A GENERALIZATION OF THE BUSEMANN-PETTY
PROBLEM ON SECTIONS OF CONVEX BODIES.

ALEXANDER KOLDOBSKY

ABSTRACT. The 1956 Busemann-Petty problem asks whether symmetric convex bod-
ies in R™ with larger central hyperplane sections must also have greater volume. The
solution to the problem has recently been completed, and the answer is negative if
n > 5 and affirmative when n < 4. We show a more general result, where the in-
equalities for the volume of central sections are replaced by similar inequalities for
the derivatives of the parallel section functions at zero. The dimension of affirmative
answer goes up together with the order of the derivatives. The proof is based on a
version of Parseval’s formula.

1. INTRODUCTION

The Busemann-Petty problem (see [BP]) asks the following question. Suppose
that K and L are origin-symmetric convex bodies in R"™ such that

voln_1 (K NE) < voly_1(LNEY)

for every ¢ from the unit sphere S*~! in R”, where ¢+ = {z € R* : (x,£) =0} is
the central hyperplane perpendicular to &. Does it follow that

vol, (K) < wol,(L)?

The answer to the problem is negative if n > 5, which was established in a
series of papers by Larman and Rogers [LR] (for n > 12), Ball [Ba] (n > 10),
Giannopoulos [Gi] and Bourgain [Bo| (n > 7), Gardner [Gal] and Papadimitrakis
[Pa] (n > 5). Gardner [Ga2] proved that the answer is affirmative for n = 3. The
case n = 4 has a troubled history (see [Ko7] for details), but finally Zhang [Z3]
proved that the answer in the four dimensional case is affirmative, and, a little
later, a unified solution to the Busemann-Petty problem was given in [GKS].

The proof in [GKS] is based on three major ingredients. First, the crucial role
belongs to the concept of intersection body and its connection with the Busemann-
Petty problem found by Lutwak [Lu]. This connection tells that the answer to the

1991 Mathematics Subject Classification. 52A20, 42B10.
Part of this work was done when the author was visiting the Weizmann Institute of Science.
Research supported in part by the NSF Grant DMS-9531594.

— 4 a ~ o~ Xy



2 ALEXANDER KOLDOBSKY

Busemann-Petty problem in R” is affirmative if and only if every origin symmetric
convex body in R" is an intersection body.

Secondly, it was proved in [Kol, Th.1] that an origin symmetric star body K in
R™ is an intersection body if and only if || - ||z is a positive definite distribution,
where || - ||k is the Minkowski functional of K. This result allows one to check
whether a given body is an intersection body by means of direct computations.
This was then applied to certain classes of bodies in [Kol,Ko02,Ko3|.

Finally, the following result of [GKS,Th.1] established a connection between the
Fourier transform of powers of the Minkowski functional and the derivatives of the
parallel section functions.

Theorem A. Let K be an origin-symmetric star body in R™ with C'°° boundary,
and let k € NU {0}, k # n — 1. Suppose that & € S™ 1, and let Ak be the
corresponding parallel section function of K.

(a) If k is even, then
(el N E) = (~1)M2x(n — k — 1) A%, (0);
(b) if k is odd, then

(lzll 7€) = (=1)*FD2 2(n — 1~ k)R

22 k—1 Zh-1
2 Ax(2) - Akg(0) = A (05 — -+ — ALV (0) doy,
dz,
0 Sh+1

where Ag’;?g(O) 18 the derivative of the order k of the parallel section function at
n—k—1

zero, and (||z||% )\ is the Fourier transform in the sense of distributions.

The proof of Theorem A in [GKS] is simple and based on the technique of
fractional derivatives.

The solution to the Busemann-Petty problem shows that starting from dimen-
sion 5 it is not enough to know that Ag¢(0) < AfL¢(0) for every £ € S™7! to
conclude that the volume of K is smaller that the volume of L. The reason is that
convexity controls only the second derivatives of parallel section functions (the
Brunn-Minkowski theorem tells that these second derivatives are negative at zero;
put n = 4, k = 2 in Theorem A to get the affirmative answer to the Busemann-
Petty problem in the dimension 4; a counterexample in the case n = 5, k = 3
requires a little extra work).

This article was motivated by a question of what one has to know about the
behavior of the parallel section functions of the bodies K and L at zero to make a
conclusion about the relation between the volumes of K and L in every dimension.
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Theorem 3. Let K and L be (k — 1)-smooth origin symmetric convex bodies in
R™ such that, for every & € S* 1,

(1) (-1)E=024% D (0) < (-1)FD24F D 0),

where k 1s an odd integer and 1 < k <n — 1. Then
(i) if k > n — 3 then vol,(K) < vol,(L);
(ii) if k < n — 3 then it is still possible that vol, (K) > vol,(L).

The condition (1) can be formulated for every k € (1,n) in terms of fractional
derivatives, but we avoid this language in order to simplify our statements. Also
if k is an even integer then A%El)(O) = As—fgl)(O) = 0 for every £ € S™7!, so
the condition (1) does not make sense for even k. In this case one can replace the
condition (1) by an inequality involving integrals from the part (b) of Theorem A.

If we put n = 4 and £ = 1 in Theorem 3, we get an affirmative answer to the
four dimensional Busemann-Petty problem. The case n = 5, kK = 1 of Theorem 3
confirms the negative answer to the Busemann-Petty problem in the dimension 5.
Therefore, Theorem 3 represents a generalization of the solution to the Busemann-
Petty problem. We actually prove that if , in addition to the condition (1), we
know that ||z]|z* is a positive definite distribution, then wol,(K) < wol,(L). The
property that ||z||%" is positive definite was studied for different norms in [Ko4]. In
particular, ||z|| ¥ is positive definite for every k € (0,n) if K is the unit ball of any
n-dimensional subspace of L, with 0 < p < 2. In view of this fact, we also obtain a
generalization of a result from [Kol, Th.2] that the answer to the Busemann-Petty
problem is affirmative if K is the unit ball of any finite dimensional subspace of
Ly, 0<p<2,and L is any symmetric star body.

We show that Theorem 3 is a simple consequence of a version of Parseval’s
formula (see Lemma 3 below), the proof of which is purely Fourier analytic. The-
orems 1 and 2 generalize Lutwak’s results [Lu]. In Section 4 we further clarify the
geometric sense of what happens in previous sections by introducing a concept of
k-intersection body.

2. A VERSION OF PARSEVAL’S FORMULA ON THE SPHERE

Let K be a body that is starshaped with respect to the origin in R™. The
Minkowski functional of K is given by

|z||x = min{a >0: z € aK}, z€R".

We call K a star body if || - || is continuous on S™"! and K contains the origin in
its interior.
For every & € S™~1, the parallel section function Ak ¢ is defined by
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For £k € NU {0}, we say that a body K is k-smooth if the restriction of the
Minkowski functional to the sphere S?~! belongs to the space C*)(S?~1) of con-
tinuously differentiable up to to the order k functions. If a similar condition holds
with k& = oo we say that K is infinitely smooth (or has C°°-boundary.)

As usual, we denote by S the space of rapidly decreasing infinitely differentiable
functions on R with values in C. We use notation and results from [GS]. By &’ we
denote the space of distributions over §. The Fourier transform of a distribution
f is defined by (f, @) = (2m)™(f, ¢) for every test function . If a test function ¢

is even, we have

@)"=@m"e and  (f,¢)=(f,¢)

for every f € §'.

A distribution f is called even homogeneous of degree p € R if (f(x), p(z/t)) =
[t|"TP(f, §) for every test function ¢ and every ¢ € R, ¢t # 0. The Fourier transform
of an even homogeneous distribution of degree p is an even homogeneous distribu-
tion of degree —n — p.

A distribution f is called positive definite if, for every test function ¢,

<f,so*ﬁ> > 0.

By L.Schwartz’s generalization of Bochner’s theorem, a distribution is positive def-
inite if and only if its Fourier transform is a positive distribution (in the sense that
(f,¢) > 0 for every non-negative test function ¢; see, for example, [GV, p. 152]).
On the other hand, every positive distribution is a tempered measure, i.e. a Borel
non-negative, locally finite measure v on R” such that, for some 3 > 0,

|+ lall)* dr(a) < .

where || - ||2 stands for the Euclidean norm (see [GV, p. 147].)
We need a few remarks on Theorem A.

Remark 1. (i) It follows from Theorem A (for integers p) and Theorem 2 from
[GKS] (for non-integers p), that if an origin symmetric star body K is infinitely
smooth then (||z]|z")" is a continuous function on the sphere S™~! for every p €
(0,n).
(ii) The condition of Theorem A that K has C°°-boundary can be weakened. It
is enough to assume that the body K is k-smooth to prove the statement (a).
In fact, if K is k-smooth, it is easy to see that the function Ax ¢ is k times
differentiable in a neighborhood of zero. Also the integral (7) in [GKS] converges
to Ag’;gl)(ﬂ) when ¢ — k — 1 (replace n by k in that formula).
(iii) Also if K is k-smooth, then Ag,)g(O) is a continuous function of £ on the sphere.
If k is an even integer, then, by the statement (a) of Theorem A, (||z|/z" )"
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(iv) Another consequence of Theorem A is that if k is even, K and K,,, m € N are
k-smooth star bodies such that the distance between the functions || - ||x and
|- ||x,, in the space C¥)(S™"~1) approaches zero as m — oo, then the distance
between the functions (||z|z""**1)" and (||x||;<z+k+1)/\ in the space C(S™~1)

also has limit zero. We can choose the bodies K,, to be infinitely smooth.

Let K be an origin-symmetric star body in R". Define a function px(¢) =
(exp(—[lz[%)) " (€)-
Lemma 1. Suppose that an origin-symmetric star body K has C°°-boundary. Then
the function pg is continuous and integrable on R™.

Proof. Let n be an even integer. Consider a function
F(z) = AUTD/2 exp(= |l %) = h(z) exp(=||zl|%),

where A is the Laplace operator and h is a locally integrable function on R™ (it
is a combination of homogeneous functions of degrees higher than —n + 2) which
is continuous on the sphere S"~!. Hence, F is integrable on R" (see Remark 2),
and the Fourier transform of F' is a bounded function on R™. Using the connection
between the Fourier transform and differentiation we see that

F(z) = (=) "2 |lel|5+2 e (2).

Therefore, there exists a constant C' so that |ux ()| < C||z||;™ 2 for every z € R™.
Since exp(—||z||%) is integrable on R™, ug is also a continuous function and is
locally integrable, so the result follows. A similar argument (with A™+1)/2) works
in the case where n is an odd integer. [l

Remark 2. We repeatedly use the fact that if 0 < p < n and f is a continuous
on S™~1 homogeneous of degree —p function on R”, then f is locally integrable
on R™. Moreover, if i is a bounded integrable function on R™ then the integral
Jgn f(@)p(z) dz converges absolutely. In particular, if px is the function from
Lemma 1 then for every p € (0,n) we have

[ el @) de = [ [y ar do < o,
Rn sn=1Jo

so the function 6+ [~ 7P~ u(r6)| dr belongs to the space Ly (S™~1).

Lemma 2. Let 0 < p < n and K be an infinitely smooth origin symmetric star
body in R*. Then for every 6 € S*~1

I'((n —p)/4)

1 (=) (0) = /OOO P g (t0) dt.

Proof. For any test function ¢ € S(R™) consider the integral

(2) / () ( / " P o (tx) dt) dx.
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This integral converges absolutely by Lemma 1 and Remark 2, since the inner
integral is a continuous on S"~! and homogeneous of degree —n + p function of
the variable x. First, let us write the integral (2) in spherical coordinates (r, 0) (we
make a substitution z = r¢ in the inner integral). We get

(2) = /S N ( /O e (1) dr)( /0 o l(20) dz) d.

Now let us write the same integral in a different way. Note that, by Remark 1(i),
(||| )" is a continuous function on S™~', homogeneous of degree —p, and that
(exp(—t]|2l|%))"(§) = t ™" ux (§/t). We have

(2) = /0 b = [ ttaux) dr) di =

e[ s@uternr de) de =

([ dwem(-rtlaio) dy) de =
0 Rn

L0 /Ooo 7Pt exp(—t4yllk) dt) dy =

F((n:lp)/ll)/ || ||—n+p ( )dy: F((n;p)/ )<||y|| n+p ¢A5>:

DD gy gy = T2 [ i @) de =

F((n;p)/él) fsn (||$||—n+p (Q)A T,n—p—lqb(,ra) dr do.

Now if we put ¢(z) = u(r)v() in both expressions for the integral (2), where v
is any infinitely differentiable function on the sphere and u is a non-negative test
function on R with compact support, we get

/Sn1 (/000 7‘1)—1,u,K(7“9) dr)v(@) df = M/Sn (=l n+p) ()v(0) do

for every v € C*®(S""1). O

Lemma 3. Let K and D be origin symmetric star bodies with C°°-boundaries in
R” and 0 < p <n. Then

/ (Ul @) (I 5m)(6) db = (2m)" / 101216115 do.
Sn—l

S’n
Proof. Passing to spherical coordinates we get

(3) [ 1217 exco(— Izl de —
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[ ([ et exp(-rtloh) dr) a0 =
gn-1 0

D((n = p)/4) -
SRR el ao.
Sn—1
Let 7. be the standard Gaussian density with variance ¢, then the convolution
exp(—||z||D) *7. is a test function. We now use the fact that (||z||¥)” is a continuous
on S™~! homogeneous of degree —n + p function (Remark 1(i)) and the dominated

convergence theorem to get a different expression for the integral in the left-hand
side of (3):

[ el exp(=liali) da = lm (el exp(=lallb) = 7) =

. 1 —D\A 2\\ _
lim W((HJIHK )™(€), up(§) exp(—€l|€]]2)) =

i 1 —P\A 9 .
lim @) /Rn(lll‘HK) (©pp(§) exp(—ell€]l3) d =

(2;)71 /Rn(llwllkp)A(ﬁ)uD(f) ¢ =

(271r)” Ln_1(||$||}p)A(9)(/0w "~ up(r9) dr) do.

The result follows from Lemma 2. O

Instead of the argument with Gaussains in the proof of Lemma 3, we can apply
Lemma 1 from [GK] and note that the convolution of ||z||’ and exp(—||z||}) is a
continuous function, since it is the Fourier transform of an integrable on R™ function

(=l £")" (€)up(E).

Remark 3. Suppose that K is an origin symmetric star body in R® and 1 < k <
n—1, k € N so that the distribution ||z|| " is positive definite. Then the Fourier
transform of ||z||%" is a tempered measure v on R* which is also a homogeneous
distribution of degree —n + k. Writing this measure in the spherical coordinates
(see, for example, [Ko4, Lemma 1]) we can find a measure vy on S™~! so that for
every even test function ¢

z|| N, ) = = 0 Oork_l rf) dr.
(el ) = rd) = [ an(®) [ 1p(r0) a

Corollary 1. Let k € N, 1 < k < n —1 and suppose that K and D are origin
symmetric star bodies in R™ such that D is (k — 1)-smooth and || - ||g* is a positive

definite distribution. Suppose that vy is the measure on S™~' defined in Remark 3.
Then

(4) / (2l 22NN (0) dva(0) = (270)™ / ol =19l ="t* do.
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Proof. Let D,, be a sequence of infinitely smooth symmetric star bodies approx-
imating D in the sense of Remark 1(iv). Also consider any sequence of infinitely
smooth symmetric star bodies K; C K, j € N approximating K in the Hausdorff
metric. For every even test function ¢ the sequence of integrable (by Remark 2)
functions ||$||I_<’:|(ZA5(.TJ)| is majorated by an integrable function ||z||z*|4(x)|. By the
dominated convergence theorem and Remark 3,

[ el o) dy = [

[ el ) do —

(5) /R el () de = /Sn_lyo(e) /OOO r*=16(r6) dr db,

as j — oo. Since the bodies D,,, are infinitely smooth, ¢,,(z) = u(r)(||x||57n+k)’\(9)
is a test function, where u is any non-negative test function on R with compact
support. Substituting ¢,, in (5) and passing to spherical coordinates, we get

i [ (el @) el ™)0) a8 =
J—0 Jgn—1

(© [l 6) do ).

By Remark 1, the functions (||z||5"*)"(6) converge in C(S™"~?) to (||z]|5"*)"(9),
as m — oo. Hence, the integral in the right-hand side of (6) converges to the integral
in the left-hand side of (4). Now we get the result if we apply Lemma 3 to the left-
hand side of (6) and let m — co. O

We need the following fact that was proved in [Ko5] (see also [GKS, Lemma 5]).

Lemma 4. For every even test function ¢, £ € S*1, and —1 < q¢ < 0 we have

o B —1 °
L e ow e = e [t

Our next lemma shows that the Fourier transform of a homogeneous function
of degree —p, whose restriction to to the sphere is infinitely differentiable is a
homogeneous function of degree —n + p, whose restriction to the sphere is also
infinitely differentiable. We give a proof based on the same technique as that of
Theorem A in [GKS] and leading to a precise expression for the Fourier transform.

Lemma 5. Let f € C®°(S™ 1) be an even function and 0 < p < n. Then there
exists an even function g, € C*(S™ ') such that the Fourier transform of the
function f(0)r=P is equal to g,(0)r="TP. Here the function f(0)r=? is defined on
R™ in the spherical coordinates x =, x € R*, r € [0,00), 6 € S"~ L.

Proof. For every £ € S™~1 define a function Af¢ on R by

Aret) = [ £(0) do.
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This function is infinitely differentiable in a neighborhood of zero, so, for every
g > —1, we can define its fractional derivative AS:{%(O) of the order ¢ at zero in the
same way as it was done in [GKS; Section 3|. Let first ¢ € (—1,0). Then

1 —1—¢q . 1 C1eg
2F(—q)/R't‘ Are®) dt = 555 /S 10,9177 (6) do.

We now consider Agffg(O) as a function of £ € R™ \ {0} so that it is homogeneous of

A0 -

degree —1 — q. For every even test function ¢, using Lemma 4 we get

A200.00) = g [ 10 [ 10,017 (e) st

_1 0o R
T AD(—q)T(g+ 1)sin & /Sn_lf(Q)/ 1t|93(t0) dt do

—00

cos L&

(7) = —2((f(O)r " (E), 0(8))

™

where the last equation follows from the property I'(—¢)['(¢ + 1) = —n/ sin(g) of
the I'-function and the simple calculation

(@) = [ FOr ) do =

/Snl f(6) do /OOO ri¢(ro) dr = %/Snl f(9) dO/R 7% (r0) dr.

It follows from (7) that, when p € (n — 1,n), the function

8) gp(0) = (r/ cos(n(n —p —1)/2) AV P~ (0)

provides the desired result. A standard analytic extension argument (see, for ex-
ample, [GKS; Section 3]) shows that the same function g, works for every p € (0,n)
such that n — p — 1 is not an odd integer. In the case where n —p —1 = m is an
odd integer, we compute the limit, as p — n — m — 1, in the right-hand side of (8)
in the same way as it was done in [GKS, Th.1]). Then use again the analyticity
of the Fourier transform of f(#)r~? in the domain 0 < Re(p) < n to see that the
following function satisfies the condition of the lemma:

szl

2 Agg(z) = Apa(0) — Af o(0)5 — - — ATT™D(0) gy

gn—m—l(a) = Cm/o . omt1 ’ dZ,

whore » — (_1Y(Mm+1)/29,.1 1
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3. A GENERALIZATION OF THE BUSEMANN-PETTY PROBLEM

The following two theorems generalize Lutwak’s (see [Lu]) connections between
intersection bodies and the Busemann-Petty problem mentioned in the Introduc-
tion. In fact, if we put £ = 1 in Theorem 1, then, in view of [Kol, Th 1], the
condition that ||z||%" is positive definite means that K is an intersection body, and
the condition that (||z||7"* — ||z||x"**)" is positive means that central sections of
K are smaller than those of L (this was shown in [Ko6 ,Th 1]). Therefore, the re-
sult of Theorem 1 in the case k¥ = 1 means that the answer to the Busemann-Petty
problem is affirmative if the body with smaller sections is an intersection body,
which is the result of Lutwak [Lu|. Theorem 2 with k£ = 1 generalizes the other
direction of Lutwak’s equivalence.

Theorem 1. Let k be an odd integer,1 < k < n —1, and let K and L be origin
symmetric (k — 1)-smooth star bodies in R™. Suppose that the distributions |z| %"
and ||| — ||z|| g™ are positive definite. Then vol,, (K) < vol,(L).

Proof. Let 9 be the measure defined in Remark 3. Since, by Remark 1(iii),

(lz]| )" and (||z||™*)" are continuous functions on S”~1, and (||z||;"t* —

|zl *)" > 0, we have

[ sl 76) dno@) > [ (ol 6) dof®).
Sn—l S’n—l

By Corollary 1,

/ lolE 0177+ do > / 1ol d.
Sn—l Sn—l

By Holder’s inequality and since (1/n) [q._. [|0]x" df = vol,(K), we have

(vol, (K))*/™ (vol, (L)) =F)/™ > wol,, (K). O

It was proved in [Ko4, Th 1] that if K is the unit ball of an n-dimensional
subspace of L, with 0 < p < 2, then ||z||%" is a positive definite distribution for
every k € (0,n). Therefore, by Theorems 1 and A,

Corollary 2. Ifk is an odd integer, 1 <k <n—1, K, L are (k—1)-smooth origin
symmetric star bodies in R, K is the unit ball of a subspace of L, with 0 <p < 2,
and for every £ € S"L,

(~1)ED7248 D(0) < (-D)F D2 AF V().

then vol, (K) < wvol,(L).

The case k = 1 of Corollary 2 confirms an affirmative answer to Meyer’s conjec-
ture, which was given in [Kol,Th.4].
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Theorem 2. Let 0 < p < n and let L be an origin symmetric convex body in
R™ with C*°-boundary and positive curvature so that the distribution ||z||* is not
positive definite. Then there exists an origin symmetric conver body K in R™ with
C*-boundary such that the distribution ||z|| ;" — ||z|| "7 is positive definite but
vol, (K) > voly(L).

Proof. Since (||z]|?)" is a continuous sign-changing function on S™~!, there exists
an open subset  in S”~! on which (||z||;”)" is negative. Let f € C*®(S™" 1) be
a non-negative (and not identically zero) function supported in Q. Let g, be the
function corresponding to f(0)r~? in Lemma 5.

Define a body K by

H$HR”+p==H$HZ”+p—-CZB;y($L
where € > 0 is small enough so that the body K is convex (a standard perturbation
argument is that, given an infinitely differentiable function on S™~, one can choose
a small enough ¢ so that the differential properties of the norm ||-|| ;" *? equivalent to
convexity of L are preserved after adding an e-multiple of the (—n+p)-homogeneous
extension of this function.)

By Lemma 5 we have

9) (lzll2" ™) = el )" = ef (@),

so the distribution ||z| ;" — ||z|| "7 is positive definite.

On the other hand, by (9) and Lemma 3

(vola@) = [ T6I71617+).
Snfl

Since the quantity in the left-hand side of the latter formula is negative, we use
Holder’s inequality (as in Theorem 1) to see that vol, (K) > vol,(L). O

(2m)"

| sl @)50) do =
gn—1

We need the following fact that is an immediate consequence of Theorem A.

Corollary 3. For every origin symmetric conver body K in R™, the distribution
||| ¥ is positive definite for each p=mn —3,n—2,n — 1.

Proof. If K has C*°-boundary the result follows from Theorem A (with k¥ = n—p—1)
and Brunn’s Theorem, which states that the parallel section function of a convex
body in each direction has maximum at zero (so A’,’(,E(O) < 0). Now let K be
an arbitrary convex body and approximate K in the Hausdorff metric by origin
symmetric convex bodies K,, with C®- boundaries so that, for every z € S™~1,
the sequence ||z||k,,, m € N is decreasing and converges to ||z||x. Then , by the
dominated convergence theorem (like it was done in Corollary 1), for every test
function ¢,

(zllZE . é) = / lzllZ* &(z) de — / Nzl Z*kd(z) dz = ((|lzl|ZF)N. &),
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as m — 0o, and the result folows from the C'*° case. [

We are ready to prove Theorem 3 formulated in the Introduction. Note that it
was proved in [Ko2 ,Th 2] that if || - ||, is the norm of the space £3, 2 < g < oo, and
0 < p < n, then the distribution |[|-||;? is positive definite if and only if p € [n—3,n).
We use this fact in the proof of Theorem 3.

Proof of Theorem 3. Part (i) immediately follows from Theorems 1, A and Corollary
3. To show (ii), let L be the unit ball of the space with the norm ||z||z = ||z||l4 +
€||z||2, where € > 0. By the result mentioned before the proof, the distribution ||z || *
is not positive definite, therefore ||z||7* is not positive definite for small enough e
(one can use an argument similar to that in the end of the proof of Corollary 3).
Using this value of € in the definition of L (the perturbation of the £3-norm was
made to ensure that L has positive curvature) and putting p = k in Theorem 2
we get a body K giving the desired example (again use Theorem A to connect the
Fourier transform with the derivatives of parallel section functions). O

4. k-INTERSECTION BODIES

In this section we generalize Lutwak’s definition of an intersection body of a
star body and prove a connection with positive definite distributions similar to
that from [Kol,Th.1]. Note that different generalizations of the concept of an
intersection body where introduced by Zhang in [Z1,72].

Definition 1. Let n,k € N, 1 < k < n, and let K, L be origin symmetric star
bodies in R™. We say that K is a k-intersection body of L if, for every (n — k)-
dimensional subspace H of R", we have

voly(K N HY) = wol,_x(L N H),

where H+ is the subspace orthogonal to H.

The latter equality can be written in the following form

_ k n
[y N e
Sn—1nfgl n Sn—1nH

If £ = 1 our definition means that K is an intersection body of L in the sense of
Lutwak [Lu] (one has to divide by 2 the left-hand side of the latter equality).

Clearly, if K is a k-intersection body of L, then L is a (n — k)-intersection body
of K. We say that a star body K is a k-intersection body of a star body if there
exists a star body L satisfying the conditions of Definition 1.

Lemma 6. Let 1 < k < n, ¢ be an even integrable function on R"™, and H be an
(n — k)-dimensional subspace of R™. Suppose that ¢ is integrable on H and that the

Fourier transform gg is integrable on H+. Then

eV [ b de = [ oz de.
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Proof. Let &1, ..., & be an orthonormal basis in H+. For every ¢ € RF we have

N

d(tr1&r + ... + ) = ; #(x) exp(—i(z, t1&1 + ... + txéy)) do =

/ exp(—i(tius + ... + tkuk))(/
RF H+ui&1+.. . +urée

This means that the function f(t) = ¢(t1&1 + ... + tx&k) is the Fourier transform
of the function g(u) =

o(z) da:) du.

fH+u1€1+“_+uh£k ¢(x) dx. The function f is integrable and

even on RF, therefore

[, 1) de= @ 0) = )30,
which immediately implies the desired formula. [

Lemma 7. Let L be an origin symmetric star body with C°°-boundary in R™. Then
for every (n — k)-dimensional subspace H of R" we have

en [ el ae= [ (lallmNe) .
Sr—1nH Sr—inHL
Proof. By Lemma 2,
z||77N0) do = (4/T((n — k) /4 do [ t*lup(th) dt =
L
Sn—1nHL Sn—1nHL 0

/(=04 [ e do

By Lemma 6 applied to ¢(z) = exp(—||z||3), the latter integral is equal to

(42m)* /T ((n — k)/4)) /H exp(—||z][%) dz = (2m)" / lol7™+ do. O

Sr—1NnH

Theorem 4. Let K be an origin symmetric star body with C*°-boundary in R",
and 1 < k <n—1. The body K is a k-intersection body of a star body if and only
if the distribution ||z|| " is positive definite.

Proof. By Lemma 7, for every (n — k)-dimensional subspace H of R",

1
0" = / || ) (0) do.
Lo 0 = e [ (el 0)

It follows that if K is a k-intersection body of L then for every (n — k)-dimensional

subspace H

_ 27m)"Fk .
[ elRrea =k [ ok,
Sn—1nH n Sn—1nH

and, by [Ga3, Th. 7.2.3], for every § € S"~1
n—k
(10) (el 0) = T E gy
which means, in particular, that ||z| " is positive definite.
Conversely, if the distribution ||z||" is positive definite we can define the body
L by (10), since, by Remark 1(i), (]|z||z")" is a continuous function on S”~!. The

“““““ 14 C_11. £~ YT - m
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