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1. Introduction

Let Q be a convex domain in R? containing the origin in its interior. We mostly assume that
has smooth boundary and that the Gaussian curvature of the boundary vanishes nowhere. Let

Nq(t) = card(tQ N Z%),

the number of integer lattice point inside the dilated domain ¢Q. It is well known that Nq(t) is
asymptotic to t¢vol(f2) as t — oo. We denote by

Na(t) — t?vol(Q)
tdvol(Q)

(1.1) Aq(t) =

the relative error, or the discrepancy function. It is conjectured that in dimensions d > 5 the relative
error is O(t=2) as t — oo. This conjecture is known to be true in the case of a ball centered at
the origin, and for ellipsoids in various degrees of generality (see Landau [20], Walfisz [31], [32],
Bentkus and Gotze [2]). The error can be even smaller. For example, Jarnik [14] established the
bound O(t~%/21¢) for the relative error, with any ¢ > 0, for almost all ellipsoids with axes parallel
to the coordinate axes. For general convex domains with non-vanishing curvature on the boundary,
W. Miiller [22] proved that Aq(t) = O(t 2D+ where A\(d) = (d +4)/(d® + d + 2), if d > 5,
A(4) = 6/17 and A(3) = 20/43, improving on earlier results by Krétzel and Nowak [19]. For planar
domains, Huxley [11] obtained this estimate with A(2) = 46/73, which implies the relative error
O(t=100/73(1og t)315/146)

In this paper we study the mean square discrepancy of the lattice rest, the square function

(1.2) Ga(R) = (}% /}:R |A9(t)|2dt)1/2

and related expressions. For the ball B; in R?, centered at the origin, bounds and various asymptotics
for mean square discrepancies have been obtained by Walfisz [32] for d > 4, Jarnik [16] for d = 3
and Katai [17] for d = 2.

In the more general situation where the boundary of 2 is smooth and is assumed to have
everywhere non-vanishing Gaussian curvature, Nowak [25] proved that Go(R) = O(R~3/?) for planar
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domains. This estimate is sharp by the results of Bleher [3] who investigated the limit of R*/2Gq (R)
as R — oo. The higher dimensional case was considered by W. Miiller [21], who proved a nearly
sharp estimate for d > 4, namely that Go(R) < C-:R2*¢ for any € > 0. The case d = 3 was left
open.

The main purpose of this note is to show that the known endpoint bounds for the mean square
discrepancy in the case of the ball remain valid in the general case, provided that d > 4. Moreover,
we prove a nearly sharp estimate in dimension d = 3, where we are off by a factor of /log R.

Theorem 1.1. Let Q be a convexr domain in R? containing the origin in its interior, and assume
that 2 has smooth boundary with everywhere non-vanishing Gaussian curvature. Then there exists
a constant C (), such that for all R > 2,

R72 ifd> 4
(1.3) Ga(R) <C(Q)S R %logR ifd=3.
R—3/? ifd=2

As we noted above, the sharp estimate O(R3/?) in the plane was already known for more
general planar domains with the non-vanishing curvature assumption. In fact, it turns out that
this estimate holds even if we replace the mean square discrepancy over [R, 2R] by the mean square
discrepancy over substantially smaller intervals [R, R + h]. A closely related result due to Huxley

1/2
[10] says that (/2" |Ag(t)|2dt) < CoR~%/?(log R)'/2.

Theorem 1.2.1. Let Q be a convex domain in R? containing the origin in its interior, and assume
that Q has C*® boundary with non-vanishing curvature. Then there is a constant C = C(Q) so that
for all R > 2,

1 R+h 1/2
(1.4) (E / |AQ(t)|2dt) <COR3? if logR<h<R.
R

As an immediate consequence of Theorem 1.2.1, the mean square discrepancy over [R, R + h] is
dominated by C(Q)R~3/2(log R)'/?h~'/? if 0 < h < log R. In particular, the aforementioned result
of Huxley follows if we set h = 1.

We now consider more general domains in the plane. We say that a convex domain is of type
at most m if its boundary has order of contact at most m with every tangent line. Thus if m = 2
we recover the case of everywhere non-vanishing curvature considered above. It is known that the
analogue of Theorem 1.2.1 may fail if the order is greater than 2 (cf. [26], [5], and [23]). However
for almost all rotations the estimate remains true for the rotated domain. More precisely we have
the following result.

Theorem 1.2.2. Let Q be a conver domain in R? containing the origin in its interior, and assume
that the boundary is smooth and of finite type at most m, in the sense that the order of contact
of OQ with every tangent line is ot most m. For A € SO(2), denote by AQ the rotated domain
{Az : x € Q}. Then for almost all rotations A, the inequality (1.4) holds for AQ, with the constant

Caq depending on A. More precisely, the following hold.
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(i) The mazimal function

1 [BEth 1/2
(1.5) CalA) = sup B sup (7 / (A aa(0)]dt)
R>2 log R<h<R \N Jg

belongs to the weak type space L2§—_22’°°(SO(2)).
(i3) Let T be the set of all points P € 02 where the curvature vanishes, and for P € T' assume
that the curvature vanishes of order mp — 2 (< m —2). Let np be the outer unit normal at P and

vp a unit tangent vector at P. Then Cq(A) < oo, if A satisfies, for some € > 0, the Diophantine
condition

(1.6) rgg%csup{|k|—m’l‘iff|<k,A*UP)| : dist(k, Rnp) < 1} > 0.

In particular the set {A € SO(2) : Co(A) = oo} is of Hausdorff dimension < 2=2.

It is likely that one can weaken the Diophantine condition and thus the estimate for the upper
bound of the Hausdorff dimension is presumably not sharp. The latter theorem is related to the
results by Colin de Verdiére [5] and Tarnopolska-Weiss [30] who proved similar statements about the
maximal function A — sup,s, t*/3Axq(t); see also the improvements by Nowak [24] who obtained
the van der Corput type bounds |Aaq(t)] < Cat=4/3=% for suitable § = §() > 0, again under
appropriate Diophantine conditions on the rotation.

We remark that in Theorem 1.2.1 the smoothness assumption can be relaxed considerably;
moreover a slightly weaker variant of Theorem 1.2.2 holds without any assumption on the boundary
of the convex domain. These issues are taken up in the sequel [13] to this paper.

Notation: Given two quantities A, B we write A < B if there is an absolute positive constant,
depending only on the specific domain €2, so that A < CB. We write A~ B if A < B and B < A.

2. Preliminaries
We denote by Q* the polar set of €2,
(2.1) Q= {&:(x,&) <1forall z € Q},

and let p* be the Minkowski functional associated to 2*; i.e. p* is homogeneous of degree 1 and
satisfies p*(&) = 1if £ € 9Q*. Then, if P, () is the unique point in 9 at which £ is an outer normal
to 9, then

(2.2.1) p*(§) = (P+(8),8)-
Similary, if P_(£) is the unique point in 9 at which £ is an inner normal, then
(2.2.2) p (=€) = —(P-(§), &)
If t — x(t) is a regular C* parametrization of OQ near a point Py = z(t), and t — n(t) denotes

the outward unit normal vector, then t — x*(t) = (z(t),n(t)) "'n(t) parametrizes the boundary of
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Q*, and z* is of class C*¥~ 1. If k(Po) denotes the Gaussian curvature at Py, and k(FPy) # 0 then
the parametrization ¢ — z*(t) is regular near P = z*(to) and the curvature x*(FPy) of 0Q* at Py
satisfies

(2.3) |6(P3)s(Po)| = (1P| - | P5 )™
For these facts see e.g. Lemma 1 in [21].

We shall also need asymptotics for the indicator function of a convex domains. Suppose that
Q is of finite line type (in the sense that every tangent line has finite order of contact with 99).

Let du be a smooth density on the boundary of Q. We define the Fourier transform by f(§) =
J f(w)exp(1{—y,&))dy, and then a result by Bruna, Nagel and Wainger [4] says that

(2.4.1) du(é) = e HP+EO8 g (&) + e 4P-O:8)q_(g),
where a4 is smooth and satisfies the symbol estimates
(24.2) |0gaL (&) < Cara ()€™, €] >1

for all multiindices @, and 4 is defined as follows. Let Hp be the (affine) tangent plane to Q at P.
Then 4 (€) is the surface measure of the cap

(25) ’Y:I:(é-) = U({y € 0N : dISt(y7HPi(E)) S |€|_1})7

where o denotes surface measure on 9. By the divergence theorem, 0,,xo = —n;do, in the
sense of distributions, where n = (n1,...,ng) is the outward unit normal. Thus we get xq(£) =
—1 Zle(&/|§|2)nida(§). If one combines this with (2.2.1/2) and (2.4.1/2), one obtains

(2.7) Xa(&) =e " Obi(e) + e (),

where

(2.8) |08b4(6)] < Carye(E)IEI7 2, €] > 1.

In the case of non-vanishing curvature one has v1(£) < |€|7(4=1/2 but of course the above
statement, and more precise asymptotics, follow from the method of stationary phase as in papers
by Hlawka [8] (see also §7 in [9]). More generally, for finite type domains one has

(29) 71£(6) S In(zx () 7H/2]gl 172,

This is proved in [29], and can also be deduced from the cap estimates (2.5) using an argument
in [6]. However, it should be noted that these results are much easier in the two-dimensional case
needed here. See [27] and also [1].

Definitions. Let 6o > 0 be fixed so that the ball Bas, (0) with center 0 and radius 26 is contained
in 2. Let ¢ be a smooth nonnegative radial cutoff function supported in the ball Bs(0) so that
[ ¢(z)dz = 1. Let ((z) = e~ 4((z/e).
We set N(t) = Nq(t),
E(t) = N(t) — t?vol(%),

and

N:(t) = Z Xt * G (k)
(2.10) kezd

E_(t) = N.(t) — tvol(Q).
We also denote by N*(¢) and E*(t) the corresponding expressions for the polar domain *.
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Three elementary Lemmas.

Lemma 2.1. Suppose that Q has C' boundary. Then there is a constant C = C(Q) such that for
1<R<t<2R,0<e<]1,

(2.11.1) |E.(t —¢)| — Ct%'e < |E(t)| < |B.(t +¢)| + Ct? e
(2.11.2) |E(t—¢)| - Cti e <|E.(t)| < |E(t +¢)| + Ct¢ e
Proof. By the properties of the the cutoff (. we have
Ne(t—e) < N(t) < Ne(t+e),
and if we subtract V (t) = t?vol(2) throughout, we get
E(t—e)+[V(t—e)— V@) <EQR) <E:(t+e)+[V(t+e) =V ().

Clearly |V (t £¢) — V(t)] <t le and (2.11.1) follows. (2.11.2) follows as well if we apply (2.11.1)
with ¢t £ ¢ in place of t. O

Lemma 2.2. Suppose that p € [0,1] and that the estimate

(2.12) sup t~ (1M E(t)] < Oy
t>0

holds. Then fort > 1
(2.13) E.(t) < max{t4 7 14t}

Moreover there a constant C so that for0 <e < h<r

L ppa) - (2 mwpa) | < oo g
h J, b/,

Proof. We first observe that (2.13) is immediate by Lemma 2.1. We integrate and obtain
rh rhte A
/ |B(6)Pdt < / |E.(t)Pdt + Chr** &
' r+h
< / |E.(t)2dt + Chr??=2¢% 4 C'er?(d—1-1)
.

which implies one of the desired inequalities, the other is obtained in the same way. O

Lemma 2.3. Let 0 <e <1 and let forT>1

(2.15) S(re) =card{f € Z?: 7 —e < p(f) < T +¢}.
Then
T4e/2 1/3 4
(2.16) S(r,e) < Cir e + Cy (/ Ee(t)2N€’(t)dt) , P
T—e/2 bo
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Proof. Let t € (t —¢e,7 + ). We use the elementary inequality

[ Xasmonnle = pe ety 2 cohfe th< sz e (4R (7 -0

This implies

Nt +m) = N.) = 2 [ xrmonnlk =9 iy
k
Z COEC‘B(TJ 5)
€

and thus

(2.17) N() > coS(re)e u—ﬂge,e=%5
0

We now turn to the proof of (2.16). We may assume that &(r,e) > Cier?¢™! with C; =
d2%+1cyvol(Q). Then by (2.17),

E!(t) = N!(t) — dt?vol(Q)
> N!(t) — d (27)* tvol(Q)
> coB(r,e)e™ = 240 L d e vol(Q)B(r, €)
(2.18) > co(2e)'6(r,e).

Let I, . = [T —¢/2,7+¢/2] and pick tg € I, so that minsey, , |Ec(t)| = |Ec(to)|; thus [Ec(t)] >
|Ec(t) — Ec(to)|/2 and |E(t)| > |fti E!(s)ds|/2 > co(4e)7t|t — to|S(T,€). We use also (2.17) and
obtain that

T+e/2 T+e/2
/ EJﬂ%WUMtZ/n (£26(r,))°|t = to|* 2&(r,€) dt > c[&(r, )]
T—e/2 T—e/2

as asserted. O

3. Proof of Theorem 1.1

In this section we assume that (2 has a smooth boundary with everywhere non-vanishing cur-
vature. This implies that 2* is also smooth and has everywhere non-vanishing Gaussian curvature.
See (2.3) above. We estimate the square-function

Gm= (5 [ 1mra)”

for 0 <e <1/2and R > 2, and set

R ifd>4
(3.1) wq(R) =< (RlogR)™! ifd=3
R71/2 if d =2
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and for 0 < s <1/2let

(3.2) Aq(s) = sup sup(l+eR) " lwy(R)G.(R).
s<e<1/2 R>2

Analogously, we denote by A%(s) the corresponding quantity associated to Q*. It is not hard to see
that A,4(s) is finite for every s since we have a trivial estimate A;(s) < supgso(1+sR) " 4 1R <571,
and, similarly, A%(s) < s7! for every s < 1/2. We shall see that A4(s) is bounded as s — 0. Once
this is established, the required bound for Gg follows from

(3-3) Ga(R) S R™*(G1/r(R) + R'™?),

which is a consequence of Lemma 2.2.

The boundedness of A4(s) can be deduced from the following iterative procedure.

Proposition 3.1. There is a constant Cq so that for s <1/2
(34) Aa(s)? < Ca(1+ Aj(5)).

Indeed, since 2** = 2, (3.4) implies that A%(s)? < Cq- (14 Aa(s)), so

Aq(8)? < Cao(1++/Ca- (1 + A4(s)))

from which the boundedness of A4 is immediate.

Proof of Proposition 3.1. We estimate G.(R) assuming first that
R'<e<1/2

We apply the Poisson summation formula ), ;. f(k) = (2m)? Y, cza F2nk) to f = xalt) .
This yields
(3.5.1) E.(t) =) (2nt)?xa (2ntk)C(2nek).

k#0

We split E.(t) = . EZ(t) by using (2.7/8); here

EX(t) = Z(27rt)db+(27rtk)exp(—27rzp*(k))
k#£0

E-(t) = Z(27rt)db,(27rtk)exp(27rzp*(—k)).
k#£0

(3.5.2)

Now fix a nonnegative 5 € C*°(R) so that n(t) = 1 for ¢ € [1,2] and 5 is supported in (1/2, 3).
Then

G:(R) < GI(R) + G (R)

=Y (r / (B0 (R 0ar)
+
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We shall only consider estimates for GI (R) because the estimates for G, (R) are exactly analogous.
Multiplying out the squared expression we get

(3.6) =Y ((2nek)C C(2nek)R™ / 2mat(p" (1) =" (K g o (£)dit
k#£0
k'#£0

where

(3.7) Qi (1) = by (2mtk)by (2mtk )t (t/ R).

Thus g 4 is supported in [R/2,3R] and by (2.8) and v+ (£) = O(|¢|~(?=1)/2) we have the symbol
estimates

(38) ‘(%)mqk’k, (t)‘ < Cdeflfm|k|f(d+1)/2|kl|f(d+l)/2‘
We now integrate by parts in ¢. We note that |k| = p*(k) and |((27k/R)| < Cn(1 + |k/R|)~" and
obtain the estimate

GE(R)? < Cain 3037 REI(L+ RIp* (k) — p*(k) )™M (1 + el + el )~V " (k) o (k)] 22

k0 k'#£0

The terms with |p*(k) — p*(k')] > R~'/2? give a contribution of O(RI~!1~M/2¢=2d) =
O(R3*1~M/2) and we may choose M = 6d.

Thus
2 N Ri1 d—1 3d—1—M/2
GZRP<G > D (e k)N Y gl R+ RN
—RY/2<n<R1/2 k#£0 0" () —p" (k)|
SRS
- - ey S (o (k), 1) L
B9 <ORTN 3 (4w (+ep (k)TN —Tasa + GRS
—R!/2<n< R1/2 k0

&*(p*(k), °£)
D L
<> 271 +e2) (2% > (6%t (k), )] )1/2
1=0 QISP*(k)<21+1

o
<> 27 1 +e2) ™ N[(n+ DI + 11, ]

where

/
I = (% Z p*(k)2d72R72)1 2,

2l<p* (k)<2l+1

1 p*(k)+(n+1)/2R E*(t N*'(¢
-y [ W ()

dt)1/2
2 B Lo (- (n+1)/2R &*(p*(k), "% ’
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with € = 4¢/80; here we used Lemma 2.3. Observe that for N large,
(3.10)

o0
d 2t 1+e2)" VL SR 122’('1 V(1 +e2h) N<{
=0 =0

R 1g27d ifd>3
R~ 'log(2+¢e71) ifd=2

and thus, since we are assuming ¢ < 1/R,

R~ 122 (1+e2)™N1 < R2max{e? %, log(2 + )} S wqy(R)72

We now estimate I1,; and set Jy,, := [p*(k) — (n + 1)/2R, p*(k) + (n + 1) /2R]. Observe that

“(k
S(p" (k), ") = card{€: p" (k) — 2 < p"() < " (k) + "2}
zcard{z;t—g—;lgp(e)_wg—}l if [t — p* (k)| < %

which is saying that &(p*(k), 2t) > &(t, kL) if t € Ji,n. Thus

X Tk (1)
n = n XJk,n -
2 S(p*(k), %1) i Z *

2<p () <241 b))

Therefore

ErX(t)*Ny'(t
II2 =2 ld/ Z XJkn(t)] Wcﬁ
20 < p* (k)<2!+1 p 'R
1 ol+2
<o [ BN i
ol—1
1 2l+2 1 21+2 d
—_ * 2 ! * 2 @
= ou /2,_1 E(t)°EZ (t)dt + 2,d/ | B (vol (t)dt
1 [E*(2l+2)]3 [E*(2lfl)] C 2l+2 )
< — d B = E*
< 21d( 3 3 ) o - *(t)"dt

2l+2

< (21(2d76+%+1) +21(2d—3)63+il/
~ 2

ol—1

B (t)?dt);

gy 2
here we have used the estimate |E*(¢)] < 2“7 2% @+1) 4 21d-V¢ ¢ ~ 2!, which by Lemma 2.1 is a
consequence of the classical estimate |E*(t)| = O(td_2+%), d > 2. Thus

R~ 122 (1429~ NII,,

2l+2

- i l(d—4+i) ke . 71 « 1/2
< R? l(lz_; (142~ [2 d+1) 4 gld=5/2)¢3/2 4 9 l(? /21_1 |E? (t)|2dt) ])

1
<Rd13d+Rd 122 1+52 NZG€(217'L')

=0 i=—1
(3.11)

14 e2t)d+t o
<Rd13d+Rd1 2711 + 2™ (7511 1+€e2") 791G (2 we(20)).
; ) 'lUd(Zl) TZIS{( ) e( ) d( )}



Now since R? 1279 < wy(R) 2 for ¢ > R~ we have

R-1 22—1 (’wd(Ql))_l(l +e27H) "N (1 4 27ttt
=0
< pi-1 22 l(wd(2l))*1(1 + €27y N HaHL
=0
(3.12) < wg(R)2(1 + eR)4 2,

where the third inequality follows in a straightforward manner from the definition of wg. It is
precisely at this point where one needs to distinguish the cases d = 2, d = 3 and d > 4. Combining
the previous estimates (3.10), (3.11) with (3.12) we obtain for s < 1 and max{s, R 1} <e <1/2

[(1+eR) " twy(R)GH(R)]®
ST+ (1+eR) > Pwg(RPRTY (14+e2)™ > (14+n)((n+ D)L + I1,)
120 In|<R/2
(3.13)
<1+ sg% {(1+e2) 1@ (2" wqe(27)}

for € = 4e /6o The same estimate holds for G; (R) and thus for G.(R). Consequently, since € = e,
we have

(3.14) [(14+eR)™ " wa(R)G-(R)]” < C(1 + A%(s)) iR '<e<1/2

The required estimate for £ < 1/R follows from a small modification. Namely we can use Lemma
2.2 to see that

Thus
(14 eR)~ 2y, (R)?G. (R)?
Swa(R)?[R*** + Gy /r(R)?]
(3.15) < C(1+ Ays)) if s<e<R™.

The desired estimate (3.4) follows from (3.14), (3.15). O

4. Localized square functions in the plane

In this section we give the simple proof of Theorem 1.2.1. We assume that (2 is a convex domain

in the plane, with smooth boundary, and that the curvature does not vanish at the boundary.
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We may apply Lemma 2.2 with u = 0, say, and we let 1 < h < R and ¢ = R~!. Then

(@) G [ mora)” (G [ imymora)” + mme).

R

Let 1o be a nonnegative C* function supported in (—1/2,3/2) and which equals 1 on [0,1]. Then

R+h
(4.2) h/ By /a ()] dt<z /|E1/R 2o (52 ) dt

with E* asin (3.5.2). The expressions on the right hand side are estimated by integration by parts,
as in the previous section. We square the series. The cutoff 7(t/R) is now replaced by no(:5£) and
this affects the argument since in the symbol estimates for the modification of g ;' the estimate
RA=1~m in (3.8) is now replaced by R?~1h~™

As a result we obtain the estimate

/|E1/R Rt
SRY. Z + hlp* (k) — p* (K)) ™™ (1 + [KI/R + K|/ R) N |p* (k) p" (k") 7/

k0 k' #0
and this term is estimated by a constant times
(4.3) Yo Y+ ) M) TP+ pr(k)/R) VS (o7 (k) + . 3) + RTM,
|n|<R!/2 k0
where, as before, &*(r,e) = card({£ € Z*: 7 — e < p*({) < 7+ €}).
Now by the classical estimate for the remainder term E(t) with t = p*(k) + (n £ 1)/h = p*(k)

we have

(4.4) & (p" (k) + 5. 3) S KT (k) + o7 ().

=

Putting the previous estimates together, we have

/ B r @) no(158)dt S B Y (1 + R™p" (k)™ min{h™"p" (k) 72, p* (k) 7"/*} 4+ BRI/
k#0
SR(1+htlogR)

which is O(R) if h 2 log R. This finishes the proof of Theorem 1.2.1. O

5. Estimates for finite type domains in the plane

We shall give a proof of Theorem 1.2.2. Let Q be a convex finite type domain in R? which
contains the origin in its interior. We first give a version of the standard lattice rest estimate for the
polar set Q* which has a C' boundary.

Lemma 5.1. We have the following estimate for the Fourier transform of the characteristic function
of O,

(5.1) IXa+ ()| < C + €)%

Taken Lemma, 5.1 for granted we obtain as a consequence
11



Corollary 5.2. Let Q be a convex set in R?, containing the origin in its interior and suppose that
Q has smooth finite type boundary. Let Q* be the polar set. Then

(5.2) N (t) = t2area(Q*) + O(t2/?)
as t — 00.
Proof. This follows from Lemma 5.1 using the standard argument (see e.g. [8], or §7 of [9]).

The Corollary can be improved by using more sophisticated techniques which however are not
needed here.

Before proving Lemma 5.1 we recall some terminology: We denote by I' the set of all points in
01 at which the curvature vanishes; these points are separated and thus I is finite. For every P € T
let mp be the type at P (i.e. the curvature vanishes of order mp — 2 at P). For every P € 0N there
is a unique P* € 9Q* so that (P, P*) =1 and we define I'* = {P* : P € T'}.

Proof of Lemma 5.1.

The boundary 8Q* is smooth away from I'* and it is C! everywhere. Thus surface measure do is
well defined and by an application of the divergence theorem as in §2 estimate (5.1) follows provided
we can show that

(5.3) Ixdo(€)] S (1 + [¢])~1/2

for x € Cg°.

To see this we introduce a partition of unity xdo =}, x,do where each P* € T'* lies in exactly
one of the supports of the functions x,. Clearly it suffices to prove the estimate c%\,,(g) = 0(|¢]71/?)
for each o, := x,do.

Fix v and P € T. If P* ¢ supp do, then do, (£) = O(|¢|"1/2) by the standard stationary phase
argument. Thus suppose P € I' N supp do,. By a rotation we may assume that np = (0,1) and by
an additional translation we may also assume that P lies on the zs-axis. Let m = mp be the type
at P. Near P the boundary of ) is parametrized by (t, f(¢)) where

tm L
f(t) =ao — am— +t™ g (1)

with ag > 0, a,, > 0. Thus a parametrization of 9Q* near P* = (ag ', 1) is given by

Lo 1 (f@)
(@(t),n(t)) — f&) —tf'(t) 1+ ()2

however this parametrization is not regular. Denote by w(#) the first coordinate of (z(t), n(t)) ™ n(t).

Then it is easy to see that
W(t) = (am/ag)t™ (1 +tga(t)) = (cos(t))™ "
where ¢y = (am/ag)*/(™=Y and s(t) = t + O(t*). Moreover

(O —tfO) ' (VI+ 7)) =g (1= Bt at™ + 7™ go(1)).
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Thus setting 7 = (cos(t))™ ! we see after a short computation that near P* the boundary is
parametrized by 7+ (7, h(7)) with

hr) =ag' (1 —crr™m) 4 TRIL gy (Tt )
where ¢; = (m — 1)m ™ Y(am/ao)cg™ = (m — 1)m(am/ao) /™1 and g3 is smooth. Thus we
have to show that

6.4) 36 = [ e ennrr = o)

as €] — oo; here we may assume that the support of 7, is contained in a small interval (=6, 6).

It suffices to estimate the analogous integral extended over the set {r : |7| > |£|7'/? since the
error is O(|¢]71/2). Observe that for small 7 we have |h'(7)| < 1 and |h"(7)| > er=(m=2)/(m=1) > 1,
Thus by van der Corput’s lemma ([28], ch. VIII.1) we obtain for large |¢| the estimate |J(£)| < &7}
if |&| > |&| (using first derivatives of the phase function) and the estimate |J(&)| < |&| /2 if
|€&2] > |&1] (using second derivatives). This implies (5.4) and thus (5.3). O

Proof of Theorem 1.2.2. We shall decompose the Fourier transform of xq as in [27], following
rather closely [13]. Using the divergence theorem as above, we see that

(5.5) xa(é)

—l( ,6)
|§|2/”’ Hdo(y)

where n; denotes the i** component of np.

For every P € I we choose a narrow conic symmetric neighborhood Vp of the normals {£np},
a small neighborhood Up of P in ¥ and a C§° function x p whose restriction to X vanishes off ¢/ and
so that xp equals one in a neighborhood of P. We may arrange these neighborhoods so that the sets
Vpn{¢:|§| > 1}, P eT are pairwise disjoint and that the normals to all points in a neighborhood
of Up are contained in Vp, so that the U p’s are disjoint too.

Define
Fip(6) = / xp @)ni(y)e ™ do(y)

Let vp a unit tangent vector to 9 at P. Then if the cones Vp are chosen sufficiently narrow, we

have
(5.5) Zmz 1 p(€) = e Wby (&) + e THb_(g)
where

o -l min{|e|77F, £ 30p(8)}  ifEEVp
5.6 o%b < C,
(5.6) 02b. ()] < {0N|§|—N e gV
with

_ <UP;§> _2&—2_—21>

(5.7) Op(¢) = \mP, 5

13



This follows from (2.8) (with & = 0) and (2.9) by a straightforward computation. Moreover

(5.8) Z |€|2

where

€)= D Fip(9) =e " Ocy(§) + ¥ “e_(¢)
Per

(5.9) |0 e (€)] < Cal /271,

The estimate for £ € Vp follows from Proposition 1.2, and the estimate for £ ¢ Vp follows by
a simple integration by parts; namely if ¢ — ~(t) parametrizes ¥ near P then |(v'(¢),£)| ~ |¢| for
v(t) € Up and £ ¢ Vp.
Moreover by the usual stationary phase or van der Corput estimate we have
(5.10) =Y Fip(@) S A+[g)T?
per
here we used the definition of I and the fact that yp is equal to 1 near P.

Let Ey/g 4(t) be the remainder term (2.10) with ¢ = 1/R, with Q replaced by the rotated
domain AQ); that is

Ey/r.a(t) = Z xta * (1/r(A7'k) — t*area(Q)

kez?
d
~ _ 2rt{ Ak, e;)
A1 = E t2¢(2 LAk E 0 YV p(2nt Ak
(5 ) = C( TR )i:1 |27TtAk|2 ( 7T )

For PeT, A€ SO(2) let

ZP(A) ={k e Z?: Ak € Vp,k # 0, dist(Ak, Rnp) < 1}
ZE(A) ={k € Z%: Ak € Vp,k # 0, dist(Ak,Rnp) > 1}

and let
Zir(A) ={k€Z: k#0,k ¢ UperVp}.

We may use estimate (4.1) which does not depend on any curvature assumptions and see that it
suffices to estimate the square function (k™! [|Ey /g, 4(t)|*n0 ((52)dt)'/? (cf. (4.2)). We decompose
for R<t<2R

d
E1/R,A(t) =( Z Z + Z Z t22(27rR*1Ak) Z %F@P(Qﬂtflk)
i=1

Pel kez2P(A) PET keZF (A)

d
~ _ 2mt{ Ak, e;)
§ 2C(2rR7'A 2:7"1?-214—2:}7- 21t A
k€EZr11(A) i=1 Pel’

Z Z s 1 Zd 2nt(Ak, e;)
i—

P k¢Vp
ZZ(ZIi )+ 3 I +1Hi()) +IV(t)
+ Pell PeT

14



where
(5.12) [TV (t)| = O(t’N)
and

If(t, A) Z Cn R Ak)b, (2t Ak)e—2mite" (AR)
kEZP(A)
I, A) = Y C(2rR " Ak)by (2mtAk)e2mite" (AR
kEZE (A)
IIT*(t, A) = Z E(27TR_1Ak)c+(QﬂtAk)e—Qﬂ'itp* (AK)

kezZl  (A)

and the expressions I, II5 and II15 are defined by replacing by by b_, ¢4 by c_, and e~ 27" (4k)

by e27rz'tp* (—Ak) .

The argument in the previous section applies to the square functions associated to ITI*+ (t, A)
and we obtain the bound

1
(5.13) = / \ITT*(t, A)no(t5E)dt < R(1 + ™' log R),

uniformly in A.

A small variation of this argument also applies to the square function associated to I Iﬁ (t, A).
Namely, arguing as in §3 and using (5.6/7) we see that

1 _
+ [ b P

_ kl+|k'|\-~n Op(Ak)Op(AE")
<2 1 * A ok AI N 1 |
S ZP R(1 + hlp*(Ak) — p*(AK")) "™ (1 + R ) p* (Ak)3/2p* (AK')372
k€Z;;(A)
K €211 (A)

©p(Ak)>Op (A"

<R ¥ QPA’“ S (1) (4 [B/R) VS (pu (AR) + 2, 1) + RN

keZf( ) neZ
In|<2*7°
where now &% (r,e) = card({{ € Z*: 7 — e < p*(Al) < T+ ¢}).
Observe that dist(Ak,Rnp) > 1 and dist(AE, Ak) < 1/2 implies that O p(Ak) ~ Op(AE). Thus
we can use the argument in §3 and Lemma 5.1 and estimate

1 R+h " 5 R
t—
e A

SR A+1p"(&)0R) A+ R p*(€) N min{h'p*(§) %, p* (k) "/*}d¢ + R M/,
Vp
15



Since ©% is homogeneous of degree 0 and integrable over the sphere {p*(n) = 1} it is easy to see
that the former expression is bounded by R(1 + h~!log R), thus

1 R+h
(5.14) m /R |IT}(t, A)|*dt < R(1+h tlogR),

for |h| < R, uniformly in A. The same estimate holds true with IT}} replaced by I15- the proof only
requires changes in the notation.

In order to estimate the square function involving I}, we let Sp(A) be the set of all k € Z2\ {0}
with dist(k, RA*np) < 1, and define

Mpe(A) =sup {|k| *Op(k) : k € Sp(A4)}.
Then

3 [ 1@ Pm(sE e
_nOp(AR)Op(AK)

* * — k|+|k'
S D0 X RO+hlp(AR) - pr (AR (L BT = e
keSp(A) k' €Sp(A)

S Mpe(4)° 37 R(L+ hlp"(Ak) — p (AR~ (14 BEGE) =N g et/ o2

kESp(A)
SMp(A)? D R(1+ [k[/R)™N|k|7' 7%,
kESp(A)
and thus
1 A
(5.15) 5 [ T OPm(E)de < CMp (AR

Again the same estimate remains true for I (t).

For each k # 0 the function A — ©p(Ak) belongs to the space L2mr=2)/(mp=2),00 For ¢ > 0
the set {4 € SO(2) : Mp.(A) > a} is the union of the sets Ex(a) = {4 : Op(4k) > |k|'~*a},
k € 72\ {0} and the measure of Ey(a) is < (k' ca)~ mr=2/(ms=2)  Gince (2mp —2)/(m, —2) > 2
we may sum over all k € Z2\ {0} and we see that Mp, € L(2mr—2)/(mr=2).00(8()(2)) provided that
€ < 1/2. Combining the estimates (5.12-5.15) this proves that Cq € LZmr—2)/(mp=2),0(50(2)).

The Diophantine condition (1.6) for some € > 0 is equivalent with the condition Mp.(A) < oo,
for some £ > 0. Fix P. The estimates (5.12-15) show that Co(A) = oo also implies Mp.(A) = oo for
at least one P € I'. Thus we can complete the proof if for any sufficiently small € > 0 we demonstrate
that the set {A € SO(2) : Mp.(A) = oo} has Hausdorff dimension < (mp —2)(mp—1)"1(1—¢)"'.

Set 8 = (mp —2)/(2mp —2), thus § < 1/2. Now Mp.(A) = oo implies that there are infinitely
many k € Sp(A) so that |k|*~1[(k/|k|,vp)|™® > 1. If A*vp = (a1, ) this means |kja; + kaas| <
|k|(B=142)/8 Now |ay| > |aa| implies |ki| < |ka| and |az| > |au| implies |ko| < |k1] (as k € Sp(A)).
Thus if |a1| > |az| the condition Mp(A) = oo implies that for infinitely many k with |ka| = |k| we
have that

(5161) |k1/k2 - 042/0[1| < C|k2|(5_1)/’3 or |k1/k2 + az/a1| < C|k2|(s_1)/ﬂ.
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Likewise, if |a2| > |a1| and Mp(A) = oo then
(5.16.2) ks /Ry — o fao| < Clkt[€7D/F or  [ka/ky + ar /| < Clly |77

for infinitely many k with |k1| =~ |k|.

Let Py denote the set of all z € [—1,1] for which there exists infinitely many rationals p/q such
that |z — p/q| < ¢~27%. By a Theorem of Jarnik [15] (see also [18]) the Hausdorff dimension of P
is equal to 2/(2 + #) (and we need only the easy upper bound). Now choose in (5.16.1/2) a small
€ > 0 (in particular so that 8 < (1 —¢)/2) and we apply the last statement with § = (1—¢)371 -2
and then 2/(2+60) =28(1 — &)™ = (mp — 2)(mp —1)7'(1 — )~ L.

Consequently, with m being the maximal type, the Hausdorff dimension of the set {A € SO(2) :
Ca(A) = oo} does not exceed (m — 2)/(m—1). O
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