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Abstract

We study the extremal volume of central hyperplane sections of
complex n-dimensional /-balls with 0 < p < 2. We show that the mini-
mum corresponds to hyperplanes orthogonal to vectors & = (£1,...,£") €
C* with |¢!| = ... = |¢"|, and the maximum corresponds to hyper-
planes orthogonal to vectors with only one non-zero coordinate.

1. Introduction

This article continues the study of extremal sections of [,—balls. We denote
by B,(R") and B,(C") the unit balls of the real and complex n—dimensional
l, spaces, ,(R™) and [,(C"), respectively.

The extremal hyperplane sections of the cube are known in both real and
complex cases. Hadwiger [Ha] proved that the minimal volume of hyperplane
sections of the real unit cube is equal to 1 and corresponds to the sections
parallel to the faces. Different proofs of this fact were later given by Vaaler
[V], who generalized the result to sections of arbitrary dimensions, Hensley
[He] and Ball [B]. It was shown in [BK] that this property of the cube is in
some sense stable, i.e. for every 0 < ¢t < 3/4 the slab parallel to the face has
minimal volume among all central slabs of the cube with fixed width ¢. The
exact upper bound v/2 for the volume of hyperplane sections of the real unit
cube was found by Ball [B] and corresponds to the hyperplane orthogonal
to the vector (1,1,0,...,0). The case of the complex cube was studied by
Oleszkiewicz and Pelczynski [OP], who proved that the minimal sections
are the ones orthogonal to vectors with only one non-zero coordinate, and
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the maximal sections are orthogonal to vectors of the form e; + oe;, where
J # k, e; and e, are standard basic vectors, and 0 € C, |o| = 1. Note that
the "minimal” part also follows from an earlier result of Meyer and Pajor
[MP], Corollary 2.5.

The critical sections of [,-balls, 0 < p < oo are different for p > 2 and
p < 2. Meyer and Pajor [MP| proved that the section orthogonal to the
vector (1,0,...,0) is minimal for p > 2 and maximal for 1 < p < 2. The
latter result also holds for 0 < p < 1, as proved by Caetano [Cal. In the
same paper, Meyer and Pajor proved that the minimal hyperplane section of
B;(R") is the one perpendicular to the vector (1,1,...,1) and conjectured
that this is also true for every p € [1,2]. This conjecture was proved in [K1]
for 0 < p < 2. It is still an open question what are the maximal sections
of B,(R") when 2 < p < oco. Oleszkiewicz [O] showed that the answer must
depend on p and the dimension.

In this article we characterize the extremal sections of complex [,-balls
B,(C"), for 0 <p <2

Theorem 1 Let 0 < p < 2. For £ = (£4,...,&") € C*, £ # 0 denote by
He = {z € C" : (z,&) = 0} the complex hyperplane in C* orthogonal to
€. The (n — 1)—dimensional complex volume of B,(C") N He is minimal if
1€ = ... = |€", and it is maximal if & has only one non-zero coordinate.

The part of this theorem related to the maximal sections was established
earlier by Meyer and Pajor [MP], Corollary 2.5 for 1 < p < 2, and by Barthe
[Ba] for 0 < p < 1. In fact, these papers cover a more general case of the
unit balls of the real spaces [7}(5') and show that, for every integer k, the
”standard” sections of these balls of dimension km are minimal for p > 2
and maximal for 0 < p < 2.

We prove Theorem 1 by generalizing the method of [K1| to the complex
case. Like in the real case in [K1|, the minimal and maximal sections are
identified simultaneously.

2. Preliminaries and notation

We identify [,(C*) with the real 2n—dimensional space equipped with the
norm

-
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where
n _ . . 2n
C" 32 = (z1 +1i%2,...,Ton1 + %2s) — (T1,%2, ..., Ton—1,T2n) € R™".

It is easily seen that this mapping identifies the complex hyperplane H
with a (2n — 2)—dimensional subspace E¢ of R*", orthogonal to the vectors

n= (fla f?a IO §2n—la 52”)) 19 = (_525 61: I _§2n7 6277,—1)

Let H, é be the set of vectors in C* perpendicular to He. This set corresponds
to a 2—dimensional subspace in R?", which is denoted by Ej and is orthog-
onal to E¢. Let |- | be the Euclidean norm in R*". If || = 1 the vectors 7, ¥
form an orthonormal basis in Eé

The (n — 1)—dimensional complex volume of the section of B,(C") by
H, is defined as the (2n — 2)—dimensional volume of the section of the unit
ball of the norm || - ||, by the subspace E¢. We write

UOlCn_l (BP(CH) N Hg) = v0l2n_2 (Bp((C”) N Eg),

using the same notation B,(C") for the unit ball of the complex /,-space and
for the unit ball of the norm || - ||, in R?" :

B,(C") = {(z1+ize,...Ton—1 +iT2,) € C": Z(xgj_l + :rsgj)”/2 <1}
Jj=1

= {(z1,...Ton_1,Ton) € R?" : Z(.”E%j_l + Jrzgj)p/2 <1}
j=1

3. The Fourier transform formula for sections of B,(C").

As in many of the papers cited in the introduction, our result is based on
a certain Fourier transform formula for the volume of sections. We use the
following general result proved in [K2, Th.2]: for any infinitely smooth sym-
metric star body K in R”, the volume of its section by an (n—k)—dimensional
subspace H of R*, 1 < k < n is equal to

1

UOln_k(KmH) = m -
n—1n

=]l do =
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where || - ||k is the Minkowski functional of K. Although the bodies B,(C")

are not always smooth, we assume that formula (2) holds for the norm || - ||,

introduced in (1). In section 5 we present a simple approximation argument

proving this assumption.

Throughout this paper we use the Fourier transform of distributions. We
denote by S the space of rapidly decreasing infinitely-differentiable functions
(test functions) on R*® with values in C. By &’ we denote the space of distri-
butions over S. Every locally integrable real valued function f on R?" with
power growth at infinity represents a distribution acting by integration: for
every ¢ € S

The Fourier transform of a distribution f is defined by < f , <Z>> = < f, ng5> for
every test function ¢, where

is the Fourier transform of ¢.

Lemma 1 Let 0 < p < 00, ¥y = (Y1, ---Y2n) € R*. Then the Fourier trans-
form of || - ||;2"** (in the sense of distributions in R°™) is equal to a locally
integrable function on R2"

(I 1,72) " ()

o0 n
- r(—fn’-z) / t(H/ i B TN T

p

Proof: From the definition of the Gamma function, we have that

=], *"* = 41“(222) / 123~ llwlE gy (3)
Ty 0
p



We first fix ¢ > 0 and compute the Fourier transform of the function z —
e *lelle : for any y € R?", making a change of variables tz = z we get

(e 1#IB) " (y) = /

3 4P P 4 _ o
e WD) o PlelE gy — [ o2/t g ll2lE 20 g,
R2n R2n

t—QnH/ 2] L o 1+—22J) (22] 1+22]) dZ2] 1dZ2J (4)

J= 1R2

The function ||z||;*"*? is locally integrable on R*". Using (3),(4), Fubini and

the change of variables % = s, we get, for any even test function ¢,

(1,243 6) = (ll2ll,*+2,8)
/ [ETs “2n+2g (2)dz = % / (/oo t2”_3e_tp”m”£dt)$(:r)dx
0

= zn > / £ 3/ e~elb g (x)dz dt
b n— —12||z|?
- Fay / s [ (e 18) otu)dy at
p 0 R2n

p > 2n—3,—2
— n— —Zn
= 71‘(2"2)/0 t t X

p

/ H/ (L=t g 1+—Lz2]) —(23;_1+23;)2 dej 1d29; d)(y)dy) dt
R27 J1= 1R2
= |
F(ZP%)R?)%

[e') n
i . . o) (2. 2 \p/2
/ S(l |/ e zs(y2J—1z2J—1+y2]z2J)e (23;_11%23;) dz2j—1d22j> dsdy

Since ¢ is an arbitrary even test function, the result follows.




Remark 1 We define a function g on R? by

L —q 129i—14+y2i227) — 224_ +22. »/2
g(yQ‘]*l’yZ}) .—/6 (yQJ 122j-17TY2j 2‘])6 (2] 1 2]) dz2]71dz2]_

RZ

2 2 \p/2
z3;_1+25;) /

The function (22j_1, ZQJ-) — e ( is a radial function on R?, so is

its Fourier transform. Therefore,

9(tyoj1,ty) = 9(t\/v3;_1 +v3;,0) =

(2 2\1/2,,. . (2 2 \p/2
f(t(:lJ;],l + ygj)l/Z) = /6 it(y3;_1+Y3;) #2j-1¢ (23;_1t%3;) dZZj—leQj-
R2

The latter formula defines a function f on R that we are going to use through-
out the paper:

it (2. 2 \p/2
f(u) :/e Wa—1 0 (23j_1123;)F dej_leQj, u € R.

R2

Theorem 2 Let 0 < p < 2, £ € C",|§| = 1,H = {z € C" : (2,£) = 0}.
Then the complez volume of the section of the unit ball B,(C") by the complex
hyperplane He

volcy_1(B,(C") N Hy)

_ 11 p o /
" 27 (2n — 2) I‘(?’;%Q) /0 tjl;[lf(t(fgj—l"‘fgj)l 2)dt (%)

Proof: Using the definition of complex volume and formula (2) with K =
B,(C") and H = E (via the approximation argument of Section 5), we get

UOlCn_l(Bp((Cn) N Hf) = UOlgn_Q (Bp((C”) N Ef)
1

:(27r)2(27117_2) / (1) " (y)dy.
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By Lemma 1, Remark 1 and Fubini’s theorem, the latter quantity is equal to

1 1
(27)2 (2n — 2) 2n 2 / / tHf y2, 1 +y2])1/2)dt dy

52" InE;

(271T) (277, _ 2 Zn 2 / / H f ZUQJ 1+ ygj)l/Q) dy dt. (5)

g2n— IDEJ_ J=1

We shall now prove that the function under the inner integral in (5) is con-
stant on S?" N Eg As mentioned in section 2, Eé = span{n,¥}, where

n= (&8, &n), V=(=8,&,. .., —E&m,Eom—1). Let y € EgL, then y can be
written as a linear combination of 7,4, i.e. 3 A\;, Ao € Rso that y = Ain+ A0

and, forall j =1,...,n, Y2j—1 = )\1523'—1 - /\2§2j, Y2; = )\1523' +/\2'f2j—1- There-
fore,

y2] 1+y2] (/\2+)‘2)(§2] 1+§2]) :].,...,’I'L

= y> = yi+ys+-+ys.1+ s
= N+ (E+E+-+6,  +62)
= (M+X)IEP =M+,

since €| = 1.
Thus, if y € $*"' N E¢ then A} + A3 =1, and we get that

n

H f y2] 1+ 923)1/2) = H f(t()\% + )\3)1/2@%—1 + 53;‘)1/2)
j=1

=1

n

=[] 7t . +6)7?).

j=1

Hence, the inner integral in (5) is equal to

/ H f ?sz 1t ?sz 1/2 dy = / H f 52] 1t 621)1/2)

S2n— 1OEL j=1 S2n— 1OEL Jj=1

n

— o [[ (e, + €)1,

=1



since S*"~1 N Ej is a 2-dimensional unit circle. The latter equality and (5)
imply (x).

4. Proof of Theorem 1.

The result of Theorem 1 immediately follows from Theorem 2 and the fol-
lowing lemma.

Lemma 2 If 0 < p < 2 then the function f(+/-) is log-convex on [0, +00).

Proof: For every 0 < p < 2, the function exp(—| - [’/2) is completely mono-
tone, so by Bernstein’s Theorem (see [W]), there exists a measure p, on
[0, +00) so that, for every ¢ € R,

= [ e = e = [ ey )
0 0

P o
L / e R dpy (u), 21,75 €R.
0

/ efis:n / efu(:c%—}—:c%)d#p(u)dxl
R 0

2 — —u?
— / e~ Uz / e Ut o uTY dxld,up(u)
= VA [ e ey (w

Now integrate the latter by xo over R. Using Fubmi and the well-known
identity fR et dt = /7, we get the following expression for the function f :

f(s) = //eiswle(w%”%)%d:rld:@

- V7| / e ()
- Jr / e~/ ( /R e 3 dy) dpy (1)
= f(s) ‘”/0 Lo (u)

Therefore, by Fubini’s theorem,

. (21205
/6 isz1 o (x+x3) dr,
R



Now, for any oy, as > 0, using the latter formula and the Cauchy-Schwartz
inequality, we get

(f( al—;%))? _ 7T2[/0°° %eal/suem/gu%dup(u)r

< ([ e ) ([ e i)

= [(Va)f(Va)

which implies that f(y/) is log-convex.

Now, to prove Theorem 1, note that the log-convexity of f immediately
implies that for any 0 < a; < 8 < B2 < ay, af +a3 = 32+ 55 = 1, we have

FB) f(tB2) < f(tan) f(tas), Vit > 0.

Therefore, the integrand in the formula of Theorem 2 decreases pointwise
when we change the vector £ = (£!,...,£") € C" so that it remains a unit
vector but the absolute values of any two coordinates become closer to each
other. In particular, the integrand is maximal when only one of the coordi-
nates is non-zero, and minimal when the absolute values of the coordinates
are equal. The latter property immediately implies the result of Theorem 1.

5. An approximation argument for B,(C")

We prove in this section that formula (2) can be applied to the bodies B,(C")
and subspaces E¢ in spite of the fact that these bodies are not always smooth.
This will give a formally correct proof of the formula of Theorem 2.

For ¢ > 0, we introduce a star body B, .(C") defined as the unit ball of
the norm

(SIS

lollpe = [((@3 +23) + (a3 + -+ a3,))F + -
1
ot (e + ah) +e(al 4o+ ad, )]
Clearly, ||z||,¢ is a continuous function of €, and || - ||, € C®(S* ).

Moreover, ||z||y. — ||z|p, as € — 07, uniformly with respect to z € S** 1.



Applying formula (2) to K = B, .(C") and H = E¢, we get that

1
P —2n+2 dx _ /
/E Il e |

-1ngL
SnminEg

242y (9) do. (6)

Obviously, the left-hand side of the latter equality converges to the same
integral with ||z||, in place of ||z||,, as € — 0. Therefore, it suffices to prove
that the same happens in the right-hand side.

Recall that the measure p,, 0 < p < 2 introduced in section 4, has the
property that, for any x1,xs9,...22, € R and € > 0,

P

b o0
o (w%+wg+5(wg+...+zgn)) _ / e ? (z%+z§+s(z§+...+z§n)) dpiy (v) (7)
0

where € > 0. Let u = (u1,...,u,) € R} =[0,00) x -+ x [0,00). We shall
use the same notation y, to denote the product measure on R, p,(u) =

Hp(un) = - - i (Un).-
Following the steps of Lemma 1 and using formula (7), one can easily

show that the Fourier transform of || - [|-2"*? (in the sense of distributions)
is given by the formula .
(I l7.27%) " ()

p /°° s / T (3 i)
= t ——e Ui dup(u) dt, (8)
r(2=2) J, H Uj(u)

where Uj(u) = u; + € Y u;. Therefore, the right-hand side of (6) is equal to

i=1
(e
1 P "
2 2n—2
(2m)2T( . )
3 E s (y3,_+¥3,)
t B Gy g (u) dt. 9)
Tsen-1npt I7

3
In the same way, as in the proof of Theorem 2, one can show that for
every y € S* ' N Ef
n

n
H ™ 6_ g (lu)ﬂ (f‘/%j—l +y2j H ™ 4U (u)t2 (623 1 +§2J)
’
Uj(u) U (u)"

=1 j=1
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so the inner integral in (9) equals to

n

1 (g2, 2
27]' I I ULG 4Uj(u)t2 (623—1"’52])’
and the expression in (9) equals to

1 p - —3/ ]nl T awee @i te)

-7 t U (u)p? 2 d dt. 10

27TF(2n—2)/0 . U-(u)e ! pip(w) (10)
p +]:1 J

It remains to prove that the latter quantity converges to

1 p © g )
— =% t —e it d dt 11
i [, e ) di, (1)

Tj=1

as € — 0, because (11) is equal to

which follows from Lemma 1 and (7), in the same way as it was done for the
norm | - [l

The pointwise covergence of functions under the integral in (10) is ob-
vious, so we can apply the dominated convergence theorem to finish our
argument. To do that, recall the properties of the measure u, on R (see
for example [Z]). The measure p, has density that decreases at infinity like
[v|~17P/2. Besides, [;° % dyu,(v) < co. Now, break the integral over d¢ in (10)
into two integrals: from 1 to oo and from 0 to 1. To find a dominating
function in the integral from 1 to oo, just estimate the exponential by 1. In
the integral from 0 to 1, use the fact that exp(—1/z%) < ka'*?/® for every
x € [0, 00) and some fixed k£ > 0. The integrability of the dominating function
follows from the order of decay of the density of the measure .
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