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ABSTRACT. The Busemann-Petty problem asks whether origin-
symmetric convex bodies in R™ with smaller central hyperplane
sections necessarily have smaller n-dimensional volume. It is known
that the answer is affirmative if n < 4 and negative if n > 5. In this
article we modify the assumptions of the original Busemann-Petty
problem to guarantee the affirmative answer in all dimensions.

1. Introduction

The Busemann-Petty problem asks the following. Given two convex
origin-symmetric bodies K and L in R™ such that

vol,—1(KNH) <vol,_1(LNH)
for every central hyperplane H in R™, does it follow that
vol, (K) < vol,(L)?

The answer to this problem is known to be affirmative if n < 4 and
negative if n > 5. The solution appeared as the result of work of many
mathematicians (see [GKS] or [Z] for the solution in all dimensions and
historical details).

Since the answer is negative in most dimensions, it is natural to ask
what does one need to know about the volumes of central sections of
two bodies to be able to compare their volumes in all dimensions. Our
main result answers this question.

For an origin-symmetric convex body K in R", consider the function

Sk (&) = vol,_1 (K NEL), Ee st

where ¢ is the central hyperplane in R” orthogonal to £. We extend Sg
from the sphere to the whole R™ as a homogeneous function of degree
—1.

Let A be the Laplace operator on R™. Fractional powers of the
Laplacian can be defined as

(—A)*2f = (|=[*f ()",
where the Fourier transform is considered in the sense of distributions.

If o is an even integer we get the usual Laplacian applied « times.
In this article we prove the following

THEOREM 1.1. Let ¢ € (—1,2], K and L be origin-symmetric infin-
itely smooth convex bodies in R™, n > 4, so that for every & € S~}

(—A)Pma 225 (€) < (—A) I8 (¢). (1)
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Then
vol, (K) < vol,(L).
On the other hand, for any q € (2,3] there are conver symmet-
ric bodies K,L € R™, n > 5 that satisfy (1) for every & € S but
vol, (L) < vol, (K).

The negative part is formulated only for ¢ € (2,3], because we
wanted this to work for n = 5. In fact, for bigger n one can take
bigger values of q. Also the condition (1) can be written in terms of the
Fourier transforms so that no smoothness of the bodies is required.

Putting n = 4 and ¢ = 2 in the latter theorem one can see that
the theorem represents a generalization of the affirmative part of the
solution to the Busemann-Petty problem, and the case n = 5 with
q = 3 gives the negative part of the Busemann-Petty problem.

Another generalization of the Busemann-Petty problem was given
in [K2], where the condition (1) was replaced by an inequality for the
derivatives of parallel sections functions at zero. This generalization still
involves volumes of non-central sections so it does not accomplish our
goal - to use only central sections to compare volumes. For other gen-
eralizations of the Busemann-Petty problem and related open questions
see [BZ], [K3], [K4], [K5], [RZ], [MP]. In the case where ¢ = 2 and
n is an even integer the result of Theorem 1.1 was proved in [K6] using
an induction argument. The proof from [K6] can not be extended to
other values of ¢ and n and does not produce any results in the negative
direction.

2. The function A )

Let K be a convex origin-symmetric body in R™. Our definition of
a body assumes that the origin is an interior point of K . The radial
function of K is given by

pr(x) =max{a >0:ax € K}, x¢€R"\ {0}
The Minkowski norm of K is defined as
l|z||xk = max{a >0:ax € K},

clearly pi(z) = ||2||5".
Writing the volume of K in polar coordinates, one can express the
volume in terms of the Minkowski norm:

1 —-n
ol () = 1 [ Il as. )

We say that a body K is infinitely smooth if its radial function px
belongs to the space C*°(S™"~!) of infinitely differentiable functions on
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the unit sphere. Note that a simple approximation argument reduces the
original Busemann-Petty problem (as well as all generalizations men-
tioned in the introduction) to the case where the bodies K and L are
infinitely smooth.

Throughout the paper we use the Fourier transform of distribu-
tions. The Fourier transform of a distribution f is defined by ( £ <;3> =
(2m)"(f,¢) for every test function ¢ from the space S of rapidly de-
creasing infinitely differentiable functions on R™.

A distribution is called positive-definite if for every test function ¢

By L.Schwartz’s generalization of Bochner’s theorem, a distribution is
positive definite if and only if its Fourier transform is a positive distri-
bution (in the sense that (f,¢) > 0 for every non-negative test function
¢; see, for example, [GV],p.152).

Let f be an integrable continuous function on R, m-times continu-
ously differentiable in some neighborhood of zero, m € N. For a number
q € (m —1,m) the fractional derivative of the order ¢ of the function f
at zero is defined as follows.

190 = o [T (10 - 10 - t0) -
—ﬂﬂm—l)(()))dt
(m—1)! ’

Note that without dividing by I'(—¢q) the expression for the frac-
tional derivative represents an analytic function in the domain {gq €
C,—1 < Re ¢ < m} not including integers and has simple poles at inte-
gers. The function I'(—¢g) is analytic in the same domain and also has
simple poles at non-negative integers. Therefore, after division we get
an analytic function on the whole domain {q¢ € C,—1 < Re ¢ < m},
which also defines fractional derivatives of integer orders. Moreover,
computing the limit as ¢ — k, where k£ is a non-negative integer and
k < m, we see that the fractional derivatives of integer orders coincide
with usual derivatives up to a sign:

p dr

FE0) = (-1) wf(t)h:o-

For £ € S™ !, consider a function A K.¢,p on R defined by

Arceplt) = / alPda,
Kn(z,&)=t
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where —n + 1 < p.

In this section we establish some regularity properties of the func-
tion Ag ¢, and express its fractional derivatives in terms of the Fourier
transform. We assume K to be an infinitely differentiable body. In
fact this assumption can be weakened if we require only the existence of
finitely many derivatives, as can be seen from the proof of the following
Lemma.

LEMMA 2.1. Let £ € S" 1 k€N, -n+k+1 < p <0. Then
the function Ak ¢, is k-times continuously differentiable in some neigh-

borhood of zero. Also, if ¢ > —1 is not an integer than the fractional

derivative A%)gp(O) exists if p > —n + [q] + 2.

If ¢ € C then A%?&p(O) s an analytic function of q in the domain
{geC:Re q¢>—1,—[Re(—q)] <n+p—1}.

Proof.

First let us prove that Ag¢,(t) is continuously differentiable in a
neighborhood of zero if p > —n + 2. Consider a ball of small radius s
centered at zero, that lies entirely in K. If ¢ is strictly less than s, then
the projection of the origin onto the plane H; = {x € R" : (x,&) = t}
lies inside of the body K N H;. Take this point as the origin on the plane
H; and pass to spherical coordinates. In this coordinate system we get

prnH, (0)
AK’g”’(t):/sm /0 P2+ 27 2dr | df
t

where pxnm,(0) is the radial function of the body K N H; and SP~2 is
the unit sphere in H;. For fixed & and 6, we denote by p(t) = prnm,(0).

Now let us show that p(t) is differentiable in a neighborhood of zero
and then differentiate with respect to ¢ under the integral. Note that
at t = 0 we can have a problem since the integral may not converge
at 0. Actually, this problem does not exist if p = 0, and in this case
Ak ¢ p(t) coincides with the function used in [GKS] which is infinitely
differentiable in a neighborhood of zero.

First let us prove the differentiability of p(t) with respect to t. Con-
sider the two dimensional plane passing through the origin and spanned
by 6 and £. Let D be the section of K by this plane, and pp be the
radial function of D defined on [0,27]. Since K is infinitely smooth,
pp is C* on the unit circle. Let us get the implicit formula for p(¢) in
terms of pp. The point on the boundary corresponding to p(t) is at the
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b
p(t)

o(6) ¢ (seeon (1)) -2

By implicit differentiation p(t) is infinitely differentiable because K is
infinitely smooth and contains a neighborhood of the origin so that the
denominator in the formula

(o) — Lotarctan(1/p))lp(arctan(t/p))(1/(* + 2))p —
p+ p(arctan(t/p)) o (arctan(t/p)) (1) (2 + )¢

is bounded away from 0 uniformly in 6, if ¢ is small enough.

Now that we proved differentiability of p(t) let us differentiate un-
p(t)
der the integral in / 212 4 t2)P/2dr. When ¢ = 0 the integral
0
becomes improper and we need to find the conditions on p to guarantee

its convergence.
After differentiation under the integral we get:

p(t)
p/ 2 (r? 4 2P g,
0

angle arctan < ) to £. Therefore, from the right triangle,

2

The integrand achieves its maximum in ¢ when t? = . Hence

-Pp
the integral above can be estimated as follows

p(t) p(t)
/ 7‘"_215(7‘2 + t2)p/2_1d7‘ < C’/ P2y
0 0

the latter being convergent if p > —n + 2.

Hence we proved the statement of the Lemma, if £k = 1. Analogously
one can show Ag ¢ 5(t) is twice continuously differentiable if p > —n 43
and, in general, A ¢ ,(t) is k-times continuously differentiable if p >
—-n+k+1.

Now let us consider fractional derivatives of A ¢ ,(t) at zero. Sup-
pose it is k-times continuously differentiable in some small interval
(—e,e). If Kk —1 < q < k, its fractional derivative at zero is defined
as

A p(0) = F(iq) /OOO ¢ <A§(t) — A (0) — tAL(0) — - —

th—1

s 1)!A§’“‘1)(0))dt.
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There may be a problem with convergence of this integral at t = 0.
But in fact if we consider ¢ € (0, ¢€), by Taylor’s formula,

€ g , tk‘—l (k—1) -
/0 t <A§(t)—A5(0)—tA5(0)—---— (k:—l)!A§ (0)> dt =

€ tk
:/0 t qHAék)(n)dt,

where 1 € (0, €) depends on t. The latter integral converges since ¢ < k.

Now taking k = [g] + 1 and recalling that Ax¢,(t) € C*(—¢,¢€) if
p > —n+k+ 1, one can see that in order to guarantee the existence of
fractional derivatives we need to require that p > —n + [q] + 2.

Note that both integer and non-integer cases can be written as:
p>-n—[—q+1

If { € C:Re g > —1,—[Re(—q)] < n+p— 1} differentiating the
formula for fractional derivatives with respect to ¢, one can see that

A%?&p(O) is an analytic function of q.

q.e.d.
The following formula is a generalization of Theorem 2 from [GKS].

LEMMA 2.2. Let K be an infinitely smooth origin-symmetric convex
body in R™, g > —1,g#n+p—1and —n+ g +2 <p <0. Then for
every £ € S"71,

mq

cos L
A(q) 0) — 2 —n—pta+l | PYA(£)
Rep0) = o s el 2 (©)

Proof. Suppose first that —1 < ¢ < 0. The function Ag ¢ ,(t) =
/ |z|Pdx = / X(||z]|)|z[Pdx is even. Applying Fubini’s the-
Kn(z,£)=t x

5

orem and passing to spherical coordinates, we get

1 o

1

= —_—) > —q-1

IS S A ,
T 20 (—q) /_oom /<x7£>:t><(HwH)!w\ dudt
_ et ,
~20(—q) /Rn!@’@\ x (||| |z [P dz

1

= — 0, _q_l/oor_q_l r||6])rPrtdrdd
sy [ Tt [T
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B 1 g1 [T
- o /S N /0

1
- 0,6)|~ 0] Pt g,
2l(=¢)(n+p—q—1) /sn1|< Qe

P12 drdg

Now we extend Agg)g »(0) to R™ as a homogeneous function of £ of
degree —1 — q. Then for every even test function ¢ € S,

1
() ntp—q-1)

—n—p+q+1 —q—1
<[ lel | o017 oe)dsas

Using Lemma 5 from [GKS]
1 y
AT(—q)L(1+q)(n+p—q—1)sin g

x / ||+ / 1496:(16)dedo
Snfl

— 00

(A, (0),6(¢)) =

_ — sin(—mq) T
B 2ﬂ(n+p—q—1)sin%<(” | |z[5)"(£), 9(£))-

The latter follows from the fact that I'(—¢)I'(¢ + 1) = —n/sin(gm) and
the calculation

(L]l 7mP o )N ), 6(E))
- / ]| PP B d
.

= [ e [ e G
Sn—1 0

_ / 6]t / 19(t0) dtdo.
Sn—l 0

We have proved that

mq
COS 2

(A3 :9(6)) = S = gy el 28, 6(6)

for -1 < ¢ <0.
To prove the theorem for other values of g we use the fact that for
every even test function ¢ the functions

g (A, (0),6(6))
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and

9
COS 3

g p =g =) TP Jal)(©), 0(6))

are analytic in the domain {¢ € C : Req¢ > —1,—[Re(—¢q)] < n +
p — 1}. The result of the Lemma follows, since these analytic functions
coincide for ¢ € (—1,0), ¢ is arbitrary and, by Lemma 2.1, the fractional
derivative is a continuous function of £ outside of the origin.

qt—

q.e.d.

REMARK 2.3. [t follows from Lemma 2.2 that (—A)"=9-2/28y is q
real valued function since up to a coefficient it is equal to Agggzl__z;_Q(O).

This explains why can one compare the Laplacians in the statement of
Theorem 1.1 .

LEMMA 2.4. Let K be an origin-symmetric conver body in R™. As-
sume q € (—1,2] and —n — [—q] +1 < p <0, then |||~ PTetL. |z is
a positive-definite distribution on R™.

Proof. First we prove that
AK,E,p(t) < AK,g,p(U), forall t >0 (3)

If p = 0 this follows directly from Brunn’s theorem (see [S]) stating that
the central hyperplane section of a convex body has maximal volume
among all hyperplane sections orthogonal to a given direction. If p < 0
one can see that

o0
uwz—p/ x(#el)z7 1 dz,
0

therefore

AKé’p(t) = /K |x|Pdz

A
|
S
o\
8
NI
]
L
s
w
D
=
D
=
i
i
o
joH
3
QU
N
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by Brunn’s theorem applied to the convex origin-symmetric body B, N
K, where B, is a ball of radius z.
qm

Now consider ¢ € (1,2). Here cos £ is negative, therefore we need to

prove that Ag?6 ,(0) < 0. Using inequality (3), the formula for fractional

derivatives for ¢ € (1,2) and the fact that A’(0) =0 we get
1

A0 = = [ A0 - 40 - e )

_ L - —q—1 _
- /0 L A() — A(0))dt < 0

since I'(—q) is positive.
If ¢ € (0,1) then cos 4 is positive and

1 o
4@ _ / —=1A(H) — A >
00 = 5y [ A - At >0
since I'(—¢q) < 0 for these values of q.

Finally if ¢ € (—1,0) then cos && is positive, I'(—¢q) is also positive
and

1 e
AR, (0) = ) /O =1 A(t)dt > 0

We still have to prove the Lemma for ¢ =0, 1, 2.
When ¢ =0, cos 5 =1 and
0
AL (0) = (—1) A, (0) = 0.

When ¢ =2, cos 5 = —1 and

2
AR, (0) = (—1)2A% ¢ ,(0) <0,

since Ak ¢ p(t) has maximum at 0.
When g = 1, take small ¢ > 0. By what we just proved for non-
integer ¢, for any non-negative test function ¢,

—n—p+2
(= Bll=ll""79)", 0) > 0.
Since ||z||x < C|x|2 for some C| it follows that
2l [T | < Clal 2 < Claf

the latter being a locally-integrable function on R™.

Set g(x) = Clz| " ¢(x)]| for |z| < 1 and g(z) = C|¢(x)] for |z| > 1.
The function g(z) is integrable on R™ and for small ¢ we have that
||| P2z B p(x) < g(x). Therefore by the Lebesgue dominated
convergence theorem,
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(el |22 5)", ) =/ ||+ |25 (x)dz =
RTL

; —n—p+2+ 2 : —n—p+2+
— i [ oll 7 el = (el o) ) 2 0

q.e.d.

3. Proof of Theorem 1.1.

In this section we prove Theorem 1.1 stated in the introduction.
Let Sk (€) = vol,_1 (K N&L), € € S"71, the central section function
defined in the Introduction. Then, as proved in [K1]

1 -n N
Sk(§) = m(HxHK HN). (4)

Extending Sk (§) to R as a homogeneous function of degree —1 and
using the definition of fractional powers of the Laplacian we get

(~)" 9 I25(0) = ——(laly ™ el 0)

therefore
eny [ el el e =
Sn—1
n -n 2 — n—qg—2 —-n
=G [ el el el
-n 2 — n—q—2 —_n
= el @)l 0
= =) [ el el ) A) S (0)ds
Sn—1
Here we used Parseval’s formula on the sphere (see Lemma 3 from [K2])
and (4).
By Lemma 2.4 with p = —n + q + 2, (\xE"ﬂHHxHI}l)A is a non-

negative function on S™ !, therefore using the condition of the theorem
and repeating the above calculation in the opposite order, we get

|l el e < [ fall ;" o
Sn—1 gn-1

Then by Holder’s inequality and the polar formula for the volume

(2),
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1/n (n=1)/n
n vol(K) < ( / r\or\g"de) ( / HHHZ"d6’> -
Snfl Snfl

(vol (K" (voly (1)) "D/,

which yields the statement of the positive part of the theorem.
Now let us prove the negative part, that is construct two convex
symmetric bodies K, L € R™, n > 5 such that for every &

(=)D (€) < (=A) RS (),

but
vol, (L) < vol, (K).

First assume that ¢ € (2,3). Again, let p = —n + q + 2. Our first
goal is to construct a body L so that there is a £ € S"~! satisfying

0o t2
/0 pa-1 ( Apeplt) = Apep(0) — 'L/vap(())?) dt < 0. (5)

Consider the function

f)y=00-#- Ntﬂﬁ

Let an be the positive real root of the equation f(t) = 0. Define
the body L € R" as follows.

n—1 1/2
L=< (z1,....,2n) €ER": 2, € [—an,an] and (Z x?) < f(zy) 7,

i=1

which is a strictly convex infinitely differentiable body.
Take £ to be the unit vector in the direction of the x,-axis. Then

Arept) = /S 1/ (2 + )P/ 2"2dr df

= n/ (t2 4 r2)P/2en =24y
0

where C,, = |S"71|.
One can compute:
Cn
A 0)=——,
L,S,p( ) ntp—1

and
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2
" 0) = C p _ ‘
Len(0) 7{n+p—3 n+p—1

Now consider those values of ¢ for which ¢ < f(¢). Then we can split
the integral:

f@)
/ (t? + 7“2)”/27‘"_2(17‘ =L+
0

into two parts, where the first one can be estimated as follows

t t tn—l—p—l
I = / (t2 + 7‘2)”/27""_2617" < / (r2)p/27‘"_2d7‘ =
0 0 n+p—1
and for the second one we will use the inequality:
-1
(1+x)a§1+a:p+%x2, fora<0and 0 <z < 1.

Then

f(t)
I, = / (t% + r2)P2pn =2y
t

IN
&H
=
VR
=
+
s}
~
N
+
[Nl
~—
[T
|
[
SN—
| SN
S~
<
s
+
S
N
Q
=

7m—l—p—l p t27,n+p—3 g (% _ 1) t47‘"+p_5 ] f®

n—i—p—l+§n+p—3+ 2 n+p—5t

S ki U v
n+p—1 2n+p-—3
p(p _ 4
+2(22 1)n+tp_5fn+p—5(t)+0tn+p—l

i) p
n+p—1 §n+p—3

1-t2—Nt* p 2
n+p-—1 §n+p—3

for some constant C.

IN

fn+p—3(t) + Ctn-i-p—l

(1— 2 = NthywiT 4 ogntr=1
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Now we use the inequality:
(1-2)*>1—az(1—2)*", for0<a<land0<z<1.
Therefore,
1-t2-Nt* p 2
2

IQ X
n+p—1 n+p—3

— n+p—3
X <1 _ Lp?)(l — t2 — Nt4)%_l(t2 + Nt4)> + Ctn+p—1

n+p—1
12— Nt* p N
 ntp—1 2n+p—3
t* + N6
+C) + — vt

(1 -2 — Nt4)n+p—1
For the case t > f(t) we have the following estimate:

f@t) @ n—1y g1
/ (t2 4 2P/ 2 =2gr < tp/ 2y — Dy
0 0 n—1 n—1

In order to estimate the fractional derivative A(L‘{)&p(O) we split the
integral (5) into two parts: over [0,by] and [by,an]|, where by is the
positive real root of the equation 1 — t> — Nt* = t9T1. For the first
interval we use the estimates obtained above for the case t < f(t)

o —q-1 " ¢
) t Argp(t) = Argp(0) = ALep(0)5 | dt <

by 1—t>— Nt t2 t* 4+ N6
< [T PSS (i
0 n+p—1 2n+p—3 (1 — 12 — Nt4)nte—1
2
+Otrl 1 - P — 2 75—>dt
n+p-—1 n+p—3 n+p-—-1| 2

bn _ 4 4 6
= / ] AL Cy Al — + Ct"PL ) gt
0 n+p—1 (1 —12 — Nt4)mm—1

Now one can estimate each term of the last integral separately. Since
by ~ N~Y4 we get that

bn —Nt4
/ Tl _dt~ —C2N4/4
0 n+p-—1

for a positive constant Cs.
For the second term, we change the variable of integration: u =

_uy1/4 _
1 —t?>— Nt*. Then t ~ (IT“) / , dt =~ —N 1”‘#. Therefore



3. PROOF OF THEOREM 1.1. 15

by t4 Nt6
]/ a1 + —dt
0 (1 —1t2— Nt4)nFe—1

~ OyN /4 <N(q—3)/4 +N- N(q—5)/4>
< OyNa—1/4

And finally the integral of the last term is small for large values of
N, sincen+p—1=qg+ 1. From what we have obtained one can see
that the integral over [0, by| will be negative for large values of N since
the leading term is —CoN /4.

Now the integral over [by,an]| can be estimated from above by

anN o anN o aN _ bN
C/ tqhﬁgc/ by) 9 dt = C——
by by (bw) (by)att

Recalling that an and by satisfy the equations
1—ad% —Nay =0 and 1-b% — Nbk =04
we conclude that
by = (ak — bR (1 + N(ak +b3).
Therefore

~ CN—V4

o [ g ¢
t i dt <
b ~ (an +bx)(1+ N(a}, +y)
Combining all the integrals we can see that for N large enough the
desired integral (5) is negative. This means that for some direction
¢ € S"! the function (||z||;* - \x!5"+q+2)A(§) is negative, if ¢ € (2, 3).
If ¢ = 3 both sides of the equality in the statement of Lemma 2.2
vanish, therefore we need to apply the argument from [GKS]| (see the
proof of Theorem 1). Then

(fal[7" - 2zl )N ) =
o0 _4 1/ t2
_ o /0 ] <AL,g,p(t>—AL,a,p<0)— L,s,p<0)§> dt

for a positive constant C'. Considering the same body as before, we get
that (||z||;" - |z|;"1°)"(€) is also negative at some point &.

From Lemma 2.2 the function (||z||;- |:E|2_n+q+2)A(£) is continuous,
hence there is a neighborhood of £ where it is negative.

Let
Q={0es5" " (lallz" |zl " )N 6) < 0}
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Choose a non-positive infinitely-smooth even function v supported on §2.
Extend v to a homogeneous function »~"+4+1y(0) of degree —n +q+ 1
on R™. By Lemma 5 from [K2] we know that the Fourier transform of
r=Hatly(0) is equal to 797 1g(6) for some infinitely smooth function g
on S"L,

Define a body K by

[l [ = [l[77F +er™+g(6)

for some small € so that the body K is convex. Multiply both sides by
‘x’n—q—2

——— and apply the Fourier transform:
m(n—1)

7‘_"+q+1v(9)

_A\(n—g—2)/2 —  (_A)(n—q=2)/2
(—A) Sk (—A) Sr +¢ P

< (—A)("_q_2)/2SL,

since v is non-positive.
On the other hand,

/Snl(quzl . ‘x’2_”+q+2)/\(9)(—A)("_q_2)/2SKd0 _
= /Snl(HxHZI . |x|2—n+q+2)/\(9)(_A)(n—q—2)/2SLd9 +

1 L -
A /SM(”%HL1 el O)er T o(0)d6 >

> [l el ™2 O () 2 .
Sn—1

Repeating the argument from the proof of the positive part we get:
vol, (L) < vol, (K).
q.e.d.
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