SCALING PROPERTIES OF INFINITELY
FLAT CURVES AND SURFACES

ALEX IOoSEvVICH

ABSTRACT. We shall give simple sufficient conditions for the Orlicz type bounds for the aver-
aging operators and restriction operators associated with infinitely flat curves in the plane. Our
results, obtained by scaling, can be used to recover, up to the endpoints, the results previously
obtained in [BMO91], [Bak94], and [Bak94-2]. We also prove some three dimensional analogs
of those results.

INTRODUCTION

Let v € C*°([0,00)), v(0) =+/(0) = 0, v"(s) > 0, and +"(s) = 0 iff s =0. Let

1) / f(@1 — 5,22 — A(s))ds = [ * ().

If v”(s) > 0 on [0,2], it is well known that T, : L?(R*) — LY(R?) if and only if (3, ;)
is contalned in the triangle with endpoints (0,0), (1,1) and (2, 3). (See [Str70], [L1tt7 ])
If 4" vanishes of order m — 2, m > 2, then T}, LP(R2) — Lq(]RZ) 1f and only if (— —) is
contained in the trapezoid with the endpoints (0,0), (1,1), (=2~ ), and (m—+1’ ﬁ—ﬁ)
(See [RiSt88]).

If 4" vanishes of infinite order, the estimate T, : LP(R?) — L%(R?) may not hold for any
q > p. However, the Orlicz space estimates may be possible. For example, in [BMO91],
the authors showed that for some flat curves in R? there exists a Young’s function ®, with
limg o0 — cb(t) = 0 such that the estimate

(2) ||T’Yf||L2(R2) S C||f||L‘1’(R2)

holds, where L®(R?) denotes the standard Orlicz space, associated to an increasing Young
function ®, equipped with the norm

(3) ||f||@5mf{s>o:/q>(@)dxg1}.

More precisely, the result proved in [BMO91] is the following.
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Theorem I. (Bak, McMichael, and Oberlin [BMO91]) Let T, be as above. If there exist
constants d € (0,2], € > 0, and 3 > 0 such that

(4) / D(Bs)(v 32/d=D s < o0,

then there ezists a constant C' and a Young function ® with ®(t) ~ (zflT-Lfl(if_d))2 such that
T, : L*(R?) — L*(R?), where H; ' (x) = 1 forx > 1, H~(z) forx < 1 with H(z) = 2%v(x),
and D(s) = |{€ € R* 1 [A(6)] > s}

In [Bak94] the following three dimensional result was proved.

Theorem II. (Bak [Bak94]) Let
) O N TRt
{o<|yl<2}
where (2',2,) € R x R, v(0) = 7/(0) = 4"(0) = 0, v"’(s) > 0 for s > 0, and 7/85) is
non-decreasing for s > 0. Let v,(s) = t"v/(s). Let n+1 < ¢ < 0o and assume that for some
d>0and c=c(q) >0 W”ié) is mon-decreasing for 0 < s < c. Let ® = ®, be a Young’s
l
function such that ®1(s) ~ U~1(s) = if s> 1, and ¥~1(s) = s ifs < 1. If

SR
n = 2 or 3 there exists a constant C such that for every Borel set E C R™ with |E| < o0

T L®(R") — LY(R"™), f = xE, the characteristic function of E.

In this paper we shall give a simple set of sufficient, and in many cases, necessary
conditions, such that T, : L*(R?) — LY(R?). We shall also see that the techniques of
this paper can be used to obtain L*(R?) — L?(R?) bounds for the restriction operator
Rf = f|{(s,7(s))}. See Theorem 3. We will also show that these results generalize, in a
straightforward way, to surfaces of rotation in R3. See the section ”Three dimensions”

below. Our result for the restriction operator is motivated by the following result due to
Bak.

Theorem III. (Bak, [Bak94-2]) Suppose that @ is increasing on [0,2]. Suppose that

@ is increasing on (0,0) for some § > 0. Then for 1 < q < oo and 0 < d < 1 there exists
a constant C = Cy, such that for all f € S(R?), the class of rapidly decreasing functions,

(6) (/ Fs,7(s) |ds> <c+c/ F@)]- b (F @D

where v,(s) = 517 1y(s9).

The main idea behind our two-dimensional results is the following lemma motivated by
the results in [CCVWW89] where it was observed that even though finite type convex curves
(e.g. {(s,8™): —1 < s <1}) behave very well under the usual diagonal scaling of the form
(x1,22) — (2731,2™x5), infinite type curves (e.g. {(8,6_1/82) : =1 < s < 1}) require a
more careful non-diagonal scaling.
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Lemma 1. Let 7;f(x) = f(27921,vj21 + hjz2), where v; = v(277) and h; is defined as
above. Let

(7) T f(x) = 27 Tym; " f (),
where
g—d+1
®) Tif(@)= [ Flar = saa = o)is

Then T : LP(R?) — L9(R?) for (%, %) € T with constants independent of j.

Proof. Since T} clearly maps L' — L' and L™ — L*°, with constants independent of j, it
suffices to check that T7 : L2 (R?) — L3(R?) with constants independent of j. The classical
proof of the LP improving properties of measures supported on surfaces with non-vanishing

Gaussian curvature (see e.g. [Str70] and the subsection ”Simplification” below) shows that
it suffices to check that if we write T f(z) = f x v;(z), then

N|=

(9) (&) < C+ &) 2,

with C' independent of j.

Let T; f(x) = f*pj(z). Let A; denote the matrix given by the equation 7; f(z) = f(A4;z).
Then

(10) frvi(x) =27 * Tj_lf(ij).
Using the elementary properties of the Fourier transform,
(11) F(€)w3(6) = 2 (A7) AL (A7) = 27 F()ris (A7)

since (A;l)tA§ = I, where A} denotes the transpose matrix of A;.
By Proposition 4.2 of [CCVWW89],

1
2

(12) 295 (A7 1) €)] < C(L+ |[(A7H Abe)) * =C+[¢])2.

N=

Diving both sides of (11) by f(£) and using (12) completes the proof of Lemma 1.

The main idea behind the three dimensional results in this paper is the estimate of the
Fourier transform of the measure carried by a family of radial surfaces dependent on a
parameter. See Lemma 6 below. It turns out that while it is difficult to find a scaling that
gives the optimal decay in all directions, even the most naive scaling allows one to get the
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optimal decay in the direction normal to the surface at the origin. This turns out to be
enough to obtain the desired results for the averaging and restriction operators.

Our plan is as follows. In the section titled ”Scaling” we shall give sufficient conditions
for the L®(R?) — LY(R?) boundedness of the operator 7, and the L*(R?) — L2(R?)
boundedness of the restriction operator R in terms of the Orlicz norms of the family of
dilation operators of the form 74 f(z) = f(Az) where A is an invertible matrix.

In the subsection titled ”Simplification” we will show that the assumptions of our main
result can be simplified if we are willing to assume that supg_, %((Z)) <C.

In the subsection titled ” Three dimensions” we shall extend our results to radial surfaces
in R3.

In the section titled ”Orlicz norms of dilation operators” we shall compute upper and
lower bounds for the Orlicz norms of the operators 74 under various assumptions on the
Young functions in question.

We shall conclude the paper with the subsection on examples.

SCALING

The following definition is motivated by interpolation results for LP and Orlicz spaces
(see e.g. [Tor76], [Tor86]).

Definition 2. Let 7 denote the triangle with the endpoints (0,0), (1,1), and (2, 3). We
say that (®,¥) C 7 if every linear operator bounded from LP(R?) — L%(R?), (%, %) €T,
is bounded from L®(R?) — LY(R?).

Let 7" ={p:1<p< g} We say that ® C 7' if every linear operator bounded from
LP(R?) — L?(R?), p € 7', is bounded from L®(R?) — L?*(R?).

Our main results are the following.

Theorem 3. Let T, be as above. Suppose that there exists € > 0 so that h'(t) > e@ for
every t > 0, where h(t) =ty'(t) —y(t). Let (®,¥) C 7T.

Let 7;f(x) = f(277@1,vjx1 + hjwa) where v; = v(277) and h; = h(277). Let
N;(®) denote the (L*(R?), L*(R?)) norm of the operator 7, and let Nj_l(\IJ) denote the
(LY (R?), LY(R2)) norm of the operator Tj_l.

Suppose that

(13) i 277 N;(®)N; H(¥) < oo.
§=0

Then T, : L®(R?) — LY (R?).

Remark. Note that by duality it suffices to check T, : LY (R?) — L®" (R?). In other words,
it suffices to check the condition (13) with N;(®) replaced by N;(¥*), and N ;1(\1’) replaced
by N;'(®).
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Theorem 4. Let Rf be defined as above. Let v satisfy the assumptions of Theorem 3.
Let o;f(x) = |Aj|f(Alx) with A; defined by 7;f(x) = f(Ajx), where 7; is as above. Let
/\/'j_l(CI)) denote the (L®(R?), L*(R?)) norm of the operator O'j_l. Let ® € T'.

Suppose that

(14) ir NLH(®) < o

j=0

[N

Then R : L®(R?) — L2(T'), where T' = {(s,7(s)) : 0 < s < 2}.

We shall now prove Theorem 3 and Theorem 4.

PROOF OF THEOREM 3

Let T}, T7 be defined as above. Then
(15) 1T fllg =277 |Im T 7 fl -

By Lemma 1, T} : LP(R?) — L%(R?) for (%, %) € T with constants independent of j. By
definition of N;(®) and Nj_l(\Il) it follows that T': L®*(R?) — LY(R?) if (13) holds. This
completes the proof of Theorem 3.

PROOF OF THEOREM 4

The proof of Theorem 4 is along the same lines as the proof of Theorem 3. Let R; f = f Ir;,
where I'; = {(s,7(s)) : 277 < s <277%'}. Let 0, f(x) = |4;|f(ALz). Using the elementary
properties of the Fourier transform it is not hard to see that Rjo;f = f (A;lfj (s)). It
follows that

(16) IR0, f1l, = 27 #|| (A7 ' To(2771),-

By Proposition 4.2 in [CCVWW89], the Fourier transform of the Lebesgue measure

on Aj_ll“o(Z_j-) is bounded by C(1 + ]£|)_%, where C' is independent of j. The proof of
the restriction theorem for curves with non-vanishing Gaussian curvature (see e.g. [St93])
implies that

(17) IR0, fll, < C27 2|l
for ® C 7'. Tt follows that
(18) IR fll, < 02_%|!0]1f||q,-

This completes the proof of Theorem 4.
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Simplification. It is not hard to see that the statements of Theorem 3 and Theo-
rem 4 can be simplified if we are willing to assume that " is increasing on [0,2], or,
even, that supy.,< 3%(?) > (C. More precisely, under this assumption, everywhere in
the statements of Theorem 3 and Theorem 4, we can replace the scaling transformation
75 f(x) = f(277 21,721 +hjx2) by a simpler scaling transformation 7/ f (x) = f(277 21, v;x2).
This is the consequence of the following rephrasing of the classical LP-improving result for
curves with everywhere non-vanishing curvature and the Stein-Tomas restriction theorem
in R?.

Lemma 5. LetTf(z) = [, f(x1—s,22—¢(s))ds, Rf = f|{(s’¢(s)):sel’}, where I is a compact
interval and ¢ is a smooth function. Suppose that ¢"(s) > 1 on I. Then T : LP(R?) —

Li(R?), (%, %) €7, and R : LP(R?) — LP(R?), p € T, with constants independent of ¢.

Before proving the lemma, let’s see how it implies the claim in the first paragraph. The
analog of the operator T in the proof of Theorem 3 is just the averaging operator over

the curve (s, ¢;(s)), 1 < s <2, where ¢,(s) = @ By assumption and the mean value
J

theorem ¢//(s) > 1, so Lemma 5 implies that the new T : LP(R?) — L%(R?), <%, %) eT.
The rest of the proof goes through as before and we get the claim in the first paragraph.
The argument in the restriction theorem is basically the same.

We now prove Lemma 5. Again, we prove the case of the LP-improving theorem, the
restriction proof being similar. Let K, (z) = ﬁ(xg — ¢(21))" "xs(z1), where T' denotes
the standard gamma function and y; is the characteristic function of the interval I. Let
T.f(x) = f*K.(x). It is clear that if Re(z) = 1, then T} : L'(R?) — L°°(R?) with universal

constants. It remains to show that when Re(z) = —1, then T} : L?(R?) — L?(R?) with
constants independent of ¢. Let’s compute m (&) = K, (£). Well,
(19) m(€) = / 1O K (2)da.

Let y1 = 1, y2 = x2 — ¢(x1). We get
1 : : _
(20) ) //€Z(y1€1+¢(y1)€2)6Zyzﬁzyg 1dy1dy2.
I

When Re(z) = —1, the expression in (20) is controlled by |(§5(£)H£g]%, so, by Plancherel’s

theorem it remains to show that |c/lc\7(§)| <C |€2|_% with constants independent of ¢. This
immediately follows by the van der Corput lemma since ¢’(s) > 1 on 1.

Three dimensions. In this section we shall see that if S = {z = (2/,23) € R3 : 23 =
~v(|z'|)}, where v satisfies the assumptions of the previous subsection (Simplification), then
one can easily generalize Theorem 3 and Theorem 4 to three dimensions by replacing the
scaling transformation 7/ by its three dimensional version, 7} f(z) = f (272!, y;x3), using
the following three dimensional version of Lemma 5.
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Lemma 6. Let Tf(z) = [ f(2' —y,zn — G(y))dy, Rf(x) = f’{(y,G(y)):yeB}; where B is
the annulus {y : 1 < |y| <2}, and G(y) = ¢(|ly|). Suppose that min{¢’,¢"} > 1 on B. Then

T : LP(R®) — L(R3) for < ) € T, the triangle with the endpoints (0,0), (1,1), and

(2,1), and R : LP(R3) — L*(R®), pe T = {p: 1 < p < 3}, with constants independent of
G.

11
P’q
(R?

As we noted above, we can now prove the obvious analogs of Theorem 3 and Theorem
4. We let 7; f(z) = f(2772,v;x3). The analog of the operator T’ is the averaging operator

over the hypersurface {z : 1 < |2/| < 2; z3 = G,(2')}, where G,(z’) = 7(2;4% The
determinant of the hessian matrix of G is 2_2j”y”(2_jr)<2ﬂ+(2jr)>, where r = |2/|. By
assumption and the mean value theorem this quantity is bounded below by 1. The rest of
the argument is the same as the proof of Theorem 3, with Lemma 6 replacing Lemma 1.
The argument for the restriction operator is similar.

We shall now prove Lemma 6. By the proof of Lemma 5 it suffices to show that

(21) |F(&)| = < Clgs| ™,

/ il O TECE) gy
B

with C independent of G.
Going into polar coordinates, applying standard stationary phase, and making a change
1

of variables sending r — 7&; *, we get &7 times
1 _1
(22) I(A)t) = /1 e rAt 2 —to(t 27"))1"16)(7‘1475*%)617‘,
t3[1,2]

where A = |2/|, t = &3, and b is a symbol of order —%. It suffices to prove that I is uniformly
bounded with constants independent of A, ¢, and ¢.

Suppose that either A = |t| or A >> |t|. Now, by the van der Corput lemma, the integral
I(A,t) is bounded by

(23) Cltzb(A),

where C' is a universal constant, since the second derivative of the phase function of I,
¢ (rt~2), is bounded below by 1 on [t2,2t%] by assumption. The expression in (23) is
bounded above by another universal constant C’ since b is a symbol of order —%, and
It] < A.

It remains to handle the case when A << t. We undo the change of variables sending
r — rt~2, and we let h(r) = rA — t¢(r). It is not hard to see that |h/(¢£)] > |4 —¢t| > |¢|.
Van der Corput lemma gives us the decay % and the proof of Lemma 6 is complete.
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ORLICZ NORMS OF DILATION OPERATORS

Lemma 7. Let ® be a Young function such that
(24) ®(a)P(b) < ®(Cab)
for all a,b > 0 with some C > 0. Let det(A) =t. Then

Cc

(25) a1l < laflly < 027 (4) 11l

Lemma 8. Let ® be a Young function such that
(26) O(a)®(b) > ®(Cabd)
for all a,b > 0 with some C' > 0. Then
1 C
-1
(27) @ () 151l < lmalla < s 11k

Lemma 9. Let ®* denote the conjugate function of ® given by the equation

(28) O*(s) = iItlf<tS — ®(1)).
Let No(®) denote the (L%, L®) norm of the operator 4. Then

(29) + < NA@)NA(@).

PROOF OF LEMMA 7 AND LEMMA &

We must estimate inf{s > 0} such that

(30) /cp (M) do < 1,

S

where we may assume that [ ®(]f(z)|)dz = 1.
Making a change of variables and using (24) this immediately reduces to @ <t which

implies that ®(s) > % It follows that s > ®~! (%) Taking the inf proves the second
inequality of (25). Replacing A by A~! we see that the second inequality implies the first.
This completes the proof of Lemma 7.

Making a change of variables and using (26) reduces (30) to ® (1) <t which implies that
5 > @_;1(75). This proves the second inequality in (27). Replacing 4 by A~! we see again

that the second inequality implies the first. This completes the proof of Lemma 8.
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Proor or LEMMA 9

By Holder’s inequality

(31) Iraf15 < lImaflllmaflle.-

Since ||7'Af||§ = 1|1, the conclusion of Lemma 9 follows.
The following is a sample result obtained by combining Theorem 3, Lemma 7 and Lemma

8.

Theorem 10. Let T, be as above. Suppose that v satisfies the conditions of Theorem 3.
Suppose that ® and U satisfy (24). Then T, : L*(R?) — LY(R?) if

(32) > 277! (}QL—) U1 (277h;) < oo.
=0 J

Suppose that ® and ¥ satisfy (26). Then T, : L*(R?) — LY(R?) if

33 .
(33) jzo PanyE— (i—j) < o0

Suppose that ® satisfies (24) and ¥ satisfies (26). Then T, : L*(R?) — LY (R?) if

(34) iw’% < o0.

Suppose that ® satisfies (26) and U satisfies (24). Then T, : L*(R?) — LY (R?) if

—,_; ¥ (277hy)
p )
(35) > a1 7h,) <

=0

Remark. A three dimensional version of this result can be generated using Lemma 6 and
the proof of Theorem 3 under the assumption that 7" is increasing on [0, 2] by replacing h;
by 7; and 27 by 227 in Theorem 10 above.

The following is a sample theorem obtained by combining Theorem 4, Lemma 7 and
Lemma 8.
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Theorem 11. Let R be as above. Suppose that v satisfies the conditions of Theorem 4.
Suppose that ® satisfies (24). Then R : L®(R?) — L*(T) if

i 2501 (277 h;)
h;

(36) < 0.
=0

Suppose that ® satisfies (26). Then R : L®(R?) — L*(T) if

(37) JZO W < Q.

Remark. Three dimensional analogs can be generated using Lemma 6 and the proof of
Theorem 4 by replacing h; by ~; and 2 by 2%/,

EXAMPLES

Example 1. Let ®(s) = [ ¢(t)dt, where ¢(t) = t7 1 og™H(t), 1 > 0. Let W(s) = s¢. Let
v(s) = e~ . A calculation shows that ®(s) ~ s7log~'(s) and that ® satisfies the condition

(24). Since VU satisfies any condition you want, Theorem 10, along with the subsection
”Simplification” implies that Ty : L®(R?) — LY (R?) if

(38) 3277275 < o,
j=0

since ®~1(s) < s logé(s) (see [Bak95], Example 1.3).
The sum in (38) converges if al < q.

Example 2. Let ®1(s) ~ slog™'(s). Let v be as in Ezample 1. It is not hard to see that
® satisfies (26). Theorem 11 and the subsection ”Simplification” imply that R : L*(R?) —
L2(T) if
(39) Y omiiel < o,

=0

j:
which takes place if al < %

The necessity results in [Bak94|, [Bak94-2], and [BMO91], associated with Theorems I,
II, and III in the introduction, show that Examples 1 and 2 give optimal results, at least
up to the endpoints. Indeed, to test the sharpness of Example 1, we just test T, against a
characteristic of a cube with side-lengths § and (0), (see [BMO91]), whereas the sharpness
of Example 2 follows by a variant of the classical Knapp homogeneity argument. See [Bak94].

Acknowledgements: The author wishes to thank J. Vance for many helpful conversa-
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