SOME SHARP RESTRICTION THEOREMS
FOR HOMOGENEOUS MANIFOLDS

LAURA DE CARLI AND ALEX IOSEVICH

Introduction: Let M denote a submanifold of R*t of codimension . Let R denote a
restriction operator

(0.1) Rf(n) = / @M f(2)de, neM, feSE™).

We wish to find an optimal range of exponents p such that

(0.2) IR 20, a0y < Cpllf || Lo @ntrys

where do is a compactly supported measure on M.

When M is a codimension one surface in R**! with non-vanishing Gaussian curvature,
the estimate (0.2) is well understood. A celebrated result due to Stein and Tomas says that if
M has non-vanishing Gaussian curvature, then the estimate (0.2) holds with p = 2(:7:42). In
higher dimensions the situation is more complicated. When M is a codimension two surface
in R"*2 satisfying a non-degeneracy assumption, the estimate (0.2) holds with p = 2(:7:;:‘).
(See [MC] and Theorem A in the Section 2 below). However, a sharp necessary and sufficient
condition is not currently available.

It should also be noted that even in codimension one, the more general (LP, L) estimates
for the restriction operator are not fully understood, except in the dimension two. (See [St]
for a detailed discussion). We shall not address this issue here.

The purpose of this paper is to establish the estimate (0.2) in the case when
M = {($7~’Bk+17 "'7~’Bk+l) Tk4+1 = ¢1(l’), sy Ll = ¢l(~7;)}a

where ¢; € C°°(R"\0) is homogeneous of degree m; > 1.
Let F|[do] denote the Fourier transform of do. By a theorem of Greenleaf (see [Gr]), the

inequality (0.2) holds for p = 22(5711) if
(0.3) |Fldo](RC)| < C(1+ R)™7, ¢esntt,
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We shall see below that isotropic Fourier transform estimates do not yield the sharp
restriction theorem in codimension two or higher (see e.g [MC]). It should be noted that
even in codimension one, it is not known whether the exponent given by Greenleaf’s theorem
is sharp.

The best possible isotropic rate of decay of F[do] for the homogeneous manifold M defined

above is —m An application of Greenleaf’s theorem yields the estimate (0.2) with
2(n 4+ 1lm)
(04) P i

where m = max;{m,}.
However, the following homogeneity argument due to Knapp suggests that the optimal
exponent for the estimate (0.2) is

2(m1+ ... +my +n)

0.5 _ _
(05) Po n+2(my + ... +my)

Indeed, let R denote the restriction operator defined above. Let ﬁg = h, where h is the
characteristic function of a rectangle in R**! with sides of lengths (1, 1, ---1, C, ..., C), C
large.

Then

(0.6) | f5llp 2 61— 1/P)(ntmat..tmi) and IR fs|2 ~ 67/2.

2(n+m1 + ... +my)
n+2(my+..+my)’

We will establish the estimate (0.2) for a homogeneous manifold M, with the exponent
po given by Knapp’s homogeneity argument, under a variety of conditions on the level sets
of the graphing functions ¢1, ¢, ..., ¢;.

Hence (0.2) can only hold if p <

Our main results are the following. The first result gives us a good description of L?
restriction theorems for two-dimensional submanifolds in codimension 2 given as graphs
of homogeneous polynomials. (Please see Definition 2.1 and 2.2 below for the precise de-
scription of finite type. Please see Definition 2.8 below for the description of the order of
vanishing along a line.)

Theorem 1. (See Theorem 2.9 in Section 2). Let

(0-7) S = {($1,$2a$3a$4) I3 = ¢1(331,$2), T4 = <152(5'31,332)a}

where ¢1, ¢a € C°°(R?) are homogeneous polynomials of degree my and mo respectively,
(my > mg > 2). Suppose that there exists a non-zero constant ¢ such that ¢, (m)|{$_¢ (@)=1} =
P2 =

c. Let ZO = {($1,$2) . ¢2(x1,x2) = 0}, Z1 = {(.’131,:172) : v¢2(x1,x2) = (0,0), and Z2 =
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{(z1,22) : Hpa(x1,22) = 0}, where Hpy denotes the determinant of the hessian matriz of
¢o. Suppose that the curve {x : ¢2(x) = 1} is of finite type m at each point of Zo N {x :
¢2(z) = 1} and that ¢y vanishes of order < M along the lines contained in Zy U Zy. Then
(0.2) holds for every p < po, where py is the sharp exponent

mi1 + ma + 2

0.8 ;
( ) mi1+mo+1

if m1 + mg > max {QM (1 + @) ,Qm}. Furthermore (0.2) holds with
ma

20+ MQ+22) 2(m +1)

1+2M(1+ 1) 2m+1
max{2M (1 + %), 2m},

2 p<min{2(1+M(1+z—;) 2(m+1)

L+2M(1+721) 7 2m+1

(1) p < max } if min{2M (1 + 71),2m} < mq +my <

} if 4 <mi1+me <min{2M (1 + 1), 2m}.

The following result answers a question posed by Fulvio Ricci about the restriction theo-
rems for manifolds given as graphs of quadratic monomials. The proof relies on the precise
asymptotics of the Fourier transforms of certain distributions obtained by Shintani (see [TS],
and Lemma 3.3 below). It has been brought to our attention that this result is implied by
a theorem announced in the Bulletin of the AMS by Gerd Mockenhaupt (see [GM]). We
enclose the proof for reader’s convenience, and to motivate the related results proved in this
paper. (See e.g. Theorem III below).

Theorem II. (See Theorem 3.1 below). Let S = {(z,Zpi1, ., Tnyy) € RPT 2y =

G1(2),y ooy Ty = Gi(x)}, where | = @, and the ¢; denote the distinct monomials of

2(n+2)

degree 2. Then the estimate (0.2) holds with the sharp exponent py = T3 -

The following result generalizes Theorem II to manifolds given as joint graphs of smooth

functions of higher order of homogeneity. The proof relies on the non-isotropic decay esti-
mates for the associated Fourier transform of the surface carried measure. The observation
that the non-isotropic decay estimates are useful to obtain sharp restriction theorems in
codimension > 1 is not new. See for example the work of M.Christ ([MC]) and E.Prestini
([P]).
Theorem III. (See Theorem 3.2 below). Let S denote a compact piece of the manifold
{(Z, Tps1y s Tnrr) € RV 2y = ¢1(2), ., T = d1(z)},where ¢; € C°(R"/0) is
homogeneous of degree m > 2n. Suppose that no linear combination of the ¢;’s vanishes on
a subset of postive measure of S*~L. Let ®(z) = (¢1(x), ..., (x)). Suppose that ®(w) #
(0,...,0), w € S*~1. Then the estimate (0.2) holds with the sharp exponent

2(n 4+ 1lm)
(0.9) PO = T om
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Many of our results are based on the non-isotropic decay estimates for the associated
Fourier transform of the surface carried measure. A sample result is the following.

Theorem IV. (See Theorem 1.1B below) Let S = {(%,Tpy1y s Tnyy) € RPFT 2y =
$1(z), .o, Ty = $i(x) }, where each ¢p; € C°(R™/0) is homogeneous of degree m > 2n. Let
(I)(JZ) = (¢1($)a e ¢l(x)) Let Qk('r) = <(I)($)a )‘> Let

(0.10) F(EN) = /ei<$7€)+>\1¢1($)+---+>\z¢l($))¢(x)dx’
where 1 is a smooth cutoff function. Then

(0.11) P&, N <C / @5 ()| dw.

Sn—l

This paper is organized as follows. In Section 1 we will prove some estimates related
to the decay of the Fourier transform of the surface carried measure. In particular, we
will estimate the decay of the Fourier transform of the surface carried measure, in any
codimension, in terms of the integrability of the multiplicative inverses of the graphing
functions ¢; restricted to the unit sphere. Using this technique we shall also obtain an
accurate non-isotropic estimate for the Fourier transform of the surface carried measure in
the case when every graphing function has the same homogeneity.

In Section 2 we will apply the results of Section 1 along with the results of M. Christ
([MC]), E. Prestini ([P]), and a variety of scaling arguments to obtain a sharp estimate (0.2)
with the exponent pg given by (0.5).

In Section 3 we will use the non-isotropic estimates from Section 1 to study restriction
theorems in the case when every graphing function is homogeneous of the same degree
m > 2.

SECTION 1

THE DECAY OF THE FOURIER TRANSFORM OF THE SURFACE CARRIED MEASURE

We will need the following definitions. (See e.g. [Gr], [MC]).

Nonvanishing Gaussian curvature: Let X be a submanifold of RV *! of codimension
1 equipped with a smooth compactly supported measure du. Let J : ¥ — SV be the usual
Gauss map taking each point on ¥ to the outward unit normal at that point. We say that
> has everywhere nonvanishing Gaussian curvature if the differential of the Gauss map dJ
is always nonsingular.

Strong curvature condition: Let S be a submanifold of R** of codimension ! equipped
with a smooth compactly supported measure du. Suppose that S is a joint graph of smooth
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functions g1, g2,...,9;, where g; : R* — R. Let N, (S) denote the I-dimensional space of
normals to S at a point zy. We say that S satisfies the strong curvature condition (SCC) if
for all zo € S in some neighborhood of the support of du,

(1.1) det D?(v1g1(x) + vaga(z) + ... + vigi(z)) # 0, Vv € Ny,
where D? denotes the Hessian matrix.
N-curvature condition: Let S € R*t! be defined as above. We say that S satisfies the

N-curvature condition if the rank of the Hessian matrix in (1.1) is greater than or equal to
N everywhere.

Our main results are the following.

Theorem 1.1A. Let S = {(z,Tpi1, -0 Tnyt) € R i 2y = ¢1(2), o0y ot = Pnpi(2)},
where ¢; € C°(R™\0) is homogeneous of degree m; > 2. Suppose that no ¢; is a constant
multiple of any ¢; for ¢ # j. Suppose that (qu)_1 eLPi(S" 1), 0< p; < mlj Let p denote

the number of distinct m;’s. Suppose that =~ < —1_ for each j. Let A = (A1,..., \), and
J m; p+1
define
(1.2) F(&,)\) = /ei(<$7§)+>\1¢1($)+~~~+)\z¢l($))¢(x)d$’
where 1 is a smooth cutoff function.
Then
(1.3) [P < CQA+ €[+ A7,

where p = min;{p;}.

Theorem 1.1B. Let S = {(z,Zni1, o, Tng1) € R 220 = ¢1(2), oy Ty = d1(2)},
where each ¢; € C>°(R™/0) is homogeneous of degree m > 2. Let ®(x) = (¢1(x), ..., ¢1(x))-
Let ®y(z) = (®(x), ). Let F(&, X) be defined as in (1.2). Then

(1.6) [F(&N)<C s @ (w)| ™™ do.

Lemma 1.2. Let S € R*"* and F(&,\) be defined as above. Let
(1.7) Fo(€, \) = / () F X b1 @)+ AN @)y (2

where g is a smooth cutoff function supported away from the origin, and each ¢; €
C>(R™\0) is homogeneous of degree m > 2. Suppose that

(1.8) [Fo(&, V< CA+ ¢+ [A)77, v>0.
Then
(1.9) [F(&,A)| < C(A+ (€] + [A])~ =TT,

if ymax;{m;} > n.
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Lemma 1.3. Let S € R** be defined as above. Suppose that S\{mnﬂ.l:1,%“2:1,.._,%“3:1},
1< s <, is an (n — s)-dimensional submanifold of codimension I, of the hyperplane

{($,$n+1, ...,:Cn+l) ::L'n+j1 = 1, ---amn—i-js = 1},

satisfying the N -curvature condition. Let Fy(&, ) be defined as in (1.7). Then

S

(1.10) |Fo(&,\)| < C(1+ €]+ |A]) 2.

Lemma 1.4. Let S € R** be defined as above with | = 2. Suppose that there exists
a constant c, such that ¢1|{$:¢2(w):1} = c. Suppose that mi # mo. Suppose that Hpq,
the Hessian matriz of ¢1, has rank > 2 away from the origin. Suppose that ¢1(w) # 0,
w e S" L. Let Fy(&,\) be defined as in (1.7). Then

=

(1.11) |Fo(&, )| < C(+ €]+ |A])z.

Lemma 1.5. Let S € R**! be defined as in lemma 1.4, with n =1 = 2. Then the assump-
tions of Theorem B (see Section 2) are satisfied at every x # (0, 0) iff ¢2(w) # 0, w € ST,
and the level set {x : ¢ = 1} has non-vanishing Gaussian curvature.

Proof of Theorem 1.1A. We shall prove the theorem under the assumption that all the
m;’s are distinct. The general statement follows by combining the terms with the same
homogeneity. Recall that

(1.12) F(E, N = /ei(<$,£)+>\1¢1($)+---+)\z¢l(w))¢(x)d$’

where without loss of generality ¢ is radial, and each ¢; € C°°(R™) is homogeneous of
degree m; > 2.

Let @ = {w € $"1 1 g1 ()] > gy [1@)] > 7 }-
Let

(1.13) P, 2) = /L

[2]

+/ :FSn—l\Q-l-FQ.
LeQ

[EY

eS’nfl\Q
Taking absolute values inside the integral we see that
(1.14) [Fsn-1na(& M) < C[S"\Q|,

which by Chebyshev’s inequality is bounded by

(1.15) cmc {1 [ (6o} <o
J Sn—l
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for |A| large.
Let 19 € C5°(R) be supported in the interval [1,4], such that ¢y = 1 inside [1, 2], and
o0
(1.16) D ho(2ks) = 1.
k=0
Let
(1.17) FE(e, ) = //ei(r(w,ﬁ)-l—)qrml¢1(w)-|-...+)\lrml¢l(w))¢0(2kr)rn—ld,’.dw.

A change of variables sending r — 277 shows that
(1.18) FE(g,\) =27 EG(27 kg, 27k ) L 27™iR ).

Let A={1,2,...,1}.
We must estimate

oo

(1.19) D 2Tk IF (27 2Tk L 2T = ) I,
k=0 BCA
where
(1.20)
Ig = > 27"k | FY(2 kg, 27m kA L, 27 mR ))| =

o (w)<2™i* | jeB, Ajd;(w)>2™i%, j¢B}

> 27"k | FY(27FE, 27 ™ kA, .., 27 ™R ).
Sis.<y N S(B.>)

To estimate each Iz we shall need the fact that the curve (r,r™,...,r™) has non-
vanishing curvature and torsion away from the origin, so long as all the m;’s are distinct. An
elementary van der Corput type estimate shows that the Fourier transform of the measure
carried by this curve decays of order — We shall also use the fact that FQ is bounded.
More precisely,

l+1

_1
T+1

(1.21) \IB|§/ C Y R4 C )] 2R DY 2Tk g(w) dw <
Q

S¢B,<y S¢8,>} JjeB

mae Ay [ 16(0) " o,
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provided that mlj < Hil, for each j € A.

Moreover,

(1.22) W /Q 15(@)] ™ dw = |2y /Q 165 (@) 7 5 (@)A; P dw <

M [ g5,
Sn—1

since p; < -
J

Hence, the expression (1.21) is bounded by
(1.23) max |~ [ J65(0) " dw < COA)
]EA Sn—l

for |A| large.

This completes the proof if |¢| < C|A|. However, if this is not the case, the gradient
of the phase function (z,&) + A1d1(x) + ... + N\i¢i(z) is bounded away from zero, and an
integration by parts argument (see [St], p.364) shows that [F(£,A)| < Cn1+ €]+ A7,
for any N > 0.

Proof of Theorem 1.1B. Let A = tv = t(v1,...,v1). Let ®,(z) = (®(x),v). We rewrite
F(&,)) in the form

(1.24) /ei(<m’5>+tq>” @) (z)de,

where 1 is a smooth cutoff function. Let Q@ = {w € "7 : [®,(w)| > $}. Let

(1.25) P\ = /L

[

—I—/ :FSn—l\Q+FQ.
LeQ

lz]

eSnfl\Q
Taking the absolute values inside the integral, we see that
(1.26) [Fan-1\0(&, M) < CIS"N\Q| = C{w € §"71 1 [0} (w)] > t}],

which by Chebyshev’s inequality is bounded by

(1.27) & / 1B ()| duv.
Let 19 € C3°(R) be supported in the interval [%, 4], such that ¥y = 1 inside [1, 2], and
(1.28) > tho(28s) = 1.

k=0
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Let
(1.29) F§(E,N) ://e“““”éHtmq’”(“’))rn_lwo(Zkr)dwdr.

A change of variables sending r — 27%r shows that FE(&,\) = 27"k FJ(27k¢ 2-mk)).
We must estimate

(1.30) Y orkEg (2R 2R = Y+ Y =T+1IL
k=0 {t®, (w)<2mk}  {td, (w)>2mk}

To estimate I1 we shall use the fact that away from zero the Fourier transform of the
measure supported on the curve (r,7™) decays of order —%. To estimate I we shall just use
the fact that F§ is bounded. More precisely,

(1.31) 11| < 0/ Yo 2w < Ct—%/@y(w)r%dw,
2 {18, (w)<2mk}

and

(132) || 50/ > 2_”’“I2‘m’“®u(w)t|_§dw§Ct—%/ 1B, ()| dw,
Q

L (18, (w)>2mk}

as long as m > 2n.
This completes the proof if |£| < C|A|. However, if this is not the case, the gradient of
the phase function (z, &) + M¢1(x) + ... + \i¢y(z) is bounded away from the origin, and an

integration by parts argument (see [St], p.364) shows that |F(&,\)| < Cy(1+ €] + [A)7Y,
for any N > 0.

Proof of Lemma 1.2. Let

(1.33) Fr(€,0) = /ei((w,£)+/\1¢1(w)+...+A,¢,(z))%@kx)dx_

A change of variables sending  — 27 %z shows that
(1.34) Fr(&,0) = 27" Fp(27F¢,27™F ), L, 27 ™k ),

Let A={1,2,...,l}. We must estimate

(1.35) > ok Ry(27kg, 27k, L 27k = Y I,
k=0 BCA
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where

(1.36)  Ig= > 27k Fy(27ke, 27k N, L 27 ™R )| =
{Ixj1<2mi*, jeB, |x;[>2™i", j¢B}

S 2T [Fy(27Rg 27N, L 2R
Si8,<y N S(5,>}

Using the assumed decay of Fp, and the fact that, in particular, Fj is bounded, we get

-
(1.37) g <Cy D 27h 40y Y 27 Y okl <
Si8,<y S8,>} i¢B
(1.38) Cmax |\;| "™ < C|A|” =% 057
jEA

as long as max;{m,;} < n~.

This completes the proof if [£| < C|A|. However, if this is not the case, the gradient
of the phase function (z,&) + A1¢1(x) + ... + Midi(z) is bounded away from the origin. An
integration by parts argument, (see [St], p.364), shows that |F (&, A)| < Cy (1 + €]+ |A)7Y,
for any N > 0.

Proof of lemma 1.3. Assume that z,j, = Tpi1, -* - Tn4j, = Tnts- In what follows we will
denote z € R by (z/, z"), with 2’ € R®, 2" € R*~* and by J,/(f) (resp. Jo(f)) and D2, g
(resp. D?2,g) the Jacobian of a function f(z’, ") and the Hessian matrix of a function
g(z’, ") computed with respect to the =’ (resp. z'") variables. Let ¢ = (¢1, ..., ds).

Take P on the support of do such that ¢(P) = (1,1,...,1). Since S|{wn+1=1,___wn+s=1}
assumption a submanifold of codimension I of the hyperplane {(z, Zn11,"* , Tny1) @ Tpe1 =
1, - Zpys = 1}, the Jacobian of the function ¢, J(¢), has rank s at P.

There is no loss of generality if we assume that J, ¢(P) is the identity in the space of
s X s matrices, and that Jy»¢(P) =0

By the implicit function theorem there exists a smooth function ¢ (z”) : R*~° — R® such
that ¢(1p(z"),2"”) =1 in a neighborhood of P”.

An application of the chain rule yields:

(1) Jop((z"),2") = Jpd(p(z"),x") x Jp(a") + Jpnd(p(z”), ") = 0, which implies

that Jy(P") =0,

is by

(2) 2 Jy(P")+ gm +_J;,,ugb(P) =0 for every j < n+s, and
s+3

0Ty

(3) D*(basi) (") &), = Poimt Gy Gsti (V(@")s ) pu D (%) (P”)
+D2, ¢s1i((2"), ") for every j <n — s.
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JFrom (2) we have that, for every k < s, the Hessian matrix of v at P, Dy, (P"), is
—D2,,¢r(P"), and from (3) that D2, ¢s;(P) can be written as a linear combination of the
Hessian matrices of the functions )y and of the Hessian matrix of ¢54;(¢(z"), ') at P".
Let ® = (z, £) + A\1¢1 + - - - iy denote the phase function of F' as in (1.2). By the above
remark, Dm,,qD(P) can be written as a linear combination of the Hessian matrices of the

functions 1 (z") and the function ¢s;(1(z"), ") at P". Since S, A=ty e g=1) satisfies

the N-curvature condition, the rank of every linear combination of the above matrices is N
for every A # 0. This shows that the rank of the Hessian matrix of ® is > N and hence
that (1.9) holds.

Proof of Lemma 1.4. A theorem of Littman ([L]) says that if a surface in codimension one
has at least k non-vanishing principal curvatures, then the Fourier transform of the surface
carried measure decays of order —g. The proof of that theorem shows that Fj; has the
required decay if the rank of the Hessian matrix of the phase function ®(z) = (z,&) +
A1d1(x) + Aagpa(x) is > 1 for every x on the support of x and for every (A1, A2) # (0, 0).

m3

Zo

We observe now that ¢1(z) = c¢g (z). Indeed, if ¢a(zo) # 0, then ¢y F =
2(Zo) ™2
1, and since ¢1(g,(z)=1} = ¢, then ¢, (%) = on,?,l = c¢. Then ¢1(xp) =
¢p2(2o) ™2 p2(z0) ™2

cha (xo)% for every xp € R™ such that ¢y(zg) # 0. But the argument that we have just
used shows that ¢a(xg) # 0 iff ¢1(xp) # 0. Hence ¢1(z) = cho (x)m_; for every x € R™.

By the chain rule,

(1:39) Dijr(x) = ¢ Dijo(@)bale) ™ "+t (@—1) D;(¢2)Dj (b2)da(x) ™ 2,

mg \ T2

for 7,7, < n. Then

(1.40) D*(®)(z) = <A2 + cAlz—:qsz(x)%‘l) D?(¢a)(z)+

Ay 2 (""— = 1) $o(2) ™2 "2 (D1($2)(2) V (¢2)(2) - - - Dp(2)(2)  (¢2) ().

ma \Mm2
Let P be a point on the support of x. If we set Ay + cAy ot gbz( ) = 0, we ob-
serve that D2 (®)(P) equals a matrix whose rank is 1 if and only 1f v (#2)(P) # (0,---,0),
¢2(P )’"2 # 0, and zero elsewhere. Since we assumed that ¢2 doesn’t vanish away from
the origin, Euler’s homogeneity relations guarantee that 7(¢2)(P) doesn’t vanish. Conse-
quently, the rank of D?(®)(P) is at most 1.

To show that D?(®)(P) cannot be zero, we observe that if this were the case we would
have
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(1.41)
()\2 + At g (P )__1>

Conm (1) Py

The coefficient which multiplies D?¢5(P) cannot be zero because the matrix on the right-
hand side has rank one. On the other hand, the matrix on the left-hand side has rank > 2
by assumption, hence the equality in (1.41) can never hold.

This concludes the proof of the theorem.

S D?92(P) = (D1(¢2)(P) V (62)(P)---Dn(¢2) (P) 7 (62)(P)) -

Proof of Lemma 1.5. After perhaps rotating and dilating the coordinates, we can work in a
neighborhood of the point (0, 1).

Since there exists a constant ¢ such that ¢1|(z.¢,=1} = ¢, ¢1 = c¢2’"_2. (See proof of
Lemma 1.4).
By the chain rule D; j¢1(z1,22) =

(1.42) my -1, (ml

D j2(w1, 32)$a (w1, w2) ™2 + ma \ma 1) Di(¢2)Dj(¢2)¢2($1,l‘z)%_za

for 7,7, <2.

Observe that by Euler’s homogeneity relations

(1) D1(¢2)(0, 1) m2¢2(0 1)
(2) Ds(¢2)(0,1) = ;-7 D12¢2(0, 1), and
(3) D11(92)(0,1) = ma(m2 — 1)$2(0,1).

In order to show that the sufficient condition of Theorem 1.1B is verified, we must show
2
that the determinant of the matrix J(z,y), whose rows are /(% D11¢1(0, 1)

2 2 2
+%2D32¢1(0,1)+z122D12¢1(0,1)) and 7 (5 D11¢2(0, 1)+ 22 Da2¢p2(0, 1) +z122D126¢2(0, 1)),
is not a square. A direct computations shows that the discriminant of the determinant of
J(x1,x2) is

mi (s — 1)?

gy (620, D) det(H(62)) 0, P

(1.43)

which doesn’t vanish by the assumptions on ¢2. Hence, J~¢ is integrable for a < 1. This
concludes the proof of the lemma.
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SECTION 2

RESTRICTION THEOREMS-SCALING

We will need the following results.

Theorem A (M. Christ ([MC])). Let
(2.1) S ={(2, ny1,Tnt2) ER"? 124y = g1(2), Zpga = g2(2)},

where g; € C*(R™).
Suppose that (0.2) holds with py = 2(::84)_ Then for every k < % and every 0, the
exrpression

k
(2.2) (%) (detD2 (cos(0)g1(x) + sin(@)gz(x)))

does not vanish.

Theorem B (E. Prestini ([P])). Let
(2.3) S={(x,Tni1, 0y Ton) ER" 1 211 = g1(2), ..., Ton = gn(2)},

where g; € C®(R™). Let G; denote the quadratic part of the Taylor expansion of g;.
Suppose that the vectors {v (%G}) (0)} .., span R". Let J(z) denote the determinant
jZn

of the matriz (N ,G1, ..., V3 Gn). Suppose that J—% € LY(S™Y), for any a < 1. Then (0.2)
holds with py = g.

Note that when n = 2, the assumptions of Theorem B are equivalent to the necessary
condition (2.2) in Theorem A. In particular, the conditions of Theorem B are necessary and
sufficient in that case.

Before stating our main results, we need to introduce the following definitions.

Definition 2.1. Let I' : I — R2?, where I is a compact interval in R, and I' is smooth.
We say that T is finite type if {(I'(z) — T'(xo)), 1) does not vanish of infinite order for any
xo € I, and any unit vector .

We will also need a more precise definition to specify the order of vanishing at each point.
Let ag denote a point in the compact interval I. We can always find a smooth function ~,
such that in a small neighborhood of ag, I'(s) = (s,7(s)), where s € I.

Definition 2.2. Let ' be defined as before. Let T'(s) = (s,7v(s)) in a small neighborhood of
ag. We say that T is finite type m at ag if Y¥)(ag) =0 for 1 < k < m, and v(™ (ag) # 0.

Our main results are the following.
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Lemma 2.3. Let S = {(z, Tnt1,* , Tnys € R 1y = 01(2), ¢, Ty = dn(2)},
where each ¢; € C*(R"/{0}), homogeneous of degree m; > 1. Let do denote a compactly
supported smooth measure on S, and let dog = x(x)do, where x(z) is a smooth cutoff func-
tion supported away from the origin. Let T f(x) = f * do and let Tof(x) = fx do. Suppose
that Ty : L% (R**Y) — L% (R is a bounded operator. Then T : Lro(mu—mi)(Rn+l) _,
Lpo(my—mi) (Rn+) s o bounded operator, where

2(n+my + -+ my)

24 My, -+ ,my) = ,

(2:4) po(ma ! n+2(my+---+my)

as long as po(my,--- ,m;) < qo.

Theorem 2.4. Let

(2.5) S={(z,Tnt1, s Tnti) : Tnr1 = G1(T)y ..o, Ty = 1() },

where ¢; € C®(R™\0) is homogeneous of degree m; > 2. Suppose that S satisfies the
assumptions of Theorem 1.1A. Then the estimate (0.2) holds with

_2(l+p)
(2.6) Po = A+p

Theorem 2.5. Let

(2.7) S={(z,Tn+1, s Tnti) : Tnt1 = G1(T), ..., Ty = d1(z) },

where ¢; € C>®(R™\0) is homogeneous of degree m; > 2. Suppose that S satisfies the
assumptions of the Lemma 1.3. Then the estimate (0.2) holds with the sharp exponent

2(n+my + ... +my)

2.8 - ,
(28) Po n+2(my + ... + my)

provided that (my + ... +my) > HW"
Theorem 2.6. Let

(2.9) S ={(%, Tnt1,Tnt2) : Tny1 = $1(T), Ttz = ¢2(2)}, n > 2,

where ¢p; € C°(R™\0) is homogeneous of degree m; > 2. Suppose that there ezxists a non-
zero constant c, such that

1l {a:a(2)=1) = €
Suppose that ¢1(w) # 0, w € S~ 1. If the rank of the Hessian matriz of ¢1 is > 2, then

(0.2) holds with py = %, provided that my + mgy > 4n.

In order to introduce the Theorem 2.9 below, we need the following result which was
stated and proved by the second author in ([12]).
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Lemma 2.7. Let Zy = {(z1,22) : P(z1,22) = 0}. Let Z1 = {(z1,22) : VP(z1,22) =
(0,0)}. Let Zy = {(x1,22) : HP(x1,22) = 0}, where HP(z1,z2) denotes the determinant
of the Hessian matriz of P. Then for each j =0,1,2, Z; = {(0,0)} UU,Z:ZlLk, where each
Ly, is a line through the origin, and N; < co. Moreover, Z1 = Zy() Z2.

Proof of Lemma 2.7. Let P; denote the partial derivative of P with respect to x;. Since
P is homogeneous of degree m, P; is homogeneous of degree m — 1, and HP(x1,z3) is
homogeneous of degree 2(m — 2). By homogeneity, if Z; contains a point (z1,2), it also
contains a line through the origin containing that point. Since P is a polynomial, there can
be at most a finite number of such lines. This proves the first assertion of the lemma.

By the Euler homogeneity relations,

mP(xl,xg) = $1P1(371,ﬂ72) + .’L’2P2($1,$2),

(210) (m - 1)P1(3]'1,.’L’2) = $1P11(371,ﬂ72) + .’L’2P12($1,$2),

and
(m — 1)Py(z1,22) = 21 P21(21,22) + 22 Pa2(21, 22),

where the {P;;} denote the second partial derivatives. Hence, Zy C Z;. If we write the
equations for P; and P, in matrix form we see that (m — 1) A P(z1,x3) is obtained by
applying the Hessian matrix of P to the vector (z1,z2). Hence, Zy C Z;. Putting these
observations together we see that Zy (| Zs C Z;.

Suppose that both P and H P vanish along a line through the origin, which without loss
of generality we take to be the z;-axis. Then mP(x1,0) = z1P;(x1,0). This implies that
Py(z1,0) = 0. Also, (m — 1)Py(x1,0) = z1Py1(21,0). This implies that Py;(z1,0) = 0.
Ps(x1,0) = 21 P13(z1,0). By assumption,

(211) HP(.Tl,O) = P11($1,0)P22(.T1,0) — P122(1171,0) =0.

Since Py1(x1,0) = 0, we must conclude that Pys(21,0) = 0, which implies that Ps(z1,0) = 0.
This proves that 7 P(z1,0) = (0,0) and hence that Z; C Zy[| Z2. This completes the proof
of the lemma.

We shall need the following definition:

Definition 2.8 Let f € C°°(R?). We say that f vanishes of order M along the line
L = {(z1, z2) : x1 = s1t, 2 = sot, t € R} if M is the largest positive integer so that
f(s1t, sot) = tMg(t), where g € C*(RR?) is allowed to vanish only at the origin.
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Theorem 2.9. Let S = {(z1,%2,23,24) : x3 = ¢1(T1,22), T4 = ¢2(T1,22),} where ¢y,

$o € C*°(R?) are homogeneous polynomials of degree my and mo respectively, (my > mg >

2). Suppose that there exists a non-zero constant c such that ¢ (a:)|{gc br(e)=1) = & Let Zy,
oD =

Zy1, Zs be defined as in Lemma 2.7 with respect to ¢2. Suppose that the curve {x : ¢2(x) = 1}
is of finite type m at each point of Za N{x : ¢pa(x) = 1} and that ¢2 vanishes of order < M
along the lines contained in Zo U Zy. Then (0.2) holds for every p < po, where pgy is the
sharp exponent

2
(2.12) w’
my +mog + 1
if m1 + mo > max {2M (1 + @> ,Zm}. Furthermore (0.2) holds with
ma

21+ M(1+22) 9(m +1)

L+2M(1+ 1) 2m+1
max{2M (1 + %), 2m},

20+ M1+ 2L) 9 1

(2) p < min ( ( ,:1"2), (m+1)

1+2M(1+72) " 2m+1

(1) p < max

} if min{2M (1 + 71),2m} < mq +my <

} if 4 <mi1+me <min{2M (1 + 1), 2m}.

Proof of Lemma 2.3. Let

n

where ¢ (x) is a cutoff function. Let p be a cutoff function supported in the interval (1, 2)
such that Zjﬁg p(27t) = 1 for every t, and let

(2.14) do; (€, ) :/ ¢i(@ 191 (@) ++ N () (974 s

n

If we make the change of variables sending z — 277/ we can write:
(2.15) do; (€, A) = 279 dog(279¢, 27 Ay, - .27 ),
Let 7; denote the nonisotropic dilation
(2.16) Tif (€ My ee s M) = F(276, 2 Ay, e, 270,
Then

(2.17) doj * f = 27" (1_jdog * )(€, \) = 27 (r—jdao * (=i )) (€, N).
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A change of variables shows that T_ja ¥ (1_j7i f) = 2(tmitem) (dog * ;i f)-
It follows that

(2.18) @03+ 7l = 27O | G s ] =
(4o ) o o (AFmatm) (mateomp) o \ar ~ag ) (mmatema)
< C2i(mait--mi)gag ! ! ||ij|\q0 — 2i(mit--mi)y (qo qo) Hquo.

o0
The series Z ||doj * f||q(,) converges, provided that
j=1

1 1
(2.19) mi+-m+ | ——— | (n+mi+---my) <0,
9 9Jo

which yields

2(n+mq +---my)
n+2(my+---my)

(2.20) 9o <

This concludes the proof of the lemma.

Proof of Theorem 2.4. The application of Greenleaf’s theorem (see (0.3) above) yields the
result.

Proof of Theorem 2.5. Let Fy be defined as in (1.7). By Lemma 1.3

_N
(2.21) [Fo(&, A)| < C(L+ €]+ [A)) .
By a theorem of Greenleaf, (see (0.3) above), the inequality (0.2) holds with g = 2%&5 ),
An application of Lemma 2.3 completes the proof.
Proof of Theorem 2.6. Let Fy be defined as in (1.7). By Lemma 1.4
(2.22) [Fo(§, )] < C(A+[€]+[A]) .
Applying Greenleaf’s theorem as above we get gy = %. An application of Lemma 2.3

completes the proof.

Proof of Theorem 2.9. Let ¥ be the level set {x : ¢p2(z) = 1}, and let

(223) (,/'l'(;'(57 A17 )‘2) = /2 el(<$ £)+)\1¢1($)+A2¢2(m))X($) d$7
R
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where x is a smooth cutoff function. Let Zyp, Z; and Zs be defined as in Lemma 2.7 with
respect to ¢o. Recall that Zy U Z; U Z5 is the union of a finite number of lines through the
origin.
Let {T(z)};<n, and {T;(z)};<n, be two finite families of cones in R?* with the following
properties:
i) BEach I'j(z) contains exactly one line of Zy U Z;, and each T;(z) contains exactly one line
of Z2
i) I'yNnI; ={0,0} if i # 4, T, N T; = {0, 0} if ¢ # j, and I'; N T; = {0, 0}.
Let a; be the characteristic function of I'; and let 3; be the characteristic function of Tj.
Then

3‘;(5; A1, Ag) :/

Ny
IR2ez‘((mg)+A1<i>1(aﬂ)+/\2¢2(m))x(a:) Zaj(x) dr+
j=1

N>
(2.2 [ eteamnner e (3 g | dos
j=1
‘ Ny N, P
/2 et tMdi(@)+Aada(@) y (1) | 1 — Zaj (z) — Zﬂj (z) | dz = do1 + dog + dos.
R , ,
7j=1 j=1

We first consider

(2.25) 3}3(5, A1, A2) :/ eZ’((w£)+A1¢1(rc)+/\z¢2(w)),~](w)x($) de,
R2
where we have set 7(z) =1 — ;-V:ll aj(x) — Z;V:zl Bj(z). On the support of 7} the curvature

of ¥ = {x : ¢2(x) = 1} never vanishes and ¢, vanishes only at zero.
We recall that by the Stein-Tomas observation, (0.2) is equivalent to the inequality

(2.26) \ldo * fl| Lo ey < CjlIf Lo (wa).-

Let p be a smooth cutoff function supported in the interval (1, 2), such that Zj:g p(29t) = 1.
Let

(2:27) C@(&a A1, A2) = /R2 ei((w£)+/\1¢>1(a:)+>\2¢z(z))p(2j$)ﬁ($) dr.

The assumptions of Lemma 1.5 are satisfied on the support of p(2/z)n(z), hence the
6

inequality (2.26) holds for the measure dos; with p = 2. Since the sharp exponent pg

cannot exceed g, the estimate (2.26) holds for p < pg, provided that m; + mq > 4.
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If we make the change of variables sending z — 2772, and if we observe that 7 is invariant
with respect to dilations, we see that

dos (6, N) =272 / HETEI NI 010206 (1) () d =
R
(2.28) 272 oy o(279¢, 27 ™I Ny, 2720 ).

Without loss of generality we can replace 7 by a function n € C*°(R™/{0}), homogeneous
of degree zero, whose support coincides with the support of 7.
Let 7; denote the nonisotropic dilation

(2.29) Tif (€ A1y Ag) = F(29€, 2™ Ny, 2720 ),).
Then
(2.30) C@ x f = 2_27(7'_]-(%3\,0 * f)(€, A1y A2) = 2_2J(T—j%3\,() * (T_575)) (€5 A1y Aa).
A change of variables shows that T_jCEg\,O x (T_ymif) = 20Ctmatma) (%3\,0 * 75 f). It

follows that

—_— . . —_—
ldos,j * fl|,, = 272 HCEmMAm) |- i(dog o« 75 1), =

(2.31) — 2J'(m1-i-m2)2;}/(2—i-m1—f-m2)||c%3\’0 % (ij)Hp’ <

S 023(m1+mg)2#(2+m1+m2)‘|7-Jf‘|p — CQJ(m1+m2)2J(ﬁ_%)(z—i_ml—i—m?)u‘f”p

o0
The series Z ||dos,; * fl],, converges, provided that
i=1

1 1
(2.32) my+mg + (17 — 5) (n+my +mg) <0,

which yields p < po. Hence the measure dos satisfies the inequality (2.26) with p < po.

We consider now do (&, A1, A2) = /

N>
R2ei((az§)+/\1¢1(39)+>‘2¢2(w))x(.’13‘) Zﬂj(x) dz.
i=1

Let

(2.33) dup(é, A1, A) = /IR2 etz €)+/\1¢1(m)+,\z¢z(w))x($)5j(x) dz,
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where 7 < Ns is fixed.
In the proof of lemma 1.4 we observed that ¢ (as)lE = ¢ implies that ¢1(z) = cpo (a:)m_;

for every x € R2. Observe that ¥ is star-shaped with respect to the origin, because if
xo € X, then for every t < 1, ¢1(tzg) = t™* < 1. In the polar coordinates associated to X,

- +oo . mq mo
@30) a6 da) = [ [ N (1)) dr
X JO

Without loss generality x is radial. Consider the (unique) point of Z» N3 N T}, which can
be taken to be (0, 0). Suppose that ¥ NTj is supported in a sufficiently small neighborhood

of (0, 0). Since X is finite type m, it can be written as the graph of a smooth function
P(t) =t™g(t), where g(0) # 0, and

(2.35)  du(&, A, X)) = /R/ et (rtéi+rt™ g(t)€a+chir™L +or Q)TX(T'),Bj(t,tmg(t)) dr dt.
0
Let p € C*°(R?) be supported in (3, 4), such that p =1 in (1, 2), and Z;;O‘f p(27t) = 1. Let

—_— Foo . m m1y mo ;
230 dpy(6 d da) = [ [ OGN ) 2ty ()t
RJO

The integral with respect to ¢ is supported over a dyadic piece of ¥ where the Gaussian
curvature does not vanish. By Lemma 1.5 and the Stein-Thomas observation, the estimate
(2.26) holds for the measure dpu;, for p < po, with a constant Cj.

In order to estimate C; we make a change of variables in the expression for d/,u\J setting
s = 27t. We have

(2.37)
—_—— +oo i _ . o
dp; (€, A, A2) = 2‘j// ei(r27 7 sE1+r27 ™ s g(2 Jt)€2+c)\1rm1+)\2rm2)x(r) p(s)rdr ds.
R JO

Let 7; be the nonisotropic dilation
7 (f)(z1, T2, T3, T4) = f(27721,27™ 29, 3, x4) and let

- Foo . m —J m m
(2.38) dp; :// eHrseitrs™ g2t E AT AR T) (1) b (5)rdr ds.
R J0

Then

(2.39) dig * | =279 (5(diig) * f) = 279 (r(dlg) * 75 (7_; ).
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A change of variables shows that Tj(cﬁj;) « 77 f=20m+ D, (CT/Z *7_j;f), and that

(m+1)
||7i%||Lamey = 27 T 4| La(ray for every ¥ € LY(R*) and ¢ > 1. Then we can write the
following string of inequalities:

gz * Fllmrty = 271757y * 7 f) | ovgesy =

. - (m m
(2.40) /M Hdﬂj * T f || £ ®1) < 27 S C il fll e ey =

. - 11
2]m+3(m+1)(pr p)Cj||f||L”(R4)'

We must prove that the constants C; in the above expression are uniformly bounded. In

—+o0
fact the sum Z Hd,uJ * f|| o' ray converges if m+(m+1) (— - —) < 0, hence if p < 2(mi).
1=1

Since 2(m+1) > po when my + mg > 2m, the estimate (2.26) holds for the measure dy, and
consequently for the measure dosy, for p < pg, provided that mq, + ms > 2m, and with
= Am+l) 5 + mg < 2m.
p om+y1 L7 2
JFrom the proof of the theorem of Greenleaf it follows that the bounds for the con-
stants C; depend on a finite number of derivatives of the phase function of d,uj, Q;(r, s) =
rséq + rs™g(27t)€s + A ™ + Xor™2. Since ®; is a smooth function, then, for j large,
DP®;(r, s) = DP(rs&; + rs™g(0)€s + cA1r™! + Apr™2). This shows that the constant C;’s
are uniformly bounded.

We now consider c/lt;l(&, A1, A2) = / etz €)+/\1¢>1(w)+>\2¢2(w))x Zaﬂ dz.
R2

Fix 7 < N;. After perhaps a rotation of coordinates we may assume that ¢2|P. vanishes
J

along the xo axis. Then ¢o(x1, x2) can be written as z g(z1, ), where g does not vanish
on the x5 axis, (except perhaps at the origin), if I'; N ST is small enough.
Let

(2_41) @(g’ )\1’ A2) = /'ﬂg2 Z(<$§)+CA1$1 g(ﬂﬂ)’y+)\2$iwg($))x(x)aj(x) da’;,

where we have set v = 1. Let p € C°°(R?) be a cutoff function supported in (3, 4), such
that p=1in (1, 2) andz _1p()—1. Let

(2.42) di (€)= / Sil(@ ©)+eria]™ g7 (2)+ ool g(2)) ( ﬂ) (@) da.
R2

T2

The above integral is defined over a cone of R? where the curvature of ¥ never vanishes,
and ¢ vanishes only at the origin.
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Let po € C°(R?) be supported in (1, 4), such that p = Lin (1, 2), and 3,25 po(2¥t) = 1.
Let

@43 dwae N = [

(O +AaT M g7 @) st g(0) <2j ﬂ) o0(2* ) das
R2 I

Z1

The assumptions of Lemma, 1.5 are satisfied on the support of py(2Fx)p (2j 5), and hence

the estimate (2.26) holds for the measure dpu; ; with p < po.
If we make the change of variables sending z — 2 %z,

T, ) =272 /

2 ei(<2—km§)+>\12—m1"¢1(w)+/\22_’”2k¢2($))p <2jﬂ> po(x) dz =
R

T N
(2.44) 92k (27, 27k N, 27k )y,
Let 75, denote the nonisotropic dilation
(2.45) Tif (& A1, A2) = f(2FE, 21y, 2m2F ),).
Then
(2.46)  dpjp x f =2 (r_rdpor * F)(E A1, A2) = 272 (r_pdppo * (k7 f)) (€, A1, Aa)-
A change of variables shows that T_km * (T_prp f) = 2R@Htmitme) (@ *x 1 f). It

follows that

g, * fl,, = 27 2KFRCEmAm) 17 (g g5 i )] =

k. m1+mo —_—
(2.47) = ghlmutma) gpr CGrmtma) gy ()], <

1
7

S Czk(m1+m2)2ﬁ(2+m1+mz)||7_kf||p — C2k(m1+m2)2k(p _%)(2+m1+m2)||f||p.

(o]
The series Z ||dpj, e * f||, converges, provided that
k=1

1 1
(2.48) my + ma + D (n+my 4+ mag) <0,

which yields p < pg. The above argument shows that we can assume that the measure dp; is
supported away from zero. Hence, by Lemma 1.5 and the above observation, the inequality



SOME SHARP RESTRICTION THEOREMS FOR HOMOGENEOUS MANIFOLDS 23

(2.26) holds for the measure dy;, for p < po, with a constant C;. In order to estimate C;
we perform the change of variables in (2.42) sending 21 — 277x1, 2 — 3. We obtain

(2.49) d/u\j(fl,&, A1, A2) = 2_j67/1?(2_j§1,§2, 27 MY\, 27 MI),),

where we have set

(2.50) d//Z(& A) = / cil(z £)+c)\1$'1"Mg‘Y(2—ja:1,$2)+)\2${Mg(2_j$1,$2))p <%) X(2_j£131,372) dr.
R2 2

Let 7; be the nonisotropic dilation 7; f(z1, T2, T3, 24) = f(27m1, 39, 27 MV g5, 27 Mi gy).
Then

(2.51) dpg = | =277 (rj(diig) * [) = 279 (r(djiz) = 75(7_; ).
A change of variables shows that
(2.52) Ti(dp;) * (7= f) = 2j(1+M(1+7))Tj(dﬁj *T_; f),
PIEERTEEN .
and that ||7;g||parey = 2 |g|[paay for every ¢ > 1. Then we can write the

following string of inequalities:
||d“j * fllor e = 2j(M(1+7))||Tj(dﬁj * T_j f)ll Lo wey =

(2.53)  iM(Hm)+j TR (M (1)) +§ MO

i * TifllLr ey <27 Cillmi fllprwey =

QI M7+ M AT+ (F5=3) 0 | £ 1o sy -

If we show that the constants C; in the above expression are uniformly bounded then we
+oo

are done. In fact the sum Z ||dpj * f|| Lo (ay converges if
j=1

M(1+7)+ (M1 +7)+1) (— - —) < 0 hence if

92(1+ M(y+ 1))
1+2M(y+1)

Since %m > po when mq+mse > 2M (1++), the estimate (2.26) holds for the measure

du, and consequently for the measure doy, with p < pg, provided that m,+my > 2M (1+7),

and with p < %((;Tll)) if 4 <my +mg <2M(1+7).

By a theorem of Greenleaf the bounds for the constants C; in (2.53) depend only on a

(2.54)

finite number of derivatives of the phase function of d/ﬂ\j, Q;(x) = (ehz?™ g (279 2y, 20) +
AoxMg(279x1,25)) Since the above function is smooth, then, for j large, DP®;(z) ~
DP(ehz?™ g7(0,22) + A2z g(0,25)). This shows that the constants C; are uniformly
bounded, thus concluding the proof of the theorem.
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SECTION 3

RESTRICTION THEOREMS- NON-ISOTROPIC ESTIMATES

Theorem 3.1. Let S = {(#,Tpy1, -y Tnyt) € R 2y = ¢1(2), ., 20 = di(2)},

where | = w, and the ¢; denote the distinct monomials of degree 2. Then the estimate
2(n+2)

(0.2) holds with the sharp exponent py = T3

Theorem 3.2. Let S denote a compact piece of the manifold {(z,%p11, ..., Tnyi) € RPH
Tpt1 = 01(2), .os Ty = G1(x)},where ¢p; € C°(R™/0) is homogeneous of degree m > 2n.
Suppose that no linear combination of the ¢;’s vanishes on a subset of postive measure of
St Let ®(z) = (¢1(x), ..., ¢1(x)). Suppose that ®(w) # (0,...,0), w € S""1. Then the
estimate (0.2) holds with the sharp exponent py given by (0.4).

Remark 1. The restriction m > 2n in Theorem 3.2 is not necessary. In fact, using the
techniques in ([IS]), one can prove Theorem 3.2 under the weaker restriction m > n.

Remark 2. Theorem 3.2 implies the natural generalization of Theorem 3.1 to the case where
l=Ccmn=1 (Cp = Wib)!)’ and the ¢, are the disitinct monomials of degree m.

Proof of Theorem 3.1. Let A = (A1,---,A;), and let

do(E, ) = / i (0 )43 1+ A (@) g

n

Let Ay be the matrix associated to the quadratic form \1¢1(z) + - - - Ay (z), and

(3.1) o (¢, ,\):/ oil@ &) +@, Axe)) g

n

Thus, 3;(5 , A) is the Fourier transform of At A*‘”), and an easy generalization of the well-
known formula for the Fourier transform of the Gaussian functions, (see e.g.[WR] pg. 186),
yields

(32) 3(;(57 )\) = %6_%<&A;15)+%Sign(/b\).
A

Let
(3.3) K.(£,A) = ¢(2)det(Ax)7do (€, A) = $(2)(2m) F |det Ay |7~/ 2e~ 346 Ay 6+ sign(Ax),
with

n(n+1)

(3.4) $(z) = 2oyt D (4 14 e R,

J
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where T is the standard Gamma function. Let T,(f)(§, A) = (f * K,)(§, A).

We will prove that T, is an continuous family of operators when Re(z) € [—2&E, 1], is
analytic when Re(z) € (=2 1), and that
i IT:
ii) HT
iii) C4(

Stein’s analytic interpolation theorem (see e.g. [So]) will then imply that

T, : LPo(R*+!) — LPo/(R™*!) is a bounded operator when z = 0. Since T,(f) = f * do,
the Stein-Thomas observation (see the proof of Theorem 2.9) implies the conclusion of our
theorem.

(Nl poeny < C1(2)[1f|L2 Rn), When Re(z) = 3,
(NllL2@n) < Ca(2)[|f|lL2(wn), when Re(z) = — 232,
z) and Cy(z) have at most exponential growth with respect to Im(z).

To prove (i) we observe that when z = 1 + iy, with y € R, then

K,(& M) = 3(;(5, A)det(Ay)2 +’y¢( + iy) is bounded by Ci(y) = 7% |¢(3 + iy)|. By the
Hausdorff -Young inequality we have that ||f * K1tiylloo < C1(y)||fl|1. (¢) is then satisfied,

and one can check, using Stirling’s formula, that C;(y) has at most exponential growth.

To prove (ii) it is enough to show that |K,| is a bounded function when Re(z) = —ntl
To compute the the Fourier transform of K,(§, A) with respect to &, F¢(K,)(x, A), we use
again the formula (3.3) obtaining

(3-5) Fe(K,) (2, \) = (2)|det Ay [?ei(® Ara),

Hence

(3.6) K, (z, ) zw(z)/ (e N+ (@ Ax)) et ( Ay )P dA,
Rl

where we have set &' = (zp41,---Tny1). We recall that the above identities hold in distri-
bution sense.

Since the phase of the above integral is a linear function of A, we reduce to computing
the Fourier transform of det(Ay)?. We need the following lemma (see [TS], pg. 48).

Lemma 3.3. Let Vi be the space of the real and symmetric matrices and let V; C Vr be
the subset of the matrices with i positive and n — i negative eigenvalues. Let G;(z) be the
distribution

(3.7) Gi()(f) = /V ) der(Y )y

where dY is the standard Euclidean measure on V. Then the distribution G;(z), viewed as
a function of z, has analytic continuation to a meromorphic function in the whole complex
plane satisfying

(3.8) Gi(2) = z)zc,, ~(—z—”"2H),
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where v is as in (3.4) and the C; j(z) are bounded coefficients.
i From the above formula we deduce that, modulo bounded constants,

n+41

(3.9) F(det(Ax)*)(n) = ¢~ (2)det(Ay) 7>,

where the above formula holds in distribution sense. Since Re(z) = ”TH, the above is a

bounded function of . This shows that I/{\z is a bounded function of (z, '), and completes
the proof of the theorem.

Proof of Theorem 3.2. Let
(3.10) do(§, \) = / (e X191+ N1 () () do,

where x is a smooth cutoff function. By Theorem 1.1B we can write

~ dw
where (BE < [ PETAE
Let
dw
(3.12) B(X) = n
/Snl IZ;:l ¢j(w)Aj|m

K.(€,A) = do(&, \)B*(\)¢(2),

with —1, 2zn 1o 4 nz

b(e) =T+ 0T =+ 1),

where T is the standard Gamma function. Let T,(f)(§, A) = (f * K,)(§, A).
We will prove that T, is a continous family of operators when Re(z) € [—1, %m], is analytic
when Re(z) € (=1, ), and that

) ||T.(f )HLoo(Rn) < C]_(Z)HfHLl(Rn), when Re(z) = —1,
i) [T ()l z2@ny < Ca(2)[[fl[z2mn), when Re(z) = ml
ii) C1(z)

and C3(z) have at most exponential growth with respect to Im(z).

z

C1(

Stein’s analytic interpolation theorem (see e.g. [So|) will then imply that

T, : LPo(R*H) — LPo/(R**!) is a bounded operator when z = 0. Since T,(f) = f * do,
Stein-Thomas observation (see the proof of Theorem 2.9) implies the conclusion of our
theorem.
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To prove the estimate (i) we observe that when z = —1 + iy, with y € R, then
K.(6,X) = do(¢, VB (A\)p(—1 + iy) is bounded by Cy(y) = Cls(—1 + iy)|. By the
Haussdorf -Young inequality we have that ||f * Ki4iy|lcc < C1(y)||f||1. The estimate (%) is

then satisfied, and one can check using Stirling’s formula that C; (y) has at most exponential
growth.

To prove the estimate (i¢) it is enough to show that K, is a bounded function when

Re(z) = ™. Since do is a finite measure it is enough to prove that w(z)l/?\z()\) is bounded.
!

Let X (w) be the vector defined by the equation Aigi(w) = (A, X(w)). Then
iPj

=1

(3.13) Ba) = (2) [ ( [ MW) GO,

Since l/?\z(y) is homogeneous of degree zero with respect to y, we can assume |y| = 1.
In polar coordinates with respect to A, with A = 7, we have

— +o0 n %T(n’wd )
. —ztl-1 u
e B@=ve [ . (/s |<n,X<w>>|%) e

Let x(r) € C*(R) be such that x(r) =1, when r € (0, 1), and x(r) = 0 when r € (2, +00).
Let

— +oo S r e%"'<77ay)dw ?
(3.15) Bz,M(y) :'%b(z)/o rmm et 1X (M) /sll (/Snl W) dndr.

We will prove that B/zTV[ is bounded by a constant C' independent of M and that B/ZT/I — E\z
in distribution sense as M — oo. ;From the above it follows that E\z is bounded. Indeed,
since the balls are sequentially compact in the weak * topology in L>(R!), there exists
a sequence {B/Z,E }jen C {@} which converges to a bounded function in the weak

—

* topology of L, and hence converges also in distribution sense. Consequently, B, =
lim;_, o B, um;, which is a bounded function.
Recalling that by assumption the vector X (w) is never zero on S™~!, we can construct an

orthogonal matrix A, with the property that Aw% = (1,0, ---, 0). The first row of A,
is % and the other rows are a set of [ — 1 vectors which, togeter with %, determine

an orthonormal basis of R! for every w € S™~1.

We make the change of variables n — A!n in the expression for Z?M\z Since A, is
orthogonal, the change of variables maps S'~! into itself and the determinant of the Jacobian
matrix of the transformation is 1. We obtain

__ oo, X@# ’
B, - —zati-1, (T / </ | = zr<"vAwy>d) dnd
M (y) ¢(Z)/O r X(M) s \sns T A X @NE© w) dndr
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+OO n T ]. n 1 #
G16) =vi) [ E (D) [ —_( / |X<w>wez’"<"vflwy>dw) dnr.
0 M7 Jgi-1 |mi| ™ \Jgn-1

The integral with respect to w is a continous function of r, n, y, say F(r, n, y). In particular
F(0,n,y) = fS"71 | X (w)|m™dw < oo.

Since Re(z) > I by assumption, we can check that we can compute at least [ —1 derivatives
of F(r, n, y)* with respect to r and . Then

—_— +OO
B =0 [ E () [ wirdn =
0 M7 Jsi-1 [m|=

400 N Fz
(3.17) 1/)(2’)/ pm Aty / / (r, 7 )drdn dn'.
0 (nl=(—lm )%} |l

Here we set n = (11, '), and we let dn’ be the measure on the (I — 2)-dimensional sphere
{|n’] = (1 — |m|*)2}. If we make a change of variables in the above integral letting n' —

(L= [m[®)>n, we get

2

m(y):?/)(z)/o"'mf%zﬂqx (%) /_1mx

|771|
1
(318) [ P (0= ), pdmd
gi—
T—%z—i—l—l
We recall that the distribution W is an entire function of z which coincides with
m

—_nz

m |
( 2n 1)
function of z which coincides with the (k — 1)th derivative of the Dirac dlstrlbutlon 0o when

ml

I =2k+1and z = ™. With that in mind we consider a smooth function p(t) which is =1
when ¢ € (0, 1) and is = 0 when ¢ € (2, 1), and we write

the Dirac distribution 6y when z = %l, and that the distribution is an entire

Boi(y) = ¥(2) ( [ oty [ a=py - ) — YL (2, M, ) + () a2 M, y).

2 » L
(3.20) (= pE)A =)= [ F(rom o (U= )7, y)dofdim = Fa(r, m)
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is bounded and continous with respect to r and 7;, we can write

B21)  PEREM) =T (g + 3 (1) [ Falrm)am],

Thus |¢(2)I2(z, M,y)| is bounded by a constant with does not depend on M and has at
most exponential growth with respect to Im(z).
We shall now estimate v (z)I1(z, M, y). By our previous observations, the function

=2

(322)  p(m)(A—n7) = /SH F2(r, mu 0/ (1= m[*)2, y)dn'dm = Fi(r, m)

can be differentiated [ —1 times with respect to n; and its derivatives are continous functions
of r. Then, if | =2k + 1,

(3.29 $Eh M) = T () e m)

m=r=0

Ifl#2k+1,and if h = [R+(l)] we use the formula (3) in [GS], pg. 51, obtaining:

+o0
r _nz
Ii(z,M,y) = x (ﬁ)/ n" (Fl("“a m) + Fi(r, —m)—
0

2 2 2h 2h
i 0% Ly 0T
(3.24) 2(F1(7', 0)+ % i Fi(r, 0)+ -+ ] 8mF1(r, 0)))dn1

r=0

Thus, |¢(z)I1(z, M, y)| is bounded by a constant which does not depend on M. This shows
that K, »r is bounded by a uniform constant. An easy adaptation of the above argument

shows that m converges to I/(\Z in distribution sense as M — oo.
This completes the proof of the theorem.
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