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Abstract Let X be an RD-space, i.e., a space of homogeneous type in the sense of Coifman and
Weiss, which has the reverse doubling property. Assume that X has a “dimension” n. For a €
(0,00) denote by HE(X), HY(X), and H*P(X) the corresponding Hardy spaces on X defined by
the nontangential maximal function, the dyadic maximal function and the grand maximal function,
respectively. Using a new inhomogeneous Calderén reproducing formula, it is shown that all these
Hardy spaces coincide with LP(X) when p € (1,00] and with each other when p € (n/(n + 1),1].
An atomic characterization for H*?(X) with p € (n/(n + 1),1] is also established; moreover, in the
range p € (n/(n+ 1),1], it is proved that the space H*?(X), the Hardy space H?(X') defined via the
Littlewood-Paley function, and the atomic Hardy space of Coifman and Weiss coincide. Furthermore, it
is proved that a sublinear operator T" uniquely extends to a bounded sublinear operator from H?(X) to
some quasi-Banach space B if and only if 7" maps all (p, ¢)-atoms when ¢ € (p,c0)N[1, c0) or continuous
(p, 00)-atoms into uniformly bounded elements of B.
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1 Introduction

The theory of Hardy spaces on the Euclidean space R™ certainly plays an important role in
harmonic analysis and has been systematically studied and developed; see, for example, [1-3].
It is well known that spaces of homogeneous type in the sense of Coifman and Weiss!* present
a natural setting for the Calderén-Zygmund theory of singular integrals; see, for instance, [5].
Recall that a space of homogeneous type X is a set equipped with a metric d and a Borel
regular measure . that satisfies the doubling property. Coifman and Weiss!® introduced the
atomic Hardy spaces HE, (X) for p € (0,1]. Under the assumption that the measure of any
ball in X is equivalent to its radius (i.e., X is an Ahlfors l-regular metric measure space),
Coifman and Weiss!® established a molecular characterization for H}, (X). Also in this setting,
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if p € (1/2,1], Macfas and Segovial® obtained the grand maximal function characterization for
HP, (X) via distributions acting on certain spaces of Lipschitz functions; Hanl"l established a
Lusin-area characterization for H?, (X); Duong and Yan[® characterized these atomic Hardy
spaces in terms of Lusin area functions associated with certain Poisson semigroups; Lil?! also
characterized H%, (X) by grand maximal functions defined via test functions introduced in [10].

Structures of spaces of homogeneous type encompass several important examples in harmonic
analysis, such as Euclidean spaces with A..-weights (of the Muckenhoupt class), Ahlfors n-
regular metric measure spaces (see, for example, [11, 12]), Lie groups of polynomial growth
(see, for instance, [13-15]), and Carnot-Carathéodory spaces with doubling measures (see [16—
22]). All these examples fall under the scope of the study of RD-spaces introduced in [23]
(see also [24]). An RD-space X is a space of homogeneous type which has a “dimension”
n and satisfies the following reverse doubling property: there exists a constant ag > 1 such
that for all x € X and 0 < r < diam (X)/ao, B(z,aor) \ B(z,r) # 0, where in this article
diam (X) := sup, ,cy d(v,y). A Littlewood-Paley theory of Hardy spaces on RD-spaces was
established in [24], and these Hardy spaces are known to coincide with some of Triebel-Lizorkin
spaces in [23].

Let X be an RD-space with “dimension” n. In this paper we achieve two goals. First,
we introduce various Hardy spaces on X via the nontangential maximal function, the dyadic
maximal function, and the grand maximal function, and show that these Hardy spaces coincide
with LP(X) when p € (1, 00] and with each other when p € (n/(n+1),1]. When p € (n/(n +
1),1], we further identify these Hardy spaces with the Hardy space HP(X) defined via the
Littlewood-Paley function in [23, 24] and with the atomic Hardy space of Coifman and Weiss
in [5]. Secondly, we prove that a sublinear operator T' uniquely extends to a bounded sublinear
operator from HP(X') to some quasi-Banach space B if and only if 7" maps all (p, ¢)-atoms when
q € (p,>0)N[1,00) or continuous (p, oo)-atoms into uniformly bounded elements of 5. This last
result answers a question posed by Meda, Sjogren and Vallarino in [25].

To be precise, in Section 2, we introduce various Hardy spaces HE(X) for o € (0, 00), HY(X),
and H*P(X), defined in terms of the nontangential maximal function, the dyadic maximal
function, and the grand maximal function, respectively. We also introduce a slight variant of
test functions in [23, 24|, which is crucial in applications; see Remark 2.9 (iii) below.

One of the contributions of this paper is to establish a new inhomogeneous discrete Calderén
reproducing formula; see Theorem 3.3 of Section 3. This formula plays a key role in the whole
paper and may be useful in the study of other problems. Moreover, in Section 3, we prove that
all Hardy spaces mentioned above coincide with LP(X) when p € (1,00], and all these Hardy
spaces are equivalent to each other when p € (n/(n+ 1), 1].

Section 4 is devoted to obtaining an atomic characterization for the Hardy space H*P(X)
when p € (n/(n + 1),1] by using certain ideas from [6].

Some applications are given in Section 5. First, when p € (n/(n + 1),1], we prove that
H*P(X) and HP(X) coincide by means of their atomic characterizations, where H?(X) is the
Hardy space defined via the Littlewood-Paley function in [23, 24]; see Theorem 5.4. From a key
observation (Lemma 5.3) which establishes the connection between the space of test functions
and the Lipschitz space introduced by Coifman and Weiss (cf. [5, (2.2)]), it follows directly
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that H?(X) and the atomic Hardy space of Coifman and Weiss[®! coincide; see Remark 5.5 (ii).
This also answers a question in [24, Remark 2.30].

Our second application concerns the boundedness of sublinear operators from H?(X) to some
quasi-Banach space B. It is well-known that atomic characterizations play an important role in
obtaining boundedness of sublinear operators in Hardy spaces, namely, boundedness of these
operators can be deduced from their behavior on atoms in principle. However, Meyer in [26,
p. 513] (see also [27, 28]) gave an example of f € H!(R™) whose norm cannot be achieved
by its finite atomic decompositions via (1, co)-atoms. Based on this fact, Bownik[?8; Theorem2]
constructed a surprising example of a linear functional defined on a dense subspace of H*(R"),
which maps all (1, co)-atoms into bounded scalars, but cannot extend to a bounded linear
functional on the whole H'(R™). It follows that proving that a linear operator 7' maps all
(p, co)-atoms into uniformly bounded elements of B does not guarantee the boundedness of T’
from the entire HP(R™) (with p € (0, 1]) to some quasi-Banach space B; this phenomenon was
essentially observed by Meyer in [29, p. 19]. Motivated by this, Yabutal?! gave some sufficient
conditions for the boundedness of T from HP(R™) with p € (0, 1] to L4(R") with ¢ > 1 or
H%(R"™) with ¢ € [p, 1]. It was proved in [31] that a linear operator T extends to a bounded
linear operator from Hardy spaces H?(R™) with p € (0, 1] to some quasi-Banach space B if and
only if 7" maps all (p, 2, s)-atoms for some s > |[n(1/p — 1)] into uniformly bounded elements
of B, where |n(1/p—1)] denotes the maximal integer no more than n(1/p —1). For ¢ € (1, o],
denote by H 11%:11 (R™) the vector space of all finite linear combinations of (1, ¢)-atoms endowed

with the following norm:
11l ety gy

N N
:= inf { Z Al : f= Z)\jaj, N e N, {Aj};vzl c C, and {aj}évzl are (l,q)—atoms}.

j=1 j=1
Recently, by means of the maximal characterization of H'(R™), Meda, Sjogren and Vallarinol®!
proved that || - || g1 gy and ||- ”Hh}f(R”) are equivalent quasi-norms on H;’nq (R™) with ¢ € (1, 00)
or on H %’noo (R™) N C(R™), where C(R™) denotes the set of continuous functions. (It was also
claimed in [25] that this equivalence of norms remains true for H?(R") and (p, ¢)-atoms with
p € (0,1) and ¢ € [1,00].) From this these authors deduced that a linear operator defined on
H ;9 (R™) which maps (1, g)-atoms or continuous (1, 00)-atoms into uniformly bounded elements
of some Banach space B uniquely extends to a bounded linear operator from H'(R") to B.
In [32], the results in [25] were generalized to weighted Hardy spaces on R™ with a general
expansive matrix dilation. In [25], Meda, Sjogren and Vallarino also pointed out that it is
not evident whether their results for HP(R™) can be extended to Hardy spaces on spaces of
homogeneous type. In Section 5, using some ideas from [25], we give an affirmative answer
to this question; see Theorems 5.6 and 5.9 below. We should mention that the result of [30]
was generalized to Ahlfors 1-regular metric measure spaces in [33], and the result of [31] was
extended to RD-spaces in [34]. Also, by using the dual theory, Meda, Sjogren and Vallarino*®!
showed that T extends uniquely to a bounded linear operator from H!(X) to L' (X) if and only
if T maps all (1, ¢)-atoms with ¢ € (1,00) to uniformly bounded elements of L!(X), where X

is a space of homogeneous type. However, this result is valid only for linear operators and the
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Hardy space H(X).

Finally, we mention that a radial maximal function characterization of these Hardy spaces
was also recently given in [35].

In this paper we use the following notation: N := {1,2,...}, Z; := NU{0} and Ry := [0, 00).
For any p € [1,00], we denote by p’ the conjugate index, namely, 1/p + 1/p’ = 1. We also
denote by C' a positive constant independent of the main parameters involved, which may vary
at different occurrences. Constants with subscripts do not change through the whole paper.
We use f < gand f 2 g to denote f < Cg and f > Cg, respectively. If f < g < f, we then
write f ~ g. For any a, b € R, set (a Ab) := min{a,b} and (a V b) := max{a,b}.

2 Preliminaries
We first recall the notions of spaces of homogeneous type in the sense of [4, 5] and RD-spaces
in [23].
Definition 2.1.  Let (X,d) be metric space with Borel reqular measure p such that all balls
defined by d have finite and positive measures. For any x € X and r > 0, set B(x,r) := {y €
X d(x,y) <7}

(i) The triple (X, d, 1) is called a space of homogeneous type if there exists a constant C1 > 1
such that for all x € X and r > 0,

w(B(z,2r)) < Cip(B(x,r)) (doubling property). (2.1)

(ii) Let 0 < k < n. The triple (X,d, ) is called a (k,n)-space if there exist constants 0 <
Cy <1 and C5 =1 such that for allx € X, 0 <r < diam (X)/2 and 1 < X < diam (X)/(2r),

CoN*u(B(a,r) < p(Bx, Ar)) < CsA"u(B(z, 1)), (2.2)

where diam (X) = sup,, ,cx d(z,y).
A space of homogeneous type is called an RD-space, if it is a (k,n)-space for some 0 < k < n,

1. e., if some “reverse” doubling condition holds.

Remark 2.2. (i) In some sense, n measures the “dimension” of X. Obviously a (k,n) space
is a space of homogeneous type with C7 := (C52". Conversely, a space of homogeneous type
satisfies the second inequality of (2.2) with C5 := C; and n := log, C.

(ii) If p is doubling, then pu satisfies (2.2) if and only if there exist constants ap > 1 and
Co > 1 such that for all z € X and 0 < r < diam (X)/ao,

w(B(z,aor)) = Cop(B(x,r)) (reverse doubling property)

(If ap = 2, this is the classical reverse doubling condition), and equivalently, for all z € X and
0 <r < diam (X)/ag, B(z,aer) \ B(z,r) # 0; see [23, 36].

(iii) From (ii) of this remark, it follows that if X is an RD-space, then u({z}) = 0 for all
ze k.

(iv) Let d be a quasi-metric, which means that there exists Ag > 1 such that for all z, v,
2 € X, d(x,y) < Ag(d(x, 2) +d(2,y)). Recall that Macfas and Segovial®” Theerem 2] proved that

there exists an equivalent quasi-metric d such that all balls corresponding to d are open in the
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topology induced by d, and there exist constants A}y > 0 and 6 € (0,1) such that for all z, y,
z e X,

jd(z,2) — dly. 2)| < Apd(w,y)° [d(z, 2) + d(y, 2)]'~*.
It is known that the approximation of the identity as in Definition 2.3 below also exists for J,
see [23]. Obviously, all results in this paper are invariant on equivalent quasi-metrics. From

these facts, we deduce that all conclusions of this paper are still valid for quasi-metrics.

In this paper, we always assume that X’ is an RD-space and p(X) = oco. For any z, y € X
and d > 0, set Vs(z) := p(B(x,0)) and V(z,y) := p(B(z,d(z,y))). It follows from (2.1) that
V(z,y) ~ V(y,x). The following notion of approximations of the identity on RD-spaces were
first introduced in [23]; see also [24].

Definition 2.3. Let g € (0,1], e2 > 0 and e3 > 0. A sequence {Sk}rez of bounded linear
integral operators on L*(X) is said to be an approvimation of the identity of order (e1, €2, €3)
(in short, (€1, €2,€3)-AOTI), if there exists a positive constant Cy such that for all k € Z and
all x, o', y and y' € X, Sk(x,y), the integral kernel of Sk is a function from X x X into C

satisfying
. g—ke2
@) 1S6@ 9 < Cay, a1y, e )4V o) -+ rdGeans
d(z,z')1 1 g—kea

(if) ISk (2,4) = Se(@ )| < Ct @ik i@ Vyr @)+Vyor )4V (w0) 2-*4d( e FOT A2
<@ *+day)/2
iii) Property (ii) holds with x and y interchanged;

P ii) holds with dy i h d;

d(z,x’) 1 d(y,y’ )L

(iv) [[Sk (2, 9) = Skla.v)] =[S, y) = k(@ )| < Ca o 8Tt e otV

o—kez

XV, ()4, lk(y)—O—V(z,y) 2k td(z.p))s for d(z,z") < (27F +d(z,y))/3 and d(y,y') < (27F +
(x Y))/3;
v) [y Sk(z,y) du(y) = [, Sk(x,y) du(z) = 1.
Remark 2.4. It was proved in [23, Theorem 2.1] that for any €1, €2, €3 as in Definition 2.3,
there exists an (€1, €2, €3)- AOTT {Sj}rez with bounded support on X', which means that there
exists a positive constant C' such that for all k € Z and d(z,y) = C27F, Sk(x,y) = 0.

The following space of test functions plays a key role in this paper, which is an equivalent
variant of the space of test functions in [23, Definition 2.3]; see also [24].
Definition 2.5. Letx1 € X, r € (0,00), 8 € (0,1] and v € (0,00). A function ¢ on X is
said to be a test function of type (xz1,71,5,7) if

(1) lp(@)] < Cp,(B(a:,rJrld(w,wl))) (rer(Ta:l,w))’Y Jor all x € X;

.. zy) \B . L

(i) |e(x) — o(y)| < C(ch(l(;f?@) M(B(w,rjd(gwl)))(Hd(ww))’y for all x, y € X satisfying
d(z,y) < (r +d(z1, 7)) /2.

We denote by G(x1,71, 3,7) the set of all test functions of type (x1,r,3,7). If o € G(x1,7,8,7),
we define its norm by ||¢llgz,,r, 8,~) = If{C : (i) and (ii) hold}. The space G(x1,7,[,7) is

called the space of test functions.

Remark 2.6. (i) If u(B(z,r + d(z, x1))) is replaced by V,.(z1) + V (21, z) in Definition 2.5,
then G(z1,7, 3,7) was introduced in [23, Definition 2.3]; see also [24].
(ii) Notice that pu(B(x,r + d(z,x1))) ~ Vi(x1) + V(21,2) by (2.2). This implies that both
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spaces of test functions in Definition 2.5 and [23, Definition 2.3] are equivalent and with equiv-
alent norms. Moreover, see Remark 2.9 (iii) for the advantage of Definition 2.5.

Throughout the paper, we fix 1 € X. Let G(3,7) := G(z1,1,5,7v). It is easy to see that
for any z9 € X and r > 0, we have G(xa,r,3,7) = G(8,7) with equivalent norms (but with
constants depending on x1, 2 and r). Furthermore, G(f,v) is a Banach space.

For any given € € (0,1], let G§(8,7v) be the completion of the space G(e €) in G(5,7)
when 3, v € (0,¢]. Obviously G§(e,e) = G(e,€). Moreover, ¢ € G§(3,v) if and only if
¢ € G(B,7) and there exists {¢;}ien C G(€,€) such that || — ¢illgs,y) — 0 as i — oo.

If € G§(B,7), define [[¢llges,y) = ll¢llgs.)- Obviously G5(B,7) is a Banach space and
lellge(s.0) = limi—oo [|#illg(s.4) for the above chosen {¢;}ien.
We define

o

(o1, 007) = {ip € 6o i) [ o) duta) = 0},

which is called the space of test functions with mean zero. The space ég(ﬁ,y) is defined to be
the completion of g°(e, €) in é(ﬂ,y) when 3, v € (0, €]. Moreover, if ¢ € g°5 (8,7), we then define
[l Ge(B) T lellgesm-

The notation (G§(3,7))" denotes the dual space of G§(3,7), that is, the set of all linear
functionals f from G§(5,~) to C with the property that there exists a positive constant C' such
that for all ¢ € G§(3,7), |(f,¥)| < Cll¢llgs,). We denote by (f,¢) the natural pairing of
clements f € (G§(8,7)) and ¢ € G§(8,~). Similarly, (G5(5,7))’ denotes the set of all bounded
linear functionals from C:S(ﬂ, v) to C.

The following cube constructions, which provide an analogue of the grid of Euclidean dyadic

cubes on spaces of homogeneous type, were given by Christ(8],

Lemma 2.7. Let X be a space of homogeneous type. Then there exists a collection {QF C
X : ke€Z, ael} of open subsets, where Ij, is some index set, and constants § € (0,1) and
Cs, Cg > 0 such that

(i) u(X\ UaQF) =0 for each fized k and QF N Qg =0if a# B;

(i) for any «, B, k, £ with € > k, either Q% c Q¥ or Qé Nk =0;

(iii) for each (k,) and each ¢ < k, there is a unique (3 such that QX C Q%;

(iv) diam (QF) < C56%;

(v) each QF contains some ball B(z¥, Cs%), where 2F € X.

In fact, we can think of Q¥ as being a dyadic cube with diameter rough 6% centered at z%.
In what follows, for simplicity, we may assume that 6 = 1/2; see [23, p. 25] or [10, pp. 96-98]

for how to remove this restriction. For any dyadic cube @ and any function g, set

mol6) = o) /Q o() du(z).

Let €1, e and {Sk}rez be as in Definition 2.3 and € € (0, €1 A e3). Observe that for any fixed
x € X, Sk(x,-) € G§(B,7) with 3, v € (0,¢). In what follows, for any k € Z, f € (G5(8,7))’
and z € X, we define Si(f)(z) := (f, Sk(z,-)).

Definition 2.8. Let ey € (0,1], €2 >0, €3 >0, € € (0,€1 Ae2) and {Sk}trez be an (€1, €2,€3)-
AOTI. Letp € (0,00], a € (0,00) and f € (G5(8,7))" with some B, v € (0,¢€). For any x € X,
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the grand maximal function of f is defined by

[ (@) = sup{[(f, )] : ¥ €G5(B,7), llellg(a,rp,7) <1 for some > 0}; (2.3)
the nontangential maximal function of f is defined by

Ma(f)(x) :==sup  sup [Sk(f)(y)l; (2.4)

KEZ d(z,y)<a2—F
and the dyadic maximal function of f is defined by
Ma(f)(x) = sup mqr(ISk(f))xqx (2), (2.5)

kEZ, aEIy
where {QX }rez. acr, s as in Lemma 2.7.

The corresponding Hardy spaces are defined, respectively, by

H>P(X) = {f € (G5(8:7) : [If*llze() < o0},
HY(X) = {f € (G5(8:7) + [IMalf)llLex) < o0}

and HY(X) = {f € (G§(8,7)) : [IMa(f)llLr(x) < oo}. Moreover, we define || f|| g+ »x) =
1 N eceys 1 flaz ey = (IMa(F)llLrxy and [[fllapxy = [Ma(f)llLex)-
Remark 2.9. (i) Lemma 2.7 implies that M4(f)(z) can be equivalently defined by

Ma(f)(x) = sup{mQ§(|Sk(f)|) kel aely, QZ > a}, (2.6)

where {Qlé}kez,aelk is as in Lemma 2.7.

(ii) Let { Sk }rez and a be as in Definition 2.8. Observing that there exists a positive constant
Co such that supyez SUP (4, yy<ao—+ [[1Sk(Ys )lg@,2-# e1,e0) =t Ca < 00, We then obtain that for
all z € X, Mo (f)(z) < Cof*(x).

(iil) For any A € (0,00), the set Q := {x € X : f*(x) > A} is open, which is a key fact used in
Section 4. In fact, if 2o € €, then there exists ¢ € G§(3,y) such that ||¢[/g(zo,r,y) < 1 for some
r > 0and|(f, )| > A. Let n be a sufficiently small positive quantity such that |{f, ¢)| > A(1+n).
For any x € B(zq,r—1/(141)"7), choose s € (0, 00) satistying r/(1+1)"/7 < s < r—d(z,x0).
It is easy to verify that ||¢|lg(s,s,5,4) < 1+n. Thus f*(z) > X for all z € B(wo,r—r/(1+n)'/7),
which implies that €2 is open.

(iv) It is proved in Corollary 3.11 below that if p € (1, 00|, then H*P(X), HE(X) and HJ(X)
are all equivalent to LP(X).

(v)Let € € (0,1) and p € (n/(n+¢€), 1]. It is proved in Remark 3.15 below that if n(1/p—1) <
B, v < €, then the definitions of Hardy spaces H*?(X), HE(X) and HY(X) are independent of
the choices of AOTI’s and (G§(8,~))’. Moreover, they coincide with each other.

3 Maximal function characterizations

The following basic properties concerned with RD-spaces are useful throughout the paper, which

are proved in [23, Lemma 2.1, Propositions 2.2 and 3.1]. In what follows, for any f € L _(X),

loc

the centered Hardy-Littlewood maximal function M(f) is defined by that for all x € X,

1
M =sp i [ 5G]
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Lemma 3.1. Let§>0,a>0,7r>0 and 6 € (0,1). Then,

(i) For all x, y € X and r > 0, u(B(x,r +d(x,y))) ~ w(B(y,r + d(z,y))).

(i) If x, o', 1 € X satisfy d(z,2’) < 0(r + d(x,x1)), then r + d(z,x1) ~ r+d(2',z1) and
w(B(z,r + d(z,21))) ~ p(B(z', 7 + d(z', 21))).

(i) [, M(B(a:,r}rd(w,y)))(rer(a: y)) (x,y)"du(xz) < Cr" uniformly in x € X and r > 0 if
a>n=0.

(iv) For all f € L},.(X) and x € X, fdw )6 V(r,y) d(e, y)a|f( ) du(y) < CM(f)(x) uni-
formly in 6 >0, f e L} (X) andz € X.

(v) Let {Sk}trez be an (e1,€2,€3)-AOTIT with €; € (0,1], e2 > 0 and e3 > 0. Then Sy, is
bounded on LP(X) for p € [1,00] uniformly in k € Z. For any f € LP(X) with p € (1,00),
1Sk(f)llzr(xy — 0 as k — —oo. For any f € LP(X) with p € [1,00), ||Sk(f) — fllzr(x) — 0 as

k — 0.

We introduce the following inhomogeneous approximation of the identity on (X, d, u), which

is a slight variant of the one in [23].

Definition 3.2. Let e; € (0,1], €2 > 0, e3 > 0 and by € Z. A sequence {Sk}z":gO of linear
operators is said to be an inhomogeneous approzimation of the identity of order (ei,ea,€3)
(for short, (e1,€2,€3)-bo-AOTL), if Sk satisfies (1) through (v) of Definition 2.3 for any k €
{lo, bo+1,...}.

In the following, for k € Z and 7 € I, we denote by Q%" v =1,2,..., N(k,7), the set of

all cubes Qlj,ﬂo C QF, where QF is the dyadic cube as in the Lemma 2.7 and jo is a positive

integer satisfying

2790 Cy < 1/3. (3.1)

Denote by zF¥ the “center” of Q%" and y*¥ any point of Q%.

For any (e, €2, €3)-£o-AOTI, following the procedure of the proof for [23, Theorem 4.6], we
obtain a new inhomogeneous discrete Calderén reproducing formula, which starts from any
by € Z. The details of the proof are omitted by similarity. This inhomogeneous discrete
Calderén reproducing formula plays a key role in this paper, which has independent interest.

Theorem 3.3. Lete; € (0,1], €2 >0, €3 >0, € € (0,€1 A€a) and by € Z. Let {S}rez be an
(€1, €2,€3)-Lo-AOTIL. Set Dy, := Sy, and Dy, := Sy, — Sk—1 for k = Lo+ 1. Then for any fized
Jo satisfying (3.1) large enough, there exists a family of functions {ﬁk(x,y)}zozeo such that for
any fized y=v € Q%Y with k > lo+1, 7 € I, andv € {1,2,...,N(k,7)}, and all f € (G§(3,7))’
with B, v € (0,¢),

N(fo,‘l’) e
=Y X [, Dulendni ()
T€l, v= 1

N(k,T)

n Z S Q) Dala yE")Di(f) ()

k=lo+1T€El, v=1
N(fo,‘l’)

=% % [, Dulen) dut)Ds ()

7€l v= 1
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N(k,T)

+ Z Y > w@Y)Dila, g DR (),

k=lo+1T€EI, v=1

where the series converges in (G§(5,7)), and for k > by, 7 € I, and v = 1,2,...,N(k,7),
fo(z) is the corresponding integral operator with the kernel fo(z) i=mgew (Sk(+,2)). More-
over, Dy for k > ly satisfies (1) and (ii) of Definition 2.3 with ¢; and ez replaced by any
€ €le,;e1 Nea), and

/Dka?yd,u /Dka:yd,u)

when k = £y; = 0 when k > £.

Remark 3.4. Let ¢y € Z. From the proof of Theorem 3.3, we obtain that the constant
C, that appears in (i) and (ii) of Definition 2.3 for {ﬁk}z":eo, depends on jo and €, but not
on {y. This observation plays a key role in applications. Moreover, a continuous version of

Theorem 3.3 also holds by following the proof of [23, Theorem 3.4].

Now we show that all Hardy spaces defined in Definition 2.8 are equivalent to LP(X) when
p € (1,00]. We begin with some technical lemmas. Applying Theorem 2.3 of [23] yields the

following result; we omit the details.

Lemma 3.5. Lete; € (0,1], e2 > 0, €3 > 0, € € (0,61 Ae2), B, v € (0,€¢] and {Sk}rez
be an (e1,€2,€3)-AOTI. Then there exists a positive constant C' such that for all k > 0 and

v € G(B,7), I1Sk(@)llgs.y < Cliellgs,y)-

Lemma 3.6. Let all the notation be as in Lemma 3.5. Then for all p € G(3,7) and 3’ € (0, ),
limy o0 Sk(p) = ¢ in G(B',7).

Proof.  Notice that Lemma 3.5 implies that Sx(¢) € G(8,7) € G(3,7) for any k > 0
It remains to show that limg .o [[Sk(®) — ¢llgsry) = 0. Set Wi := {z € & : d(z,7) <
(14 d(x,x1))/2} and Wy := {z € X : d(z,2) > (1 + d(z,21))/2}. Using (v) of Definition 2.3,

we write

1Sk () () — p(z)] < / 1Sk(, 2)[|0(2) — @(2)] du(z)

Wi

+ lo(@)] /W 1k (2, 2)| dpa(z) + /W 1Sk (2. 2)le(2)| dia(z)
=171+ Zs + Zs.

The size condition of Sy together with the regularity of ¢ and the assumption 3 < €5 together
with Lemma 3.1 (iii) yield that

s 1 1 "
“RTT (B +d(zm)) (1 + d(a:,an)) |

By the definition of Wy, the size conditions of Sy and ¢, and a procedure similar to the

estimation of Z;, we obtain

. 1 1 Y
Sk u(B(as,Hd(x,xlm<1+d<x,x1>) '
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Notice that [, |¢(z)|du(z) < 1. This together with the size condition of Sy, and the definition
of Wy yields that

ey 1 1 K
2332 M(B(x,l—i—d(x,xl)))(1+d(x7x1)) ’

Therefore, for all x € X,

— Ay 1 1 v
S0 - el 524 oL Grdinay) 82

For x, ' € X satistying d(z,2’) < (1 + d(z,1))/2, by Lemma 3.5 and the regularity of ¢,
|[Sk(e) (@) — ()] = [Sk(p) (@) — ()]l

: (1 f(c?(afx,la)rl))ﬁu(B(x, 1 jd(x,xl))) <1 T d(lxwl))V;

on the other hand, by (3.2) and the assumption d(z,z’) < (1 + d(z,1))/2,
|[Sk(@)(@) = p(@)] = [S(p)(a) — p(a)]|

.
< 9= k(BAY) 1 ( 1 ) .
~ w(B(z,1+d(z,z1))) \ 1+ d(z, x1)

Then the geometric mean between the last two formulae above implies that
|[Sk () (@) — p()] = [Sk(p)(2) — @ (z)]]

k(BA)(1—0 d(xz,2’) oh 1 1 v
S 27 (1 + d(x7x1)) w(B(z,1+d(x,x1))) (1 + d(x,xl)) ’ (3.3)

where o € (0,1). The estimates (3.2) and (3.3) imply the desired conclusion, which completes
the proof of Lemma 3.6.

Proposition 3.7. Lete; € (0,1], e2 >0, €53 > 0, € € (0,¢1 Aea), B € (0,€), v € (0,€] and
{Sk}rez be an (€1, €2,€3)-AOTI. Then limy_o Sk(w) = ¢ in G§(8,7) for all p € G§(B,7); and
limg—oo Sk(f) = f in (G§(B,7))" for all f € (G5(8,7)) -
Proof. ~ We may assume that &k € N. If ¢ € G§(8,7), then ¢ € G(0,7) and there exists
{0j}jen C G(e,€) such that || — ¢jgs,H) — 0 as j — oo. By Lemma 3.5, we know Si(¢;) €
G(e, €) and

Ly {15k () = Sk(9)llg(8.7) < 1y 0 = d4llg (s, =0,

which implies that Sk(¢) € G5(5, ). For any j, k € N, by Lemma 3.5 again, we have

[1Sk(®) = @llgs.) S 1Sk(d5) — illasn + 65 — ¢llgsm
which together with Lemma 3.6 (here we require 5 < €) implies that
i [154(0) = ¢llges) = 0-

A standard duality argument yields the second conclusion of Proposition 3.7.

Proposition 3.8.  Let H*1(X) be as in Definition 2.8. Then H*1(X) C L'(X).
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Proof.  Let € € (0,1], e2 > 0, €3 > 0 and {Sk}rez be an (€1, €2,€3)- AOTI. For any given
f € H*1(X), by the definition, we have lf*lz1(xy < oo. Notice that (2.3) and Definition 2.3
imply that
[ SUP|Sk(f)|HL1(X) S ||f*HL1(X)~
kEZ

Thus, {Sk(f)}rez is a bounded set in L'(X). Thus by [39, Theorem HI.C.12], {Sk(f)}rez is
relatively weakly compact in L'(X). The Eberlein-Smulian theorem (cf. [39, I1.C]) implies
that there exists a subsequence {Sk,(f)}jen of {Sk(f)}rez which converges weakly in L*(X),
and hence in (G§(8,7))’. This together with Proposition 3.7 implies that f € L'(X), which
completes the proof of Proposition 3.8.

Proposition 3.9. Let p € (0,00] and all the notation be as in Definition 2.8. Then for any
given a € (0,00), there exists a positive constant C such that for all f € LP(X) and all v € X,
[ (z) < CM(f)(x) and Ma(f)(z) < CM(Ma(f))(x). Furthermore, when p € (1,00], there
exists a positive constant C' such that for all f € LP(X),

[Ma(H)llrxy < ClIMa(f)llr@y < ClF ey < CllfllLeca)-

Proof.  For any x € X and ¢ € G§(83,~) satistying [|¢|lg(z,r8,1) < 1 for some 7 > 0, by the

size condition of ¢ and Lemma 3.1 (iv), we have

1
OIS [ TN
1 7

* /d@,w (B, d(z,2)) d(z, 2)"

which further implies that f*(z) < M(f)(x) for all x € X.
For any = € X, if z is contained in some “dyadic” cube Q¥ then by Lemma 2.7,

[f ()l du(z) S M(f)(2), (3-4)

B(zk, Cs27%) ¢ QF ¢ B(z,C527%) c B(2F,20527%).

Thus u(QF) > u(B(2k, Cs27%)) 2 u(B(z,C527%)) by (2.2). From this and (2.6), it follows that
for all x € X,

1
M@ szl v [ MW ) S MO0 @)

This together with Remark 2.9 (ii) and the L?(X)-boundedness of M with p € (1, 00] (cf. [5])

then yields the desired norm inequalities, which completes the proof of Proposition 3.9.

Theorem 3.10. Let p € (1,00]. With the same notation as in Definition 2.8, we have
HE(X) = LP(X) in the following sense: there exists a positive constant C' independent of f
such that if f € LP(X), then f € H{(X) and ||fllgrx) < CllfllLo(x); conversely, for any
f € HY(X), there exists a function f € LP(X) such that for all ¢ € G§(5,7),

(fr0) = /X Fla)o(x) du(z).

Moreover, there exists a positive constant C' independent of f and x such that ||}T||Lp(_)c‘) <

Cllfllm2xy and |f(2)] < Cf*(x) almost everywhere.
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Proof.  The fact LP(X) C (G§(3,7)) and Proposition 3.9 imply that LP(X) C H;(X). Con-
versely, if f € HY(X), then we first show that for all ¢ € G§(5,7),

I(F o)l S g ey el Lo (3.5)

where 1/p+1/p’ = 1. To this end, fix jy as in (3.1) large enough. Then applying Theorem 3.3
with ¢y = j € Z yields that

N(j,7)

=> > Dj(x,y) du(y) D2 (f)

Tel; v= 1 qu
N(k,T)

+ Z ST w@E)Dila, yE)DEY (f) (3.6)

k=j+17€l, v=1

in (G5(8,7))'. Moreover, for any Q¥ > y&¥ with k > j, by the definition, we have that
Qv c QF, for some 7/ € I;. From this and (2.2), we deduce that u(Q¥,) < 2% u(Q%"). Thus,
for any y*v € Qv

DEOIS2® b [ ISE)] ) S MAE) (37)

For any ¢ € G§(8,~), Proposition 3.7 implies that S;(¢) € G§(8,~) for any j € Z. By this,
(3.6) and (3.7), we obtain that for all p € G§(3,7), 7 € Z and yJ” € QLV,

N(j,7)
(501 S 0 30| [ BiS 0w dutu)| Matr)02)
Tel; v=1
+ Z > Z (Q4) D5 (S50) (4o )| Ma(f) (), (3.8)

k=j+17€l, v=1

where and in what follows, B,j denotes the integral operator with the kernel lN)};(x, y) = Di(y, x)
for all z, y € X. For any k, j € Z, by similar arguments as in [23, Lemma 3.8] when k = j and
[23, Lemma 3.1] when k > j, respectively, we obtain that for any €} € (0,1 A €2),

1 9—jc}
Vous () + Vo-i (2) + V(. 2) (277 + d(, )
An argument similar to the proof of (3.4) together with (3.9) yields that for any k& > j and
r e X,

|D;8;(y, 2)| S 27 (3.9)

IDi(Si0) (@) < 27 F D9 M(p) (@). (3.10)
Moreover, it follows directly from (3.9) and Lemma 3.1 (iii) that for all k£ > j

/X Di(S;0) () duty)| < 275D o] s . (3.11)

When p € (1,00), by (3.8) together with the arbitrariness of y**, (3.10), Holder’s inequality
and the LP(X)-boundedness of M with p € (1, 00], we further have

[(£:55) SZ/ | D5(S59) ()| Ma(f)(y) duly)
k=5’ ¥

S 27 FDUYUMP) | ey Ml )l oy S N1l )| F iz ey (3:12)
k=j
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When p = oo, this can be deduced directly from (3.8) and (3.11). For any ¢ € G5(53,7), by
Proposition 3.7, we have lim; .o, Sj(¢) = ¢ in G§(8,~), which together with (3.12) implies
(3.5).

From (3.5) and the density of G§(8,7) in L¥ (X) (see [23, Corollary 2.1]), it follows that f
uniquely extends to a bounded linear functional on Lp/(X ), where 1/p+1/p’ = 1. By the well-
known Riesz reprebentation theorem there exists a unique function fe LP(X) such that for all
o€ LV (X), = [v [(@)¢(x) dp(z), and moreover, ||fl o) S | fl|mz(x)- Lemma 3.1 (v)
together Wlth the Rlesz lemma further implies that f(x) = limg, oo Sk, f(x) almost everywhere
for some {k;}; C N. This combined with (2.3) yields that for almost every z € X,

F@l < Jim_[Sk, flo)| S F(a) = (@)

which completes the proof of Theorem 3.10.

Combining Proposition 3.9 and Theorem 3.10 yields the following conclusion.
Corollary 3.11.  Let all the notation be as in Definition 2.8 and p € (1,00]. Then HY(X) =
HP(X)=H*"P(X) = LP(X) with equivalent norms.

To prove the equivalence of Hardy spaces defined as above when p < 1, we need the following
technical lemma (see [23, Lemma 5.2]).
Lemma 3.12. Lete > 0, k', k € Z, and y*¥ be any point in Q%" for 7 € I}, and v =
1,2,...,N(k,7). If r € (n/(n+ ¢€),1], then there exists a positive constant C' depending on r
such that for all a®v € C and all x € X,

N(k,T)

Z Z Qku 1 9— (K Ak)e | ky|
rel, v=1 NV, (&) £ V() (26N 4 d(a, )+
, N (k,7) 1/r
Tel, v=1

where C' is also independent of k, k', 7 and v.

Theorem 3.13.  Let all the notation be as in Definition 2.8. Let p € (n/(n + €),1] and S,
€ (n(l/p—1),¢€). Then H(X) = HE(X) = H*P(X) with equivalent quasi-norms.

Proof.  Given any « € (0,00), by Remark 2.9 (i), H*?(X) C H2(X) and for all f € H*P?(X),

11z ey S 1=y
To prove HE(X) C H*P(X), we need only to show that for any x € (n/[n+ (8A7v)],1], there
exists a positive constant Cy, such that for all f € H?(X) and z € X,

£ (@) < Ced M(IMa(f)]7) (@)} " (3.13)

Suppose now that (3.13) holds for some x € (n/[n + (8 A~)],p). Then by this and the LP(X)-
boundedness of M with p € (1, 00], we obtain that for all f € HZ(X),

1F L= vy = 1 ey S MM lln) S IMa (Do) = 1z s

which implies that HZ(X) C H*P(X).
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To show (3.13), fix any x € X. Then for any ¢ € G§(3,7) satistying ||¢|lg(,r5,y) < 1 with
some r > 0, we choose g € Z such that 27% < r < 2%+ Then it is easy to verify that there
exists a positive constant C' which is independent of z and ¢y such that [|¢[lg(,0-4 g, < C.
Choose jp € N satisfying (3.1) large enough and C5277° < a. Applying Theorem 3.3 with such
a jo, we obtain that for any y*v € Q%

N(fo,‘l’)

<X X [, D mmnt o)

TElLy, v= 1

N(k,T)

Z D> wlQE)Di(9) (yEY ) Di () (yE")].

k=lo+1T€l, v=1

(3.14)

Since diam (Q¥") < C52 %70 < a2 F forall k >y, 7 € I, and v = 1,2,..., N(7, k), then for
any ;" € QP

éo, _ 1 w w Lo,V Y.
DI ()] = ‘m " [ St dut >\ < Mo(HE0Y); (3.15)
and when k > /g, for any y** € Q*v,
IDE(F) ()| < ISk () )]+ 1Se-1 (£ (e < 2Ma(f) (). (3.16)

By an argument similar to [23, Lemma 3.1], we obtain that for any k > {5, y € X and
1€0,817),

- , —tory
DA ST s aay o r ey P10
Furthermore, the triangle inequality of d and (2.2) imply that for any y‘¥, z € Q%
270 L d(yfor x) ~ 27 4 d(z, x) (3.18)
and
p(By", 270 +d(y>", x))) ~ w(B(2,27° +d(z, x))). (3.19)

From (3.14) together with the estimates (3.15) through (3.19), Lemma 3.12 and the arbitrariness
of y#¥ in Q%" we deduce that for any x € (n/(n+ (8 A7)), 1],

N(k,T) 1/k
1f, )] < Zg (k—£o)[e} +n(1—~ 1/,-;)]{ (Z Z XQE,V>(Q:)} . (3.20)
k=£o rel, v=1
Notice that
N(k,T)
M( > [Ma(f)]“le;-u) () = M(Ma(F)]) (). (3.21)
Tel, v=1

Therefore, for any k € (n/(n+ B A7), ¢€), if we choose €] € (0, 8A~) with €] > n(1/k— 1), then
combining (3.20) with (3.21) yields (3.13). Thus, for any given a € (0,00), H*P(X) = H?(X)

with equivalent quasi-norms.
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Instead of (3.14), (3.15) and (3.16), respectively, by (3.6) and (3.7), repeating the proof
for H2(X) C H*P(X) then yields that HY(X) C H*?(X). By Lemma 2.7 (iv) and (2.6),
we have Mg(f)(z) < Mc,(f)(x), which implies that Hf,_(X) C Hi(X). This together with
H¢ (X) = H*P(X) further implies that H*?(X) C HY(X). Thus, H*P(X) = HJ(X) with
equivalent quasi-norms, which completes the proof of Theorem 3.13.

Using the Calderén reproducing formula in Theorem 3.3, we can verify that definitions of
Hardy spaces are independent of the choices of underlying spaces of distributions; see [23,

Proposition 5.3] for some details.
Proposition 3.14.  With the notation of Definition 2.8, let o € (0,00) and p € (n/(n+e¢),1].
If f € (G5(B1,m))" with

n(l/p—1) <pi, m<e (3.22)

and || fl| gz (xy < 00, then f € (G5(B2,72))" for every B2 and 2 satisfying (3.22).

Remark 3.15. Let e € (0,1) and p € (n/(n+ ¢€),1]. Then,

(i) For any given (8 and ~ satisfying (3.22), Theorem 3.13 implies that the definitions of
HP?(X) and HY(X) are independent of the choices of any a € (0,00) and any (ey, €2, €3)- AOTI
{Sk }rez satisfying (e1 A ez) > €, €1 < 1 and e3 > 0.

(ii) Theorem 3.13 and Proposition 3.14 imply that the definitions of H*?(X), HP?(X) with
a € (0,00) and HJ(X) are also independent of the choices of (G§(/3,))" with 3 and v satisfying
(3.22).

(iii) In the sequel, given p € (n/(n + 1), 1], when we mention the Hardy spaces H*P(X),
HP?(X) with a € (0,00), and HY(X), we will assume that ¢ € (n(1/p — 1),1) is chosen so
that p € (n/(n + €),1] and these Hardy spaces are defined via some (G§(3,7))" with 3 and ~
satisfying (3.22), and some (€1, €2, €3)- AOTT { Sk }rez with (e Aez) > €, 1 <1 and e3 > 0. By
Theorem 3.13, these Hardy spaces coincide with each other.

By an argument similar to the proof of [6, Lemma (2.8)] (see also [9, Theorem 2.1]), we can
verify the following conclusion, we omit the details.

Proposition 3.16. Let p € (n/(n+ 1),1]. Then the space H*?(X) is a complete quasi-

Banach space.

4 The atomic decomposition

The procedure to obtain the atomic decomposition for the Hardy space H*P(X) when p €
(n/(n+1),1] is quite similar to that presented in [6] (see also [9]). To shorten the presentation
of this paper, we only give an outline by beginning with the following notions of atoms and
atomic Hardy spaces.

Definition 4.1. Letp € (0,1] and g € [1,00] N (p,0]. A function a € L1(X) is said to be a

(P, q)-atom if
(A1) suppa C B(xg,r) for some zg € X and r > 0;

(A2) [|al| o x> [ (B(xo, )] 1= 1/P;
(A3) [, a( =0

Definition 4.2. Let p € (0,1] and ¢ € [1,00] N (p,o0]. Let € € (0,1) and 3, v € (0,€).
The distribution f € (G§(B,7)) is an element of HE;*(X), if there exist {\;j}jen C C and
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(p, q)-atoms {a;}jen such that f =37,y Aja; in (G5(B,7))" and 3oy [A;P < co. Moreover,

we define
1/p
ooy =t { ()

JjEN
where the infimum is taken over all the decompositions of f as above.

Remark 4.3. (i) Let € € (0,1), p € (n/(n+¢€),1], ¢ € [1,00] N (p,o0] and 3, v € (n(1/p —
1),€). Since each (p,00)-atom is a (p, q)-atom, H; > (X) C HY%(X). We will further show in
Theorems 4.5 and 4.16 below that HY;%(X) ¢ H*P?(X) and H*P?(X) C HY;*(X). This implies
that HY; (X)) = HY 1(X).

(ii) We simply write HZ, (X) instead of HY;*°(X) without confusion.

An argument similar to the proof of [6, Lemma (2.3)] yields the following lemma, we omit
the details.
Lemma 4.4. Letec € (0,1], p € (n/(n+¢€),1], ¢ € [1,00] N (p,o0], B € (n(1/p—1),€¢] and
v € (0,¢]. There exists a positive constant C, 4 such that for all h € LX) with support
contained in B(xo,r0) with xo € X and ro >0, and [, h(z)du(x) =0,

[ @ duta) < Cp Bl o)A

Lemma 4.4 together with a standard argument yields the following proposition.

Proposition 4.5.  Let all the notation be as in Lemma 4.4. Then HP;(X) C H*P(X);
moreover, there exists a positive constant C such that for all f € HENX), || flla-rx) <
Cllfllz;e -

The rest of this section is devoted to showing that H*P?(X) C HY, (X) by following the
procedure of [6]. The following lemma when € is a bounded set (i.e.,  is contained in some
ball of X) was proved in [4, pp. 70-71] and in [5, Theorem 3.2], although the current version
was also claimed in [4, p. 70] without a proof; see also [6, p. 277] for another variant. A detailed

proof can be given by borrowing some ideas from [3, pp. 15-16], we omit the details.

Lemma 4.6. Let Q be an open proper subset of X and let d(z) := inf{d(z,y) : y ¢ Q}. For
any given C = 1, let r(x) := d(x)/(2C). Then there exist a positive number M, which depends
only on C' and Cs but independent of Q, and a sequence {xy}i such that if we denote r(xk) by
7, then

(i) {B(zk,76/4)}r are pairwise disjoint;

(ii) U B(zk, ) = €

(iil) for every given k, B(xy,Cry) C £

(iv) for every given k, x € B(xk, Cry) implies that Cry < d(x) < 3Cry;

(v) for every given k, there exists a yi & Q such that d(xy,yr) < 3Cry;

(vi) for every given k, the number of balls B(xz;,Cr;) whose intersections with the ball

B(zy, Cry) are non-empty is at most M.

Remark 4.7. If Q is an open bounded subset of X and {7y}, in Lemma 4.6 is an infinite
sequence of positive numbers, then by the proofs in [5, pp. 623-624] and [4, p. 69], we further

have that limg_, o 7 = 0.
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Using Lemma 4.6, similarly to the proof of [6, Lemma (2.16)], we obtain the following tech-
nical lemma.
Lemma 4.8.  Let Q2 be an open subset of X with finite measure. Consider the sequence {x }
and {r}r given in Lemma 4.6 for C = 15. Then there exist non-negative functions {oy
satisfying:

(i) for any given k, 0 < ¢ < 1, supp ¢r C B(wk,2r,) and Y, ok = X0;

(ii) for any given k and x € B(xg, k), ¢r(x) = 1/M;

(iii) there exists a positive constant C independent of Q0 such that for all k and all € € (0, 1],
[0kl rmrere) < OV ()

From Lemma 4.8 and an argument similar to the proof of [6, Lemma (3.1)], we deduce the
following conclusion.
Lemma 4.9. Lete € (0,1], 8, v € (0,€¢], and {¢r }r be the partition of unity as in Lemma 4.8

associated with some open set 2. Then for any given k, the linear operator

—1
Bu(p)(z) = m(@[ [ o2 du(Z)] [ 6@ — ollon ) du)

is bounded on G§(B,~) with an operator norm depending on k.

Lemma 4.10. Let > 0, g € (n/(n+ §),00) and M € N. Then there exists a positive
constant C' depending only on q, 3 and M such that for any given sequences of points {x}r C X

and any positive numbers {ry}i satisfying that any point in X belongs to no more than M balls
of {B(xg,7)}k, then

/X [Z M(B(l;fi(ﬁ“’c&l;)’)xk))) (rk . ;gxk’x))ﬁrdu(x) < C,u(UB(xk,rk)). (4.1)

k k

Proof. By (2.2) and the definition of M, we have

Tk w(B(zk, k) 1/n n
ri + d(zg, x) S (u(B(am"k + d(:c,xk)))> S MXB,r) (@)

By this, the assumption g(n+ 3)/n > 1, the Fefferman-Stein inequality on RD-spaces (see [40])

and the finite intersection property of balls { B(zy, )}k, we obtain that the left-hand side of
(4.1) is dominated by a multiple of

/X [Z(M(XBm,rk))(x))(”*ﬂ)/”]qdu(a:)

k </ [Z<XB<M,T,C><3:>><”+5>/"]qdu(m)su(UBm,m)),

k k

which completes the proof of Lemma 4.10.

Let € € (0,1), p € (n/(n+e€),1], B, v € (n(1/p —1),¢) and H*P(X) be as in (2.3). For
f e H"P(X) and t € (0,00), set Q:={x € X : f*(z) > t}. By Remark 2.9 (iii), Q is open.
Obviously () < co. Denote by {y}x the partition of unity in Lemma 4.8 associated to Q.
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Let {® }1 be the corresponding linear operator in Lemma 4.9. For any ¢ € G§(8, ), define the
distribution by, by setting
(b, ) == (f, Pr(e0))- (42)

By following an approach in [6, Lemma (3.2)] or [9, Lemma 3.7], we obtain the following
Calderén-Zygmund type decomposition. To limit the length of the paper, we omit the details.
In what follows, for any set E C X, we denote X \ E by EC.

Proposition 4.11.  With the previous notation, there exists a positive constant C' such that
forallk and x € X,

. Ve (k) Tk ’
) < it s () Ko@)
=+ Cf*(x)XB(a:k,l()rk)(x) (43)
and
[ i@ dute) < 0 7 @)? du): (4.4)
X B(x,107y)
moreover, the series y_, by converges in (G5(B3,7))" to a distribution b satisfying
Tk Z'k) Tk 7 *
Ctz Blow, s + d(, 22))) (m n d(xk,x)) + Cf*(z)xalx) (4.5)
and
| P <c [ (1 @p (46)
X
the distribution g :== f — b satisfies that g € (G§(5,7)) and
Tk ij) Tk 7 *
Ctz Blox, s + d(z, 7)) (Tk +d(xk,x)) + Cf*(x)xqe (). (4.7)

Applying Proposition 4.11, Lemma 4.10 and Corollary 3.11, and following an argument sim-
ilar to [6, Theorem (3.34)], we obtain the following density result on H*?(X).
Proposition 4.12. Lete € (0,1), p € (n/(n+¢€),1], 8, v € (n(l/p —1),€) and H*P(X) be
defined via the distribution space (G§(8,7)) as in Definition 2.8. If ¢ € (1,00), then LI(X) N
H*P?(X) is dense in H*P(X).

Combining Lemmas 4.6, 4.8, 4.9 and Proposition 4.12, similarly to the proof of [6, Lemma
(3.36)], we obtain the following proposition.
Proposition 4.13. Lete € (0,1), p € (n/(n+e¢€),1], 3, v € (n(1/p—1),€), ¢ € (1,00) and
f e LIUX)NH*P(X). Assume that there exists a positive constant C such that for all x € X,
f(z) < Cf*(x). With the same notation as in Proposition 4.11, then there exists a positive
constant C' independent of f, k and t such that

(1) if mi = [[ ow( R &) du(E), then |my| < Ct for all k;

(ii) if by == (f — mk)gbk, then supp bk C B(Jik,Z’/‘k) and the distribution on G§(8,~) induced
by by coincides with by in Proposition 4.11;

(iii) the series ., by converges in L1(X). It induces a distribution on G§([3,~) which coincides
with b in Proposition 4.11 and is still denoted by b. Moreover, suppb C y;
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(iv) set g := f — b, then g = fxqe + >, mrdr and for all z € X, |g(x)| < Ct. Moreover, g

induces a distribution on G§(0,7) which coincides with g appearing in Proposition 4.11.

Remark 4.14.  (a) If f does not satisfy | f(z)| < C'f*(z) for all z € X, then by Theorem 3.10,
there exists a function A such that f and h induce the same distribution and |h(z)| < Cf*(z) =
Ch*(z) for all # € X. Therefore, we can replace f by h since we only need to consider the
behavior of f as a distribution not as a function.

(b) Denote by C(X) the space of continuous functions on X. If f € C(X), by Proposition 4.13
(i), then by € C(X) for all k. Applying Lemma 4.6 (vi) to >, bk, we obtain that for any given
x € X, Y, bp(x) has only finite terms when it is restricted to some small neighborhood of z,
which further implies that b € C(X).

Lemma 4.15. Lete € (0,1), ¢ € (n/(n+e€),1), p € (¢,1] and 3, v € (n(1/p — 1),¢). If
h € L2(X) satisfying |h(z)| < 1 for allz € X and h* € LI(X), then there exist {\x }ren C C and
(p, 00)-atoms {ar}ren such that h =3, .\ Arax in (G5(3,7))" and almost everywhere. More-
over, there exists a positive constant C independent of h such that ), | e|? < CHh*Hqu(X),
I 2 ken Akl )y < C and | 3 open [Aarl 7oy < ClR | Fagay i 7 € [1,00).

Proof.  For any 6 € (0, 1), we define a sequence of functions { H,, } men as follows. Set Hy := h.
Proceeding by induction, assume that H,,_; is defined. Then set Q,,, := {x € X : (Hp—1)*(x) >
0™} and define H,, as the function g in Proposition 4.13 associated to f = Hy,—1 and ¢t = 6™.
Notice that each Q,, has a decomposition of ,,, = |J; B(Zm,i, "m,;) satisfying (i) through (vi)

of Lemma 4.6. Then define {¢,,;}; in the same way as in Lemma 4.8. If m > 1, then we have
Hm = IIm-1 — Z bm,iv (48)

where by, ; is as in Proposition 4.12 (ii). Moreover, there exists a positive constant C7 such that
for all m € N and all x € X,
|Hp, (2)] < C70™ (4.9)

and

s N Tij s
H;(x)éh*(x)+(]720izu(3( B mis)) < ’ x)). (4.10)

T gy rig + d(2i g, 7)) \ T + d(wi 5,

Notice that (4.9) follows immediately from the definition of H,, and Proposition 4.13 (iv). To
prove (4.10), we first have that for any = ¢ Q,,, by (4.8) and (4.5),

E
* * M(B(xmj7rmj)) T'm,j
H! (z) < H}_,(x)+CO™ g ’ ' ’ , o (4.11)
' o HB (@, rm,g + (X, %)) \Tmj + d(@m,5, @)

where C' is the constant given in (4.5). Observe that for any x € Q,,, Lemma 4.6 (ii) implies
that € B(Zm,j,Tm,;j) for some j € N. From this and (4.7), we deduce that if z € Q,,,, then

B
* ,U(B(xmjvrmj)) ( T'm,j )
Hy(x) StS0mD e ’ : (4.12)

S (B g Tm g+ (@, 2)) \ T g+ d(wm,j, 7)

Combining (4.11) and (4.12) and repeating this process m times yield (4.10).
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For every k € N, by (4.8), h = Hi + an:l >_j bm,j almost everywhere. By Proposition 4.13
(iii), Remark 4.14 and (4.9), we obtain h = Y °_ | > ; bm,; almost everywhere. The assumption
h* € L?(X) together with (4.10) and Lemma 4.10 further implies that H,, € L*(X). Thus by
(4.9) and the size condition of ¢, we obtain that for any ¢ € G§(5,7),

i) S S (b )| = o)l =| [ et dute)

m=1 j

S 60%llellg(s,y) — 0,

as k — oo, which further implies that

k
h=Tm > b= > bm; (4.13)

k—o0 - -
m=1 j meN  j

in (G5(6,7))’. By the expression given in Proposition 4.13 (ii) for by, ;, (4.9) and Proposi-
tion 4.13 (i), we obtain that for all z € X,

-1
|bm,j(x>|<|Hm1<x>|+H / ¢m,j<x>du<x>} [ Hoes@ons @) dute)
< 2C70™ 1 (4.14)

Let A j = 2C70™ L (B (2, 27 )P and e j i= (A j) " bim,j. It is easy to verify that
each e, ; is a (p,00)-atom. Then from (4.13), we deduce that
h= Z Z /\m,jem,j (415)
meN  j
holds in (G§(8,7))" and almost everywhere. To estimate »° >, [Am,;|P, by Lemma 4.6,
DD gl D0 0" u(Qm)
meN j meN

By the definition of §,,, (4.10) and Lemma 4.10, we obtain that there exists a positive constant
Cy such that for all m € N,

0™4(,,,) < /X[H; (@] du(z)
</X[h*( N7 du(z) + (Cr)e Zelq
& [Z “<B<xM(B(x+ oy ) ( e ﬂ dute)

<o fproraen+ Eomva]

Let by := [, h*(x)? dp(x) and by, := 0™9u(Q,y,) for m € N. Then the formula above can be
written as b,, < Cy 227501 b;. By induction, we obtain b; < bo(Cs+2)* for every i € Z,. That is,
0%1u() < (Cs 4 2)" [[h*(2)]9 dpu(x). Choose 6 > 0 small enough such that 67~9(Cs + 2) < 1.
Then,

S S sl S X 000 +2)" [ @) dnte) 5 [ 00 @) duta).

meN j meN
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By the fact supp ey, ; C B(@m,j,"m,j), (4.14) and Lemma 4.6, we obtain that for all z € X,

D> Pmgemi(@)] S Y 0"xq, (x) $1,
mj

meN

which implies that > | Am jem ;| € L>(X). When r € [1,00), by Hélder’s inequality,

H S s
m,J

Thus || 32, ; [Amjemilllpr 2y S Hh*H%q(X), which completes the proof of Lemma 4.15.
Theorem 4.16. Let e € (0,1), p € (n/(n+¢€),1] and B, v € (n(1/p—1),e). If f €
H*P(X), then there exist {\r}ren C C and (p,00)-atoms {ap}ren such that f =37, -y Awag
in (G§(B3,7)). Moreover, there exists a constant C > 1 such that

1/r
<3 (@) < [ ) 9mpu<0m>} |
x)

L( meN meN

1/p
oMl < { e} <l
keN
Proof.  We only give an outline of the proof since it is similar to that of [6, Theorem (4.13)].
First assume that f* € LP(X)NL?(X), then Theorem 3.10 tells us that f can be represented by
a function satisfying |f(x)| < Cf*(z). For any given integer k, set 0 := {z € X' : f*(z) > 2F}.
By Proposition 4.13, we have f = By + G}, where By and Gy are the functions b and ¢ in
Proposition 4.13 corresponding to ¢ = 2¥. Since By + G} = Bpy1 + Gry1, we then define

hy := Ggt1 — G = By, — Bgt1. (4.16)

Thus for any m € N, we have f — >/ hy = Bp41 + G_p,. Notice that |G_,(z)] < 27™
for all z € X and supp B,, C ,, by Proposition 4.13. Then following the arguments in [6,
p. 300], we deduce that for any ¢ € (n/(n +€),1], [[h}|rax) S 2°1(%) by Lemma 4.10
and Proposition 4.11; and moreover f = >, _, hy holds in (G5(3,7))" (here, we need to use
Proposition 3.16) and almost everywhere.

By (4.16), we obtain that supphy C Qi and there exists a positive constant C such that
|hi(z)| < C2F for all z € X and k € Z. Applying Lemma 4.15 to C~12 %k, and ¢ € (n/(n +
€),p) yields that C~12 %, = Y ien Akiak,i in (G§(6,7))" and almost everywhere, where {ag ;};
are (p,00)-atoms and {\;;}; C C satisfying >, [Aei[P < |\2‘kh2|\qu(X) < w(Q%). Let p =
6’2k)\k7¢. Then hy, = ), priak:, and thus f = >3, > priars in (G5(5,7)) and almost
everywhere. Moreover, >, ;> |pral? S Dper 2P u() S Hf*||§p(X). This together with
Proposition 4.5 shows the theorem with the additional assumption f* € L?(X). The general
case of the theorem then follows from the density of L*(X)NH*P?(X) in H*?(X) and standard
arguments as in [6, pp. 301-302], which completes the proof of Theorem 4.16.

For € € (0,1] and 3, v € (0,¢), let ég(ﬂ,y) be the set of functions in QOS(B, ~) with bounded
support. Let Cy(X') be the set of continuous functions on X which tends to zero at infinity.
From Theorem 4.16 and the existence of an approximation of the identity with bounded support

(see [23, Theorem 2.1]), we can deduce the following density result. We omit the details.
Proposition 4.17. Lete € (0,1),p € (n/(n+e€),1] and 8, v € (n(1/p—1),€). Then ch(ﬂ,’y)
is a dense subset of H*P(X); for any p € [1,00), g"g(ﬁ,y) is a dense subset of LP(X); and if
p = 00, gof,(ﬁ,'y) is a dense subset of Co(X).
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Proposition 4.5, Theorem 4.16, Remarks 3.15 and 2.4 imply the following conclusion.

Corollary 4.18. Let a € (0,00), p € (n/(n+1),1] and q € (p,00]N[1,00]. Then HYY(X) =
H*P(X) = HE(X) = HY(X) with equivalent quasi-norms.
Remark 4.19. Let ¢, p, 8 and v be as in Theorem 4.16. For any f € (G5(3,7))’, define
that for all z € X, f*(z) := sup{[(f, )| : v € G(€,€), |©llg@,ree) < 1 for some 7 > 0} and
H*?(X) = {f € (G5(8,7))" : |f*||e(x) < 00} with the norm || [l .., ) == | /| Lo()- Obvi-
ously, for all € X, by the definitions, we have f*(z) < f*(z), which 1mphes that H*P(X) C
ﬁ*’p(X). Repeating the procedure of the atomic decompositions, we see that Theorem 4.16
still holds with H*?(X) replaced by H*?(X), which further implies that H*?(X) C H®, (X).
Combining this with Corollary 4.18 gives that H*?(X) = H*?(X). We also point out that
when p € (1, 0], by a slight modification for the proofs of Proposition 3.9 and Corollary 3.11,
we also have that for all 3, v € (0,¢), H*P?(X) = LP(X). This observation was used in [35].

5 Some applications
As the first application, we show that H*?(X) coincides with the Hardy space H?P(X') defined
in terms of the Littlewood-Paley function in [23, 24], via the atomic characterizations of these

spaces.

Definition 5.1. Let e; € (0,1], e2 > 0, e3 > 0 and {Sk}rez be an (e1,€2,€3)-AOTI. Let
e€ (0,61 Ne2), p€ (n/(n+e€)1] and 8, v € (n(1/p —1),€). Fork € Z, set Dy, :== S, — Si—1.
For any f € (gg(@ 7)), the Lusin-area function (also called the Littlewood-Paley S-function)

S(f) is defined by
:{ Z e PO iufo):)}l/g'

Define HP(X) := {f € (G§(8,7))" : IS(f)l| o) < o0} and || fll vy := [1S(f) 1o ()
Let e € (0,1), p € (n/(n+¢€),1] and B, v € (n(1/p — 1), ). Define H”, (X) by replacing the
distribution space (G§(3,~))" with (G§(8,~)) in the definition of H?;?(X); see Definition 4.2
r [23, 24]. It follows from [24, Theorem 2.21] that H”, (X) coincides with HP(X) when p €
(n/(n+1),1]. This together with Theorem 4.16 tells us that in order to prove H?(X) = H*?(X),
it suffices to show H?, (X) = H®, (X). To this end, we start with the following two technical
lemmas. The proof of the first lemma is trivial and we omit the details.

Lemma 5.2. Let e € (0,1) and 8, v € (0,¢). If f € (G§(8,7)) and (f,©) = 0 for all
pE ,C';S(@ v), then f is a constant.

Let o € (0,00). Coifman and Weiss (see [5, (2.2)]) introduced the following Lipschitz space
Lip (&), namely, ¢ € Lip,(X) if and only if for all z, y € X and = # y, |p(z) — ¢(y)| <
C[(B)]*, where B is any ball containing both 2 and y and C' is a positive constant depending
only on . Define H?, (X) by replacing (G5(5,7))’ with ( Lip 1/p—1(X))" in Definition 4.2, where
(Lip4/p—1(X))" is the dual space of Lipy,,_(X); see [5].

The following key observation establishes the connection between spaces of test functions
and the Lipschitz spaces above. This plays a key role in establishing the connection between
the Hardy spaces introduced in this paper and [23, 24] with the atomic Hardy spaces H Po(X)

of Coifman and Weiss; see Remark 5.5 below.
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Lemma 5.3. Let 8 € (0,1] and v € (0,00). Then there exists a positive constant C' such
that for all ¢ € G(B,7) and z, y € X, |p(z) — o(y)| < Cllellgsq Bz, d(z, )]/

Proof.  For any z, y € X satisfying d(x,y) < (1 + d(z,21))/2, by the fact p(B(x1,1 +
d(z,x1))) ~ pu(B(z,1 4+ d(x,21))) and (2.2), we obtain

((B(z1,1+d(z,21))) o w(B(z,1+d(z,21))) _ <1 + d(x,xﬂ)n
w(B(z,d(z,y))) = p(Blz,dx,y) ~\ d=y) '

This together with the regularity of ¢ yields that

le(@) = W) < llellgm B, d(x, )"

For any z, y € X satistying d(x,y) > (1 + d(x,z1))/2, using the fact u(B(z1,1+ d(z,x1))) ~
w(B(x,1+ d(xz,z1))) and (2.2) again, we also obtain

w(B(z1,1+d(z,21))) - (1 + d(z, xl))rC
wWB(z,d(z,y) ~\ dz,y) '

This together with the size condition of ¢ also yields that

lo(z) = oW S llellgs) S Iellgesmlu(Bla, dlz,y))*",

which completes the proof of Lemma 5.3.

Theorem 5.4. Let € € (0,1), p € (n/(n+€),1] and 8, v satisfy (3.22). Then H?, (X) =

HE. (X)) with equivalent quasi-norms.

Proof.  Since (G5(3,7)) C (G&(8,7))’, we then obviously have H?;?(X) c H®, (X). We still
need to show H%, (X) C H”, (X) by Corollary 4.18. If f € H?, (X), then f € (G§(53,7))’ with
some 3 and « as in (3.22) and there exist a sequence of (p, 2)-atoms {ay}ren and {A;}reny € C
with ), oy [A&[P < oo such that f = )7, Akay in (goé(ﬁ,*y))’. For any ¢ € G§(3,~) with 8
and v as in (3.22), set

(f, ) = > Aelar, @). (5.1)

keN

Let a be a (p,2)-atom supported on B := B(zg,r9) and ¢ € G§(5,7). Notice that ¢ €
G(n(1/p —1),7) since 8 > n(1/p — 1). Then applying (A3), Lemma 5.3, Holder’s inequality
and (A2), we obtain

S llellges.q)-

(@, ¢)]| =‘/Xa(x)[so(w) — (o)) dp(z)

Combining this with (5.1) yields that

1/p
G5(6,7) (Z |Ak|”) )

keN

(Fo0) S llel

g5 O 1Ml S Nl
keN

which further tells us that f € (G5(B,7)) s f= > ken Akax in (G5(83,7)) and f=fon GS(3,7).
Moreover, f € H?, (X).

Suppose that there exists another extension of f, say g € H%, (X). Then g € (G§(8,7))
and g = f on ég(ﬂ, 7). By Lemma 5.2, ]7— g is a constant. Note that f € HE, (X) and the
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non-zero constant function does not belong to HY(X) = H% (X) (see Corollary 4.18). Hence,
G ¢ H", (X). This contradiction implies that f € H”, (X) is the unique extension of f € HP(X).
Taking over all decompositions of f yields that ||]F”VHH1;t (x) < HfHH;;t (x)» Which completes the
proof of Theorem 5.4.

Remark 5.5. (i) Notice that € € (0,1) is arbitrary. By Theorem 5.4 and Corollary 4.18,
we obtain that for any p € (n/(n + 1),1], H*?(X) coincides to HP(X') with equivalent quasi-
norms. As a consequence, H*P(X') also coincide with the Triebel-Lizorkin spaces Zj"po, 5(X) with
equivalent quasi-norms; see [23].

(ii) Let € € (0,1), p € (n/(n+e€),1] and 3, v € (n(1/p — 1),¢). Lemma 5.3 implies that
G5(8,7) C Lipy,_1(X) and thus HP, (X) C H?, (X) by their definitions. Conversely, given
any f € HY (X), f has a decomposition as f = >,y Aja; in (G5(8,7))’, where {\;}jen C C,
{aj}jen are (p,c0)-atoms and >,y |Aj[P < oco. It is not difficult (see Theorem 5.4) to show
that >,y Aja; converges to an element in (pr 1/p—1(X)), say f. Thus f = ZjeNN/\jaj in
(G§(8,7))" by Lemma 5.3. Therefore, f = f € HY, (X), which implies that HE, (X) C HY, (X).
So HP, (X) = H®, (X) = H", (X) with equivalent quasi-norms, which answers a question in
[24, Remark 2.30].

(iii) From now on, for p € (n/(n + 1),1], we use HP(X) to denote H*?(X), HE(X) with
a € (0,00), HY(X), HP?, (X), H?, (X) and H”, (X) if there exists no confusion.

As another application, we extend the results of [25] to RD-spaces. Suppose that p €
(n/(n+1),1] and ¢ € [1,00] N (p,00]. Denote by H{ ?(X) the vector space of all finite
linear combinations of (p, ¢)-atoms. Notice that HY ?(X) consists of all LY(X) functions with
bounded support and integral 0. Clearly, H{ ?(X) is a dense subset of H%, (X). Define the
quasi-norm on H%4(X) by

[ fllzmoa )

N 1/p N
= inf { (Z |)\j|p> :f:Z Ajaj, N €N, {)\j}évzl C C,and {aj}é\]:l are (p, q)—atoms}.
j=1 j=1

Motivated by [25], we obtain the following theorem by means of atomic characterizations for
H*P(X) in Section 4.
Theorem 5.6. Letp € (n/(n+1),1]. Then the following hold:

(a) if ¢ € (p,00) N[1,00), then || - |lgp.axy and || - | ae(x) are equivalent quasi-norms on
H:9(X).
(B) I - lzm: = (xy and || - || e (x) are equivalent quasi-norms on HE, ™ (X) NC(X).

Proof.  For any f € HY(X) with p € (n/(n+1),1] and ¢ € (p, 00| N[1, 0], we obviously have
£ ez, (xy < I fllmz o x)- By Remark 5.5 (iii), we further have || f|[gox) S [ f[l 52 (x). Thus,
to complete the proof of the theorem, it suffices to show that for all f € HY, ?(X) when ¢ < oo
or Hy ™ NC(X) when g = oo, [[fl|azaxy S || flla=rx)-

Let 1 be as in Definition 2.5. We may assume that f € H{y /(X) with ||f| g+ »x) = 1, and
further assume that supp f C B(z1, R) for some R > 0. Let all the notation be as in Section 4.
For each k € Z, set QO := {z € X : f*(z) > 2¥}. Let HF := C~'27%hy, where hy and C

are as in Theorem 4.16. Replace h, 6, H,,—1 and €, for m € N in the proof of Lemma 4.15,
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respectively, by HY, 0, HE | and QF . Repeating the proof of Lemma 4.15 for HY, 6, H* |
and QF | we obtam that QF = {z € X : (H},_)*(x) > (0x)™} = U, Bz}, ,, fn z) where the
balls {B( )}: satisfy (i) through (vi) of Lemma 4.6, and that H* = — > bk

and

m7,7 mz

tha={tha | [ ¢f;,i<x>du<x>}l [t @) du(%)} Lo (52)

with {¢% ;}i as in Lemma 4.8 associated to QF,.

By the procedure of the atomic decomposition of f in Theorem 4.16 and Lemma 4.15, we

obtain that
F=Y =000 D it (53)
keZ k€ZmeN i
in (G§(6,7))" and almost everywhere. Moreover, it also follows from the proofs of Theorem 4.16
and Lemma 4.15 that
(i) every ak ; is a (p, 00)-atom and suppak, , C B(zk ’i) c QF
i) bk, = C2 pm i fn ;» where C'is a p051tlve constant independent of k, m and i;
iii) for any k € Z, hi, = Y cn i ph, sak, ; and supp hy C Qp;
iv) for any L € Zy, Hf =Y 0=, >, bk, in (G§(8,7))" and almost everywhere;

v) there exists a positive constant C' independent of f such that

D 1ok il? O,y = C5

k,m,i

m7,7

(
(
(
(

(vi) given any r € [1, oo], there exists a positive constant C' independent of f and k € Z such
that ||, 1ok, 0b lllree) < O @)Y,

We claim that there exists a positive constant C' depending only on X" such that for all
x € X\ B(x1,16R),

f*(w) < Clu(B(a1, )7, (5.4)

Assume this claim for a moment, which will be proved at the end of the proof of this theorem.
Denote by &’ the largest integer k satisfying 2% < CN'[,u(B(xl, R))]~YP. Then for any k > k', we
have Qi C B(x1, 16R). Define h and ¢, respectively, by

h = Z Z prfn’iafm and £ := Z Z prn,iafn,i' (5.5)

k<k’ meN 1 k>k' meN i

Observe that supp ¢ C B(x1,16R). This together with supp f C B(z1, R) and f = h 4/ yields
that supph C B(x1,16R). By Property (vi) above,

A<D DD Iohand S 28 S [(Blay, R)IVP.
k<k’ meN i k<k!
Combining this with the fact supph C B(z1,16R) and the Lebesgue dominated convergence
theorem, we further obtain that >, ., >°, oD p’fmalfm converges in L'(X) and thus h has
integral 0. Therefore, h is a multiple of some (p, co)-atom.
Now we assume that ¢ € [1,00) N (p,00) and conclude the proof of (a). For any N :=

(Nl,NQ) € N x N set
Ny

In = Z Z pfn,ia’fn,i'

k=k’'+1 i+m< Ny
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Obviously (y € HY9(X). Notice that f = h+ £y + ({ —£y). Thus, to finish the proof of (a), it
suffices to show that when N7 and N are large enough, ¢ — ¢y is an arbitrary small multiple of
some (p, ¢)-atom. Notice that ¢ — £y has bounded support since both ¢ and ¢ do. Moreover,

/ [f(z) — N (2)] dp(z) = / [f(z) = h(z) — tn(2)] dp(z) = 0.
X

X

So it suffices to show that for any 1 > 0, there exist N;, Ny € N large enough such that

1€ = £N | Lacay < - (5.6)
To see this, notice that by (5.5),
N1
£ = EnllLax) < Z Z pfn,iafn,i + Z pfn,iafn,i = IT+1IL
E>SNy ' m,i La(x) k=k'+1 ! itm>N, La(x)

For any given s € Z and almost every z € (5 \ Qs41), by (iii) and (vi) above, we have

DD it (2)

k>k" "m,1

<C > 2P0 <COf(2),

K <k<s

where C' is a positive constant independent of f and s. It follows that for all z € X,

Z Z plfn,ialfn,i(z)

E>E ' m,i

S 7(2). (5.7)

Assume first that ¢ > 1. Since f € L9(X), we have f* € LI(X), which together with (5.7) and
the Lebesgue dominated convergence theorem gives that I tends to 0 as N7 — oco. Let now
q = 1. Notice that supp .., [hx| C Qn, by (iii). This combined with (5.3) yields that

S Ih(2)] < ]ﬂz)— S I

k>N, <Ny

< |f(2)] + C2M,

For each k € Z, set ff := IX{f|>2¢y and f¥ .= f— fF. By this, the fact f*(z) < M(f)(x)
for all x € X, the boundedness of M from L'(X) to weak-L'(X) (see [5]), and f € L1(X), we
obtain that when k — oo,

() S 2 ulfe € X M(f)(@) > 24))
SPu(fe e X M) > 2571 S I sy — 0.

This implies that when ¢ = 1, we also have I < fQNl [f(z) + 2*]du(z) — 0 as Ny — oo.
Property (vi) implies that for any given N7 € N, there exists No € N large enough such that
II < 7 for any n > 0. Therefore, (5.6) holds.

Then, using Property (v) above, we obtain

N1

1 Wogpay SCP 30 Ibal? + 07 S 1,
k=k'+1

which completes the proof of (a).
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Now we turn to the proof of (b). Since f*(x) < Cx||f||z=(x), where Cx is a positive constant
depending only on X, we have Q;, = 0 for all k satisfying 2¥ > Cx|| f|| L (x). Denote by k" the
largest integer for which the last inequality does not hold. Combining this with the definition

of Q and (5.5), we have

l= Z Z Zpﬁz,iaﬁz,h (5.8)

k' <k<k’” meN i
since for every k' < k < k”, supp hy C Qi C B(z1,16R). Moreover, by (4.16) and Remark 4.14
(b), we have hj € C(X) for all k € Z. From this and (5.2), it follows that every b’f,i € C(X).
Thus Hf = hx — Y, bf; € C(X) by Lemma 4.6 (vi). This combined with an argument of
induction on m further tells us that HY, € C(X) and b, ; € C(X) for all k, m, i. Therefore,
every aﬁm € C(X) by Property (ii) above.
For any L € N and § > 0, set Ff = {(k,m,i): k¥ <k <k", m> L},

FE o= {(kym,i): kK <k <K', 1<m<L, 2, <6}

and F3L’6 = {(k,m,i) : K <k <K',1<m < L,2r,; > d}. By (5.8), we write £ =
CF 4+ 05° 4 050 with 0F = 2k, m, i) FE pk, sak ; and for j = 2,3,

L, . _ Z ko k
ej T pm,iam,i'

) L.s
(k, m, 1)6Fj

We claim that for any given k and m, if {rf, ;}; is an infinite sequence, then lim; o ), ; = 0.
To see this, by Remark 4.7, it suffices to show that every QF is bounded in X. To verify that
QF is bounded, recall that [5, Lemma 3.9] implies that if f € L} _(X) with bounded support,
then for each a > 0, the set {z € X : M(f)(z) > a} is contained in a ball depending on
. Therefore by this and the fact (HF_;)* < M(HE _,) (see Proposition 3.9), we only need
to show that every HY | has bounded support, which follows from an inductive argument.
In fact, since supp f C B(x1,R), by [5, Lemma 3.9] and the fact f* < M(f), we know
that each € is bounded in X, which together with supp H{f = supphy C Qj yields that
H§ has bounded support. Notice that Hf = HF_, — >, bk ; and supp (3, bF, ;) € QF,
by Proposition 4.13 (iii). Therefore, if supp HY _; is bounded, then arguing similarly as above
implies that QF is bounded, and therefore supp H¥ is bounded in X. Thus, the claim holds.
For any L € N and 6 > 0, by this claim, we obtain that F;’é is finite and Zé"s is a linear
combination of finite continuous (p, co)-atoms.

From Properties (ii), (iv) and (4.9), we obtain that for all z € X,

@) s Y 2MHE@IS Y 286",

K <k<k! K <k<k"

which implies that limz oo [[0X]| Lo (x) = 0.

Given any L € N, let us now show that for any n > 0, there exists § > 0 small enough such
that H€2L’5||L00(X) < 1. Notice that for any given k and m, H* € C(X) with a bounded support.
Therefore, for any n > 0, there exists § > 0 such that for any &' < k < k”, 0 < m < L and any
r, y € X satisfying d(x,y) < 8, |[HF (v) — HE (y)| < n/L. For any (k,m,i) € F2L’5, by (5.2), we
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have

()] = ’Hiz_ux) b (k)

-1
- [ / ¢>f§~b,i(2)du(2)} / (Hpyo1(2) = Hp 1 (25,0 i (2) dia(2) | 60, ()
X X
<2n/L,

which further implies that for any given L € N, there exists a positive § such that ||€§ 9 looex) S
Dk <k 2k >m<z /L < n. Hence, £ can be decomposed into a continuous part and a part
that is uniformly arbitrarily small, say, €§’5 and ¢} + Zé’ ’, Therefore, £ is continuous. Further-
more, h = f — ¢ is also continuous and thus A is a multiple of some continuous (p, co)-atom.

To find a finite atomic decomposition of ¢, we use once more the decomposition ¢ = (¢ +
50y + 65’5. Obviously £% "% is a finite linear combination of continuous (p,oo)-atoms and
H€§’5||Hzf)i,noo(x) < |[flg+ »(x). Observe that (1 + (k% — ¢ — 020 Thus (& + ¢%° has bounded
support and integral 0 since ¢ and Zé"s do. This together with the known fact that || +
el Leo(x) can be arbitrary small implies that ¢{ + 059 is a small multiple of some continuous
(p, 00)-atom. Thus f = h+ €§’5 + (€f+€2L’5) and || f|| gz (xy < 1, which completes the proof
of (b).

To finish the proof of the theorem, we still need to prove the claim (5.4). Let € € (0,1) and
B, v € (n(1/p—1),¢). Recall that

[ (@) = sup{|(f, o) = ¥ € G5(8,7), lellg@,rp.y) < 1 for some r > 0}.

If o € G§(B,7) satisfying [|¢llg(z,rp,) < 1 for some r > 4d(x,21)/3, then by an argument
similar to [9, Lemma 2.2], we obtain that there exists a positive constant C' depending only
on X, # and 7 such that for any y € B(z,d(z,21)), |¢llgy,rs~) < C. This implies that
[{f, o) < f*(y) for any y € B(x,d(z,21)). Taking p-power average on the ball B(x,d(x,x1))
and using B(z1, R) C B(x,2d(z, 1)), (2.2) and || f*||zr(x) S 1, we obtain

1/p

! / [f*(y)]pdu@c)} < WBaL RV, (59)
B(z,d(z,z1))

u(B(z,d(z,x1)))
Next assume that ¢ € G5(3,) satisfying |¢llg(e,r5,y) < 1 for some r € (0,4d(x,z1)/3). We
choose £ € C°(R) satistying 0 < € < 1, £(z) = 1if |2] < 1 and &(x) = 0 if x| > 2. Set
P(z) == (2)&( 16(1(2"%%)). Obviously ¢ € G§(8,7). Moreover, there exists a positive constant C

d(z,z1

i 5§

independent of ¢ such that for all y € B(x1,d(x, 1)),

18llgcy,r07) < C. (5.10)

Assume (5.10) for a moment. Then using (5.10) and supp f C B(x1, R), we obtain that
[{f, o) = I{f, @) < f*(y) for all y € B(x1, R), which together with an argument similar to
(5.9) yields that |(f, ¢)| < [u(B(x1, R))]~/P. This combined with (5.9) yields (5.4).

Thus to finish the proof of (5.4), we still need to verify (5.10). Notice that if p(z) # 0,
then d(z,z) > d(x,x1) — d(z,21) > 7d(x,21)/8 and thus for all y € B(xy,d(z,z1)), d(z,y) <
23d(z,x)/7. By this and the size condition of ¢, we have

~ 1 r v
12(2)] < le(2)IX{d(z,21)<d(@,21) 8} (2) S W(Ber +d(=.1) <r+d(z,y)) . (5.11)
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For any 2, 2/ € X satisfying d(z,2') < (r 4+ d(z,y))/2, we estimate |p(z) — @(2')| in the
following two cases. First, assume that d(z,z") < (r + d(z,x))/4. Note that if ¢(z) — @(2') #
0, then max{d(z,z1),d(z',x1)} < d(x,21)/8. This together with d(z,z') < (r + d(z,z))/4
and r < 4d(z,1)/3 implies that d(z,z1) < 17d(z,21)/18 and thus d(x,z1)/18 < d(z,z) <
35d(xz, x1)/18. We further have d(z,y) < 37d(z,z). From these and (2.2), it follows that when
d(z,2") < (r+d(z,z))/4,

56) - 8 < (o) g o) ) e (G

d(z,z1) d(z, 1) )} +[p(z) = ()]

: (ff;éi)y))ﬁMB(z,rid(z,y))) (s d(y>>

Secondly, suppose that d(z,2') > (r+d(z,x))/4. Since |p(2) — @(2")] < |@(2)] +|p(2")|, we need
only to show that |@(2)| + |@(2')| is bounded by the last formula above. To this end, by the
support condition of &, we may assume that d(z,z1) < d(x,21)/8 and d(2’,z1) < d(z,z1)/8.
These assumptions together with d(z,z") < (r 4+ d(z,z))/4 and r < 4d(z,z1)/3 yield that
d(z,y) < bd(z,z) and r 4+ d(z,y) < 10(r + d(z’,x)). From this and (2.2), it follows that when
d(z,2") < (r+d(z,y))/2 and d(z, 2') > (r + d(z,2))/4,

19() = 2= < <7" fZ’é:)x))ﬁ L(B(z, r i d(z,2))) (r + dr(z, z) )7
B i d(2,z))) (r + d?z’, x)> ]

: (rd+(2’<z:)y>)ﬁu(3<z,rid(z,ym <+d<y>>

Combining this with (5.11) yields (5.10). Therefore, (5.4) holds. This finishes the proof of
Theorem 5.6.

Remark 5.7. Let p € (n/(n+1),1], f € é;(ﬁ, v) for some ¢ € (0,1) and let 8, v €
(n(1/p—1),¢). From Proposition 4.17 and the proof of (b) of Theorem 5.6, it follows easily that f
admits an atomic decomposition of the form f = Zjvzl Ajaj, where N € N, {a; }5\7:1 C g"g(ﬁ,y)
areo(p7 oo)-atoms, {);}7L; C C and Z;\;l |Aj P < I f % (). This combined with the density
of Gg(B,7) in H*?(X) and Remark 5.5 implies that H > (X) N C(X) is dense in HY; ™ (X).
Before turning to the boundedness of operators, we first recall some notions; see [34].

Definition 5.8. (i) A quasi-Banach space B is a vector space endowed with a quasi-norm
|- |8 which is non-negative, non-degenerate (i.e., || fl|g = 0 if and only if f = 0), homogeneous,
and obeys the quasi-triangle inequality, i. e., there exists a constant K > 1 such that for all f,
geB, |f+gls<K(|flz+ llglls)

(ii) Let r € (0,1]. A quasi-Banach space B, with the quasi norm || - ||, is said to be a
r-quasi-Banach space if || f + gllz, < [[fl5, + lglls, for all f, g € B.

(iil) For any given r-quasi-Banach space B, with r € (0,1] and linear space Y, an operator
T from Y to B, is called to be B,-sublinear if for any f, g € Y and A\, v € C,

ITAf +vg)lls, < (ATITAs, + 11 T(9)lls,) " (5.12)
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and
1T(f) = T(9)ls, < IT(f - 9)ll5,- (5.13)

From Theorem 5.6, it is easy to deduce the following criterion on boundedness of sublinear

operators in Hardy spaces HP(X).

Theorem 5.9. Letp € (n/(n+1),1] and r € [p,1]. Suppose that B, is an r-quasi-Banach
space and one of the following holds :
(i) g € (p,o0)N[1,00) and T : HEH(X) — B, is a Br-sublinear operator such that

A :=sup{||Talls, : ais a (p,q)-atom} < oo;
(ii) T: HR>(X)NC(X) — B, is a B,-sublinear operator such that
A :=sup{||Tal|s, : ais a continuous (p,0)-atom} < oo.

Then T uniquely extends to a bounded B,.-sublinear operator from HP(X) to B,.

Proof.  Assume that (i) holds. Then for any f € HY ?(X), we write f = Zjvzl Ajaj, where
N e N, {}}}L, € C and {a;}}_, are (p,q)-atoms. Using (i), (5.12) and the fact for all
ve (0,1], 3200 Jai| < {3252, |ai|"}/*, we then obtain

IT()ls, < (ﬁ_vjlw)m < (iw)

Taking the infimum over all finite atomic decompositions of f and using Theorem 5.6 and
Remark 5.5, we deduce that for all f € HY (X),

1/p

1T fll5, < Il ae - (5.14)

For any f € HP(X), by the density of HY/(X) in HP(X), there exists a sequence { fy}%_; C
HY9(X) such that || f — fx||grxy) — 0 as N — oo. Tllis together with (5.13) and (5.14) yields
that {T'(f~n)}n~ is a Cauchy sequence in B,.. Define T'(f) := imy_oo T(fn) in B,. By (5.13)
and (5.14), it is easy to see that T'(f) is well defined, unique and satisfies (5.14). Thus, T’ gives
the desired extension of T'.

If (ii) holds, using Remark 5.7 and arguing as in the previous case, we also obtain the desired

conclusion. This finishes the proof of Theorem 5.9.

Remark 5.10. (i) Notice that any Banach space is a 1-quasi-Banach space, and the quasi-
Banach spaces ¢9, L9(X) and H?(X) with ¢ < 1 are typical ¢g-quasi-Banach spaces.

(ii) According to the Aoki-Rolewicz theorem (see [41, 42]), any quasi-Banach space is, in
essential, a ¢g-quasi-Banach space, where ¢ = 1/log,(2K) and K is as in Definition 5.8 (i).

Thus, Theorem 5.9 actually holds for general quasi-Banach spaces.
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