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ABSTRACT. In this paper, we examine a random version of the lattice point
problem. Let H denote the class of all homogeneous functions in C2(R™) of
degree one, positive away from the origin. Let ® be a random element of H,
defined on probability space (2, F, P), and define

Fo(w,)(€) =/ e =8 dg
{z: ®(w,z)<1}

for w € Q. We prove that, if E(|Fg(¢)]) < C[E]Mz-_l, where [£] =1 + [¢], then
E(Ng)(t) = V" + O(t" 2 =3T)

where V = E(|{z: ®(-,z) < 1}|), the expected volume. That is, on average,

Ng(t) = Vt"+0(tn_2+7'%-_1— ). We give explicit examples in which the Gaussian

curvature of {z: ®(w,z) < 1} is small with high probability, and the estimate

Ng(t) =Vit™ + O(t"-2+$) holds nevertheless.

INTRODUCTION

Let ¢ € C°(R™\{0}) be homogeneous of degree one and positive in R™\{0}. Let
N(t) = #{j € Z" : ¢(j5) < t}, t > 0. It is well known (see e.g. [Rand69], [vdC21],
[Hlw50], [S093]) that if ¥, = {z : #(x) = 1} has everywhere non-vanishing Gaussian
curvature, then

(1) N(t) = ct™ + O(t*~2+=37),

In this paper we shall examine a random version of the lattice point problem.
In [BCT96], the authors studied the expected number of lattice points inside ran-
domly positioned convex polygons. The probability space in this case is the group
of rotations and translations. We shall study the expected number of lattice points
inside random convex domains, where the probability space can be more compli-
cated. Our results are motivated by the following physical intuition. Consider a
mass of dense elastic viscous material, expanding at roughly uniform rate. Suppose
that at the time ¢ = 1, the boundary of the spill is convex. Suppose that the spill is
subject to random fluctuations such as the air and water currents. It is not difficult
to imagine that if the fluctuations are small, then the curvature of the boundary
will remain non-negative. Let N(t) denote the number of lattice points trapped by
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