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Distributional Estimates for the Bilinear
Hilbert Transform

By Dmitriy Bilyk and Loukas Grafakos

ABSTRACT.  We obtain size estimates for the distribution function of the bilinear Hilbert transform acting
on a pair of characteristic functions of sets of finite measure, that yield exponential decay at infinity and
blowup near zero to the power —2/3 (modulo some logarithmic factors). These results yield all known
L? bounds for the bilinear Hilbert transform and provide new restricted weak type endpoint estimates on
LP1 x LP2 when either 1/py + 1/py = 3/2 or one of py, py is equal to 1. As a consequence of this
work we also obtain that the square root of the bilinear Hilbert transform of two characteristic functions
is exponentially integrable over any compact set.

1. Introduction

Certain bilinear singular integral operators can be expressed as averages of bilinear Hilbert
transforms in a way analogous to that which linear singular integrals can be written as averages of
linear directional Hilbert transforms. The bilinear Hilbert transforms were introduced in the early
1960s to play exactly this role by A. Calderén in his study of the first commutator. Properties
of these operators remained elusive until the appearance of the fundamental work of Lacey and
Thiele[11, 12]in the late 1990s who established their boundedness on certain products of Lebesgue
spaces. This work was based on a remarkable set of techniques called time-frequency analysis
and revealed a fundamental and deep connection with almost everywhere convergence of Fourier
series and in particular, the boundedness of the Carleson-Hunt operator, see Lacey and Thiele [13];
on the latter the work of Fefferman [3] was influential. The Carleson-Hunt operator is defined as

+NA .
C(f)(x) = sup / fE)e*™ 5 ag
N>0 —N

where f(é ) = fR f(x)e27*8 dx is the Fourier transform of the function f on the line. Car-
leson [2] answered a longstanding conjecture posed by Lusin by establishing the boundedness of
the operator C on L. A few years later, Hunt [8] obtained its L? boundedness for 1 < p < oo

Math Subject Classifications. 46B70, 42B99.

Key Words and Phrases. Multilinear operators, distributional estimates.

Acknowledgements and Notes. Both authors have been supported by the National Science Foundation under grant
DMS 0400387 and by the University of Missouri Research Council.

© 2006 The Journal of Geometric Analysis
ISSN 1050-6926



564 Dmitriy Bilyk and Loukas Grafakos

as a consequence of the following powerful distributional estimate

1(1+1ogl) when A <1
c Ml<cIFI}? ’ _
|{ (xr) > }| =CIF| e—Ch when A > 1.

(1.1)

This estimate holds for some fixed constants ¢, C and for all measurable sets F of finite measure
and all A > 0. Using standard interpolation, estimate (1.1) easily implies the L? boundedness
of C for 1 < p < oo. Moreover, recent extrapolation techniques by Antonov [1] and their
refinement by Sjolin and Soria [15] show that estimate (1.1) implies the boundedness of C on
Llog Llogloglog L of every compact set; this implies the almost everywhere convergence of the
partial Fourier integrals of functions locally in this class.

The main purpose of this article is to prove an estimate analogous to that in (1.1) for the
bilinear Hilbert transform H,,. This operator is defined for a parameter & € R by

Ha(ﬁg)(x):%giil}) f(x—t)g(x+at)$, xeR

t|>e

for functions f, g on the line. In the aforementioned work [11, 12], Lacey and Thiele proved
that the operator H, maps LP! x LP? to L?, whenever 1 < pi, p» < o0, % + % =1 and

P
% < p < 00, o # —1. At this time it remains unknown whether the bilinear Hilbert transform is
bounded for values of p < %, evennear L' x L' — L!/2. Itis quite clear that the time-frequency

techniques will not resolve this issue without new ideas (see a counterexample in [10]).

Our approach uses the model sum reduction of Lacey and Thiele [11, 12], a tree analysis
based on a selection inspired by Lacey [9], and relies on an “improved energy estimate” that
appeared in the proof of (1.1) by Grafakos, Tao, and Terwilleger [6]. A variant of this energy
estimate had previously appeared in the related work of Muscalu, Thiele, and Tao [14].

The main result of the article is the following.

Theorem 1.1. Let2 < py < oo anda € R\ {0, —1}. Then there exist constants C =
C(a, p2), ¢ = c(o, pa) such that for all measurable sets Fy, F» of finite measure we have

_ P 2po
L _r | A (1 4 log 1)72 when A <1,
HIHo (X, XE)| > A <C (|F1| [Fa|72) 72 (1.2)
e’c‘/X when A > 1.
Analogously, the following estimate is valid for2 < p; < oo:
_PL 1\ 2P
1 p | AP (1 +log ) M1¥T when A <1,
HIHa(XFys )| > M <C (IF1| 70 [Fal) 71T (1.3)
e—eVA when A >1.

These estimates correspond to the line segments {(%, %) :pr=1, 2 < py <oo}and
{(%, %) : 2 < p1 < oo, pp = 1}. As a corollary we obtain the following distributional

estimate corresponding to the line segment {(%, é) 1 <p1,p2 <2, % + é = %}.

Corollary 1.2. Forany a € R\ {0, —1} there exist constants C = C(«), ¢ = c(a) such that
for all measurable sets F, F» of finite measure we have

4
L1 L2 [ (1410g 1)3 for a<1
{IHo (XF,» xF)|> A} < C(IF112|F2|2 min(|Fy ], |F2])2)3 (1.4

e—cVh for A>1.
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Remark. In the distributional estimate (1.4), the expression |F1|% |F2|% min(|F1|%, |F1|%) is

€ €
dominated by | Fy |71 |[F>]?2, where 1 < p; < 2 and % + ﬁ = % Thus, this estimate (up to a
logarithmic term) is similar to a restricted weak type estimate for such exponents.

Notice that the exponential decay at infinity for the distribution function of H, is not as
strong as in the case of the Carleson-Hunt operator and at the moment we do not know if it is
sharp. Estimates (1.2), (1.3), and (1.4) not only capture the boundedness of H, on products of
Lebesgue spaces but also yield other crucial quantitative information such as local exponential
integrability of H, and also its boundedness on other rearrangement invariant spaces even at the
endpoint cases.

We state the exponential integrability of H, in the form of corollary.
Corollary 1.3. Leta € R\ {0, —1} and ¢ = c(«) be as in Corollary 1.2. Then there is a

constant C' = C’(«) such that for any bounded measurable set K and for all measurable sets
F1, F» of finite measure the following holds:

/ 1 2
/ e Mher 2O dx < C’<IK| + (1F11F 2] min(IFal, |Fz|)5)3>
K

forany 0 < ¢’ < c.

2. Decomposition of the bilinear Hilbert transforms

In the sequel we will drop the dependence of H, on « and simply denote it by H. We will
use the notation | A| for the Lebesgue measure of a set A and ( f, g) for the complex inner product
[f (x)g(x) dx. For a number ¢ > 0 and an interval / we denote a/ an interval of length a|I|
concentric with I and by a ® I the interval [ap, aq] if I = [p, g]. We will use the notation < to
express that a certain quantity is at most a constant multiple of another one.

Our goal will be to study the trilinear form

(f1, f2, [3) — /H(fl, J2)(x) f3(x) dx

for three functions f1, f>, f3 which will be characteristic functions of sets of finite measure, i.c.,
J1=XF» 2= XF,and f3 = xp.
2] }3. The dependence

We fix L to be the smallest integer greater than 2'° max{|«/, Tl Tral
of the bounds on « will enter the proof through polynomial dependence on L.

1 1

We begin by noting that the distribution p.V.% that appears in the definition of H can be
written as c18p + c2y for some constants cy, ca, where § is the Dirac mass at the origin and y
is another distribution that satisfies /' = x(0,00). Since all the estimates that we are going to be
proving in this article are trivial for §p, we may restrict our attention to y. Let 6 be a smooth
function which is equal to 1 on (—o0,2L) and 0 on (3L, c0). Define

V(E) =0(8) —0(28) .

Observe that 17} is nonzero and is supported in [L, 3L]. For each integer k we define

Ye(x) =271y (27Kx) .

y=Y 2"y

keZ

Then we have
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Indeed, if we look at the Fourier transform of the right-hand side of the identity above, we get a
telescopic sum:

(S5 e = Jim SIC) -0G-19] = fim [1076) ~o("1¢)] =5

keZ

It clearly suffices to study the trilinear form

Af1, f2. f3) = 22_% // Jile =) folx +an) f3() Y (t) dr dx . 2.1

kel

We can further break the function v into a sum of at most 2L functions ¥ ) such that y (M)
is supported in the interval [M — %, M + %] for L < M < 2L. It would suffice to study each
piece separately. For notational convenience, we will omit the dependence on M and will just
write V.

For further decomposition we fix a Schwartz function ¢ of L norm 1, with Fourier transform
supported in [—%, %], which also has the property that for all £ € R we have

-~ 2

Yo lpE -1/ =Co

leZ
for some constant Cy > 0.

Letu = I, X w, be arectangle in R? and set
Bu) = 1]~ E (F ) it
[ 1]

where ¢(J) denotes the center of the interval J.

For each k € Z we consider the set of dyadic rectangles of scale k:
St = {(2*n, 2% + D) x (27%m/2,27*(m/2 + D) |m,n € Z} .

Then S = (J, Sk is the set of all dyadic rectangles of area 1 in R2.
It is an easy calculation to verify that for all f € L?

1

=5

> (b

ueSk

where the convergence is in L. Moreover, the series also converges a.e. forall f € LP,1 < p <
00, see [5]. Using this decomposition of the identity in the k™ term of (2.1), as in [12], we obtain

A(fla f25 f3) = Z Z Ck,ul,uz,u3Ak,u],uz,u3(f1’ f2, f3) ’ (22)
k€Z uy,up,u3eSy
where
Churanas = € fR /R B (5 = s (6 + @by (1) Ui (1) it dix
and

Atirains (f1 f2 £3) = 27201, b ) (o bus) (e s -
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We now take a closer look at the coefficients Cg ,, 4,,4; in two different ways. First,
|Ck,u1,u2,u3|

£ [

=’ /f ‘q&(x —t — A1)p(x +at — A2)g(x — A3) Y (t)| dt dx
where A; = % fori = 1,2, 3 (these numbers are half-integers). Observe that
Ay—A = (x—t—-AD—-O+at—A)+ A+,
Az —A1 = (x—t—A)—(x—A3) +1,
A3 — Ay = (x+art—A))—(x—A3)—at.

This implies that at least one of the arguments in the last displayed double integral has to have
size at least ﬁdiam{Ai }. Since ¢ and i are Schwartz functions, it follows that, for any positive
integer m, there exists a constant C,, such that

diam{A4;}\ " max;, j lc(ly;) — c(ly )|\
[Chutun,uzl < C,,,(l + T’) =Cull+ AL J . 2.3)

Secondly, we set Fi(x, 1) = ¢y, (x — 1)y, (x +at), Fo(x, t) = ¢y, (x) Y (t). These are Schwartz
functions of two variables. We have

- _ 1 ~faf—71\ ~[(E+T7
Fi¢, ) = 1+a¢”1< 1+ >¢u2<1+a> ,
-~ 1 —~ —

(1) = T5a Gus (E) Yk (T) .

Thus, applying the two-dimensional Plancherel formula, we obtain

C —~ — —~ —~ ~
Coanunal = //‘¢<al§+ar—Bl>¢<%—32>¢(§—33)1ﬁ(f)

dedr, (2.4)

C(wui

where B; = IT«\) = 2%c(wu ;) (notice that this is an integer or a half-integer).

Assume that the integral above is not zero. Then we must have

ag—t o [ 11] g4 11§BE IR N U R
- -5.5 - —5.5 ] &- —5.5| T —5 M+,
1+a ! 272 14a 7?2 22 3 22 2 2

which imply

1 1 1 1 1 1
B, a By Mo +]oe|+] +ot|’ o By — Iy +lo| + 14| 2.5)
14+« 1+o 2|14« 1+« 1+« 2|14«
and
| 1 24 14a 1 1 241+«
By € B M — , B M . 2.6
2 [1+a S Mtal T+ T Txa T 21 +4 (2.6)

This means that the triple of parameters Bj, By, B3 really depends only on the parameter B3
as for each value of B3, the quantities B and B; can take only a finite number of values depending
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on «. Also, (2.5) and (2.6) show that B; + B> = B3 up to an error that can only take a finite
number of integer values (depending on «.)

We introduce parameters vy, v2, (1, (o by setting

o 1
A=A Vi, Ay =A v, B = B s By = B .
1 3+ v 2 3+ 12 1 O 3+ w1 2 a1 3+ U2

We also set v = max |v;|. We aim toreduce the sumoveruy, uz, uz € S as the rapidly converging
sum over vy, V2, 41, u2 of the sum over the tiles u3.

For N sufficiently large we have

IAf1s for f3)]
o0
—N
=Y en(t+5) 7 D0 DT DT e s My (1. f2. £3)| 27)
v=0 (vi,vp): M1 M2 ' k€Z uzeSi

max |v; |=v

where u1 = u1(u#3) and up = us(u3) are uniquely determined by u3 in terms of vy, v, u1, U2,
€vy,va, 101, 110,u3 1 @ constant of modulus at most 1, and 1 € %Z — I_%I%Z and uy € %Z - H%%Z
range in the intervals

1 Il +1+al 1 1+ lo| + |1 + ]
Mm1 € - M — s M )
14+« 2|1 + «f 1+« 2|1 4+ «f
[ 24l4al I 24+ |1 +af
R 21 +a| 1+a 2M+al |

Thus, w1 and u, take only a finite number of values depending on «. (Note that €y, v, 4, 11,55 15
the ratio of Ci uy us,us by Civ (1 + 2Lil)=N )

It will clearly suffice to study the boundedness of the expression inside the absolute values
in (2.7) and to obtain bounds independent of w; and polynomial in v, since for each v, there are
of the order of v pairs (vq, v2) with max |v;| = v.

Next, we further separate the triples in such a way that for two triples (u1, us, u3) and
(u', u}y, u’y) from the same group the following conditions hold:

if k#k, then |k—k|>L", (2.8)
if A; # A}, then |Az— A} >vL'?, (2.9)
if B3#Bj then |B3—Bj|>L". (2.10)

Obviously, the number of such groups is polynomial in L and v.

To facilitate the study of the sums above, we introduce tri-tiles. A tri-tile is a rectangle
s = Iy X w; and three subrectangles sy, 52, s3 built in the following way.

Let (11, u2, u3) be a triple of rectangles participating in the sum in (2.7). Define Iy = I, =
1. Defining the frequency projections requires a little bit more work, as we cannot just use the
dyadic grid. We want these projections to satisfy the following properties:

J=J(@s Vo, Vo, Vo) isagrid. (2.11)
seS

If w; G Jforsome JeJ, then ws, G JforsomeJ e Jforall j=1,2,3. (2.12)
w5, # oy for i # ). (2.13)
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We build these intervals by induction on the cardinality of the set U of triples of rectangles. If
this set is nonempty, we pick the triple u1, uz, u3, such that k, where |w,,| = 2k , 1s maximal. Let
U’ = U\ (uy, uz, u3). By induction we find the intervals wy, ws; (i = 1,2, 3), corresponding
to the elements of U’. If there is an element u’ € U’ such that Wy, = B then we define w;,
ws; (i = 1,2,3) to be the same as the corresponding intervals for u’. Otherwise we define (for
i = 1,2, or 3) wy; to be the convex hull of the interval C;w,; (C1 = &T"‘ Cr=14a,C3=1)
and all sets wy that intersect it. (Note that because of the separation of scales what we get is
only slightly smaller than the interval itself.) Next, we define wy as follows: Take [a, b] to be the
convex hull of wy; (i =1, 2, 3), then set w; to be the convex hull of [, b] and all intervals wy that
intersect [a, b]. Properties (2.11) and (2.12) are obvious in view of (2.10) and (2.8). Also |wy|
and |wy, | are comparable to 2k with a factor depending on L. Property (2.13) follows from (2.5),
(2.6), and the separation of scales.

We define the functions adapted to the tri-tile s with parameters v, v, w1, u2 as follows:

(p:ll,u,l,ot(x) _ |]X|_é¢(x —c(ly) _ v1>€2ﬂi(’llx‘*"c(wxl)+0sl loog, |)x = ¢, (x)

[Ls]
dpr = (S g )i el — g,
N
_1 (x—c() (.
g () = Il 2¢<|I—|Y>e2’”(‘(wx3>+9x3w-vs)x = ¢uy (x) |
S
where the error terms 6;; in the modulations are chosen so that a”‘?c(a)sl) + b5, lws, | = c(wy,),

O%Hc(a)”) + 0y, |ws, | = c(wy,), and c(wy,) + b5, |ws, | = c(wy;). Obviously, |0;,| < CL.

Then the expression inside the absolute values in (2.7) becomes exactly

Z |Is|7%8v1,V2,M1,M2,S<f1’ ‘p;)ll’m'a)(st ‘/’:;’Mz'ﬂ‘)(f& (/’?;> .

s3€ U Sk
keZ

This expression needs to be controlled with bounds that grow polynomially in the parameters
v1, V2, and are independent of w1, ;2. We will work with sums over finite sets of tri-tiles and get
bounds independent of the choice of the finite set, which is clearly sufficient by a limiting argument.

Note that if w,; and w,, were not disjoint, then neither are w;; and wy . Thus,
1 1

if w; Nwy =0, then (g, py) =0.

For notational convenience, in the sequel we will suppress the dependence of the functions
@s; on the parameters vy, v, i1, (2. Notice that

_ ~10
|(p3k(x)|§C(l+’x|[—CTl‘v)_ka §C<l+

X — C(Is)

—10 0
1+,
|1 )

3. Estimates for the model sums. The case I; €

Let S be a finite set of tri-tiles with fixed data vy, v, 1, and wy. Then we define the “model
sum’ associated with S as follows:

Hs(fio @) = Y L1 265 (fi 00) (e 00, () -

seS
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We set

F F.
0= {x : M(xF,)(x) > 8 min (1, %)} U {x : M(xp)(x) > 8 min (1, %)} ,

where M is the Hardy-Littlewood maximal function. Since M if of weak type (1, 1) with constant
at most 2, it is easy to see that | Q2| < %|E|. We now set E' = E\ Q. Obviously, then |E’| > %|E|.

The main purpose of this article is to obtain a good estimate for the expression

| Hs G )  d = s e, )

To do so we will break the model sum into two parts: The sum over those s € S for which Iy € Q
(easier case) and the sum over tiles with I 52 Q.

We begin with the easier case. For a dyadic interval J we set

— (D2
a)(x)=(1+<—|x |JC|( ”))

and

S;={seS:I,=J}.

We have the following inequalities (for i = 1, 2, 3):

< 10 -1

I @D llesssyy S A+ T2 fllp e 3.1
> ey S+ )" @) e, (32)
seSy L2(w)

1L esDlle2gsy S A+ ) Fll 201 - 3.3)

Indeed, to prove (3.1), for any s € S; we have

J )
‘/ FON e ( |JC|( ) Ui)eZﬂtx(C,-c(wxi)—i-Qwsil)dx
CA+v)" 72 fll o -

[(fs @s:)]

IA

Next, we prove (3.2), which is an analog of Bessel’s inequality. Although, the functions
@s; are no longer orthogonal in the weighted space L?(w), we will see that they are “almost”
orthogonal in this space. It is straightforward to check that

5\~
s ool = [(lo = v P(1+ y%) ) ((Ki(c(@s) = c(@g)) + @ = )lwg])IT1)|
< CO+01+ Kile(@y) — g 171)
since |@(y — vl-)|2(1 + yz)5 (and its Fourier transform) is a Schwartz function (here K| = =%

a+1’



Distributional Estimates for the Bilinear Hilbert Transform 571

Ky, = Oﬁ, K3 = 1). Now we have
2
> ooy, < D0 lasllasllgs, o)l
seSy L2 (@) s,s'eSy
< CO+)'"Y ol lam (1 + [k —m])~"°
k,m
< 201+0)°y <|ak|2 D +k— m|)—1°>
keZ meZ

< A+l .

Note that (3.3) is the dual statement of (3.2).

Let M be the Hardy-Littlewood maximal function and M>(f) = M(f 12 we prove the
following estimate.

Lemma 3.1. For A > 1 we have
I1Hs, (r s XE) i aney < (L4 ) Cy ATM |1 inf M (xr) () inf Ma(xe,) ()
Proof. 1f we write Hs, (xF,, xr,) = (Hs, (XF,> sz)a)%) a)—% and use Holder’s inequality, we
obtain:
_1
||HSJ (XF1 3 XFz)”Ll((AJ)(') = ”(l) 2 ”Lz((AJ)C) ”HS] (XFl ) XFQ)”LZ(Q))

<CA ™Mz

_1
D T2 (X 05 ) (X Fr 952) 053

seSy

< CA™MIUxE . 05)) (XFy» 02D le2s))

< CA™M (U, 0 D lleseisn 1K E 2 ) s,

< CA+OA M3 oo s 2y

< CA+vPAMII731T] inf M) @) 117 inf Ma(xp) () -
xeJ xeJ

L2(w)

In the last estimate we have used the fact that

e (Y

forall§ € J. L]
The main conclusion is the following.

Lemma 3.2.

1 . 1 1 1 _1
/E, Z | 72X Fy s @) (X Fy s @5y ) P53 (X) dx | <Cy(min | F1 [, [F2)2|F1|2 | F2|2|E]72 . (3.4)
s:1,CQ

where C, < C (1 + v)20,
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Proof.  Since the roles of Fj and F; are symmetric, it will suffice to prove that (3.4) holds with
the expression C | F| | F3| 5 |E |’% on the right-hand side of the inequality.

We organize all dyadic intervals J C €2 into sets Fy (k > 0) in the following way:
Fe={J:2kucq 2 g ).
We note that
D49l <2E|.
JeFi

Indeed, assume Jp,x is a maximal element of F; with respect to inclusion. If J C Jyux and
|J] < |Jmax|, then J must have a common endpoint with J,x (otherwise, we would have
PLSRN g 2k(21 ) C 2K Jmax € 2, thus J ¢ Fi). Thus, for each particular scale, Jyax may

contain at most 2 intervals belonging to F. Therefore

o
Do W=D 027 e < 4 Jma -

J€Fic, J SImax k=0

Since the maximal elements of F; are disjoint, summing over them we obtain the required con-
clusion.

Also, for any J € F; we have E’ C (Q)¢ € (2KJ)¢. Thus, we have:

‘/ Hijcoy(XF, XF,) dx
E/

<2

JcQ

o
Z Z ‘/E,HSJ(XFleFz)dx

k=0 JeFy

oo
<Y Y Hs, (r xe) ity
k

=0 JeFi

/ Hg,(xF, XF,) dx
E/

o0
20 —kM - :
<Cu(+v) ,;)JZ} 17127 inf M(xr,) inf Ma(xr)
= k

o0
= Cu(1 0™ ) 27CG 3 171 inf M) inf Ma(xe)
k=0 JeFy;

> \Fil (1Fa\?
< C’(l—}—v)ZOZZ*kMCékH Z |]|?1<72>
k=0 JeFi [ET\ E]
< CU+ )RR E[ . ]

4. Estimates for model sums. The case I; ¢ @

We will now deal with the harder case I; ¢ €. This part of the proof is based on an adaptation
of the L% x L? — L estimate in [9].
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We denote by P the set of all tri-tiles s € S, for which I SZ Q. Tri-tiles admit a partial
order. We say that s < s"if Iy C Iy and wy C w;. We note that s and s’ intersect as rectangles
if and only if they are comparable under “<.”

The separation of scales (2.8) allows to say thatif s < s’, then wy C wy; forsomei =1,2,3
or it is disjoint with all wy,’s.

We say that a collection of tri-tiles T is a tree with top ¢ if for all s € T, s < ¢. Every finite
collection of tri-tiles S is a union of trees. Indeed, if we denote by S* the set of all elements in S
which are maximal under “<,” and, for each t € S*, T; is the maximal tree in S with top 7, then
S = Ues+T;. We refine the notion of the tree by saying that 7 is a j-tree (j = 1,2,3)if T isa
tree with top 7" and forevery s € T, w5; N = 0.

Foratree T,s € T, s # t, at most one of the intervals wy, can intersect w;. Thus, if we
denote Ty = {s € T : w5, Ny # B}, k = 1,2,3, then Ty is a j-tree for j # k (there are also
elements such that w;, N w; = @ for alli = 1,2, 3, but those may be added to any of the T} ’s).
Then T = U,f:] Tk, i.e., any tree is a union of at most three subtrees which are j-trees for at least
two choices of j.

For a k-tree T we set

1

1 2
A(T k) = —<|1 7)o >|2)

1Al \ XT: *
and we define the k-energy of a finite set of tiles S by

E(S) =sup A(T, k), 4.1

where the supremum is taken over all k-trees 7 C S. Note that a singleton {s} is a k-tree for all
k,soforalls € S,

L1721 e 05| < ECS) 11 filz -

Now fix some j = 1, 2, 3 and let T be a k-tree for k # j. Applying the above estimate and
the Cauchy-Schwarz inequality, we deduce

1(fj 95))]
(Hr (f1, f2), )] < Zf’—‘ﬂf]'[ufk,rpsm (4.2)
ser s12 p4j
< EO Nl Y T 1 es)l
seT k#j
< EO I L[] AT DI fil2
k#j
3
< IT]E® L2 -

j=1
This is a crucial estimate on a single tree that will be used in conjunction with the idea that any
tree can be written as a union of three trees of the above type.

Next, we state the main lemma which will allow us to obtain the estimates for the model
sums (cf. [9]).
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Lemma 4.1. Ler S be a finite set of tri-tiles. Then S can be written as a union of two sets
S = 81 U S, which have the following properties. Let ST be the set of elements which are

@ _ 9

maximal in Sy under “<” (i.e., S is a union of trees with tops in Sf ). We then have

D UL 1+ v)P(S) 2, (4.3)
teSy

1
E($2) < 3 Er(S) . (4.4)

This lemma only yields weak-type estimates from L? x L? into L'"*°. But the fact that we
are now working with the set of tiles P = {s € S : [ g 2} and all functions are characteristic
of some sets gives us an advantage quantified by the following energy estimate which appeared
in [6, 4], and is essentially contained in [14].

Lemma4.2. Fork = 1,2 and fy = xr,, there exists a constant C > 0, such that the following

estimate is valid:
1 1
Fil\ 2 F.\ "2
£(P) < C|E|~% min [(M) , <M> } . (4.5)
|E| |E|

With these two lemmata at hand we can derive an estimate of the model sum for the case
I; ¢ 2 in the following way. We construct inductively the sequence of pairwise disjoint sets P;

such that
no
p=J P
J=—00

and the following properties are satisfied:
(1) &(Pj) < 2/H fork = 1,2, 3.
(2) Pj is a union of trees T such that ), [Trop(rj)| < Co(l + 1)202-2/ forall j < no.
B) E(P\ (PyyU---UPj)) < 2/ fork =1,2,3.

This sequence is constructed in the following way: We start the induction at the number
Jj = no such that & < 2" for k = 1,2,3. We set P,, = #. Then properties (1), (2), and (3)

are clearly satisfied. Assuming that we have already constructed the set P,, we construct P,_1 as
follows. Let S = P\ (Py, U --- U Py). First, if £1(S) > 27=1 then apply Lemma 4.1 to § with

k = 1, thus obtaining the sets Sl(l) with a control of the sum of the tops and Sél) with small 1-
energy, otherwise just skip this step (i.e., S }1) = (§). Then, in the same fashion, if EQ(SS)) > n=l
we apply this lemma to Sél) obtaining the set sz) and Séz) (otherwise again skipping this step,
S §2) = {}). And, finally, we apply Lemma 4.1 for the third time with k£ = 3 to the set Séz) to obtain
5 and 5 (we also skip this step, if £(S\”) < 2"71). We set P,_y = 5\ U S\ U 5P,

Observe that if all three steps were skipped, then P,_; = #. We have to verify that properties
(1)—(3) indeed hold.

First, fork =1, 2, 3:
1 _
E(P\ (Pag U+++U Py) < SE(P\ (Pyy U+ U P)) <2 !

by Lemma 4.1 (and the fact that we just skipped the corresponding step if this was already so for
some k), thus verifying (3). Then,

Ek(Py—1) < E(P\ (PyyU---U Py)) < 2" =207 D+
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which proves (1). And finally, using Lemma 4.1, we have (with the convention that S g()) =39):

Z'Itopa,nl =ca +v)2025 SE) P <301 4 w2720
k=1

since the sum actually ranges over those values of k for which & (S fkil)) > 2"~1 otherwise the
corresponding part of P,_1 is empty.

Taking into account the above families P;, we obtain the following:

[(Hp(XF» XF)> XEI

Y KHry (X x5 x|

j=—00 k

o0
1 1 1
<C Z <Z |ItopT,,k |>51(XF1, SNE (X, SHE(xE s SHIF12|F2|2|E|?

j=—00 k
[e9) 1
Y _,IFl _1 P27 i\ L 1 11
Y 2 2-’m1n<|F1| LY B3, 22 00 )od |y 2 By E
j:zoo IE| IE|

= Lk |Fal?
o —j o _1 1 j . _1 2 j 1 1 1
=C E 2 m1n<|F1| 2, E] ,2 )mln(lel Z, E| ,2>|F1|2|F2|2|E|2, (4.6)

Jj=—00
where we used the estimate on a single tree (4.2) and the improved energy estimate (4.5).
We control (4.6) in different cases:
(A) Suppose |E| > |F2| > |F1|. Then (4.6) is bounded by

i 1
112 |Fy)2

log i log =g 1 00 L o
Yoo2i+ > IREIET ). 2RI ZE T | IR R |E|2
j=—o0 2 12
j=log \IE\ j=log le‘
Lol F
SIF|F2|E| 2(1+1g' ')
| F1]

So, by symmetry, in the case |E| > | F1/[, | F>| the expression (4.6) can be controlled by

. 1 1 1 1o 1 | F>]
m1n(|F1|2,|F2|2)|F1|2|F2|2|E| 2|1+ logﬁ . 4.7
1
; : | 2| |E
We may also note that in this case|log‘F||_log|F1||F2‘

(B) Suppose that |F| < |E| < |F;| and |[E|2 > |Fi| | F>|. In this case, we can bound (4.6) by

1

1 |F12 _1
% _TET logle\ : 1 s . 1 1 1 1 1
Yoo+ N RPIET + ) 2 REIRITIET | IR E
Jj=—00 X _1

j=log ‘F‘IE“ j=log|F,| 2

11 |E|?
SIFil 2|2 |E]”2 1+logm .
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Thus, by symmetry, in the case when |E| is between | Fi| and | F»| and |E|*> > |Fi| | F>| we obtain
that (4.6) is bounded by

in (|73 |F|i)|F|5|F|5|E|—5(1+1 £ ) 438)
min 114, 2 1 2 og———m7+7-—1] - .
Fi[ P2

The other cases work in a similar way:

(C) If | E| is between |F; | and | F»|, but |E|? < |Fi| | F»|, the bound is

. 1 1 1 |Fi| | F2|
min (|F1]2, |F2|2)|E|? 1+1ogW . (4.9)

(D) For |E| < |F1|, |F3|, we obtain the bound

) 1 1 1 | F1]
min (| F112, |F2|2)|E|Z( 1+ 10gm
2

) . (4.10)

Combining the four Cases (A), (B), (C), and (D) we obtain the following inequality for the
case when the tiles s satisfy I, ¢

'/;/ H{S:Isgﬂ}(XFlv XFz)dx

1
Fi|2 |F; F F
SClmin(|F1|;,|F2|5)min<M |E|2><1+“1 g| il | 2|”)
|E|2 |E| IEI

As a consequence of the results so far we deduce the following.

Proposition 4.3. There exists a constant Cy such that, for any sets E, F|, F, with the property
that |E|?> > |Fi| |F>| there exists a set E' C E with |E'| > %|E| such that for any set of tri-tiles
S we have the following estimate:

i [ 11 |E|?
’/ Hs(xF» xp)(x)dx|<Cymin(|F1], |[F2])2|F1]2 | F>]2|E| 2<1+10g—|F1||F2|>' (4.12)
E/

This estimate is also valid for the bilinear Hilbert transform H .

Proof. The result for Hg follows from the estimates (3.4) and (4.9). Note that the construction
of E’ did not depend on the choice of the set of tri-tiles, so E’ is the same for any S, and by an
averaging argument this estimate is also valid for H. L]

It is clear that, since both adjoints of Hg, are “essentially” the same operators, the same
estimate (with different constants) also holds for them.

5. L™ x L™ — L" boundedness of the model sums

In this section we will show that estimates 3. 4) and (4.9) imply boundedness of the model
sum operator Hg from L™ x L™ to L” for + - = 1 , 11,12 > 1,7 > 5. We include this
section for the sake of completeness (as we w111 use th1s result in the sequel) but we point out
that the reader may wish to skip it and cite the results of Lacey and Thiele [11, 12].
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Take some pi, pa2 such that % + % = % and p1, pp > 1. We will show that Hg is of

restricted weak type (r1, r2, r) where % = % —e, r12 = plz eand ~ L — 5 —2¢. By interpolation

it follows that Hg is bounded from L™ x L™ to L" when |r1 -7y | <1/2and2/3 <r < 2.
The boundedness of Hg in the remaining range of exponents follows by duality. (Note that the
same conclusion may be obtained using the interpolation theorem of Grafakos and Tao [7] as the
operator Hg has bounded kernel whenever S is a finite set.)

We recall that a bilinear operator T is of restricted weak type (rq, r2, r) if and only if the
following is valid: For any sets E, Fj, F» of finite measure there exists a set E/ C E with
|E’| > 1|E|, such that

11
|F1|"1 | Fa| 72
E|F~!

’/E,T(XFI,XFZ)(x)dx N (5.1)

Take arbitrary sets E, Fy, F; of finite positive measure. It follows from (3.4) and (4.9) that

1 1
Fi|P1 |Fr| P2 F, F
5' 1 |12| <1+‘1 [Lall ><1+‘1 | 2|> 52)

Hs(xF» XF,) dx
‘/;J v |E|2 1E| |E|

We will use the fact that 1 + logx < x© for x > 1. In the case when |E| > max(|Fi|, |F2|)
we can estimate the right-hand side of (5.2) by the expression

1 1 1 1 1 1
Fi|71 |Fy| 72 E E R R R R
| F1 ||2| <1—|—lg| |><1+log| |>§|1| 1| 2 _ 1Al 1| 2l

|E|2 |F1l | 2] |E|272 |E|7 !

Now consider the case |Fi| < |E| < |F>| (as the case | F2| < |E| < |F}] is symmetric). Fix

some g1 > 2¢. Puta = % — &+ ¢1 (¢ and €1 have to be chosen small enough, so that < 1) and

B = % — &1+ & (thus 8 < 1 also). Wehave o + 8 = % Thus, similarly to (5.2), we obtain:
|F1|“|F2|’3< |E|>< | P
——(1+1log 14 log —

E|E |Fil IE]

|F1|a|F2|ﬁ (ﬂ)m (@)m 2¢e
er \IFl) \IE|

—&

A

‘/ Hs(xFy, XF,) dx
E/

1 1 1 1
|F1|71 ¢ |y |72 |F1I7T |F| 72
1 = .
|E|27%¢ |E|7 !

The remaining case is | E| < min(|F1|, |F2|). We observe that in this case the set 2 is empty,
since M (xr;) < 1. We therefore only need to use (4.6) which for |E| small yields:

. 1 1 2
'/ Hs Gt x) dx| - < mm(|pl|,|F2|)z|E|z(1+1ogu)<1+1g' ')
. E| IE|

1_ 1_.
|F1|P]1_5|Fz|f’]2_5|E|5(@)2 <—|F2|>2
|E| |E|

1, 1, 1 1
[Fy|Pr " [P P2 |[F1|71 | F2| ™2
1 = 1
|E|272% |E|7~!

AN
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Thus, for any measurable sets E and Fp, Fp, Hg satisfies (5.1) and this implies that it is
of restricted weak type (r1, 72, ). The strong type estimates for the same range of exponents
can now be obtained by varying r; and rp and using the result on interpolation between adjoint
operators (cf. [7]).

6. Distributional estimates corresponding to the case p; = 1,2 < p <

Fix 2 < p» < o0o. There are some minor differences in the treatment of the cases p, = 2
and p> > 2. In the case pr = 2 for the moment we shall assume that | F1| < |F3|.

Case: py = 2. |E|? = |Fi| 2|2, |Fi| < |Fa| < |EL.

Since |E|% > |Fy| |F2|% and |F»| > |Fi|, we have |E|? > |Fi| | Fa|. Using estimate (4.12)
we obtain

3
Fi||F E|2
| 1l 2| (1+log |E] 1)' ©.1)
IEI |F1| | F2]2

’/ H(xp, xp)dx| <
E/

We note that this estimate is also valid if |E| > max | F;|, even when |F{| > |F;|. We will
use this estimate in the inductive procedures below.

1 1
Case: py > 2,|E|'" %2 > |F)||[Fa|72, |E| = |Fal.

Leta = 1 — i >0,8=1- é > 0. Since |E| > |F>| we must have |E|? > |Fi{||F|.
Using (4.12) we obtain

. 11 11 |E|?
‘/ H(xr, xp)@)dx| < Cimin(|F1|, |[F2])2|F1|2 | 2|2 | E| 2<1+10g—)
E/

|F1| | F2]
1
Fil Bl 72 (1o \© E|l'"tm E|P
- oAl (ﬂ) <1+]0g L ',3>
EEEAS L
1+-L
F F 172 E P2
< | F1] | 2| <1+10g |E| 1)’ 6.2)
IEI”2 |F1| | F2| P2

since the function f(x) = x“(1 + log #) is bounded on [0, 1] when o > 0 (here x = %).

1 e
Case: pr = 2, |E|'T%2 = |Fy||F2|72, |E| < |Fa| (which implies |E| = | Fi ).

In this case, we will obtain an estimate via an iterative procedure which consists of two
parts. Let us denote by H*? the adjoint of H with respect to the second variable. At first, we set
F, 0 = F». We will continue this part of the iteration until the first integer n such that | F; < |E|
At the j step, according to the estimates above, we choose a subset S/ of F; J with |S/| > 5 |F [,
such that:

144 1+-L
IF1|IE| By [Py T2

H*(xFy, xg) () dx| S ————( 1 +log —=—F) < |[F[{ 1 +log—— ) .
|F’|Pz |F1| |E|72 |F1| |E|72

SJ

Then we set szH = sz \ §7. Obviously, for the number of steps n we have n < 1 4 log %
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Thus, we have

1+-L
|Fy| 72 B
H(xr, xp)dx| S |F1l{1+log——— {1 +1log— | +
E

| HOw g dx
E

IFilE|7 £l
1 1+-L
~ |RIIRP E77 \?
< T (tttog ——— ) +| [ HOn e dxl.
|E|P2 [F1[|F2]| P2 E
In the last line we have used the following simple inequality (with a = %, b= %):

1
Fora > 1,b > 1, such thatab™ 72 > 1 we have
1 2 1
(1 +log (ab”pz)) (1 + logb) < <1 +log il) b7 . (6.3)
b

1
To prove (6.3) we note that if b72 < ,/a, then log -4~ > log \/a = i log a and we have
bP2

1 2 2
(1 + log (abl+pz))<1 —|—10gb> < (1 —i—loga) < <1 + log L1> b7,

br

1
while when /a < b7 < a, then

1 2
(1 + log (ab1+p2>><1 +logb> < (1 —i—logb) <br .,

It remains to estimate the term

‘/I;H(XFls Xrp)dx

In the second part of the iteration process we proceed in a similar manner, only now we will be
splitting either F> or E, depending on which one is larger in size. We set E” = E. At the j®

step, if |[E7| > |F3 |, we choose S/ C E/ such that |S/| > |E/| and

L L
e 7]
/_H(xpl,ij)dx S ——5—|1+log —
s/ z |Ei| P |Fy| |F] |7
. oL
|73 £/ ||
< |FAl—F(1+log —— +log —
|EJ |72 |F] |7 [Fi
|E]
S |F1|<1+10g— ;
|F1l
where we have once again made use of the fact that f(x) = x - log % is bounded on [0, 1] (x =
-1
|F5|P
%‘i <1).
|EJ|P

In the other case, when |F; | > |E/|, we choose §/ C F; with |S/| > 1|F3 | such that

|| )
il |Ei )

<

L
Fy| |E/|»2
‘/S,H*Z(XFl,XE./)dX N—I 14 (1
J

IF |
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An identical calculation and the fact that |F2i | < |E| show that this can also be dominated
by [F1](1 + log {£+).

In the first case we set F{H = Fii, E/tl = EJ\ §J. In the second case we set szJrl =
FJ \ 8/, E/*! = EJ. We proceed until the first integer m such that both |E™|, |Fy'| < |Fy].
Obviously, the number of steps in the second part m < (1 + log ||E ‘ ) We now have

‘ / H(xF, xrp)dx
E

= ‘/ H(xF, xpp)dx
Ent+lygn

= ‘/ H(XF]a XF")d-x ’/ H(XF]?XF"Jrl)d.x
5 |F1|(1+10gm) ‘/ (XF],XF£1+1)dx
< ...
|E|
S mlF 1+10gm H(XFI,XFZ)dX
S IR0 +log|'F—|) +\E'"\ LR
1+-L
l’ E P2 2
|E|p2 |F1| | F2| P2

where we made use of the boundedness of H on L* x L* — L? and the following inequality:

_L
Foranya > 1,b > 1, such that ba 72 > 1 we have
) _1\\2 L
(1+1logh)- < (1 + log (ba PZ)) ar: |
with a = TE b= Ak The proof of this inequality is similar to that in (6.3) and is omitted.

L e
Case: py > 2, |E|1+P2 < |F1||F2|P2. (Wearestill assuming that | F}| < |F>| when py = 2.)

Here we will need the following lemma.

Lemma 6.1. Let2 < pa2 < oco. For all measurable sets E, F, F; of finite measure satisfying
1
|E| 2 < |Fi] |F2|P2 (and also | F1| < |F»2| when p» = 2) we have

1
Fi||F>|72\?
5|E|<1+1og—| i 2|1 )

[ HG ey as 1
£ |E|"P

Proof.  Let us denote Fl.o = F; fori = 1,2. We shall now employ an inductive procedure
similar to the one described above. At the j™ step among the sets F; J and sz we choose the one
By H* ™ we shall denote
the expression H*! (xr, Xsz) in the case when Fmax = Flj and H*z(XFlj, x ) in the other case.

which has greater size and denote it by F,{m and the other one by F' r{m

By (6.2) or (6.1) applied to the respective adjoint of H with the roles of E and F,{;ax interchanged,
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we can choose S/ C Fiax such that [S7] > 1| Fihax| and
i
< |E | |F min

. 1
7 Flo|"
‘/ H* ™ (x)dx| < _min (1+1og%1>. 6.4)
s/ | Finax| 72

We define Fl.j+1 = Fl.j\Sij foralli = 1, 2, where we set Sij = S/ if FI{;aX = Fij and Sl-j =0
otherwise. Let us examine the right-hand side of the inequality above. If |E| < |FI{1
to check that

inl» 1t 18 €asy

| Fla|'

+3 j i 3\ Pt 7\ ] A patl
2 < <|Fmin||Fmax|l72 b2 < | Fiin| [ Fimax | 72 P2 < |F1| | F2| P2 b2
;oL - 1+-L - 1+-L - 1+-L :
| Fiain| 72 1 E] |E|: £ |E| 72

mn

il
Thus, in this case we can estimate the right-hand side by (p> + 1)|E| (1 + log %)

|E|" P2
In the case when |E| > |Frflin|, we have

1+-L )
P2 141
‘Fmax |Fmax| +P2

1 S 1 1

J \» +55

|Foinl PIEL [ Fanin] "7

So, in this case, the right-hand side of the inequality can be estimated by

Fi. I\m Fl
|E|<|L.”">”2 <1+10g M) <|E|,
| Fitax | | Fin

e
since the function f(x) = x 72 (1 4 log %) is bounded for x € [0, 1].

Thus, in each case we get

1

1
|F1||F2|”)
£

/ H*maX(x) dx
S

< C”|E|<1 +log

We proceed by induction and we stop at the first integer n such that

L
2

10 = [Py

1
(Such an integer always exists since the quantity |F'| |F;'| 72 gets smaller by at least a factor of

1
% when j is replaced by j + 1.) Obviously, the number of steps n < 1 + log %
2p2 |E|"" P2
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‘We can now estimate

‘f H(xF, xF,) dx
E

‘f H(.'.’XSO-’_XFr%]ax’.”)dx
E

* max

< MOH (x) dx +'/ H e xpp) d

FilIF
< |E|(l+1g| 1l 2| ) ‘/1—1( S XstF XR2 s )dx

|E|
<

F Fr| P2
S nlﬂ(“ﬂ%%) '/H(an XFp)dx

|E]

27\ 2
F1||F| P2 _ptl 1 1
< |E|(1+log%> +|E|1 ) |F1”|9|F2"\9/’2
L2
|F1]|F2| 7
= GIEI(1+log——2—) .
|E| 7
where in the second line from the bottom we have used the Holder inequality and the fact that H
is of strong type (9, 0 p2, 6 ppj_l) for some large 6. L]

In the case pp > 2 we obtain the following estimate: For any sets F1, F>, and E of finite
measure we can find E’ C E with |E’| > %|E| such that

R
<|E|m1n|:1 'Fl”l?u][l—l—‘log—pz] . (6.5)

‘/ H(XFls XFz)d-x
|E| [Fi| | F2| P2

We now remove the assumption that | Fy| < |F>| when p, = 2. For p, = 2, we can consider
the (symmetric) case when | Fy| > | F»|, proceed as above with the roles of F and F> interchanged
and putting together the two estimates we obtain: For any sets Fj, F;, and E of finite measure
we can find a set E/ C E with |[E'| > %|E| such that

2
; } . (6.6)

1 1 1
min(|F;[) 2 |F1|2 |F2|2

V H(xF» xF,) dx
E/

< |E| min [1 mm<|F|>2F1|2|F22M1+)10g 1213
- EI2
7. Distributional estimates for the bilinear Hilbert transform

We can now prove Theorem 1.1.

Proof. Fora given A > 0, we set

Ef = {H(r. xp) > 1},
E)L_ {H(XFp XFz) < _)‘} .

1 1
Suppose that |E;f|1+1’2 > |F1||F>|72. Then by (6.5) there is a subset S;j' of E)T of at least
half its measure so that

1 1+L
[Fil1F2| P |EF| TP\
+H(XF]aXF2)dx SC:}’—I 1+10g—1 .
SA,

SENE
2172 Fion -
|E; |72 [Fy| | F2] P2
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This implies that

2pp

+ € f’izl _Ll 1\ 2+l
|ES| < C4 (IF1| | Fp|P2) 23T )7 P2 1+10gX . 7.1

L L
But then this implies that there is a Ao > 0 such that for A > A9 we have |E;r | 5 < |Fi||F2|*>.

1 1
Thus, for A > Ag, |E;\F|1+!’2 < |F1| |F2| P2 holds and estimate (6.5) gives

1
Fi| P72\
AEf| < s |E} | (1 +1og"'%>
B
from which one easily deduces that
+ 1 o s %
|Ef| = € (1R1Rm )™ (72)

1 1
Suppose now that A < Ag. As shown, if |E;‘|1+72 > |F1||F2|72, then (7.1) is valid. If
1 1
|E{|1+P2 < |F1||F2| 72 then (7.2) holds which is even stronger.
An identical argument yields the same result for |E,” | with the same A,.

For p; = 2 we run the same argument for estimate (6.6) and in the end dominate the
expression min(|Fi|2, | F2|2)|Fi| | 2|2 by |Fy| | F2|2.

Replacing the constants C, ¢ by different ones we may take Ao = 1 and thus estimate (1.2)
is now proved. Estimate (1.3) is proved likewise. Finally, Corollaries 1.2 and 1.3 are easy
consequences of these estimates. L]
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