INTERSECTION BODIES, POSITIVE DEFINITE
DISTRIBUTIONS AND THE BUSEMANN-PETTY PROBLEM.

ALEXANDER KOLDOBSKY

ABSTRACT. The 1956 Busemann-Petty problem asks whether symmetric convex bod-
ies with larger central hyperplane sections also have greater volume. In 1988, Lut-
wak introduced the concept of an intersection body which is closely related to the
Busemann-Petty problem. We prove that an origin-symmetric star body K in R" is
an intersection body if and only if ||IB||I_{1 is a positive definite distribution on R™,
where ||z||k = min{a > 0: z € aK}. We use this result to show that for every
dimension n there exist polytopes in R™ which are intersection bodies (for example,
the cross-polytope), the unit ball of every subspace of Ly, 0 < p < 2 is an inter-
section body, the unit ball of the space ZZ}, 2 < g < oo is not an intersection body
if n > 5. Using Lutwak’s connection with the Busemann-Petty problem, we present
new counterexamples to the problem for n > 5, and confirm the conjecture of Meyer
that the answer to the problem is affirmative if the smaller body is a polar projection
body.

1. INTRODUCTION

In 1956, Busemann and Petty [3] posed the following problem. Suppose that K
and L are origin-symmetric convex bodies in R™ so that

voly,_1 (K N6+) <wol,_1(LNOF)

for every 6 from the unit sphere S"~1 in R, where 0+ = {z € R* : (z,0) = 0} is
the hyperplane perpendicular to 6, and vol,,_1 is the (n — 1)-dimensional volume.
Does it follow that vol, (K) < vol,(L)?

In 1988, Lutwak [16] introduced the concept of intersection body closely related
to the Busemann-Petty problem. Let L be an origin-symmetric star body in R”.
As usual, we denote by ||z||, = min{a > 0: z € aL} the norming functional on
R"™ generated by L. Throughout the paper, we assume that the norming functional
of a star body is a continuous positive function on S”~1. A body K in R" is called
the intersection body of the star body L if the radial function px (z) = ||z||%" of K
at every point € S"! is equal to the (n — 1)-dimensional volume of the section
of L by the hyperplane §-+. This can be written as follows: for every § € S*1,

1 1
0 —1: ln— L 0J_ — —n—+1 de = —n—+1
o = vobas(Eo) = Lo [l de = RO el ),
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2 ALEXANDER KOLDOBSKY

where § — Rf(0) = [gn_1,9. f(§) d§, 0 € S is the spherical Radon transform
defined for every continuous function f on S™~!.

A body K in R” is called an intersection body if there exists a finite Borel
(non-negative) measure y on S™~! so that ||0]| " = Ry, as functionals on C(S™1),
where Ry is the finite Borel measure on S®~! defined by

(i f) = e Rf) = [ RA(0) duto)
for every f € C(S™1). Clearly, every intersection body of a star body is an in-
tersection body for which the corresponding measure y has continuous density on
Sn—1,

The results of Lutwak [16], slightly improved by Gardner [4] and Zhang [21,22],
imply that if K is an intersection body then the Busemann-Petty problem has
positive answer for every body L (we use the same notation as in the formulation
of the Busemann-Petty problem). On the other hand, if L is not an intersection
body and has C? boundary and positive curvature then there exists a body K so
that K and L give a counterexample to the Busemann-Petty problem.

A negative answer to the Busemann-Petty problem for n > 5 was established in
a sequence of papers by Larman and Rogers [14] (for n > 12), Ball [1] (n > 10),
Giannopoulos [9] and Bourgain [2] (n > 7), Gardner [6] and Papadimitrakis [18]
(n > 5.) Gardner [4] gave a positive answer to the problem for n = 3 by showing
that every origin-symmetric convex body in R? is an intersection body. Zhang [21]
claimed that no cube in R” with n > 4 is an intersection body of a star body and
argued that this implies a negative answer to the problem for n > 4. In a later
paper Zhang [22] used arguments similar to those from [21] to claim the result
that no polytope in R*, n > 4 is an intersection body. Besides, [22] includes a
counterexample to a conjecture of Meyer [17] that the answer to the Busemann-
Petty problem is positive if K is a polar projection body (unit ball of a subspace
of Lq).

Our results disprove the statements from [22] mentioned above. Firstly, we
show that there exist polytopes in R™, n > 4 which are intersection bodies. In
Section 3, we present a simple calculation showing that the cross-polytope (unit
ball of £7) is an intersection body for every n € N, and give a precise expression
for the corresponding measure p. In Section 4 we show that the answer to Meyer’s
question is positive and, moreover, the unit ball of every subspace of L,, 0 <p <
2 is an intersection body. Note that Meyer [17] has proved that the answer to
the Busemann-Petty problem is positive if K is a cross-polytope, and proved the
Busemann-Petty inequality up to an absolute constant for polar projection bodies.
In Section 5 we prove that the unit ball of the space £7 with 2 < ¢ < oo is not an
intersection body if n > 5. In particular, this fact provides new counterexamples to
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INTERSECTION BODIES 3

All these results are consequences of the following connection between intersec-
tion bodies and positive definite distributions: a star body K is an intersection
body if and only if the function ||z|| %" is a positive definite distribution in R™. This
fact, in conjunction with earlier developed techniques for calculating the Fourier
transform of norm dependent functions [10,11], allows us to find precise expressions
for generating measures (or signed measures) of certain star bodies.

2. CONNECTION BETWEEN INTERSECTION
BODIES AND POSITIVE DEFINITE DISTRIBUTIONS

The main tool of this paper is the Fourier transform of distributions. As usual,
we denote by S(R™) the space of rapidly decreasing infinitely differentiable functions
(test functions) in R*, and S (R") is the space of distributions over S(R™). The
Fourier transform f of a distribution f € SI(R") is defined by ( f, ngS) = (2m)"™(f, ¢)
for every test function ¢. A distribution f is called even homogeneous of degree
p e Rif (f(z),d(z/t)) = |t[*TP(f, §) for every test function ¢ and every t € R, ¢ #
0. The Fourier transform of an even homogeneous distribution of degree p is an
even homogeneous distribution of degree —n — p. A distribution f is called positive
definite if, for every test function ¢, (f, (;S*m) > 0. L. Schwartz’s generalization
of Bochner’s theorem states that a distribution is positive definite if and only if it
is the Fourier transform of a tempered measure in R ([8, p.152]). Recall that a

(non-negative, not necessarily finite) measure y is called tempered if

[ @+ lslla)? duo) < o

for some 8 > 0. Every positive distribution (in the sense that (f,#) > 0 for ev-
ery non-negative test function ¢) is a tempered measure [8, p.147]. Therefore, a
distribution is positive definite if and only if its Fourier transform is a positive
distribution.

The well-known connection between the Radon transform and the Fourier trans-
form is that, for every ¢ € S*~! and every even integrable function ¢ on R", the
function ¢ — ¢(t€) is the Fourier transform of the function z — i) (2.6 = ¢(z) dz. In
fact, making a change of variables (¢, z) = z we get

b(t8) = . d(z) exp(—it(€, ) do = /R exp(—itz) dz / ¢(z) dz.

For every even distribution f € S(R™) we have (f)* = (2r)"f. Therefore, the
Fourier transform of the distribution ¢t — ¢(£¢) is equal to 2 f(g )=z d(x) dz. If ¢
is an even function from L;(R") and the function ¢ — ¢(¢¢) belongs to L;(R), we
have

(1) /R B(t€) exp(—itz) dt = 2 /( ¢(z) dz,

§,x)=2

XX7. _  °*1' .. 41l _C._ . 4y raY
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Another simple fact, that we often use, is that the norming functional ||z|| of
every star body is equivalent to the Euclidean norm in the sense that, for every
z € R", Kq||z]|2 < ||z|| < K2||z||2 for some positive constants K1, K2. Hence, ||z| ™7
is a locally integrable function on R for every p € (0,n).

The following Fourier transform formula for sections of star bodies was shown
in [13]: for every star body L and every 0 € S™~!
1

Lioi(LNOY) = ————(||lz[I7" ) 0).

vl 1 (L010%) =~ (el )0
This implies that if K is the intersection body of a star body L then |ul|z' =
ﬁ(”x“;”“)/\(u) for every u € R*. We have ||z| """ = %(Hu”l}l)’\(x)
Therefore, a star body K is an intersection body of a star body if and only if
|z||%" is a distribution whose Fourier transform is a continuous positive function

on R \ {0}. In Theorem 1, we will show a more general result.
We need the following fact.

Lemma 1. Let 4 be a tempered measure on R™, and suppose that p is also an even
homogeneous distribution of degree —m+1. Then there exists a finite Borel measure

po on the sphere S*~1 so that for every even test function ¢
®) (0.0)= [ ota) dute) = [ duo(®) [ o00) at.

Proof. Let us first show that u can not have an atom at the origin. In fact, suppose
that g = py + ad, where p1({0}) = 0, and ¢ is the unit mass at the origin. Since
i is homogeneous of degree —n + 1, for every non-negative test function ¢ with
#(0) > 0 and every t > 0, we have (u, p(x/t)) = t(u, ¢) — 0 as t — 0. On the other
hand, (p, ¢(z/t)) = (11, d(z/t)) + ad(0), so a = 0.

For every Borel subset A C S™"~! and interval (a, b] € [0, c0) denote by Ax (a, b] =
{reR": x=10, t € (a,b], 0 € A}, and let x4 (a,p) be the indicator of this set.

By the definition of a homogeneous distribution, we have (u, p(x/t)) = t(u, P)
for every test function ¢ and ¢t > 0. Since p is a locally finite measure, we can
approximate the functions x 4 (4,5 by test functions with compact support and use
the dominated convergence theorem to show that

H(A X 0,K]) = (1 xoaxpo,(2/)) = ka4 x [0,1]).
Now, for every Borel subset A C S"~! and every 0 < a < b we have (A X (a,b]) =
(b —a)u(A x [0,1]).
Define a measure g on S" ! by puo(4) = p(A x [0,1]) for every Borel set
A C S™ 1. Clearly,

| a0(®) [ Xaxtan(t9) dt = (b - a)po(4).
gn—1 R

Therefore, we get the equality (2) with ¢ = x Ax(a,p] @nd the result follows since
A, a,b are arbitrary. O
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Theorem 1. A star body K is an intersection body if and only if ||z|| %" is a positive
definite distribution.

Proof. Using (1) and spherical coordinates in the hyperplane 6+, for every even
test function ¢ and every # € S"~! we have

1 SA _
[ty de = o [ @) e

1

1 2 — > n—27
1 oL ¢($) dr = W /Snlmel (/O t ¢(t£) dt) dé.

9

Suppose that K is an intersection body, and let u be the measure on S*~! for
which Ry = ||0]| . For every non-negative test function ¢, using (3) and the fact
that ||z|| %" is a locally integrable function, we get

(Ul 8) = (el 8) = | loll'do) do =

o [ i) a= (ol [ e-d00) an -
(Rp, /O T2 (16) dt) = (u, R( /0 T 2(16) d)) =

[ (e de) ) = [ ) do) =

(2m)" ", / $(16) dt) > 0.

Therefore, ||z||%" is a positive definite distribution.

Conversely, if ||z||%' is a positive definite distribution then, by L. Schwartz’s
version of Bochner’s theorem [8, p. 152], the Fourier transform of ||z||%' is a
tempered measure p on R™. As the Fourier transform of a homogeneous distribution
of degree -1, this measure is a homogeneous distribution of degree —n+1. By Lemma
1, there exists a finite Borel measure po on S”~! so that for every test function ¢

(00) = [ 0le) duto) = [ dualo) [ a09) at.

Now, by (1) and (2), for every test function ¢

1

(lzlizt ¢) = oz (el 6) =

Gy (1: §) =

(2m)"

Ll e [y di=—L [ aue) [ b@) de=
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(%;ﬁwoﬂ( /0 ) dt)) = @ﬂ%muo, /0 T2 (16) de).

On the other hand,

-1 — -1 > n—2
(ellit. o) = [ ol a0 [~ e=2p(e0) ar.

Every infinitely differentiable function v on the sphere S™~! can be represented
in the form [;°t""2¢(t0) dt for some ¢ € S(R™) (take ¢(z) = u(t)v(d) for ev-
eryz =t € R*, t >0, § € S* 1, where u € S(R) is a non-negative function
supported outside of zero and [;, t"~2u(t)dt = 1). Therefore, the measures ||0]|%"
and (%)%R,uo, considered as functionals on C(S™ '), coincide on infinitely dif-
ferentiable functions on S™~!. Hence, those functionals are equal, and K is an
intersection body. [

3. THE CROSS-POLYTOPE IS AN INTERSECTION BODY

In this section, we show directly (without using Theorem 1) that, for every n > 2,
the cross-polytope By = {x € R" : ||z||1 = )_ |z;| < 1} is an intersection body.

Let us first note that the function exp(—||z||1) is the Fourier transform of the
function ¢(§) = ,%n ITi_s @, and both functions ¢ and ¢ are integrable on R".
Using (1) and spherical coordinates in the hyperplane (z,£) = 0, we get

11 _ 1 L _
(4) zlly " = §/Rewp( t[[|z|1) dt = Wn_lf( H —— d{ =

z,£)=0 . 1+ 5]?;

1 >~ T 1
2] s ) de.
-l /Sn_lml (/0 kl;[l 1+ 22 :

This argument suggests that ||z||; " is the spherical Radon transform of the function

hE) = = [y t" 2 [Ips ﬁ dt, £ € S"~1. This function belongs to L;(S™1),
k

but it is not bounded, so B is an intersection body, but not the intersection body

of a star body. In this section we give a formal proof of this fact.

The function ¢(¢) = = [Tp_, @ is the density of the standard 1-stable mea-
sure 71 on R™ (the Cauchy distribution). A classical result of P. Levy [15] is
that the image of this measure under the mapping & — (z,€)/||z||1 from R™ to
R is equal to the measure v(t) = m dt on R independently of the choice of
x € R*, z # 0. In fact, fix z € R*, = # 0 and denote by v, the measure on R given
by vz(A) = 1{ € R* : (z,€)/||z||s € A} for every Borel set A in R. Then, for
every k € R

exp(—|klllzll1) = (k) = / exp(—i(kz,£)) d11(§) =

n

/nexp(—ikllﬂflll((ﬂf,£)/||93||1)) dm(§) = /Rexp(—ikllxllly) dve(y) = Ve (kll2]l1)

We have 7, (k||z||1) = exp(—|kl|||z||1) for every k € R, so dv,(t) = m dt for

.\
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We need the following fact.

Lemma 2. The function

1 0o L 1
h(€) = / " ——z @
( ) an—1 o kl;[l 1+ t2§,%

is integrable on S™71).

Proof. The function g(&) = [[,_, # belongs to L;(R™), therefore
k

N
oo 1
d¢ = d gt | | ———= dt <
/ng(g) 5 gno1 6/07 k=11+t2€’% o,

so the function £ — [ t" " [[r_, ﬁ dt belongs to L1(S™~1). We have
k

1 n 1 o0 n 1
a" th(¢ :/ "2 —— dt+/ "2 ——= dt <
(©) 0 g1+t2§,§ 1 U1+t2£2

Theorem 2. The cross-polytope is an intersection body.

Proof. Let ¢ be an arbitrary even test function and € € (0,1). Consider the integral

6) //n|<xs\1+6 [ golo) o de

By the Fubini theorem, the integral (5) is equal to

n

1 Clte 1 .
ﬂ_—n o (/ne|($,§)| T kl;[l@ df)¢(az) dr =

|(‘73 5)‘ 1+e L 1 Cite

Now we make a change of variables ¢ = (z,¢)/||z||1 and apply the remark before

Lemma 2 to see that the latter integral is equal to

1
/m) [ et dt [l o) do

Both integrals converge absolutely, which justifies the use of the Fubini theorem
earlier. The integral over R is equal to

2 / et~ dt =2 / et~ re(——— 1) dt+
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1 [e%e]
1
6 2 t7edt+ 2 / t|tte dt.
(6) /0 € + 2¢ 1 |t| Y

The second summand in (6) is equal to 2, the first and the third approach zero as
e — 0.

Since the function ||z||;! is locally integrable on R we can apply the dominated
convergence theorem to see that

[ Nl (@) do - [ sl o(o) da,
R™ Rn

as € — 0. In fact, the functions under the integral in the left-hand side are dominated
by an integrable function max(1, ||z|;")|¢(x)|. Therefore, the limit of the integral
(5), as € — 0, is equal to (2/) [, [|z]|7 " ¢(z) dz.

On the other hand, the integral (5) is equal to

o L g ([ e oo ) e

Passing to the spherical coordinates in the outer integral and then making a change
of variables (z,&) = z, we get

n

o T T g ) (et ) -
k=1

ﬂ_l—n . (/OOO t”‘2+6kli[1 ﬁ dt) (/R€|Z‘_1+6(/(w,g)=z ¢(z) dz) dz) dg.

By the dominated convergence theorem (using estimates similar to those in Lemma
2), for almost every ¢ € S"~1, the integral against dt converges to 7" 1h(¢), and
it is dominated by an integrable (on S™~1) function 1+ [°t" "' [];_, ﬁ dt.

Suppose that the test function ¢ has compact support D. The function R(; z) =
i) (@.6) = ¢(x) dz is the Radon transform of the test function ¢ and has continuous
derivatives of all orders on S"~! x R. Similarly to (6), we have

(7) / 2| R 2) de = 2 / ez (R(E 2) — R(60)) dot

1 oo
2/ ez "TER(;0) dz + 2/ ez TR (&5 2) d.
0 1

The second summand is equal to 2R (§; 0). The first summand can be estimated by

2 R. 12)],
egesnzr}?fe[o’l]\ 2(&2)]
and the third is less or equal than 2e maxgegn—1 [ [R(&;2)| dz. It follows that
the integral (7) converges to 2R(&;0) and is dominated by a constant function, as

T aY
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Therefore, the integral (5) converges to (2/7r)(h(£),f(w7£):0 ¢(z) dz), as € — 0,
and, as we showed earlier, the limit of (5) is also equal to (2/7) [ |7 () d.

Suppose that ¢(z) = u(z)v() for every z = 260 € R*, z € R, 6 € S" 1, where u
is a non-negative test function on R with compact support outside of zero, and v
is any infinitely differentiable function on S™~!. Using spherical coordinates in the
hyperplane (z,£) = 0, we get

/ ¢(z) dx =/ 2" 2u(z) dz/ v(0) db.
(z,6)=0 0 Sn=1N(z,£)=0

On the other hand, using spherical coordinates in R", we get

[ el o) do = [y ds [ L6l o6) @,

It follows that (h, Rv) = {||0||7*,v) for every infinitely differentiable function v on
Sn=1. We conclude that ||0||7* = Rh. O

4. AN AFFIRMATIVE ANSWER TO A QUESTION OF MEYER.

Meyer [17] proved that the answer to the Busemann-Petty problem is positive
if K is the cross-polytope and L is any origin-symmetric convex body. Now we
can also see this fact as a consequence of Theorem 2 and Zhang’s version of Lut-
wak’s connection between intersection bodies and the Busemann-Petty problem
mentioned in the Introduction ([22, Theorem 5].) Meyer [17] also proved the
Busemann-Petty inequality up to a constant, not depending on the dimension,
for unit balls of subspaces of L,, 0 < p < 2 and asked whether the constant can be

removed. Our next result gives an affirmative answer to Meyer’s question.

Theorem 3. The unit ball of any n-dimensional subspace of Ly with 0 < g <2 is
an intersection body.

Proof. By a well-known result of P.Levy [15], for every n-dimensional subspace
B = (R*,|| - ||) of Ly with 0 < ¢ < 2, the function exp(—||z|/¢) is the Fourier
transform of a g-stable symmetric measure p on R™.

We have

Il = i ) expltlel

The function ||z||~! is locally integrable in R” and bounded at infinity, hence, for
any test function ¢ the function ||z|| = $(z) is integrable on R™. Therefore, we can
use the Fubini theorem in the following calculation:

(Ual7),8) = [ N2l ™6() dx =

T [ s del [ exo(—talzl?) dt) =
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q = 7 U 219) do =
i [t dw)esp(-e d

® v [ e [ e dm expl-lal) v

The function y — t_”ngS(y /t) is the Fourier transform of the function & — ¢(t£).
Therefore,

[ b/ exs(-lull) dy = (exp(-lll.td/0) =

(2m)" (1, $(2€)) = (2m)" ) du().
Now (8) can be written as
a2y [ o
(el =)8) = gy [t [ g(to) duta).

The latter equality shows that ((||z]|=!)",¢) > 0 if ¢ is any non-negative test
function, so (||z]|~1)" is a positive distribution, and the result follows from Theorem
1. O

It follows from Theorem 3 and [22, Theorem 5] that

Theorem 4. If K is the unit ball of any finite dimensional subspace of Ly, 0 <
q < 2 then the answer to the Busemann-Petty problem is positive for any origin-
symmetric convex body L.

5. UNIT BALLS OF THE SPACES {7, q > 2.

Let ||z], = (|z1]? + - - + |2n]?)/? be the norm of the space by, 2 < g < oo.
Denote by <y, the Fourier transform of the function z — exp(—|z|?), z € R. The
properties of the functions 7, were studied by Polya [19]. In particular, if ¢ is not
an even integer, the function v,(¢) behaves at infinity like |¢|~¢~!. Namely (see [20,
Part 3, Problem 154)),

tlim t' 9y, (t) = 2I'(q + 1) sin(rq/2).

— 00
If ¢ is an even integer, the function 7, decreases exponentially at infinity. The
integral

Sela) = / (1) dt

converges absolutely for every a € (—1, q). These moments can easily be calculated

).
(see [23] or [10]; « is not an even integer):
Sq(@) = 2°2x’T(—a/q)T((a + 1)/2)/(aT (—/2)).

Clearly, the moment S;(c) is positive if & € (—1,0) U (0,2), and the moment is
negative if @ € (2, min(q, 4)).

I nl TR T Y Y e Y T TR Y . I T T B L Y |
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Lemma 3. Letq>0,n €N, —n < < gn, B/q ¢ NU{0}, £ = (&1,...,&,) € R?,
¢k #0, 1 <k <n. Then

(11" = 77 | = 453 T s i

k=1
Proof. Assume that —1 < 8 < 0. By the definition of the I'-function

q * ~1-8
z1|9 -+ |z pﬂ/q:i/ y exp(—y¥(|z1|T+ -+ - + |z, 7)) dy.
(|1 |%n ") T=56/0) /s (= (|| |zn|?))
For every fixed y > 0, the Fourier transform of the function z — exp(—y9(|z1|? +
<-4 |z, |?)) at any point & € R™ is equal to y =™ [ [7_; 74(€x/y)- Making the change

of variables t = 1/y we get

(1|9 + - + [@n| D ONE) = m /°° y P ] vl /) dy =
0 k=1

o q oo n+6—1 -
9) - | [ rate) .

The latter integral converges if —n < 3 < gn since the function ¢ — [[,_; v, (¢&x)
decreases at infinity like £="~"¢ (recall that & # 0, 1 < k < n.)

If 3 is allowed to assume complex values then both sides of (9) are analytic
functions of B in the domain {—n < Ref < ngq, B/q ¢ N U {0}}. These two
functions admit unique analytic continuation from the interval (—1,0). Thus the
equality (9) remains valid for all g € (—n,qn), 8/q € NU {0} (see [7] for details of
analytic continuation in such situations). O

Let us prove that the function (||z||;?)" is sign-changing for every 0 < p < n—3.
The following argument is similar to that used in the proof of the 1938 Schoenberg’s
conjecture on positive definite functions in [10].

Lemma 4. If ¢ > 2, n > 3, p € (0,n — 3) then the distribution ||z||;? is not
positive definite.

Proof. By Lemma 3 and properties of the moments S, (), the integral

I o) = [ 61 0 () G o 1) s o =

Sqlar) ... Sq(an—1)Sq(—a1 — -+ —apn_1—p)
converges absolutely if the numbers a4, ..., a,_1,—@1 — -+ — a,_1 — p belong to
the interval (—1,¢q). Choosing oy € (—1,0) for every k = 1,...,n — 1, we have the
moments Sq(ag), k=1,...,n — 1 positive, and we can make —a; — - — p_1 — p
equal to any number from (—p,n —1 — p) N (—1,q). Since 0 < p < n — 3, this
interval contains a neighborhood of 2, and, since the moment function S, changes
its sign at 2, we can make the integral I(«y,...,a,—1) positive for one choice of
o’s and negative for another choice. This means that the function (||z]|;?)" is

Q;WY\_P}\QY\“";“W ,_|
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Theorem 5. If the body L is the unit ball of the space £y, 2 < q < oo, n > 5 then
there exists K so that the answer to the Busemann-Petty problem in R" is negative.

Proof. For n > 5 the number 1 belongs to the interval (0,7 — 3), so, by Lemma

4, the function ||z is not a positive definite distribution. Now the result fol-

lows from Theorem 1 and Lutwak’s connection between intersection bodies and the

Busemann-Petty problem in the form of Zhang [22, Theorem 6]. O

The case of the unit balls of the spaces Kg, 2 < q < oo requires very complicated

calculations (see [11]) and will be considered in a forthcoming paper.
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