ON AVERAGING OPERATORS ASSOCIATED WITH
CONVEX HYPERSURFACES OF FINITE TYPE
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1. Introduction

Let ¥ be a smooth convex hypersurface in R?, d > 3, and denote surface measure on X by do.
Let x be a compactly supported C'* function and let

Y =supp xNX.

For t > 0 define the convolution operator A; by

(1.1) Aef@) = [ @t w)doty)
and an associated maximal function

(1.2) Mf(z) = sup |ALf ().

The main issues in this paper are the LP boundedness of the maximal operator M and the
regularity properties of the averaging operator A = A;.

Stein [22] showed that if ¥ is a (d — 1)-dimensional sphere in R?, d > 3, then M is bounded on
LP(R?) for p > d/(d — 1) and unbounded for p < d/(d — 1). Greenleaf [11] proved similar results
under the conditions on the decay of the Fourier transform do. In particular if ¥ is a hypersurface
and the Gaussian curvature of ¥ does not vanish, one obtains the same result as for the sphere. The
two dimensional version of Stein’s result was proved by Bourgain [1].

If the Gaussian curvature is allowed to vanish one would like to determine the best possible
value of pg such that L? boundedness holds for p > pg. Cowling and Mauceri [7] showed that there
are surfaces where py € (2,00) and Sogge and Stein [21] showed that such py < oo exists if the
Gaussian curvature is assumed to vanish of only finite order. The extension of Bourgain’s result to
plane curves of finite type was obtained in [12] using scaling; this method does not readily apply in
higher dimensions.

In this paper we consider a conver surface X of finite line type in R¢, d > 3, i.e. it is assumed
that each tangent line has finite order of contact. Bruna, Nagel and Wainger [2] expressed the decay

of the Fourier transform do using the caps
B(z,6) = {y € X : dist(y, Hx(X)) < 6}

here H,(X) denotes the tangent plane at z € % (considered as an affine subspace of R¢ passing
through z). The estimate is

|do ()| < C[|B(@+, €]~ + |B(a—, [€]7Y)]

Research supported in part by NSF grants.

Typeset by AMS-TEX



where z1 are the points on ¥ for which £ is a normal vector and |B| denotes the surface measure
of B. The behavior of the maximal operator M is not just determined by the size of the balls of
given height &, but also by the number of balls of height § and fixed diameter > §(?~1/2, Taking
this into account Nagel, Wainger and the third author [18] proved maximal theorems on R?, d > 3,
using the quantity

(13) T, (6) = ( / Bz, )" do(x))/"

for r > 1. Note that if sup, |B(z,6)| = O(6?) then T',(6) = O(6%*=1/")); however if a < (d —1)/2
then T',.(6) tends to be significantly smaller. The first theorem in [18] addresses the case p > 2.
Suppose that

(1.4) /61/1)“ )?<A<oo and p>2

then M is bounded on LP(R?).

Another theorem was proved by the first two authors in [14] and [13], completely settling the
case p > 2. Namely let d(y, H;(X)) be the distance of y € ¥ to the tangent plane H(X) through z;
then the maximal operator M is bounded on LP(R?), for p > 2, if

(1.5) d(-, Hy(2))~'/? € L' ()

for every z € ¥; conversely, the condition (1.5) at points with y(z) # 0 is necessary for L? bounded-
ness. In §4 we shall use a variant of the argument in [14] to show that the sufficiency of (1.5) actually
follows from the sufficiency of (1.4). It follows a posteriori that for p > 2 the L? boundedness of M,
the finiteness of the integral (1.4) and the condition (1.5) are equivalent if ¥ is closed and x = 1.

We remark that the hypothesis (1.4) implies L? boundedness for a class of convex hypersurfaces,
with the L? bounds depending only on A and certain admissible constants (for the definition of
admissibility see §2). On the other hand, for a single convex body the assumption (1.5) is often
easier to verify.

The analogue of (1.4) for p < 2 is the condition
1 1 1 1
(1.6) / log(1+6 345737, ()% < oo;
0

if p < 2 and (1.6) is satisfied then M is bounded on LP(R?). This statement is (implicitly) contained
in [18] (¢f. Theorem 2.5 below). Note that if the curvature does not vanish then |B(z, 8)| ~ 6(4—1)/2
and I‘ﬁ(é) ~ 8(3=1-1/p) 50 the integral (1.6) converges if and only if p > d/(d — 1), which is
Stein’s maximal theorem. The nonvanishing of the curvature is not necessary; as one can see by
checking (1.6) for surfaces of the form

(1.7) za=—c+ Y |m|%,  2<a < <ago,

where the a; are even integers. In this case LP boundedness holds for p > d/(d — 1) if a; < d for
i=1,...,d—1. In §2 a related result will be deduced from (1.6) in §2; namely L? boundedness
holds if the Gaussian curvature belongs to L7(E) for all v < 1 /(d—2).
It is not presently known whether for p < 2 the condition (1.6) always gives the correct range of
L? boundedness up to endpoints. Moreover it is not known precisely how (1.7) relates to the notions
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of type and multitype. One purpose of this paper is to prove some partial results in this direction
and obtain a fairly complete picture in three dimensions.

In order to formulate our results we now review the definitions of type and multitype. For
convex hypersurfaces in R? a natural notion of multitype has been implicitly introduced by Schulz
[20]. Various related and more general notions of multitype had been previously formulated in
complex analysis, see in particular Catlin’s paper [3]; later Yu [26] has given a simple formulation
of Catlin’s multitype condition for convex domains in C", building on the results in [20].

We first consider a smooth real valued function ® defined in a neighborhood of the origin in an
n-dimensional vector space E, so that ®(0) = V®(0) = 0. We say that a vector v in E* has contact
of order m + 1 if

®(sv) = O(s™) if s—0.

Let
(1.8) S™ ={v € E" : v has contact of order m + 1.}
It is shown in [20] that S,, is a linear subspace of E" and that there are even integers my,...,my

so that my < --- <my, 1 <k <nand mg:=m; —1>1 and
0=8mC...C 8™ =FE";
and the sequence is maximal, i.e.
ST =8" if mp_1 <m < my.

The largest number my, is the type of ® at 0. Let dim S™ = n;, so that ng = n and ny = 0.
Fori=1,...,nlet

a;=m; if n-nj_1<i<n-mn; j=1,...,k

the n-tuple a = (a1, ...,ay) is then called the multitype of ® at 0. Clearly this definition is indepen-
dent of the linear coordinate system on E, .
Now let ¥ be a convex hypersurface in R? and let P € ¥. Then near P the surface is a graph

over its tangent plane at P. For a suitable choice of the unit normal vector np at P the surface can
be parametrized by

TpY — R

(1.9) v— P+v+®()np

where ® is a convex function vanishing of second order at the origin. We say that X is of multitype
a = (a1,...,a4—1) at P if ® has multitype a at the origin. This notion is invariant under affine
transformations in R¢. Moreover, if ¥ is given as a graph w,, = ¥(w') then it is easy to see that the
multitype at P = (w', ¥(w')) is equal to the multitype of the function

y' o T +y) = T(w) = (', Vo T(w).

Calculations in [18] on examples of the form (1.7) suggest the following

Conjecture: Let ¥ be a convex surface in R~ let P € ¥ and let a = (a1,...,a4—1) be the
multitype at P. Define v by

1

d
(1.10) ve=)_

Jj=k

—~ 1
—, k=1,...,d-1; vg = 0.
: a;



We conjecture that M is bounded on LP(R?) if the support of x is contained in a sufficiently small
neighborhood of P and if

1.11 —_
( ) p>k$?ﬁidk—l+l/k

Note that among the numbers (1.11) only the one corresponding to £ = 1 can be > 2 so that
the condition for LP boundedness for p > 2 reduces to

-1 4

1.12 —.

(1.12) P> o

Jj=1

As observed in [14] the condition (1.12) is equivalent to the integrability condition (1.5) for z = P

so that the equivalence of (1.5) and (1.4) mentioned above amounts to the equivalence of (1.12)

and (1.4). More generally, one may also conjecture that LP boundedness holds if for every I €

{0,1,...,d — 1} and for every l-plane E through P the function = — [dist(z, E)] ! belongs to
L(@=1/P (here the 0-plane through P is just {P}).

In the present paper we shall concentrate on the simplest case, d = 3.

Theorem 1.1. Let ¥ be a smooth convex hypersurface of finite line type in R®. Let P € %, let
a = (a1,a2) be the multitype at P and let K(x) be the Gaussian curvature at x.

Let M be the mazimal operator as defined in (1.2). There is a neighborhood U of P in ¥ so that
the following statements hold if x is supported in U.

(i) Suppose that a1 > 2. Then M is bounded if and only if p > (al—1 + ;—2)_1.
(ii) Suppose thatay = 2,0 <y < 1 and K=" € L*(U). Then M is bounded if p > 222{l=032+4y

az(1—v)+2+27 -
(iii) If a1 = 2 then M is bounded for p > max{$, 2%},

We note that (i) is already contained in [14], but we shall give a different proof in §4 by deducing
it from (1.4). Also note that (i) and (iii) together verify the above conjecture in three dimensions;
however there are cases where (ii) gives a better result (see §4). Statement (iii) follows from statement
(ii) by using

Theorem 1.2. Let ¥ be a smooth convex hypersurface of finite line type < m in R?, and let K be
the Gaussian curvature function on . If v < (m — 2)~! then K~ is locally integrable on X.

We now discuss the regularity properties of the averaging operator A = A;. A positive and
apparently quite precise result for Besov spaces! B?, , and Sobolev spaces L can be formulated in
terms of the balls B(z,§), using a condition similar to (1.4), (1.6).

Theorem 1.3. Suppose ¥ C R? is convex, smooth and of finite line type. Suppose that 1 < p < 2
and suppose that

ato= pta1
(1.13) sup&i_%_“</~|B(:c,6)|i+(q—;f)zda(:c))’g Y <o
§>0 b5

holds for some (p,q) with p < q. Then A maps the Besov space Bp’T boundedly to Bg

+a,r”

1Recall that ||f||Bf; ~ (322 01258 L% f||p]")'/" with suitable Littlewood-Paley cutoffs £* localizing frequencies

to annuli [£| ~ 2% if &k > 0.
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Moreover, if 1 < p <2, p<q< oo, then A is bounded from LP(R?) to LL(R?) if ¢ > 2 and
bounded from LP(R?) to L ¢(R?) if p<q < 2.

Clearly the second assertion about Sobolev estimates is a consequence of the first assertion for
Besov spaces, by standard embedding theorems (i.e. Littlewood-Paley inequalities).

Again one can try to relate the condition (1.13) to the multitype. Consider the model example
(1.7) where a; < --- < agq—1 are even integers, v, as in (1.10). We note that for this example
a complete description of the LP — L4 estimates for .4 has been given by Ferreyra, Godoy and
Urciuolo [10] (without the restriction that the a; are even integers), see also the paper by Sang Hyuk
Lee [16]. Both proofs relied on a method introduced by Christ [5].

A calculation for the model example shows that (1.13) is satisfied when

],

k 1
(1.14) a< min k-1t VT2
1<k<d p q

see §3. For o = 0 this becomes % > ,‘j’;—i’f% - ”’j}t_ﬁl; this is the condition given in [10]. Concerning

the case p = ¢ one obtains (for the model example) that A is bounded from Bj . to Bj

B+a,r and

from BZ:T to BZIJFW, provided that o < vgy1 + k/p, if ap <p < agy1-

To formulate a conjecture for LZ — LZ, +o Tegularity (or related Besov-type estimates) in the
general case one simply replaces (a1,...,aq4-1) in the model example by the multitype at P and
assumes that x has small support near P. Then (1.14) should imply the LP — L% for the averaging
operator, if p < g, and 1 < p < 2. Clearly by duality the boundedness region is symmetric with
respect to the diagonal 1/p+ 1/¢q = 1, so it suffices to consider the case p < 2. One expects that at
least for the case p = ¢ boundedness may fail at the vertices of the boundedness region, see [6] for
counterexamples in two dimensions. We note that complete LP — L7 results in two dimensions are

in [19], [5].
In three dimensions we prove the conjecture up to certain endpoint results.

Theorem 1.4. Let ¥ be a smooth compact convex hypersurface of finite line type in R®, let P € &
and let a = (a1, as) be the multitype of & at P. Let vy = a;* + a5, vo = ay - and let T(P) be the
set of all (1,1 ) with p < q satisfying the conditions

P’ 4q

1 1
(1.15.1) a<u— +“+—%ﬂ
2 1
(1.15.2) a<wvmtl- +”4nj59
3 1
(1.15.3) a<2-° 4=
P q
and
1 1
(1.16.1) a<um+ U ;”
2 1
(1.16.2) a<umt o2 1t
p
3 1
(1.16.3) a<2-=
g p

Then there is a neighborhood U of P such that A is bounded from BZW(RS) to B,g+a’r(IR3) if supp x €
U and (1/p,1/q,a) belongs to T (P).
5



Moreover A is bounded from Li(R®) to L

ﬁ+a(R3) if (1/p,1/q, ) belongs to the interior of T (P).

Remark 1.5. If p < 2 < ¢ and the Bg’r — B{ . estimate holds for a given p, ¢ with p < 2 < g then
the Lg — L +p estimate follows; this yields partial endpoint results for the Sobolev estimates.

Remark 1.6. (i) A natural conjecture for LP — L7 estimates is given in terms of distances to
tangent lines and planes. Let Aj(p,q) = 1/p — j/q and pi(d,p,q) = d—1—-1+ Ag_;/(1 — Ay).
Suppose that for I = 0,1,...,d—1 and for all [-planes E through P the functions z ~— [dist(z, E)] !
belong to L(X) for p = pi(d,p,q). One may conjecture that A maps LP(R?) to LY(R?) (provided,
of course, that x is supported in a sufficiently small neighborhood of P).

If d = 3 then the description of multitype together with estimates in §3 can be used to show
that the above conditions are equivalent with the conditions given in Theorem 1.4.

(ii) It is easy to see that the condition for I = d—1 in (i) is necessary, by testing A on characteristic
functions of cylinders with base B(P,§) and height 6.

(iii) Analogously, one can formulate a conjecture for the LP boundedness of the maximal operator
in terms of distances to tangent planes and lines. The conjecture is that M maps LP(R?) to LP(R?)
if for /| =0,...,d — 1 and for all [-planes E through P the functions z — [dist(z, E)]~! belong to
L ().

The paper is organized as follows. In §2 we shall derive estimates for operators associated to
certain classes of convex functions, emphasizing uniformity of these estimates. In §3 we shall discuss
various properties of the multitype and the associated scaling; in particular we prove versions of
Theorem 1.2. The proofs of Theorems 1.1 and 1.4 are contained in §4, and some examples are
considered in §5.

2. Operators associated to convex functions of finite line type

In this section we collect facts which are either immediate consequences of estimates for classes
of convex functions of finite type in [2], [9] or [18], or can be obtained by modifications of arguments
in those papers.

Let By C R™ denote the open ball of radius T centered at 0. In what follows it is always assumed
that T < 1. For 0<b< M, N € Z+, 2 <m < N, let S&(b, M,m, N) be the class of all Cx(Br)
functions g with the property that for all x € By

9(0) =Vg(0) =0

d n
Wg(a: + t0)|t:0 >0foralfesS
Jax ‘(E) g(x + t¢9)|t:0‘ >bforallfeS
0 \a
— <M
‘g@v‘(am) g(w)‘ <
Next let a = (a1, as,...,a,) an n-tuple with even integers so that 2 < a; < --- < a,. We define
Si(b, M,a,N) to be the class of all functions in S%(b, M, a,, N) with the property that
ZRY,
(2.2) jmax | (5-) 9(@)| > b.
We also set
“ 1
(2.3) l/k:jzzka—j, k=1,...,n, and Vpt1 = 0.



We note that if ¥ is convex and of finite line type and if P € ¥ is of multitype a then there is a
neighborhood of P in ¥ where ¥ can be parametrized by (1.9) and so that ®o L € S&'(b, M, a, N)
for a rotation L and suitable constants T, b, M.

Constants in estimates which will depend only on the parameters n, b, M, m or a, N are called
admissible. All constants in this section will be admissible, but statements involving the multitype
in §3 and §4 below will contain “nonadmissible” constants.

Notice that if ® € S3(b, M, m, N) the functions
w i &y +w) — 2(y) — (w, Ve(y))

belong to the class S%(b,3M,m,N) for all |[y| < T. A similar remark applies to the class
SST(I% M7 a, N)

We now recall an important inequality from [2] (see also variants in [9], [18]). Let |w| < T and
let

m 1 ) gJ gm+1

P =) = TO(y) 7+ M ———
() ;ﬂww W5+ M

_ _ m 1 i Sj Sm+1

Puy(s) = ; 71w, V7o)l Zy + M

Then there exists an admissible constants C1, so that for |y| < T, |lw| <T,0<s <1,
(2.4) Cy  Puy(s) < By + sw) — B(y) — (w, VO(y)) < C1 Py (s)-

Notice that by (2.4) there exists an admissible constant ¢o > 0 so that for all

(2.5) 6 < coT™ =: 6y
the sets
(2.6) B(z,6) ={y: ly| <T; |2(y) — 2(z) — (V&(2),y — z)| < 6}

are contained in {|z| < 2T'}. If ¥ = graph(®) then these sets are comparable to projections of the
balls B(y,6) defined in the introduction.

Proposition 2.1. Let ® € Sg,TTl (b,M,a,N), m = an, N >m+ 1. There are admissible constants
Ciy...,Cs, 1 > 1, Co > cal, so that the following statements hold.

(i) Let 1 < 1 < n and let E be an l-plane through the origin. Let § < Cy'T™, puy <
p < C7t6Y™. Then for all lw| < T the set B(w,ud) is contained in {jw| < 2T}. Moreover
if Ve(x,wo,ud) is the l-dimensional volume of the cross sections (x + E) N B(wg, ud), then for
wy, w2 € B(wg,b) one has
(2.7

I/m 1/2
C{l(ﬁ) / Vi(wi,wo, p16) < Ve(wy, wo, pub) < C3Ve(wa, wo, pb) < Czca(ﬁ) ! Vi (w2, wop16).

(i) Let § < Cy'T™, and let B(x,8) be as in (2.6), vy as in (2.3). Then for |z| < T,

(2.8) 1B(,6)| < C46".
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(i1i) For k=1,...,n let

Byioy o Doy
(2.9) Ky (z) = det : :
Byrr .. DBy
Then for 6 < CO_IT’"
(2.10) B(z,6)] < Cs65++1 [ sup [Ki(y)|] .
yEB(m,&)

Proof. The chain of inequalities (2.7) is an easy consequence of [18, Corollary 2.6] which in turn was
based on (2.4). Inequality (2.8) is proved by induction over the dimension. It is true for n = 1 by
(2.4). Let n > 1. Then again by (2.4) one sees that the set

(2.11) J(6) = {zn, : thereis 2’ € R" ! so that (2, z,) € B(z,6)}

is contained in an interval of length < C§Y% . The functions y' — ®(y,y,) belong to
S;‘n__llT(b, M,d',N), with ¢’ = (a1,...,an—1). By the induction hypothesis the n — 1-dimensional
slices through B(z,8) at height y, € I have volume < C§'/®1+1/an-1 The assertion follows by
integrating over J (6).

We now turn to the estimate (2.10), and consider first the case £k = n. In [9] it is shown for
arbitrary polynomials of degree < ¢ + 1 that

n

(2.12) max | det P"'(u)| < Cp q |m\i}i | P(u)

lul<n

where C,, 4 is an absolute constant. Now by estimates for functions in S%.(b, M, m, N) ([2, §3]) there
are constants cg, Co and a polynomial Ps , of degree < m, vanishing of second order at z, so that

(2.13) {y: Ps2(y) < cob} CB(x,8) C{y: Psa(y) < Cobl;

here the constants ¢y, Cp do not depend on z and 6. Following [9] we apply a result of John to
wit there is a translation 7_, and a symmetric positive definite linear transformation T so that
B(1) C T(17—;B(z,8) C B(n) where B(1) and B(n) denote the balls of radii 1 and n, centered at
the origin. By (2.13)

det 71 max | det P{!,(zo + T u)["/? < Crym max |Ps o (z0 + T tu) ™2
ujsn S

|l
and since det T~! is comparable with the measure of B(z,8) the assertion follows for k = n.
To show (2.10) we argue by induction on n, the case k = n is already taken care of. Let n > k.

Pick z € B(z,6) so that Ky(z) < 2minyecp(a,5) Ki(y)- Let Vz(yn,8) be the n — 1 dimensional slice
of B(z,6) at height y,. Then by the induction hypothesis

< CM/ S ai_l[ max Kk(z)]_lﬂ;
z:z€B(x,6)

1

|Vz (zna //'16)| S C(Sk/2+zin=_k1+1 a; Kk((zla Zn)] e

max
2':(2" ,z2n ) EB(z,116)

in this formula the sum in the exponent is not present when k =n — 1. By (2.7)

Vw (ynyé) S V:c (ynaﬂlé) S CVw(znaﬂl(S)
8



and integrating over y,, € J(8) yields another factor of §1/%= as in the proof of (2.8). O

We now let n = d — 1 and consider the regularity properties of the following integral operator
acting on functions in R?,

(2.14) Af(z) = / 1@ — o 2a— H@0) + ca)x(u)dy'-

Here ® € S 1(b, M,m,N), and the smooth cutoff function y is supported in {2’ : |2'| < T},
T < 2791y We shall not try to minimize smoothness and therefore always assume that N is large;
by “large” we mean N > 10dm, which is assumed in the remainder of this section.

Our first result is an estimate for A; after a localization in frequency space. Let § > 0 be small,
and let 8 € C$°(R?) be supported in {£:1/2 < |¢| < 2}. Define L5 by

(2.15) L51(€) = BO6E)FLE).

Proposition 2.2.
Suppose that 1 <p<2and 1/r=1/p+1/q—1. Then

1

1_ r(1—li1y_ /r
(216) ety < cstH( [t "aw) i,

for all f € LP(R?).

Proof. The proof follows a pattern of [18] and we shall be brief. Observe A; f = dp * f where dp is
a smooth density on . We split du = > ;j dp; where each dy; is supported in a cap B; of height
~ 6 and the caps (or “balls”) have finite overlap. This splitting is done by using a partition of
unity subordinated to the B;, see [2] for the metric properties of the caps and [18] for the necessary
quantitative bounds for the partition of unity.

For sequences v = {;} consider the bilinear operator

Ts[y, £] = > v Lsldp; * ).
J

The inequality (2.16) follows by choosing v = (1,1,1,...) from from the following more general
estimate, valid for p < 2:

11 EENEINA Vo 1 1 1
@) T Sl < 08 (Sl 1B ) Tl = e o
J

Indeed (2.17) is clear for p =1 = ¢, and also for p = 1, ¢ = co (where r = 00). The nontrivial part
is the case p = 2 = ¢ (again then 7 = 00); but this estimate is a consequence of Theorem 2.2 in [18].
The general case follows by interpolation. O

The next result is an immediate consequence, and also proves Theorem 1.3.

Corollary 2.3. Suppose that 1 < p < 2 and suppose that

1_1 2q(p—1) %4‘%—1

(2.18) sup 5373 ( / 18w, 8) 7% duv) <A<oo

50 flwl<1}
9



holds for some (p,q) with p < q. Then A maps the Besov space Bpﬂ,(Rd) boundedly to Bz+a,T(Rd)

Remark 2.4. For the model example (1.7), i.e. £4=cq— E‘;;ll |z;]|% one has

(k—1)n

/|B(w,6)|’7dw < C max oMt =5",
1<k<d

see [18, formula (5.2)]. From this the sharp estimates for the maximal operator have been deduced

in [18]; moreover Corollary 2.3 implies that the averaging operator maps BZ’T to Bg v EP <2

and (1.14) is satisfied. Concerning LP — L7 estimates this gives an extension to some endpoints of
estimates in [|, namely in the cases where p < 2 < g.

In order to prove the maximal Theorem 1.1 we shall rely on the following result implicitly in
[18].

Theorem 2.5. Let A;f be as in (2.14) and define the associated mazimal function by Mf(xz) =
SUpysq [Aef(x)]. Suppose that

2—-p

oy (9) = (| 1B(w.6)] %5 du) 7,
and the inequality
! 1_1 ds
/ log(1+ 5~ )]536717T 2 (6)% < 4 < o0
0 p
holds. Then M is bounded on LP; the operator norm is dominated by C A||x|| where C is admissible

and ||x|| is a suitable Sobolev norm of x.

Proof. Let Hs(x) = t"Ls[du)(txz) where L5 is as in the proof of Proposition 2.2. By [18, (4.4)]

|| sup |Hs * f||, < Cllog6™']» =26~ "/PT »_(8)
t>0 P 2-r

for small é§ and the statement of the theorem follows by introducing a dyadic decomposition for large
frequencies and summing the estimates for the operators corresponding to the pieces. O

A consequence of Theorem 2.5 and Proposition 2.1 is

Proposition 2.6. Let & € S&7' (b, M,a,N), N > m+ 1 and let B(w,6) be defined as in (2.6). Let
ke{l,...,d—1}, >0 and n > 1/2. Suppose that

(2.20) |B(w, 6)| < C8"

(in particular we can choose n = vy if v1 > 1/2) and
(2.21) / Ki(z)Pdo(z) < A,

Then the following statements hold.

(i) M is LP bounded for p > %

1) ] k4142
(i) If B > m then M is LP bounded for p > HT:LH

. 142028 (k+2vjp1—2
(i) If B < m then M is L? bounded for p > po(8,n, k) = gniﬁ(ii;k;ﬂ%)").

Proof. First note that the restriction > 1/2 implies that %# < 2 and po(B,n, k) < 2 if

B < m Therefore it suffices to check the condition (1.6). (i) follows immediately from

Theorem 2.5; however this special case follows already from Greenleaf’s paper [11].
10



We may therefore assume that (k 4+ 1 4 2vp11)/(k + 2vp41) < p < (29 +1)/2n. Let

[3

(P =1k +2v044,) — 1
(p—1)(k + 20441 — 2n)°

5~
||

|
I

Note that 6 > 0 since (k4 1+ 2vg41)/(k + 2v441) < p and 8 < 1 since p < (2 +1)/27. Moreover a
computation shows that the inequality 8 < 6 is equivalent with

(2.22) 1420 —28(k + 2vk41 — 2n) < p(2n — B(k + 241 — 2)).
If B > g then (2.22) holds for all p € (S422%2,2) and if § < gy then (2.22) is

satisfied precisely for p > po(B,m, k). In either case it is therefore possible to choose 0 < § < 1 such
that 8 < 6 < 6. We now estimate using Proposition 2.1

2-p

(/U)ST|B(w 8)|7*% 1dw)2_Tp = </|w|<T IB(w, §)| 5 1-0)+35 29dw) 5

700 [ K]
lw|<T

2—p

(K (w)] 50 Ddw) 7

2-p

)p

< (B st

< O§@n0+(k+2vip1)(1-6)) 252 </

lw|<T

The integral is finite if %(1 —0) < B; a short computation shows that this is equivalent to the
condition 8 > 6 hence satisfied in view of our choice of §. Now according to Theorem 2.5 the L?
boundedness holds if (218 + (k + 2vk41)(1 — 0))’% > % and another computation shows that this

is precisely the restriction § < §. O
As an easy consequence we obtain

Theorem 2.7. Let ¥ C R?, d > 3, be a convex hypersurface of finite line type and let K (x) the
Gaussian curvature. Suppose that

/[K 17Pdo(z) < oo forallﬂ<ﬁ.

Then the maximal operator in (1.2) is bounded on LP(R?), for p > d/(d — 1).

Proof. After localization we may assume that the averaging operator is of the form (2.14). Note
that |B(z,6)| =~ |B(y,8)| if y € B(z,6). Therefore by Proposition 2.1

B84 5 [ 1B, doty) £ 6840° [ k)| Pdoty)

Therefore |B(z,6)| < 6" with 95 = (‘lijr;gﬁ and ng > 1/2 if B > (2d — 4)~'. The assertion follows
from an application of Proposition 2.6 with & = d — 1, n = 5, the critical exponent in case (ii) is
then p = ngl and for 3 =1 — € we see that nEl =d/(d—1)+0(). O

11



3. Auxiliary Results

According to a result of Schulz [20] one can decompose a convex function at a given point into
a main term, which after an affine change of variable exhibits some homogeneity, and a remainder
term. We first need the following

Definition. Define the dilations 4, by

(3.1) Asz = (s%ml,... ,sﬁ:cn).

We say that a smooth function @) : R® — R is mixed homogeneous of degree (a1,as, ... ,a,), a; >0,
if

(3.2) Q(A,zr) = sQ(x),s > 0.

The following Proposition summarizes and extends a result of [20]; the fact (3.5) below was
already applied in the proof of Theorem 10 in [14].

Proposition 3.1. Let ® € S%(b, M, m,3N + 2), where N > m. Suppose that a1 < --- < ap <m
and a = (a1,as,...,ay) is the multitype of ® at 0. Then the following statements hold.

There is a rotation L on R™ so that
(3-3) ®(Lz) = Q(z) + R(z), |z| <T

where @ is a convex mized homogeneous polynomial of degree (ay,...,ay), the a; are even positive
integers with a1 < --- < ay, the graph of Q is of finite line type < a, < m and (a1,...,a,) is
the multitype at O of the graph of ® (considered as a subset of R**'.) If a; < aji1 then the linear
subspace S% consisting of all v such that ({v,V))?[® o L](0) = 0 for j < aj+1 is the image of
span{e;i1,...,en} under L='. Moreover

(3.4) Q) >0 ifzx#0
and
2 Q
(3.5) Q@) < ClalIVQ@)| < Calo? Y | 5= ().
iwj 851716.733
The remainder term R satisfies
1 01 1
(3.6) ‘s* —(R(Asw))‘ < Cyns'/™
Ox®
for |z| < T and all multiindices o = (oa,...,aq-1) with |a| < N; As is as in (3.1).
If a1 = --- = ax, = 2 for some k, then the rotation L can be chosen so that
(3.7 Qz) = c12? + - + cx 2t + Q@hy1, ..., Tp)
where @ is mized homogeneous of degree (api1,...,an); i.e. @(sﬁxkﬂ, ... ,sﬁmn) =

$Q(Tpy1,---Tn) for all z € R™.

Remark. We note that if ® belongs to SZE(b,M,a,3N + 1) then @ belongs to a family

Sh (5, CM,m,3N + 1), with b> 0, but unfortunately there is no good lower bound for b in terms of
b.
12



Proof of Proposition 3.1. The decomposition (3.3) was obtained by Schulz [20] and the construction
involved the subspaces S™: mentioned in the introduction. The polynomial ) was obtained as a
Taylor-polynomial 3 ¢,27 of ® o L where each multiindex v satisfies Y. ; 7;/a; = 1; the convexity
and (3.4) is verified in [20]. As observed in [14], (3.5) is a consequence of Euler’s homogeneity

relation Q(z) = 3 z;a; ' Qq, (z). To see (3.6), fix @, and use Taylor’s formula to write

R(z) = Pan(z) + Ron(2)

where Pan () is a linear combination of monomials Gg(z) := z# with |8] < 2N and Y p_, 5—: > 1.
If a; < B;, i =1,...,n it follows immediately that

alel

_ —a —143_ Be
dze [5 lGﬂ(Asw)]zca,ﬂwﬁ oy i

which is < C's'/™ since (3, assume only integer values and m~' < a;;*. Thus

olel

9 [8—1P2N(As$)] | < CM,Nsl/m_

Finally, the remainder Roy (z) satisfies [0, Ron (z)| < Cn|z|>N 112l for |a| < N. Therefore

glel
dxe
by the definition of N. This finishes the proof of (3.6).

We now turn to proving (3.7) and discuss first the case k = 1. Split z = (z1,2') with 2’ =
(z2,...,24-1). Then @ can be decomposed as

[silR(As:c)] ‘ < Clz/N+ts Lt max s+ < ¢ |s|t/m

Q(z) = 12?2 + 21 A(2") + B(2'),

where B is mixed homogeneous of degree (az,...,a4—1), and A is mixed homogeneous of degree
(a2/2,...,an/2). In order to prove that A = 0 it suffices to show that the partial derivatives Ag,s;
vanish for all ¢,j > 2. To see this we use homogeneity. Define

bz’ = (sl/“xg, cee, sl/a"wn)
and observe that

iz (63.'171) — Sl—l/ai—l/aijmj (SL’I)

B
(3.8) e,
Awiwj(ésxl) — 81/2 1/a; l/aJA;Ejzj (.CL'I)

for s > 0.
By the convexity of @ we have

(3.9) (n, V2Q(z)n) >0
for all « near 0 and all n. With n =e;, 7 =2,...,n this yields

(3.10) 0 < Byjq, (') + 21 44,4, (2')-

Suppose now that Ay, (') # 0; then Gj = By, [A,,4, satisfies Gj(6,2") = s'/2G;(a") for o'
near '. Using this homogeneity property we see from (3.10) that if A, ,; is not identically zero, then
13



e§V2Q(m)ej changes sign arbitrarily close to the origin, a contradiction. Therefore A;;,; vanishes
identically, for j = 2,...,n.

Next we show that A,,,; = 0 for i # j. We apply (3.9) with = &ie; + {je;. Since A,,,; =0,
(3.10) becomes

(3.11) 0 < Byyyi (2')€] + 2By, (2")6i&j + Bu oy (2] + 221 Ay (23,

Assume that A,,,,(Z') # 0; by homogeneity we have then A, (6;2") # 0 for 2’ near '. By (3.8)
and (3.11) it follows that

(n, V2B(65x")n)
0 < T o A/c N\
STt VR AG )
By (@')€381/271/0i41/05 L 9B, . (2)£i€;8Y% + By, (2')€251 /21 /ai=1/a;
=

2Awiwj (xl)fi‘fj

and this expression tends to z; as s — 0 since |a; ' — aj_1| < 1/2. Thus for each s sufficiently small,
we can find a value of z1, such that the right side of (3.11) vanishes. We see that the expression
changes sign arbitrarily close to the origin, a contradiction. Hence A, ., also vanishes.

We now turn to the case k > 1. Split z = (2',2") with ' = (x1,...,z); then
k
Q(x) = Qo(z") + ZmiA,'(:c”) + B(z").
i=1

where Qo (z') is a positive definite quadratic form on R*, the functions 4; are mixed homogeneous
of degree (ak+1/2,...,a,/2) and B is mixed homogeneous of degree (ag+1,.-.,an). By performing
a rotation in the z' variables we can assume that Qo (z') = Zle ¢;x?. Then we can apply the case

k =1 already proved to the functions (z;,z") — Q(z;e;, z"") and deduce that 4; =0. O

Lemma 3.2. Suppose that ® € S (b, M,m,N), N > 4m, as > 2, and suppose that

8% 0P 8 .
6.’6% (0) 7é 0, 6%’;2 (0) # 0, 6—.’5‘;(0) =0 Zf.] < as.
Let K»[®) = ®4,2, Proas — (CI)$1$2)2. Then
0922 FC,[8)]
3.12 ——(0 0.
3.12) ) #

Moreover there is € >0, § > 0 and C,, (all depending on ®) so that

5
(3.13) sup / (Ks[¥)(2)) "dzs < C,, ify < (m—2)"1,
T1,L3y.3Tm -6

)

fOT' all T € SF(b/2,2M,m,N) with ||@ - \I’”CN(W‘ST) <e€.

Proof. We define ¢(y1,y2) = ®(y1,%2,0). Then (1,0,...) is an eigenvector of the Hessian of ¢ and
we can apply Proposition 2.1 to ¢, without performing a rotation. Thus

C1 - a
P(y) = 5@/5 + cay5? + R(y)
14



where ¢; > 0, ¢ > 0 and R satisfies (3.6). Now

K(y) = cic2as(az — 1)y3* ™% + E(y)

where the error E(y) is given by

E=(c+ Ry1y1)Ry2y2 + czaz(as — 1)Ry1y1y(212_1 - R32/1y2

Expanding R we see that

(3.14) R(y) = Y csy” + Rap1 (v);
8

here we sum over multiindices § so that |[8] < m and (:1/2 + B2/as > 1. All derivatives of order
< ag of Ry,4+1 vanish for y = 0.

In order to show (3.12) we shall show that 82> E(0) = 0. To see this let G5(y) = y”. We have
to verify that

0Gg _
8y;2 _O(y)

82+£G,3 6a2—€Gﬁl
=0(y), L<ay—2
6:1/%63/% 8y32,g (y) < ag

82Gy

BHIGL; a2
=0 1<l =

39104, ®), <<

ag—£

whenever 3 or 8’ occur in the sum (3.14). Considering the term % 8;@/%?5' it is clearly O(y)
10Y3 5

unless B1 = 2, B2 = {, 3] = 0, B3 = ap — L and B; = B; = 0 for j > 3. But this implies that

as — £ = as, hence Gs(y) = y#, but y? is not an admissible term in (3.14). We argue similarly for

each of the other terms and (3.12) is proved.

To see the second assertion we use a result related to van der Corput’s lemma which is due to
M. Christ [4] (alternatively one may use the Malgrange preparation theorem). It states that for any
k € Z there is a constant A, such that for any interval I C R, any f € C*(I) and any v > 0

(3.15) {teI:|f(B)] <7} < Ay inf [D*f(s)] /",

By continuity we know that 35552
2

(3.13) O

(z) # 0 for small z and we can apply (3.15) with k = a2 to obtain

Proposition 3.3. Let n = 2, ® € S4(b, M,m,N) for large N and suppose that (a1,az) is the
multitype at O; moreover assume

J
=0 forj<a
(3.16) aqu)
W(O) #0,

K3
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fori=1,2. Let p(z) = 27* + x5> and let
Q=A{z: 21 < p(z) < 24}.

Let v =1/a; + 1/ay. There is £y > 0 so that for £ > £

(3.17) / |det @ ()| Vdo(z) < C, 252727 for 4 < —-
Qy 2 =

Moreover [det ®"]77 is integrable over a neighborhood of the origin.

Proof. In view of assumption (3.16) we may decompose & = () + R where () is mixed homogeneous
of degree (a1, az), in fact Q(z) < c1p(z) < c2Q(x) for small z, by the homogeneity and positivity of
@ and p. The function @ is of type < as near 0 and by homogeneity considerations it is easy to see
that @ is of type < as everywhere. Moreover, by (3.5) the rank of @ in € is at least 1.

Let I' = {z € Q : det®"(z) = 0} and fix 2° € . Then there is a rotation Lo so that
¥(y) = Q(2°+ L,oy) satisfies the assumption of Lemma 3.2 and therefore we can integrate [det Q"]
over a small neighborhood of z°; moreover the bound persists for small CV perturbations of Q. Using
compactness arguments we see that there is € > 0 so that

(3.18) [det ¥ dz < C,
931

if [[¥ — Qllev(,) <€ and v <1/(az —2).
Let, for large £
By(y) = 2'@(2 71y, 27 2yy).

Then
(3.19) P, =Q+ Ry

and all derivatives of R, tend to 0 uniformly in {y : p(y) < 1}. Therefore there is £y, 27% < 1 so
that (3.18) applies for ¥ = &,, £ > £y, with a bound independent of £. Since

(3.20) det &7 (y) = 221" det @"(27/1y1, 27/ 20)

we obtain for ¢ > £,

et 8(y) |y = [ 27| det 87(27 1y, 2 2y0) |y

Qg Q

(321) — 2—(1/22'%(1—1/)/ |det Qzl(y)l_dey
1951

If v < (a2 — 2)~! we can dominate the integrals by a constant independent of £ and the estimate
(3.17) is proved.
2

Since a1 < ap we see that —v +2y(1 —v) < Z((a2 —2)y—1) < 0 and therefore we can sum the
estimates (3.21) to obtain the integrability of [det "]~ near the origin. O

Proof of Theorem 1.2. Immediate from Proposition 3.3 O

We now examine the size of the balls in (2.6) near a point of given multitype.
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Proposition 3.4. Let ® € Si(b, M, m,N), where N is large, and let a = (a1, az2,...,a,) be the
multitype of ® at 0. We assume that (3.16) holds fori=1,...,n.

Letv = 35, a%, let ply) = Y, yd and Qp = {z : 2751 < p(z) < 2}, Then there are
constants Cy, Cy so that for C16 < 27¢ < Cy, y € Q

1 1
(322) |B(ya6)| < Ca6a2£(aiu) if a< B} + P

Proof. Decompose ® = @Q + R as in (3.3). By our assumptions this holds with the rotation L being
the identity. By the metric properties of the balls B(y,6) (in particular the triangle inequality for
the pseudo-distance associated to these balls [2]) it follows that there are constants C; > 1, C > 1
so that

B(y,8) C {z: C1'Q() < Qy) < C1Q(x)} if  Q(y) > Caé.

Now let Q(y) > C26 and set ®;(w) = 2¢®(A,-.w); note that ®, = Q + R, where R, tends to
zero in the C* topology. Let £ be large so that 27 ¢! < Q(y) < 2. Then one computes that with
W={y:C7'/2<Q)<Ci}and V; = Ayy € W

{Apez: 2 € By,0)} = {w: Be(w) — @(Yz) — (w — Y, VE(Y2)) < 2°6} := Wiy

and Wy, s is contained in W. By Proposition 3.1 there is C2 > 0 and ¢y > 0 such that for any
y € W there is a unit vector 8 with (8, V)>®,(y) > C, for all £ > £y. Moreover &, is of line type
< an, with uniform bounds for £ > ¢y, since this is the case for (). This implies that

[We,5] < C(2°6)°
for 0 < a < 1/2+1/ay. Since the Jacobian of the change of variable z — A, is 2 we obtain that
1B(y,6)| < Cs¥2 v+t
and since Q(y) ~ p(y) the assertion follows. O

Remark. Let o < 1/2 + 1/a,. The estimate |B(y,6)| < C8*[®(y)]"~ <, for small y, is an easy
consequence of Proposition 3.4.

4. Estimates involving the multitype

We shall first give a different proof of the following Theorem proved by the first two authors in
[14].

Theorem 4.1. Let M be as in (1.2). Suppose that (a1,as,...,aq) is the multitype at P and that
v = Z;.i;ll % < % . Then there is a neighborhood U of o so that M is bounded on LP(R?) if
p > v L, provided that supp x C U.

Proof. We may assume that our averages are of the form (2.14) and P = (0,c4). Since v~ ! > 2 we
just have to verify (1.4). We now use Proposition 3.4, with & = v in the first term below and a < v
in the second, and obtain

p—2 p=2

F#(é)s(/p(w)SClé|B(w,6)|v—2dw) Ty (/p(w)m_l 1Bw, &)/ 722dw) 7

016<2-t k1

S C(é‘u+ Z (6(12[(&7”))%6,/?7?2) S CI(SV.
C16<27tL1
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This implies (1.4) since v > 1/p. O

Proof of Theorem 1.1. If a1 > 2 then v < 1/4+ 1/as < 1/2 and the assertion (i) follows from
Theorem 4.1 (the necessity of the condition had also been shown in [13]). Now let a; = 2. Assertion
(ii) follows from Proposition 2.6 (with k = 2, v3 =0, n = 1/2 4+ 1/az), and by Proposition 3.3 the
hypothesis of (i) is satisfied with 3 < (az — 2)~!; this shows assertion (iii). O

Proof of Theorem 1.4. Tt is sufficient to assume that A is of the form (2.14) so that the multitype
at 0 is a = (a1,as) and x is supported near the origin; moreover we may assume that (3.16) holds
fori=1,2.

We have boundedness for the cases p = 1 = q¢ trivially. Since |B(y,8)| < Cé for small y and §

it follows from Theorem 1.3 that .4 maps Bg,r to B§+a if1<p<2, a>-vand % -i< 2?”—"4‘_"1)

This is the asserted estimate for 1/p+1/¢q = 1. We remark that this result is well known and follows
just from the assumption that c/i;(f) = O(|¢|™"), see e.g [23, p. 371] and also the original references
[25], [17].

We shall now consider the case 1/p + 1/¢ < 1 and prove boundedness under the conditions
(1.15.1-3); boundedness for 1/p + 1/g > 1 under the conditions (1.16.1-3) follows then by duality.
We shall verify the condition (1.13) by estimating the volume of the balls B(w, §) using Proposition
2.1 and then apply either Proposition 3.3 or Proposition 3.4 or both.

In what follows define r and ¢ by

1 11
=241
rop g
_ 2q(p-1)
p+a—pq

so that o/r = 2/p'. First observe that by Proposition 2.1

1 ytl vl

(1)  eoeta (/ |B(’w,6)|ddw); < O ety = gt
p(w)<C26

which is bounded uniformly in §, by 1.15.1. Here we assume that C5 is as in the statement of
Proposition 3.4.

We use Proposition 2.1 to estimate B(w,8) and our conclusion follows if we can verify the
estimate

0(179) ]_/7' 11
(4.2) (/ (#) |B(w,<5)|<’9dw) < C8%FTra
Ca8<p(w)<e N 1/det " (w)

for suitable 6 € [0, 1] and small c.
In the present relevant case 1/p+ 1/q > 1 we distinguish three subcases

1 1 a; —1
43.1 as—1)(1—=)—=>0 and +i<a—1,
(4.3.1) (az — 1)( p) s 5 1

1 1 a; —1
4.3.2 a3 —1)(1—=)—=>0 and Fo>a -1,
(4.3.2) (az — 1)( p) .2 " > ay
(4.3.3) a-1a-3 Lo

3. as — ) .
? p q

We begin by assuming that the third estimate (4.3.3) holds. Here we check (4.2) with 8 = 0; by
Proposition 3.3 the desired estimate holds if
1

a2—2

(4.4) o>

11
(4.5) T<a+=—-.

r P q
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It is easily checked that (4.4) is equivalent to (4.3.3) which is presently assumed and (4.5) is equivalent
to the assumption (1.15.3).

Next we assume that the inequalities (4.3.2) hold. In order to carry out the integration in (4.2)
we have to assume that o(1 — 6) < (az — 1)~! which is equivalent to saying that  is larger than the
critical value

(4.6) fer = (a2 —1- L).

Under the conditions (az — 1)(1 — %) - % > 0 (i.e. in (4.3.1) and (4.3.2)) we have that 6, > 0;
moreover one can check that the assumption 1/p + 1/¢ > 1 is equivalent with 6., < 1. We may
therefore choose 8 = 6., + € < 1 where € is small.

Let Qp = {w: 271 < p(y) < 27¢}. By Propositions 3.3 and 3.4 we estimate

67&7%+% (/Q2 ( det(fI)u(w))0(1_9)|B(w’6)|09dw)1/r

(4.7) < Céfaf%+%+@+(%+£)0%2%(7u+d(170)(17V)+(%+ifl/)m9)

Now one computes

%(—y-i-a(l—0)(1—1/)-%—(%-!-%—1/)00) =

1 1 o1-6) 1 1.0 . az — 2
ey — -4 = 24 V= =5 — N _
@ +q " +(2 a2) " e( . ) —
where

- 1 -2
a=2_§+_ 6'cra2 ’

b q azp

as+1 1.1
=21 2+ =)+ (1+—)=
as as’ p az

Therefore if (4.3.2) is satisfied we can choose ¢ = § — 6, so small that the exponent of § in (4.7)
becomes nonnegative. This settles the estimate in case (4.3.2).

Finally assume that (4.3.1) holds, and again choose § = 6.,+¢. The assumption “1’%1+% <a—1

implies that the terms 2¢-) in (4.7) form an increasing geometric progression if € > 0 is chosen
small enough. We compute

a1l ) o(1-0) - 1/r

st Y (/ (W) B(w,8)| duw)
2—22026 Q, et (w)

< 050 r it G0 s (R0 (1-n)+(5+ 5 ) 20)

— 5o rtIt I — gsatv

We have proved the asserted estimate in the remaining case (4.3.1). O
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5. Some Examples

As pointed out before Theorems 1.1 and 1.4 are sharp for the surfaces given as a graph z3 =
z{' + z3?. We now discuss a class examples for which the multitype does not suffice to get the best
possible results. In order to prove improved LP — LY results we shall directly apply Theorem 2.5.

Maximal operators. Let ¥ C R® be the graph of
(5.1) ®(z) = 2] + 75 + ziT3 — Co

over the set |z1|+ |z2| < 1/4 and consider the averages (2.14), with x supported where |z1|+ |z2| <
1/8. The Hessian
det " = 4z? + 24235(1 + 23) — 162322

is nonnegative in the support of x and since trace(®") > 1 we see that ®" has two positive eigenvalues
away from 0. Therefore ® is convex, of multi-type (2,4) at 0 and of type 2 at (1, x2) # 0 near 0. The
sufficient condition for L? boundedness which only depends on the multitype yields boundedness for
p > 8/5, by Theorem 1.1 (iii). However | det ®”|~1*¢ is integrable near 0, for all ¢ > 0, and therefore
we obtain LP boundedness for p > 3/2, which the best possible result.

More generally we consider
(5.2) ®(z) = 22 + oM + 2928 — ¢y

where a and b are positive even integers with a/2 + b/M > 1. The graph of ® is convex near the
origin and the multitype at (0,0) is (2, M). Therefore, if the cutoff function x has small support
one ceratinly obtains boundedness for p > 2(M + 1)/(M + 2). One computes

det ®"(z) = cad’ =2 + dzfab™2 + o(@) =% + 282572)

with ¢,d > 0. Then for small
/ [det "] 7dx < o0
|z|<e

if

1 1 + M-b }

—2’M—2" a(M—-2)

Note that ver > (M —2)7! if b < M. In this case part (ii) of Theorem 1.1 gives us L? boundedness
for p > py where the critical exponent pyg is less than 2(M + 1)/(M + 2).

7<’Ycr=min{b

LP — L9-estimates. Consider again the example (5.1). Let Qo = (6/5,1/2), Q3§ = (1/2,1/6), and
R = (5/7,2/7). Then the result of Theorem 1.4 implies L? — L4 boundedness in the interior of the
convex hull of the points (0,0), (1,1), Qo, @ and R.

Let £ be the line 2—3/p+1/q = 0 and let o be the lower edge of the boundary of the boundedness
region which contains the point (1,1). All points on £ with abscissae 1/p € [5/6, 1] belong to 0. We
shall show that this segment is in fact longer and thereby obtain a larger boundedness region. We
use the estimate (2.10) with £ = 2 and 441 = 0. LP to L? boundedness (p < ¢, p < 2) holds by
Theorem 1.3 if

1 1
1_142p=Y11 a(p—1) ptg—1
55—;+m(;+5—1)(/|det¢”|—mdx)p ! <o

b

and the exponent of § is positive. The last requirement is equivalent to the restriction 2—3/p+1/q >

0. Since | det ®"|77 is integrable for v < 1 we obtain boundedness if the restriction % <1

is satisfied. A computation shows that all points on ¢ with abscissae 1/p € [4/5,1] belong to
20



ag.

Therefore if (1/p,1/q) belongs to the interior of the pentagon with vertices (1,1), (4/5,2/5),

(5/7,2/7), (3/5,1/5) and (0,0) then the averaging operator maps LP to L. Similar considerations
yield improved LP — LY estimates.

We remark that the preceding LP — L estimates for the example in (5.1) could also be obtained

by a scaling argument in the spirit of [15]; one uses isotropic dilations since the curvature vanishes at
an isolated point. The rescaled operators can be embedded in analytic families and the estimations
are variants of those in [17].

N

10.

11.
12,
13.

14.
15.
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