Akb(x)

Exi1b1(X)  Exbi(X)  Exi1ba(X)  Exsba(x) Exbi(x)”

Since Q € Qg, we have that |Ex;1b1(X)|, |Ekb1(X)| > 6, so by a familiar argument involving
(2.2), Carleson’s Lemma and Lemma 2.15, we have that

(3.29) D" IAZhIB < Clihj.
Qe

Agh(x) =
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Consequently

Y, IAB0e)iE <C [ ool < CClgles g
2

Qeny F

To treat the second term in (3.28), we note that if P2 € Q € Q,, then P? ¢ Q, so that
Ag(x, y) is constant on PZ. Also,

[ (029~ Ty =0

so therefore we may replace Zi(bzg)lpiz by Zi[bzg]pizlpiz. This leads to

Z A?j [Z 1Pi2 [bZQ]PiZ]

QeQonQy

2 2
<C

L2

Z 1Pi2[b29]Pi2

L2(Qy)
-c ) Pl <cC: Y | iaf,
i i i

where we have used (3.29) and then Cauchy-Schwarz and the estimate

1f 2 C 2
— | Il < Ibaf? < CC.
PZ Jeo 2 T 120P2] Jogpe ?

In turn, the latter bound holds because 2DPi2, the dyadic double of Piz, belongs to Q, U
Qo putier-  This concludes the proof of Lemma 3.26, and hence also our treatment of the
term Tq3 in (3.25).

Next, we consider the term Tq1 in (3.25). By definition, for Q € Dy

1QEkb2 = lQ [bz]Q.

Thus, since for any g, Aglg is supported in Q, we have

Toibs = A%Ttr (1qe([b2]q — Exbz)) = T b2 + T 402,
where
Th1b2 = AET" (Lagio(lbale - Exb2)),  T§;b2 = AT (1aqy([b2lq — Exbz)).

Now, for Q € Q, Agl : L2(Q) — L?(Q). Moreover, T" : L2(3Q\Q) — L2(Q), by (1.2).

Thus
3"-1

ITo4b2llz < Clllb2]g — Exbzllfzgo g < C 2‘1 AT
m=

where K{P is defined as follows. Given Q € Dy, we enumerate the 3" — 1 cubes in Dy which
are adjacent to Q (i.e., which are contained in 3Q\Q), and we do this in some canonical
fashion so that the enumeration does not depend upon Q, but only on position relative to
Q. Then for any x € Q, and for Q™ one of these enumerated neighbors of Q, we set

ARg(x) = [glq - [alom = ABg(x)

We leave it to the reader to verify that for eachm = 1,2, 3,...3" — 1, we have the square
function estimate

> IABgIE = > IATgI3 < Cligl.

Q dyadic k=—o0
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Consequently,

3 T ubalf < ClibslE = Clibzls g, < CIQ2I
QeQ1NQy

We now turn to the term T, b,. Letyig(x, 2) denote the kernel of AR T, Since A%1 = 0,
we have that for Q € Q; and z € (3Q)¢,

a2 =| f A IK'.2) - K (x 21y

f (0%
< ClQ(X)1(3Q)°(Z) ( (Ql)r?m o] f Iba| < Cle:2 *(2'6(Q)) Mig\2-10(2).
so that
3.30 TS, bo] <C1 AL — [[b2]o — Exby|.
(3.30) 6.1b2 Q; |2'QIJ;Q[2]Q kb2

We note that the concentric dilate 2'Q is covered by a purely dimensional number of dyadic
cubes of the same side length 2'£(Q) = 2'-%, namely the dyadic ancestor (2p)'Q (here
2pQ denotes the dyadic double of Q), along with its neighbors of the same generation
Dy_i. Enumerating these neighbors in the same canonical fashion as above (i.e., as in the
definition of KE), we denote them by Q™M(i), 1 < m < 3" — 1. We then write

[b2]q = [b2]o — [b2l2sq + [D2]2oq — [02]2p)20 + - - - — b2l 2oyo + [b2l 2oy

(3.31) _ Z Ax-eb2(X) + [b2] 2oy
=1

for any x € Q. Similarly,

i
(3.32) Ekbz = Ekbz - Ek_lbz + = Ek_ibz + Ek_ibz = Z Ak_gbz + Ek_ibz.

=1
By definition, Ex_ib2(x) = [b2]gng), if x € QM(i), and Ex_ib2(x) = [b2]2p)q. if X € (20)'Q.
Thus, plugging (3.31) and (3.32) into (3.30), we obtain that

LA b2|<c1Q22 e
i=1

3n-1
Z (1A cba| + M(Ai¢by)) + Z AT bzl}

Consequently,

1 . 1
[ Z ||T6,1b2||§)2 <C Z 27 zl: (Z ||Aksz||§]2
i K

QeQ1NQy i=1 =1
3"-1 o

+CY Yot (Z AT bzuz] < Cllball; < CIQsI?.
m=1 i=1

This completes our treatment of Tq 1 in (3.25).
It remains now to consider the term Tq_, and this will be a more delicate matter. We
note that by (2.4) and the definition of Aj,

Ek—I:—iAj
=k



A PROOF OF THE LOCAL Tb THEOREM FOR STANDARD CALDERON-ZYGMUND OPERATORS 17

We therefore have that

_ bl tr
(333) Tqabp = AT

1chAjb2

=k
+ {AZT" (Lo(blo - ba)) = AZ (([b2lq ~ b2)Thy))
+ Ag ((Ib2lg - b2)Thy) = Errory + Gg + @q.

where we have used that 1gExb, = 1g[b2]o.
We first turn our attention to Error;. We fix

6= C2 e ki-a,

with C a fixed large number and € > 0 to be chosen. For each x4 > 0, we let Q, denote the
“u-neighborhood of Q" i.e.

Qu = {x : dist(x, Q) < u}.
We also define the u-ring around Q by
R, = Q,\Q.

We choose a smooth cut-off function 55 € C5°(Qzs), With s = 1 on Qs, [[Vaslle < C/6,
and supp Vs € Ras\Rs. We write

lg=1-ns+m—1q.
We treat the contribution of 1 — 5 first; that is, we consider
Error} = — Z AT ((1 - 1s)A%h),
j=k
where we have used that A; = AJ?. We denote by h(y, v) the kernel of the operator H =
TU(1 - ns)Aj; ie.
h(y, V) = f KY(y.2) (1 - n5(2)) ¢j(z. v)dz,

where the kernel ¢j(z,v) of A; satisfies [ ¢;j(z,v)dz = 0 and [ |¢;(z, v)ldz < C for every v.
We set

Ky (v:2) = K'(y,2) (1 - 5(2)) -
Then fory € Q, we have

WWWS]‘ K. 2) ~ K ey 2. ldz
ly—27>cé, |z-v|<C2-1<<§

cc 2 R L
- |y _ V|n+w HY—VI>C<5] 6 |y _ V|n €C(5<|V—V|<C5'(Q)]
= h'(y,v) + h”(y, V).

We define operators H’, H” by
H@W)zj%%mwmww, W©W)szwwwamv

Recall that j > k and that 6 = C2-1€2-K1-9 = C2-Ie¢(Q)1¢, so that
60’

h : < Cz—(j—k)a(l—e) )
IS G +ly V)™
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Furthermore,

IH”g(y) < C2-UKa-9 5 f igldv
ly-vi<C£(Q)

n
< C2-(i-Ki-9 (@) Mg(y) = C2-U-Rl-eMpg(y).

Combining these estimates, we have that for e chosen small enough, depending only on n,
that
Hg(y) < c2-0"%mg(y),

for some 8 > 0. Now, for Q € Q, we have that Agl : L2(Q) — L%(Q). Consequently,
AT ((1 = 15)A2b2) [l = IAZHA b, llz < C27U79)|MA byl 2y
Moreover, summing over Q € D, N Q; N Qy, for each fixed k we obtain

DT IABHA b < C2 2078 MA b, -
QeDxNQ1NQ,

Therefore, by a variant of Schur’s Lemma, we obtain
D7 lIError; [ < Clibalf < CIQa,

QeQ1nQ,
as desired.
We now consider the rest of Errory, namely,

Errory = - Z AE;T” ((na - 1Q)Ajb2).
j=k

By (1.2), T" : LP(6Q\Q) — LP(Q), 1 < p < co. We choose p so that ¢ + ¢ = 1, where g

is the exponent in hypothesis (i) of Theorem 1.3. Then, by definition of AP we have that
forQ e Q,,

IAST (1 — 1)A;b2) |<c— f sl T (25 — 1Q)Ajb2) |

< b (157 [T (- 208, bz)lp)

(|<13|f 'Abz'p) 1
SC(|TST|) (|Q|f pef|

< C27079% (M bal)) (4.
for some 8 > 0, and for all x € Q, where we have used (3.5) in the third inequality, and
where p < r < 2. Thus,
. 1
IAZTY (75 = 1Q)Ajb2) ko < C27 U™ (M(1A b)) lizy-
S0 as above we obtain via Schur’s Lemma that
D lIError] | < Cliball} < CIQ,l.

QeQ1nQ,
This completes our treatment of Error;.
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Next, we discuss @q in (3.33). Since [b;]g < Cy, for all Q € Q,, we have by (3.29) that
>, A% ([oedoTby) g < CC2 [ [Tha < CCaiQul
QeinQ, Q

where in the last step we have used that the left hand side is zero unless Q, € Q3 UQpfer, SO
that (3.7) applies to Thy in Q.. Moreover, the remaining part of ®g, namely —Agl(sz by),
may be handled similarly via Lemma 3.26. We omit the routine details.

It remains now to treat G in (3.33). To this end, we set

9o = Lo([b2]g — b2),
so that
Go = A3T g0~ Ag (G Thy).
Suppose that Q € Dy. We write
Go = {ART"Exi10q — A (Exi10q Thy))

+{A3T (@0 ~ Eii190) ~ Ag (9o ~ Exago) Thy))
= G'Q + Error;.

We consider Gb first. Since Q € Dy, we have that Exgg = 0. Thus,

Exr10q = (Ex+1 — Ex)9q = Akdq = —Aqghz,
because gq is supported in Q, and Agl = 0. We therefore have that

6= —ART"Aghy + A ((Agh2)(Tby))
= |Q + ||Q,
and we treat these terms separately. Since Aglf = Agl(blf) = (/lglbl, f), we have that
lo(X) = (A (X, by, T"(Agh2)) = (T (A (X, Y1), Aghy).

We recall that by definition

1 1 1 1
AP(x,y) = —— —1o(X)1lo(y) - =—— =1o(X)1loly),
309 = 2 gy e Wie W) - g grietdtel)
where the sum runs over the children Q’ of Q. Thus,
|1g(X)] < Clo(X) {|Q|1|<T(1Qb1),Asz>| + D 1Q T (Loba), Agha)l |,
Q/

where we have used that Q € Q; to control [b;1]o and [b1]g from below (again, the sum
runs over the children Q’ of Q). But by Cauchy-Schwarz, Lemma 3.18, and (3.6) and (3.7),
this last expression is no longer that

1 )\
C(IQlj;lAsz') .

Similarly, but more simply, the term l1o(x) is dominated by

i Lo o) sl Lo
C(|Q|fQ'AQb2') (|Q|fQ'Tb1' <C |Q|fQ'AQb2' ’
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by (3.7). Altogether then,
D7 IGGIE < > llAghal3 < Clibslf3 < CIQ,,
Q

QeQ1nQ,

as desired.
Finally, we consider the term Error,. For Q € Dy, the children Q’ of Q belong to Dy, 1,
so that for each such child Q’,

[ 6o~ Eaga) =0,
Q/
We set g, = 9o — Exs10q. Now A% f = AZ(bs ), so that for x € Q, we have
Errora(x) = A (b1 T"g6)(X) — A (95T b)(x)
= (A2 (%, b1, TUgG) — (A& (%, ), g T br)
= (T (A2 (x,-)b1), g5) — Tby, AZ (X, )5
= ; (T (A2 (x,-)b1), 510 ) — (Tha, AR (X, )dple))

= > ((T(&(x, Mor). gplo) = (T (1o A (X, )b1). Gpla)).
“

where the sum runs over the children Q’ of Q, and where, in the last step, we have used
that /lgl(x, -) is constant on each child Q” of Q. Thus,

Errory(x) = ; <1(Q,)C,1%1(X’ by, Ttr(%lor»
= Z A% (1a@ T"(G610)) ().
o]

Now, by definition,
Jole = (90 — Exa9)le

= {1q([b2]q — b2) — Exs1 (Lo([b2]q — b2))} 1o

= (Eks1b2 - b2)1q,
since 1o Exs1(1g[b2]o) = [b2]ole, for each child of Q" of Q. We expand

b, = ZAjbz + Exby,
j=k

and note that since Ey.1Ex — Ex = 0, we have that

Eii1bo — by = Z(EkuAjbz — Ajby).
j=k
Moreover,
Exi1— Eke1 =0, ifj2k+1
E A = E E —_ E =
k+1Aj k+1( j+1 ]) {Ek+1 —Ex = Aw, if ] —k

Thus,

Exs1bo — by = - Z Ajb,
j=k+1
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and consequently,

Error, = — Z Agl {1Q\Q/Ttr{ Z Ajble/]] .

Q children of Q j=k+1

Since A} = AJ?, it again suffices to show that, for some 8 > 0, we have

(3.34) ||At()g1 (1Q\Q’Ttr(1Q’Ajh)) Il < CZ‘ﬁ(j_k)HhHLZ(Q'),

for every j > k and each child Q" of Q. Now, the kernel of 1o A; is a sum
D @),
t

where £(Q)) =271, Q) c @,

C
(3.35) logi (z,v) < —lej (Z)le (v),
( |Q[| ¢ (
and
(3.36) fch}’ (z,v)dz =0,

for each fixed v. We split

loo = log + Irno

21

where as before Q is the ¢ neighborhood of Q’, and R} = Q;\Q’. In the present situation,
we choose 6 = 271/227K/2 \We let J(y, v) denote the kernel of T"1g Aj, and observer that

fory € Q\Qj, and by (3.35) and (3.36), we have
MRS ’Z 15iv) f (K"(.2) = K"(y.v)) g (2. V)lz
4

27l
<C Z 1Q}(V) f W |90Q§(Z,V)| dz Lyy-visco)
7

50’

<Clg(v)2 W2 —
<Clol) @+ 1y vy

Since Agl : L2(Q) — L?(Q), for Q € Q4, we have that (3.34) holds for the contribution of

lowg;-

It remains now only to treat the contribution of lIrnq. To this end, we recall that

(pgl(x, y), the kernel of Agl, satisfies

09 < 1100 Le0)bi)
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Then for x € Q € Q1 NDy, q as in hypothesis (i) of Theorem 1.3 (and also (3.5)), lp+

S. HOFMANN

1 _
a=1

and p < r < 2, we have

1
1Ql Jrnq

<c(if|b |q)%[if T"(1 A-h)lp%
QI Jo ! 1QI Jrnq A
r— 1
o) (5 rrean|
<cl——=) = TU(LoA )
( o ) Qg et

1
sc2<ik>ﬁ(if |A,—h|f)r,
1Ql Jo

AE 1R QT (Lo Ajh)(¥) < C by | [T" (Lo Ajh)I

for some 8 > 0, where in the last step we have used the dual of the L" version of (1.2).
Since Q' is a child of Q, the last expression is bounded by

C27U7% (M(l1gAjh1"))" (x).

for every x € Q. Since 1gAjh = 1o Aj(1gh), for j > k + 1, (3.34) follows.
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