ORTHOGONAL EXPONENTIALS, DIFFERENCE SETS, AND ARITHMETIC
COMBINATORICS

ALEX IOSEVICH & PHILIPPE JAMING

ABSTRACT. We prove that if A is a set of exponentials mutually orthogonal with respect to any
symmetric convex set K in the plane with a smooth boundary and everywhere non-vanishing cur-
vature, then #(A, = AN[0,¢]%) < q. This extends and clarifies in the plane the result of Iosevich
and Rudnev. As a corrollary, we obtain the result from [IKPO01] and [IKTO01] that if K is a centrally
symmetric convex body with a smooth boundary and non-vanishing curvature, then L2(K) does not
possess an orthogonal basis of exponentials. We also give ground to the conjecture that the disk has
not more than 3 orthogonal exponentials. This is done by proving that if a set A has a difference
set A(A) C Zt + s for suitable s than A has at most 3 elements.
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1. INTRODUCTION

Let K be a convex set in R?, symmetric with respect to the origin, such that the boundary of
K is smooth and has everywhere non-vanishing curvature. In [IR03] the authors proved that if the
collection {627rm~a}a€A is orthogonal with respect to K in the sense that

(1) / eQTriw(a—a')dx =0,
K

whenever a # o’ € A, and A is infinite, then A is contained in a line. Moreover, they proved that if
d # 1 mod (4), then A is necessarily finite. When d = 1 mod (4) the authors produced examples
of convex bodies K for which there exists infinite A’s satisfying (1). Unfortunately, the proof in
[IR03] does not provide a finite upper bound for the size of A. The reason for this is reliance on an
asymptotic generalization of the following combinatorial principle due to Anning and Erdés ([Er4bal
see also [Erd5b]).
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Theorem 1.1 (Anning and Erdds, [Erdba, Erd5b]). Let d > 2, and let | - | be the Euclidean norm on
R?. For A C R, let

(2) A(A) ={la—d|:a,d’ € A}.
If #A = 0o and A(A) C Z*, then A is a subset of a line.

The reason explicit bounds are difficult to extract from any application of this principle is that for
any N there exists Ay C R? not contained in a line such that #Ax = N and A(Ay) C Z*. This
suggests that a different geometric point of view is needed to extract an explicit numerical bound if
one exists. Moreover, such a point of view is likely to be dimension specific because, as we mention,
above, when d =1 mod (4), the set of orthogonal exponentials may be infinite.

An explicit numerical upper bound still eludes us, but we can prove the following.

Theorem 1.2. Let K be a convex planar set, symmetric with respect to the origin. Suppose that the
boundary of K is smooth and has everywhere non-vanishing curvature. Let A C R? be such that (1)
holds. Then

(3) #(AN[-q¢,q”) S a.

In order to put these results into perspective, we contrast Theorem 1.2 with the following result
due to Solymosi ([So04a], see also [So04b]).

Theorem 1.3 (Solymosi, [So04a]). Let A C R? such that A(A) C Z*. Then
(4) #(AN[-¢,q°) Sq.

This result is essentially sharp as can be seen in the following way. Let Ay be the subset of the
plane consisting of (n,0), where n is a large positive integer, and pairs of the form (0, m) such that m

is a positive integer and n? + m? = 2 for some positive integer . By elementary number theory, one
can find approximately such integers m that are less than N.

log(N)

A second aim of this paper is to give some ground on the conjecture that the disk D has no
orthonormal set of exponentials of cardinality 4. This is done by proving a perturbation of Erdos-
Solymosi’s theorems that we may state as follows:

Theorem 1.4. Let A C R? be a set such that A(A) C Z* + s where s is either a trancendental number
or a rational that is not a half-integer nor an integer. Then A has at most 3 elements .

This is related to the previous question in the following way. If {e?™9*},c 4 is an orthonormal set
in L?(D), then A(A) C Z; where Z; is the zero set of an apropriate Bessel function. This zero set
is a perturbation of Z* + 1/4. If we omit the perturbation, then the previous theorem would show
that the disk has no orthonormal set of more than 3 exponentials. Moreover, we show that the same
result is true if we slightly perturb the result by truncating the asymptotic formula of the zeros of the
Bessel function.

This paper is organized as follows. In Section 2 we prove Theorem 1.2 and then explain why, if
K is a symmetric convex body in R?, d > 2, with a smooth boundary and everywhere non-vanishing
curvature, then L?(K) does not possess an orthogonal basis of exponentials. The last section is
devoted to the proof of Theorem 1.4.

2. ORTHOGONAL EXPONENTIALS FOR PLANAR CONVEX SETS

2.1. Preliminaries. We will need the following well known facts about convex sets.
Notation: For a convex set K, we call pg its Minkowski function of K, so that K = {z : p(z) < 1},
and pj its support function given by

(5) P (&) = sup (z,8).

reEK
By the method of stationary phase ([He62], see e.g. [St93, Chapter 3]),

©) Rwl©) = Crle ™ sin (2 (i) - ) ) + B0



ORTHOGONAL EXPONENTIALS, DIFFERENCE SETS, AND ARITHMETIC COMBINATORICS 3

with
(7) |E(€)] < Colé] 2,

where C7 and Cs are universal constants provided, say, K contains the ball of radius 1 and is contained
in the ball of radius 2.

It should also be noted that if {29} ¢ 4 is orthogonal with respect to L?(K) then Yx(a—a’) =0
for a,a’ € A. But X is continuous and Xx # 0 so there exists ng such that |a — a’| > 7, that is, the
set A is separated with separation depending only on K.

2.2. Proof of Theorem 1.2. An immediate consequence of (6) and (7) is that, if A is as in the
statement of Theorem 1.2, there exists a constant C3 such that, whenever a,a’ € A, then
E 1 < Cs

(8) PK(a*a)*gfg_k_i_l

for some integer k. We may now cut A into a finite number of pieces, such that in each piece, any two
elements a, a’ are separated enough to have k > 100C5 in (8).

Now, if a,a’,a” € A are in a q by « rectangle R,, then a —a’,a — a”,a’ — a” are all in an angular
sector with direction some vector e that depends only on R,,. More precisely, the angle § = 6(e,a—a’)
between e and (a — a') is at most 6 with siné = a/|a — d/|. In particular, § < 6,,, where sinf,,, = /L
and L is the minimal distance between two elements of A. Further, from the curvature assumption
on K, for u in such a sector,

Pic(w) = clul| < ¢0(u, e)?|ul,
where ¢ = ¢(e) and ¢/ = ¢/(e) are two consants that depend on e, provided 6(u,e) is small enough
(that is « is taken to be small enought). In particular, for v = a — a/,

(9) s

There is no loss of generality to assume that elements in A are sufficiently separated to have C5/(k +
1) < 1/100. Similarely, there also exist integers I, m such that
I 1 1
(10) cla—ad"| -z —-<| < — ——c| < —=.
2 8 100 2 8 100
Now, since a,a’,a” are in a box of size ¢ by «, if |[a — a”| > |a — d/|, |a’ — a”'| then

|a—a"| > (|afa'|2—a2)1/2+(\a’fa”\2foz2)1/2

,/,|m1<1

and |cla’ —a

! ! " a2 a2
= |la—a|+t|a —a|— —
| | | | (|a_a/‘2_a2)1/2+|a_a/‘ (|a/_a//|2_a2)1/2_|_|a/_a//
1
> o ron
T
where ¢ is the constant in (9), provided we have taken « small enough. It follows that
1
|cla —a"| = cla —d'| = cla’ — a"|| < —.
100
But the, from (9) and (10),
l-m-Fk 1 1
A R g
2 87 25

a clear contradiction. Thus every ¢ by « rectangle contains at most 2 elements of a. It follows that A
has at most 2¢/« elements in a ¢ X ¢ square.

Remark: The same proof in dimension d # 1 mod (4) works provided we use ¢ X & X -+ X a tubes.
We would then obtain that A has at most < ¢%~! elements in any cube of side d.
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2.3. Orthogonal exponential bases. The following result is proved in [IKPO01] in the case of the
ball, and in [IKTO01] in the general case. We shall give a completely self-contained and transparent
proof below.

Theorem 2.1 (Iosevich, Katz, Pedersen, Tao, [IKP01, IKTO01]). Let K be a symmetric convez set in
R? with a smooth boundary and everywhere non-vanishing curvature. Then L*(K) does not possess
an orthogonal basis of exponentials.

Proof. To prove Theorem 2.1, assume that L?(K) does possess an orthogonal basis of exponentials
{e?miza} 4. From Theorem 1.2, #(AN[—q¢,q]*) S q.
But, as is well known [Be66, La67, GR96, IKPO01], if {e*™“} _, is an orthonormal basis of

#(AN[-q,q?)

exponentials of L?(K), then lim sup 5 > 0, a contradiction. O
q

3. A SHIFTED ERDOS-SOLYMOSI THEOREM

In the remaining of the paper, we will identify R? and C.

3.1. Proof of Theorem 1.4. In this section, we will prove the following slightly stronger version of
Theorem 1.4

Theorem 3.1. Let s € R be such that 8% ¢ 7 + AsZ + 2s°Z + 4837 + s*Z + 2557 + 2s°Z + 4s"Z. If
A C R? is such that A(A) CZ* + s, then #A < 3.

The result is best possible as if ag = 0, a; = 7, ag = re?™/3, then all distances are equal to 7.

Proof. Assume that ag, a1, a2, a3 are four different elements from A. For j =1,...,3 let o; = a; — ao
and write a; = (k;j + s)ei®. There is no loss of generality in assuming that oy is real, that is 6; = 0.
FOI‘j = 2,3 let 5j =a; —a1 = Qj —Oq. Write |,6]| = lj + s with lj € Zr.
From |3;|> = |ay; — a1]? = |a1|? + |a;]? — 2|aq ||| cos 0, we deduce that

(11) 2|an[Jay| cos 8 = |an[* + |oy > — 1851
From this, we get that
(12) (2[en|loy|sin6;)* = 4o [*[e]* = (Jau|* + Jay[* = |5;]*)?
On the other hand a3 — as = a3 — a thus |az — as| = m + s for some m € Z* and
(13) 2|as||az| cos(bs — B2) = |as|? + |as|® — |az — azf?,
from which we get that
4lar|?|as||as| cos(Bs — 02) = 2lan[*(Jao|® + |as]? — |az — asf?)
(14) = 2(ki +8)*((ka + 5)* + (k3 + 5)* — (m + 5)?)
= 2k3 (k3 + k3 —m?) + 4s (k3 (ka + ks — m) + k1 (k3 + k3 — m?))
+52 (k3 + k3 + k3 — m® + 4ky (ko + ks — m))
+483 (k1 + ko + ks —m) + 2s*
€ 27+ sAZ + s*27 + s*AZ + 2s*.
On the other hand,
4lar)?|az||as| cos(Bs — O2) = 4| |?|aa|s|(cos Bo cos O3 + sin Oy sin 3).

But, with (11),

4|a1|2|a2||a3| cos by cosls = ((k1 + s)2 + (k2 + 3)2 —(la + 5)2)
(15) X ((k1 4 8)* + (ks + 5)* — (I3 + 5)?)
€ Z+ 27+ s*7 + s327 + s,
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as can be seen by expanding the expression in the first line. It follows that
4l ||| ocs| sin Bo sin 03 = 4|ay|?|a||as| cos(fs — O2) — 4|y |?|aa||is| cos B cos O3
has to be in Z + s27Z + s27 + s°27 + s*, thus
(4|1 || az| || sin Oy sin 03)? € Z + SAZ + $%27 + s3AZ + s 7 + sPAZ + s527 + s7AZ + s°.

Now, from (12), we get that

(16) (2|O¢1HO¢j| sinﬁj)Q = 4(k1 + 8)2(]{3]‘ + 8)2 — ((kl + 8)2 + (kj + 8)2 — (ZJ + 8)2)2

€ Z+ sAZ + s*2Z + s*AZ + 3s*
as previously, thus
(4] || az| || sin Oz sin 03)? € Z + 45Z + $227 + s3AZ + s* 7 + sPAZ + s527 + sT127 + 9s®.
We thus want that
8% € Z + 487 + 25°7 + 45° 7 + s* 7 + 25° 7 + 25°Z + 45" Z

which contradicts our assumption on s. O

Remark: The assumption on s is quite mild as it is satisfied by all transcendental numbers, all algebraic
numbers of order at least 9 and also by all rational numbers that are not integers nor half-integers.
For this last fact, if s = g with p, ¢ mutually prime and ¢ # 1, then the assumption reads

8p° & ¢®Z + 4pq"Z + 2p*¢°Z + PP L + p*¢*Z + 2p° P Z + 2p°PZ + 4pqZ C qZ
so that ¢ divides 8. But, then writing ¢ = 2r with r = 1,2 or 3, the assumption reads
8p® ¢ 25187 + 2%pr"Z 4+ 27p* 07 + 2503157 + 20 7 + 21p5 37 4 23p82 7 + 23pTr 7 C S

so that r =1 and s = £.

Also, note that one may scale the assumption. For example, if we assume that A(A4) C $ZF + 3
then #A < 3, since B = 2A = {2a, a € A} satisifes A(B) C Z + 1, which establishes the link with
zeroes of the Bessel function J; (see next section).

Of course, we may scale both ways, and we then for instance get that if A(A) C 4ZT + 1 or if
A(A) C 4Z* + 3 (that is s = 1/4 and s = 3/4 respectively) then #A < 3. This result is false when
s = 1/2 since it is not hard to construct sets for which A(A) C 2Z* + 1. Indeed, let k,1 € ZT and
assume that 20+ 1 < 2(2k + 1) and let § = arccos 2(221;‘_:1), Finally, let ag = 0, a1 = 1, ap = (2k + 1)e®
and a3 = —(2k+1)e~®. It is then clear that a; —ag, i = 1,2,3 all have odd integer modulus. Further
ag —as = —2(2k + 1) cos@ = —20 — 1 is an odd integer. Finally

las —ar| = ((2k+1)cosf—1)>+ (2k +1)?sin? 0
= (2k+1)2+1-22k+1)cosh =4k* +2(2k — 1) + 1

while

lag —a1| = (—(2k+1)cos€—1)2+(2k+1)2sin29
= (2k+1)2+1+2(2k+1)cos = 4k* +2(2k +1) + 3

are also an odd integers. It seems nevertheless clear from the previous proof that some sparcity should
happen in this case.
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3.2. Asymptotic of zeroes of Bessel functions. Recall that x5 (£) = 7@ L. J1(27|€|) where J; is the

Bessel function of order 1. Further, J; has the following asymptotic expansion when r — +o0o (see
e.g. [St93, VIII 5.2, page 356-357] :

V2l oo (—1)ir (2 i) sin(r—1=2 s J cos(r—2
Jl(r)~—<2> Z (1T (5 +2j) ( 4)_2 (—1)T (3 + 25) (r—1%)

T — 2% (2j)T (5 —2j5) 1% 212+ )0 (5 -2))

In particular, we get

_ -1 . 1 3
0 5O = | (16 g) g oo (16 5) +0 (i)
-1 T 5x3 . 1
= g | (1 ) 2 (11— 5)
3 7TXx5x%x3
18 ~ (o~ e ) > (19 5) +0 ()]
B -1 '1 5% 3 7x 52 x 33 9 1
- [€|372 ( + 2972[¢]2 - 21974 ¢]4 )Sm m (|§ - 8)

3 TXbHx3 1
19) B (167r|§ - 2137r3|5|3) cos 2m ('5 ) o <|£|5>} '

From the first asymptotic formula, we get that if x5(€) = 0 and if |€| is big enough, then there exists

4k +1
k € Z such that |£| = i + ey with |ex| < €. (17) further gives that
in 2 3 2 0] !
sin — 3 = = .
sin 27ey, om0k T 1587 cos 2mey, 2

Asep, =0 (%) we get
3 1
Mk~ otk ) C (/42) ’

1
that is e, = + e with e, = O (k2> But then, using (18), we obtain

3
A2 (4k + 1)

5x3 1 3 1
=14 —-—]sin2 —= | = +2 -
( + 297r2|§|2> S em ('ﬂ 8) or@k 1) TRt 0 (k4>

3 7x5x3 1 3 1
Il := — 2 == il
(167r|§| 2137r3|s|3) cos 2m ('5 8) or(ik 1) O <k)

so that e, = O (%) Bootstaping this, we obtain that

and

S S S E——CY
T 2r(dk + 1) M 4md(dk + 1)3 it
while
3 69 1
11 = - — = +0 |
2n(4k +1)  4w3(4k +1)3 + <k4>
thus e, = 7ﬂ4(4k+1)3 +0 ().

So far, we proved that

€] = (4k+ 1) ( + 772(41@64_ )2 7r4(41k:2:)— 1) O <l<?15>) .
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Using (19), it is not hard to see that the O(1/k%) is actually O(1/kS) thus

1 3 15 1
= —(k+1/4)(1 - —
€ = gkt /)< T SR 1/4)? 257r4(k+1/4)4+0(k6)>
1 3 51 1
2 = —(k+1/4)7 (1 — —1).
€] g1 ( T 2k 1/4)2 26774(k+1/4)4+0<k6>)
It is not hard to see that if one keeps going on like this, then
N
1 3 Ci 1
2 2= —(k+1/4)* |1 d
(20) €7 = b+ VO 1+ a7y +Z7r2ﬂ(k+1/4) +O(k2N+2>

where the ¢;’s are rational constants.

3.3. A perturbation of Theorem 1.4. We will now show that we can still perturbate Theorem 1.4
so as that the difference set A(A) be almost zeroes of the Bessel function. Up to a harmless scale,
this reads as follows:

Proposition 3.2. Let s € Q\ %Z and let n be either algebraic of order at least 5 or trancendental.
Let A C R? be such that every element o € A(A) has the property that |a|?> = (k + s)? +n, then A
has at most 3 elements.

The example we have in mind is of course s = 1/4 and 7 = ;5. The assumption |a|? = (k +
1/4)% + % then ammounts, up to scaling everything by 2, to approximate the zeroes of the Bessel
function at first order in the asymptotic expension (20).

Proof. We use the same notation and asumptions as in the proof of Theorem 1.4. Identity (14) then
becomes

4lon ||| |as| cos(03 — 02) = 2((k1 +8)* +n) ((k2 + 5)* + (ks +5)* — (m+5)* +1)
= 2k}(k2+ K2 - 2)—|—4s(k1(k2—|—k3 —m) + ki (k3 + k3 —m?))
+52 (kT + k3 + k3 — m? + 4k1 (ks + ks — m))
+453(ky + ky + ks —m) + 2s*
+2n((ky + ) + (k2 + )% + (ks + 5)° — (m + 5)%) +2n°
€ Z+457 + s°7 + 4537 + 25* + nQ + 21>
Identity (15) becomes
4|aq |asllas|cosbacosOs = ((k1 +8)° + (ko +5)*> — (la+5)> + 1)
X ((k1+8)* + (ks +5)* = (Is+ 5)° + 1)
€ Z+2sZ+ $*Z+ 257 + s* +nQ + n°.
It follows that 4|a;|?|as]|as) (cos(93 —65) — cos b cos 93) belongs to
7+ 257 + s*7 + 2537 + s* + nQ + n*.
Squaring, we get that (4|a1[?|az|as]sin 6. sin 93)2 is in
7+ SAZ + 227 + sPAZ + s*7 + AL + s%2Z + sTAZ + s* + nQ + n*Q + *Q + .
On the other hand, Identity (16) becomes
@lanllay|sing;)? = 4((ki +5)* +n)((k; +5)* +1)
—((k1 +8)2 + (b +9)* = (I + 5)* +n)°
€ 7T+ s4Z + s*27 + s34Z + 3s* + nQ + 3n°.
It follows that (4| [*|az||a| sin 6 sin 03)2 is in

Z + AST + s227 + sPAT 4 s*7 + sPAZ + %27 + s"127Z 4 95® + nQ + n°Q + n3Q + 9n*
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We still have a contradiction:
8% € Z+ 457 + 257 + 45°Z + s*7Z + 25°Z + 2557 + 4s"Z + R\ Q

since, as noticed at the end of the proof of Theorem 3.1, 8% € Q \ (Z + 4sZ + 2527 + 4837 + s*Z +
25°7 + 2597 + 4s"Z) when s € Q \ 1Z. O

Remark: We have used that the perturbation by 7 is fixed only in a mild way in order to simplify
computations. Actually, it is not hard to see that if we assume that if each oo € A(A) has the property
that |a|?> = (k + s)? + Py(n) where k is an integer, n is a fixed trancendental number and P, is
a polynomial with rational coefficients, then the above proof still gives the result. If moreover the
degrees of the P s are bounded by M, then the proof works provided 7 is algebraic of order at least
4M + 1.

In particular, the result is valid for any truncation of the assymptotic formula of the zeroes of the
Bessel function Ji, that is, if we assume that if each a € A(A) has the property that |«a|? be of the
form

N
1 2 Cj
(R +1/4) 1+;W2j(k+1/4)2j

An even more carefull examination of the proof shows that, if each a € A(A) is of the form |a|? =
(k + s)? + n then only 6 n;’s intervene in the proof (corresponding to ki,..., ks, lz,l3 and m).
Moreover they are raised to the power at most 4, so A has at most 3 elements as soon as there exists
no rational polynomial relation of degree at most 4 between any 6 ny’s i.e if, for any j,...,jg, the
only polynomial of degree < 4 of 6 variables with coefficients in Q such that P(n;,,...,n;,) = 0 is
P = 0. Such relations are highly unlikely beetween zeroes of the Bessel function Ji, it is thus natural
to conjecture, following Fluglede [Fu72] that the disk has no more than 3 orthogonal exponentials.
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