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Abstract An RD-space X is a space of homogeneous type in the sense of Coifman and Weiss
with the additional property that a reverse doubling property holds. The authors prove that
for a space of homogeneous type X having “dimension” n, there exists a pg € (n/(n+1),1)
such that for certain classes of distributions, the LP(X') quasi-norms of their radial maximal
functions and grand maximal functions are equivalent when p € (pg, oc]. This result yields
a radial maximal function characterization for Hardy spaces on X.

1 Introduction

The theory of Hardy spaces on Euclidean spaces plays an important role in harmonic anal-
ysis and partial differential equations and has been systematically studied and developed;
see, for example, [22, 7, 21, 8]. It is well known that spaces of homogeneous type, in the
sense of Coifman and Weiss [3], are a natural setting of the Calderén-Zygmund theory of
singular integrals; see also [4].

A space of homogeneous type is a set X' equipped with a metric d and a regular Borel
measure p having the doubling property. Coifman and Weiss [4] introduced the atomic
Hardy space HY, (X) for p € (0,1] and further established a molecular characterization for
HL, (X). Moreover, under the assumption that the measure of any ball in X’ is equivalent to
its radius (i. e., X' is an Ahlfors 1-regular metric measure space), when p € (1/2, 1], Macias
and Segovia [15] used distributions acting on certain spaces of Lipschitz functions to obtain
a grand maximal function characterization for H%, (X); Han [10] further established a
Lusin-area characterization for H%, (X), and Duong and Yan [5] characterized these atomic
Hardy spaces in terms of Lusin-area functions associated with certain Poisson semigroups.
Also in this setting, a deep result of Uchiyama [23] states that if p € (pg, 1] for some py
near 1, for functions in L'(X), the LP(X) quasi-norms of the grand maximal functions as
in [15] are equivalent to the LP(X’) quasi-norms of the radial maximal functions defined
via some kernels in [4].

An important special class of spaces of homogeneous type is called RD-spaces, which
is introduced in [11] (see also [12, 16]) and modeled on Euclidean spaces with A.-weights
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(Muckenhoupt’s class), Ahlfors n-regular metric measure spaces (see, for example, [14]),
Lie groups of polynomial growth (see, for example, [1, 24, 25]) and Carnot-Carathéodory
spaces with doubling measure (see, for example, [19, 17, 18, 6, 20]). A Littlewood-Paley
theory of Hardy spaces on RD-spaces was established in [12], and these Hardy spaces are
shown to coincide with some of Triebel-Lizorkin spaces in [11]. The grand, nontangential
and dyadic maximal function characterizations of these Hardy spaces have recently been
established in [9].

The main purpose of this paper is twofold: first to generalize the results of Uchiyama
[23] to the setting of RD-spaces and second to replace the space L'(X) used by Uchiyama
in [23] by certain spaces of distributions developed in [12, 11]. In other words, we build
on the work of Uchiyama [23] to establish a radial maximal function characterization for
the Hardy spaces in [12].

To state our main results, we need to recall some definitions and notation. We begin
with the classical notions of spaces of homogeneous type ([3], [4]) and RD-spaces ([11]).

Definition 1.1 Let (X,d) be a metric space with a reqular Borel measure j such that
all balls defined by d have finite and positive measures. For any x € X and r > 0, set
B(z,r)={y e X : d(z,y) <r}.

(i) The triple (X,d, ) is called a space of homogeneous type if there exists a constant
Co > 1 such that for all x € X and r > 0,

w(B(xz,2r)) < Cou(B(x,r)) (doubling property). (1.1)

(ii) Let 0 < k < n. The triple (X,d,p) is called a (k,n)-space if there exist constants
0<Cy <1andCy > 1 such that for all z € X, 0 < r < diam (X)/2 and 1 < \ <
diam (X)/(2r),

CLA"W(B(x, 7)) < (B, Ar)) < CoX"u(B(z, 7)), (1.2)

where diam (X) = sup, yex d(7,y).
A space of homogeneous type is called an RD-space, if it is a (k,n)-space for some
0 <k <n, ie., some “reverse” doubling condition holds.

Remark 1.2 (i) A regular Borel measure p has the property that open sets are measurable
and every set is contained in a Borel set with the same measure; see [14].

(ii) The number n in some sense measures the “dimension” of X. Obviously any
(k,n) space is a space of homogeneous type with Cy = C32™. Conversely, any space of
homogeneous type satisfies the second inequality of (1.2) with Co = Cy and n = log, Cj.

(i4) If p is doubling, then p satisfies (1.2) if and only if there exist constants ag > 1
and Cy > 1 such that for all z € X and 0 < r < diam (X')/ao,

w(B(z,aor)) = Cop(B(z, 1)) (reverse doubling property)

(If ag = 2, this is the classical reverse doubling condition), and equivalently, for all xz € X
and 0 < r < diam (X)/aqg,
B(z,aor) \ B(x,r) # 0;

see [11]. From this, it follows that if X is an RD-space, then pu({x}) =0 for all x € X.
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Throughout the whole paper, we always assume that X is an RD-space and p(X') = oco.
For any x, y € X and § > 0, set Vs(z) = p(B(x,0)) and V(z,y) = p(B(z,d(x,y))). It
follows from (1.1) that V(z,y) ~ V(y,x). The following notion of approximations of the
identity on RD-spaces is a variant of that in [11, Definitions 2.1, 2.2]; see also [12].

Definition 1.3 Let €1 € (0,1], 2 > 0 and €3 > 0. A sequence {Si}rez of bounded linear
integral operators on L?(X) is said to be a special approzvimation of the identity of order
(€1,€2,€3) (for short, (e1, €a,€3)-SAOTI ), if there exists a constant C3 > \/2 such that for
allk € Z and all z, 2', y and y' € X, Sk(x,y), the integral kernel of Sk is a function from
X x X into [0,00) satisfying

. 1 2—k€2 .
() Sk(,Y) < O3y v e V) B e )
.. d(z,z")¢1 —ke
(i6) |5k (1) = Sule’, )] < Cs gy VGV s V) @ dtaays 107 A @)

< (27 + () /2
(iii) Property (ii) holds with x and y interchanged;

(iv) |[Sk(@,y) = Si(w,y)] = [Se(@',y) = Sk(@',9)]| < Cy gl =il

1 2~ ke _
X ey T for A a’) < 278 4+ d(w,y))/3 and d(y,y) <

(27F + d(w,y))/3;
(v) CsVyi(x)Sk(x,x) > 1 for allz € X and k € Z;
(vi) [y Sk(w,y) dp(y) =1 = [5 Sk(z,y) du(z).

We remark that (i) and (v) of Definition 1.3 imply that C3 > /2. The existence of
(€1,€2,€3)- SAOTI’s was proved in [11, Theorem 2.1].

The following spaces of test functions play a key role in the theory of function spaces
on RD-spaces; see [12, 11].

Definition 1.4 Let z; € X, r € (0,00), 8 € (0,1] and vy € (0,00). A function ¢ on X is
said to be a test function of type (x1,r,3,7) if there exists a nonnegative constant C such
that

. 1 . ¥ ‘
(i) [p(2)] < CVr(cc1)+V(:v1,:v) (T+d(x1’$)) forall x € X;

(ii) lp(x)—p(y)| < C (Tjéf;fx»ﬁ VT(zl)_t,_lV(ml’m) (H_d(;l,z))ﬂy forallx, y € X satisfying
d(z,y) < (r+d(z1,2))/2.

We denote by G(x1,r,3,7) the set of all test functions of type (x1,7r,3,7). If ¢ €
G(x1,7,8,7), we define its norm by ||¢llge,,r, 8,) = Inf{C : (i) and (i) hold}. The space
G(x1,r,B,7) is called the space of test functions.

Throughout the whole paper, we fix z; € X. Let G(3,7v) = G(x1,1,3,7). It is easy to
see that for any zo € X and r > 0, we have G(x2,7,3,7) = G(3,7) with equivalent norms
(but with constants depending on x1, xo and r). Moreover, G(3,) is a Banach space.

For any given € € (0, 1], let G5(53,7v) be the completion of the space G(e, €) in G(5,7)
when 3, v € (0,¢]. Obviously Gi(e,e) = G(e,€). Moreover, ¢ € G§(8,7v) if and only if
¢ € G(B,7) and there exists {¢;}ien C G(€,€) such that |¢ — ¢ilgs,,) — 0 as i — oo.
If ¢ € G§(B,7), define [|¢llge(s,1) = l¢llg(s,1)- Obviously G§(3,7) is a Banach space and
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ellgs(sy) = limi—co [|#4]lg(s,y) for the above chosen {¢;}ien. It is known that G§(8,)
is dense in LP(X) for p € [1,00); see [11, Corollary 2.1]. Let (G§(5,7))" be the set of all
bounded linear functionals f from G§(8,v) to C. Denote by (f,¢) the natural pairing of

clements f € (5(6,7))" and o € G5(6,7).
Let € € (0,1), B, v € (0,¢) and p € (0,00]. If f € (G5(B3,7)), then for all z € X, we
define the grand maximal function of f to be

(@) =sup {[{f.o)| : v €G(e€), [@llgree <1 for some r >0} .

Define the corresponding Hardy space by
HYP(X) = {f € (G5(8.M) ¢ [If[lo(x) < oo}

For any f € H*P(X), set || fllg=p(x) = |/* | r(x)- Let {Q% : k € Z, a € I} be the Christ
dyadic cube collection of X, where I}, is some index set; see [2]. For any f € (G§(5,7))’
we define the dyadic maximal function My(f) of f by setting, for all z € X,

Ma(f)(z) = sup {1/Qk ISk(f)(y)ldu(y)}XQg(x),

ke€Z, acly, M(Qﬁ)

and define HY(X) to be the corresponding Hardy space; see [9, Definition 2.9]. When
p € (1,00], it was proved in [9, Corollary 3.12] that H*?(X) = HY(X) = LP(X) with
equivalent norms.

Definition 1.5 Lete; € (0,1], €2 > 0, €3 > 0, € € (0,€1A\e2) and { Sk }rez be an (€1, €, €3)-
SAOTI. Letp € (0,00] and f € (G§(8,7))" with B, v € (0,€). Define the radial mazimal
function of f to be Mo(f)(x) = suppez |Sk(f)(x)| for allx € X. The corresponding Hardy
spaces are defined by

Hy(X) = {f € (G5(8,7) : Mo(f)llLe(x) < oo},
and moreover, we define || f|| gz xy = [[Mo(f)||zr(x)-

The properties (i) and (ii) in Definition 1.3 imply that Mo(f)(z) < f*(z) forall x € X.
In what follows, for simplicity of presentation, for any ¢ > 0, we use the notation

Su(@,y) =Y Sel@,y)x(2-r-1,2-4) (1) (1.3)
kEZ

By (1.3) and Definition 1.5, it is easy to see that for all x € X,

Mo(f)(@) = sup 5,(H) (@) (1.4

Obviously, S; satisfies (i) through (vi) in Definition 1.3 with 27* replaced by ¢. From (iv)
and (v) in Definition 1.3, it follows easily that there exist constants Cy € (0, (C3)~2/)
and Cs > 1 such that for all ¢ > 0 and all z, y € X satisfying d(x,y) < Cyt,

C5Vi(x)Se(z,y) > 1. (1.5)
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This observation is used in applications below.
Denote by M the centered Hardy-Littlewood maximal operator. To be precise, for any
feLL.(X)and z € X, set

1
Then M is weak-type (1,1) and bounded on LP(X) for p € (1,00] in [3, 4]. It is not so
difficult to show that for all z € X', Mo(f)(z) S M(f)(z) and Mg(f)(z) S M(Mo(f))(x)
by their definitions and Lemma 2.1 (iv) below. Therefore, we have H{(X) = LP(X) with
equivalent norms when p € (1, oo].
The main result of this paper concerns the spaces H{(X) and H*P(X), and is as
follows.

Theorem 1.6 Let ¢ € (0,1], e > 0, e3 > 0 and € € (0,e1 A €2). Let {Sk}trez be
an (€1,¢€2,€3)-SAOTI and Mg be as in (1.4). Then there exist o € (0,1/2) and n €
(0,(1 — o)Y/¢ A (1/2)), both depending only on X and €, such that for any given p €
(n/(n+log, (1 —0)),00] and all f € (G§(83,7))" with 5 € (0,log, (1 — o)) and v € (0,¢),

1 ey < ClIMo(F)ll ey

where C' is a positive constant independent of f.
Theorem 1.6 will be a consequence of the following key proposition.

Proposition 1.7 With the notation of Theorem 1.6, for any é € (0,log, (1 — o)), there
ezists a positive constant C, depending on X, € and &y, such that for all f € (G§(5,7))" with
B € (0,1og,(1 — o)) and v € (0,¢), and all ¢ € G(wo,70,¢,€) satisfying |0z, roee) < 1
for some xg € X and rg > 0,

‘(fv 90)’ <C [M([Mo(f)]n/(n+50))(xo) (n+d0)/n

We remark that in Theorem 1.6 and Proposition 1.7, it is not necessary to assume
that {Sk}rez has the property (vi) of Definition 1.3. Moreover, Theorem 1.6 follows easily
from Proposition 1.7; see Section 3 below. The main ingredient in the proof of Proposition
1.7 is to expand ¢ as in Proposition 1.7 into a sum of certain S; as in (1.3); see (3.11)
below. When X is an Ahlfors 1-regular metric measure space, for any Lipschitz function
with bounded support, Uchiyama in [23] established an expansion similar to (3.11), which
holds pointwise. Unlike [23], we prove that for any ¢ as in Proposition 1.7, (3.11) also
holds in G§(,v) with 3 and +y as in Proposition 1.7. This allows us to relax the assumption
fe LX) to fe(G5(8,7))

From the fact Mo(f) < f* and Theorem 1.6, it follows that for p in a certain range
of (0,1}, HY(X) coincides with H*P(X) as a subspace of certain distribution spaces
(G§(B,7))". Recall that when p € (n/(n+ 1),1], [9, Remark 3.16] and [9, Corollary 4.19]
tell us that the definition of H*P(X) is independent of the choices of (G§5(3,v))" with
B, v € (n(1/p—1),€). Therefore, we deduce the following conclusion.
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Corollary 1.8 Let €1, €2, €3, 0 and n be as in Theorem 1.6 and € € (0,€1 Aez). Let pg =
n/(n+log,(1—0)) and p € (po,1]. Then H{(X) = H*P(X) with equivalent quasi-norms,
where HY(X) and H*P(X) are defined via (G§(3,~))" with some 3 € (n(1/p—1),n(1/po—
1)) and v € (n(1/p — 1),€). Consequently, the definition of Hy(X) is independent of the
choices of (e1, €2,€3)-SAOTI and (G§(B,7)) with 5 and ~y as above.

Remark 1.9 We point out that in Theorem 1.6 and Proposition 1.7, it is not necessary
to assume that X satisfies the reverse doubling condition determined by the first inequality
of (1.2). However, the assertion HJ(X) = LP(X) when p € (1,00] and Corollary 1.8
do need this assumption, since, to obtain these conclusions, we need to use the Calderdn
reproducing formulae in [11], which depend on the reverse doubling condition.

The organization of this paper is as follows. In Section 2, we give some technical
lemmas which will be used in the proof of Proposition 1.7. Section 3 is the main part of
this paper, which contains a proof of Proposition 1.7 and also of Theorem 1.6.

In this paper we use the following notation: N = {1,2,---}, Zy = NU {0} and R} =
[0,00). For any p € [1, 00], we denote by p’ the conjugate index, namely, 1/p+1/p’ = 1. We
also denote by C' positive constant independent of main parameters involved, which may
vary at different occurrences. Constants with subscripts do not change through the whole
paper. We use f < g and f 2 g to denote f < Cg and f > Cg, respectively. If f < g < f,
we then write f ~ g. For any a, b € R, set a A b = min{a, b} and a V b = max{a,b}. For
any set E, we denote by #F the cardinality of E.

2 Some technical lemmas

In this section, we establish several technical lemmas which will be used in the proof of
Proposition 1.7. The following lemma includes some basic properties on RD-spaces, which
are used throughout the paper; see, for example, [12, 11, 9].

Lemma 2.1 Letd >0,a>0,7>0 and 0 € (0,1). Then,

(i) Forallz, y € X andr >0, Vi(z)+V(z,y) ~ Vo (y)+V (y,x) ~ p(B(y, r+d(y, z))) ~
u(B(z,r +d(z,y))).

(it) If z, o', x1 € X satisfy d(z,2") < 0(r + d(z, 1)), then r + d(z,z1) ~ r+ d(2', z1)
and p(B(a, 7+ d(z,21))) ~ p( B!, + d(z/, 21)).

(i) [y VT(x)—i-IV(z,y)(r—i—d?z,y))ad(x’y)n du(x) < Cr" uniformly in x € X and r > 0 if
a>n>0.

(iv) For all | € L (X) and & € X, [y s i 2B F(u)l diuly) < CMUf)(2)
uniformly in § >0, f € Li (X) and v € X.

loc

When § = 0, the following lemma provides a property of Carleson measures on RD-
spaces; see [11, Proposition 5.14].

Lemma 2.2 Let p € (1,00] and 6 > 0. Let v be a non-negative measure on X x Ry such
that for all x € X and r > 0,

v(B(w,r) % (0,)) < [u(B(e, 7)) (2.1)
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Then there exists a positive constant C such that for all f € LP(X),

1/(p(1+4))
} < C[fllr(x),

{ [ R Pt )
X xRy

where and in what follows, F(r,x, f) = S.(f)(x) for all™ >0 and x € X.

Proof. Fix A >0 and let Wy = {(z,7) € X xRy : |F(r,z, f)| > A}. For any ¢ € Z, set

Wg7,\:{$€/\f’: sup |F(r,:z:,f)]>)\}.

20-1<r<2t
For each N € N, let Exy = {z € X' : sup,~on |F(r,z, f)| > A}. It is easy to deduce that

lim Ey = 0. (2.2)
N—o00
To prove (2.2), notice that limy_,oo EN = NyenEn since Exni1 C En for any N € N.
Suppose that (2.2) fails, that is, there exists an € NyenFEyn. Thus for any N € N, there
exists r, > 2V satisfying that |F(r,,z, f)| > A\. By this, (1.3), Holder’s inequality and
Lemma 2.1 (iii), we obtain

A<!F<m,x,f>|:] / STN(:v,y)f(y)du(y)‘SW{ / If(y)l”du(y)}l/p,

which implies that Von (x) S )\_prH’ip(X) < oo for all N € N, and hence pu(X) < co. This
contradicts the assumption u(X) = oco. Thus, (2.2) holds.

It is not so difficult to prove that for any given N € N, there exist Ly < N with
Ly € Z or Ly = —o0, a set of indices Iy, with £ € {Ly +1,---, N}, and disjoint balls
{B(yéVJ7 24)}LN<€§N7]'EIN,Z satisfying

(i) yp; € Wea;

(11) B(yévﬁa 2£) N (U%:£+1 UiGINmL B(yn]\ija 2m)) = ®;

(iii) for any x € Wy, B(z, 26N (uv_, UieIn m B(y%yi, 2mM)) £ 0.
In fact, we start with £ = N and choose an arbitrary point in Wy, as y%l. Then we find
a point yN, € Wy \ ByN,2") such that B(y¥,,2™) N B(yXN ,2) = 0. Continuing
in this wa};, by Zorn’s lemma and the doubling pré)perty of the measure W, we arrive at
In N =Nor Iy n will be a finite set. We then consider £ = N — 1. In this way, one finds
the desired balls.

From (i), (ii) and (iii), it follows that for each N € N,

N
wmel U U [B(yé,vj,%“)x(o,zf)} U (Ex x 2V, 0)). (2.3)
{=Ln+1j€lN,

To see (2.3), notice that for any (v,r) € Wy, |F(r,z, f)] > A. If r > 2V then (z,7) €
En % (2N, o0); otherwise there exists ¢ < N such that 201 « p < 25, which implies that
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x € Wy . By Property (iii) above, there exist integers £ < m < N and j € In,, such that

B(z,2°) N B(yly ;,2™) # 0. Noticing that £ < m, we have z € B(yly ;,2™™) and thus

(z,7) € Byl ;,2™1) x (0,2™), which yields (2.3) then.

For any N € N, by (2.3),

N
> vBW 2 x (0,2°) + v(Ex x (2V,00)).

{=Ln+1j€ln,
Letting N — oo in the formula above, then using (2.1) and (2.2), we obtain

N

v Bim 3 ST (B 2Y)

1+46

N—oo
{=Ln+1j€ln,
N 1+46
< 1 B N‘ 2f+1
< lim ooy Y uBy; 2 e (2.4)

t=Ln+1j€IN,

where in the second step we use the fact (3, laj))™ < >,y la;|™ for any € (0,1].
Choose p € (1,p). For any N, ¢ € (Ly,N] and any given j € In,, by Property (i), the
size condition of S_y, (1.2) and Hoélder’s inequality, we have

A< sup |F(ry);, f)l
20-1<p<of

1
<1 d
~ Vae(yp);) /B(yzzv,zf) (@) du(z)

1 ot €2
d
+Z/g+k 1<d <22+k VQZ( )—|— V(yé\,;,z) <2K + d(yé\hfj’z)> ‘f(Z)| /‘I’(Z)

0 1 p/p
5 2—k€2 / f = P/ﬁd 2
kZ:: {V%k(y%) B(ygj,2e+k>| ()77 dp(z)

< inf { [M (|f|p/5) (zgj)}ﬁ/p : zé\fj € B(yé\fjﬂz)},

which together with the pairwise disjointness of the balls {B(yé\fj, QE)}LNQSNJHWZ and
LP(X)-boundedness of M yields that for all N € N,

iv: > u(B(yéYj,2€+1))AP5A[M (|f|p/ﬁ) (z)]p du(2) S IF 15y

{=Ln+1j€ln,

Combining this with (2.4) shows that AP y(Wy) < ||f ||I£p1(}6) Then the desired con-

clusion follows from the Marcinkiewicz interpolation theorem, which completes the proof
of Lemma 2.2.
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Lemma 2.3 Let xg € X, rg > 0 and g be a non-negative function on X. Then for any
t € (0,1], there exist {x;}; C X with x; = x;(g,t,x0,70) and positive constants Cs and Cq
depending only on X such that for all x € X,

1< ZXB(zj,c4trj)($) < Cg (2.5)
J

and
glxj)'/? < C7F(trjawjagl/2XB(a:j,C4t7"j))ﬂ (2.6)

where r; = 1o+ d(zj,z9) and F is as in Lemma 2.2. In particular, there exists a constant
Cg > 1 such that for all j and all x € B(xj, Cytr;),

2OLC'S 70
Vrj($j) <> Vtrj(:vj)strj(xj’x)XB(xj,C'4trj)($)

T

1 o o
= Vro(20) + V (20, 2) <7“o + d(xo,x)) ’ (2.7)

where StTj is as in (1.3). Moreover, Cg through Cs are independent of xo, ro and g.

Proof. For any x € X, set r, = 9 + d(xp,z). By Zorn’s lemma, there exists a set of

points {y;}; C X satisfying that y; ¢ Ug;llB(yi7C4tTyi/4) and X = U;B(y;, Catry, /4).
From the selection of {y;};, it follows that for any i # j,

1 .
d(yia yj) > Zc4t Ian{?“yi y Ty; }7 (28)
and that for all z € X,
ZXB(yj7C4tryj/4) (x) > 1. (2.9)
J

By (1.2) and the disjointness of { B(y;, Catro/8)}s, we know that {y;}; is at most countable.
For every y;, choose x; = x(g,t, xo, ro) satisfying that

d(xj,y;) < Catry, /4 (2.10)

and 1
/2 o /
9(z <
() p(B(yj, Catry; [4)) Jpy,, catr,, /)

Let r; = rz;. By (2.10) and the triangle inequality for d together with Cy < 1/2 and
t € (0,1], we have

9(2)"2 du(2). (2.11)

Ty /2 <1 < 21y (2.12)

which together with (2.9) implies the left-hand side inequality of (2.5).
For any = € X, set J(x) = {j : d(z;,2) < Cytr;}. Notice that for any j € J(x), by

(2.12), r;/2 < rp < 2r;. This together with (2.10) and (2.12) yields that J(z) C J(x),
where J(z) = {j : d(yj,x) < 3Cstry}. It follows from (1.2) and the pairwise disjointness of

{B(yi, Catro/8)}; that §J(x) < co. Thus, we may assume that r,, = min{r,, : j € J(z)}.
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Therefore, by (2.8), {B(y;, Catry, /8)}jes() are mutually disjoint. Furthermore, for any
j € J(x), by (2.12) and 7;/2 < 1, < 2rj, we have

B(y;, Catry/32) C B(y;, Catry, /8) C B(z,4Cutry) C B(y;, 7Catry).

From this and (1.2), it follows that f.J(z) is bounded by a positive constant which depends
only on X. This implies the validity of (2.5).

The fact that B(y;, Catry;/4) C B(w;,Cytr;) together with (2.11) and (1.5) implies
(2.6). Since for any x € B(z;,Cytr;), we have r;/2 < r, < 2r;. Using this fact, (1.5),
(2.5) and Lemma 2.1 (i), we obtain (2.7), which completes the proof of Lemma 2.3.

Lemma 2.4 Lett € (0,1], a € [0,00), b € (a,00), M € [0,00) and {z;}; C X satisfying

> XB(ay, Catry) (@) < Cs, (2.13)

where r; = 1o + d(z;,x0) with ro > 0 and xg € X and Cg is as in (2.5). For any j and
r € X, set

A B 1 1\¢ VC4trJ(mj)
=5 () Tore o) v

tr; b d(zj,x)
trj 4+ d(zj, z) XM, o0) trj ’

where X(m,o0) 18 the characteristic function of the interval [M,oc0). Then there exists
Cy > 1 independent of xg, ro and M such that for all x € X,

b 1 1 ’
Z“J < Cymax{t’, (1 + M) }Vro(ﬂco)+V(Io,$) (TOJFd(zD’x)) '

Proof. For any k € Z, set J(k) = {j : 2¥71 <r; < 2%} and v, = > jes(k) - For any
fixed x € X, let

Wi=A{keZ: (ro+d(zo,x))/2 < ok < 4(ro + d(zo,x))},

Wy ={ke€Z: 2" < (ro+d(xo,2))/2},

and
Wi ={keZ: 28> 4(rg+ d(zo,2))}.

We then write,

;uﬂ' Z Z (e Z Z uj(z Z Z wj(x) =2y + Zo + Zs.

keWi jeJ(k) keW2 jeJ(k) keWs jeJ(k)

To estimate Z, notice that for any k € Wi and j € J(k), we have

Bz, + d(xj,20))) ~ p(Blxo,75)) ~ p(B(0,2)) ~ Vg (20) + V(wo, z).  (2.14)
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For any j € J(k) and 2 € B(x;,Cytr;), we have d(z,z;) < Cytr; < C4t2¥, which together
with Lemma 2.1 further implies that for all z € B(x;, Cytr;),

128 L d(xj, x) ~ 128 +d(2,x), Vigr(x;) + V(xj,2) ~ Vigr (2) + V (2, 2) (2.15)
and
d(xj,x) d(xj,x) d(z,z)
X[M, c0) <t]r]> < X[M, c0) < t2g*1 < X[M—2C4, c0) Fok—1 | (2.16)

From (2.13) through (2.16), it follows that

1 1
2a(k=1) V. (z0) + V(x0, x)

vg(z) S

« 3 Veutr; (25) ( 12k )b ( d(w;, ) )

y / 1 tok b LCTIN
v Vigr (2) + Vigr (2) + V(z,2) \12F + d(z,2) ) XM2C000) | Tor—1 | A2

Denote by J the integral in the last formula. When 0 < M < 4Cy4 4+ 1, by Lemma 2.1,

1 12k ’
J < du(z) <1< (14 M)~
R e Ea e rer] e ) IS EEETREY
When M > 1+ 4C4, we have M —2Cy > (14 M)/2. For any i € N and z € X, set
Ri={ze€X: 2" 2(M — 20t < d(z,x) < 271 (M — 204)t}.

We then obtain

> 1 2k
" ; /R" Vigr (2) + Vigr () + V(2 2) <t2k + d(z, x)) dulz)
rg i[l + 2i—1(M — 204)]_17 S (M _ 204)—b S (1 T M)_b_

1

<.
I

Therefore, for all k € Wy and x € X, we have

1 QM)
~ 20k Y, (x0) + V(xg,x)’

vg(z)

which together with the fact fW; < 5 yields that

S 1 1+ M) 1 (1+M)~°

71 < — ’
P 20k V3 (w0) + V(z0,2) ~ (ro + d(w0,2))* Vi (20) + V (20, 7)

A

keW,
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To estimate Zg, notice that for any k € Wy and j € J(k), we have
ro + d(z0, ) < 1o+ d(wo, ;) + d(xj, ) < 28 +d(x,2;) < (ro + d(zo,x))/2 + d(z, ;).
From this, it follows that for any j € J(k),
d(z,x;) > (ro + d(wo,z))/2 > 2 (2.17)

and thus
V(zj,x) 2 p(B(z, 1m0 + d(xo,x))) ~ Vo (x0) + V (20, ). (2.18)

~

For k € Z and j € J(k), we have Vix () ~ Var (20) and B(zj, Catr;) C B(zg, (14 Cyt)2F),
which together with (1.2) and (2.13) yields that

VC4t2k(xj) </ 1
Va(zy) XB(a; Catry) () dpp() S 1. (2.19)
J'GEJ(:’C) Var (5) B(zo, (14+Cyt)2F) Vor (20) jeEJ(:k) (z5,Catr;)
(

For any k € Z and j € J(k), we have V;..(z;) 2 Var (x;), which together with (2.17), (2.18),
and (2.19) implies that

b
72 Y Veutan (25) ( 1ok )
- kEWs jeJ (k) 2ak VQk i) Vo (w0) + V (o, 2) \ 2% 410 + d(z0, 7)

s Voo (o i)
t .
™~ Vig(zo) + V(20,2) \ 10 + d(20, )
To estimate Zs, notice that for any &k € W3 and j € J(k),
Vo (w5) ~ p(B(zj,mo + d(x,70))) 2 (B0, 2%)) Z Vo (20) + V (w0, ). (2.20)
Moreover, since
k=1 <o + d(zj,z0) < ro+d(zj,x) +d(z,z0) < ok=2 4 d(z;,x),

we have d(z;,z) > 2k=2 > rj/4. Consequently, for any k € W3 and j € J(k),

Vir; () + Vi (2) + V(. 2) 2 V(g x) 2 Vi ja(25). (2.21)
An argument similar to (2.19) yields that
Ve (2
> e ](x?) <1 (2.22)
jEJ(k‘) Tj/?(:E])

Applying (2.20) through (2.22) and the fact that d(x;,x) > r;/4, we obtain

1 VC4tr'(xj) t ’
Z J
3 S Z Z oka \/ o(x0) + V(z0, ) ‘/7-”]‘/2('%']‘) L+t

keWs jeJ(k

t )
~ Vi(@o) + V(wo, ) \ro + d(wo, x)

which completes the proof of Lemma 2.4.
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3 Proofs of Theorem 1.6 and Proposition 1.7
Assuming Proposition 1.7 for the moment, we now prove Theorem 1.6.

Proof of Theorem 1.6 Choose dy € (0,log, (1 — o)) satisfying p > n/(n + d). By
Proposition 1.7 and the LP("+%)/(x)-boundedness of M, we obtain

} (n+60)/n

1 Loy S || [MUMo(f)]/ 0+ 0) oy S Mooy,

Lp

which completes the proof of Theorem 1.6.

The rest of this section is devoted to the proof of Proposition 1.7. The key for the
proof of Proposition 1.7 is to obtain a desired expansion (3.11) for any ¢ € G(xq, 70, €, €)
in terms of the given (e1, €2, €3)- SAOTI and to show this expansion converges in G§(/3,7).
To this end, for a given ¢ € G(xo,ro, €, €), we construct a sequence of functions {y}sez.
and obtain some desired estimates for these functions.

Proof of Proposition 1.7 Let ¢ € G(z0,70,€,€) satisfy [[¢[lg(ag,rg,ee) < 1 for some
zg € X and rg > 0. Write ¢ as

= R(p) VO) = (R(p) A0) +i[(S(p) VO) — (S(p) AO)],

where R(p) and () represent the real part and the imaginary part of the function ¢,
respectively. Since [|¢[|g(zg,ro,e,c) < 1, it follows easily that each term of the decomposition
above has a norm in G(xg, 79, €, €) at most 1. Thus, we may assume that ¢ is non-negative.

Fix A = 2710y and some o € (0,1/(1 + AC3Cy)). Choose positive numbers H and 7
such that

H< min{; (1—0—A03090>”67 1 <(1 —U—ACgCga)(1—0)>1/61}

2 2 4AC5Cy0

H 1 1—o\Ya 1\ Ve
in{ (1—o)e, = H(-—— :
”<mm{( G ACTy ( 2 > ’ (Acgcg)

Choose dp € (0,log,(1 — 0)). For any s € N, applying Lemma 2.3 with ¢ = n° and
g =Moy(f), we obtain {z,;: seN, j=1,---,j(s)} C X, where j(s) can be finite or co.
For each s e Nand j =1,---,5(s), let 75 ; = ro + d(2s,0). Lemma 2.3 further implies
that '

(A) forany x € X and s e N, 1 < ng Xz, , (xz) < Cs, where B, j = B(xs j, Can’rs j);

(B) [Mo(f)(zsj)]Y? < CrF(0°rs g, sj, IMo(£)]Y?xB,,)-

Let us now inductively construct {e;; : s € N, j = 1,---,j(s)} € {-1,0,1} and
functions {@s}sez, satisfying that for all x € X,

1 o €
for all s € Zy, ps(z)] < (1 — 0)° ;
(©) forall s € 2. [go)] < (1= 00" gt <r0+d($0’$))

and
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(D) po(x) = ¢(x), and for any s € N,

Veuner,; (i) (10 \°
ps(z) = AUZZ ' % (TO) Snin,j(xi,jvx)' (3.1)
i= 1] 1 Ti,j 1,7 2,]
In fact, obviously, o satisfies (C). Suppose that {¢; ; : i =1,--- ,s—1;j=1,---,j(i)}
and {¢;}5~) satisfying (C) have been constructed. Then for each j=1, ( ), let

€55 = 51gn(g05_1(xs7j)), and ¢ be as in (D). Now it remains to verify that g atlsﬁes (C).
To this end, for all x € X, set

=A & s—1 VCMSTs,j (xs,j) ro \
ws(z) = Ad )y (1-0) IV (5e3) \ras Spors ; (Ts,5, 7). (3:2)
j:1 Ts,j 5,7 5]

By the size condition of S, €2 > € and Lemma 2.4 with t =7n°, a = ¢, b = €2 and M = 0,
we obtain

gyt Veanre; (Tsi) < o >

ws(x)] < AC30 1-—
|ws ()] 3 g( Vi ()

,rls 7j

X 1 < N Ts,j >€2
Vnsrs,j (333,3') + Vnsrs,j (z) + V@S,ja ) n°rs,j + d(xs,j’ )

o s—1 1 70 ‘
< AC3Cy0(1 — o) Vo (20) & V(zo.7) <r0 n d(a:o,x)> . (3.3)

If d(z,y) < n° 1(ro + d(wg,2))/2, then for any i = 1,--- ,s — 1, we have that d(z,y) <
(n'rij + d(z,;;))/2. This combined with the regularity of Syir,, and Lemma 2.4 with
t=n",a=¢e+e,b=e +e and M = 0 yields that

lps—1(2) — ps-1(y)]

s—1 ](1)
< (@) = p(y)| + AC30 Y Y (1 —0)!
i=1 j=1
VC477ir~ (xlj) ( >6
L Can'rig T |Syir (i gy ) = Syie (i, )|
Vi (@ig)  \7ij ’ T
<o)t + dcwo 35 =D (2 ()’
<|plx 30 . i
=1 j=1 ‘/7“1 \J xlv] Ti,j UREN] + d(xi’j’ .’E)
X Veuin; (i) < d(z,y) )El
Vnim‘,]’ (%’J) + VniT’i,j (7) + V(%}j’ z) niri:j + d(xi’j’ x)
AC5Coo | [1—0\*!

"V (o) —:V(:no, ) (ro j(j(gfo) ac)>61 <r0+§?”0)) - (3.4)



Radial Maximal Function Characterizations 15

When
d(l’, y) < HT/S_I(TO + d(yv SU(])), (35)

the assumption that H < 1/4 gives d(z,y) < 2Hn* "1 (ro+d(zo, 7)) < n° " L(ro+d(z0, 7)) /2,
which together with (3.4) and the regularity of ¢ yields that

oot o () (1))

Gty Vo ()
< o) @@

Vio(w0) + V (20, 2) \ 70 + d(z0, 7
where G
)\HE(QH)E—F( ) 3 90'.
l—0c—n"

For any A € R and s € N, set

Qi = {az € pua(a) > ML= ) +1V(x0,m) (TO +$x0,x)>e} |

If ps—1(zs,;) <0, then by (3.6) and the definition of € x, we obtain

B(@ej,n* s /3) [ Qsrg = 0. (3.7)

In fact, for any = € B(xsj,n* 'rs;/3), by (3.6),

(-0 )\
ps—1(7) < 05-1(Ts5) + An Vo (20) + V (20, 2) <T0 + d(m’o,m))

N ) < ro y
Y, @) + V(o x) \ro + d(wo,z) )

which implies that = ¢ €, ., and thus (3.7) holds.
For any = € X, by (3.2), we write

we(z) = > Ao(1—0)

{j:os-1(zs,5)>0}

— Z =111

{Jips—1(2s,5)<0}

5—1VC47787”5,J' (xs,j) ( 70

€
S (e
V;“s,j(xs,j) > 7757"5,]( s,49 )

T's,j

We now turn to obtain a desired upper bound for ¢, by considering two cases: = € {15 5,
and x ¢ Qg ,. For any x € Qg ), , Property (A) implies that x € B(zsj,, Can’rs j,)
for some jo. By this and the assumption n < H/C4, we have d(w,wsjo) < Cynrsj, <
Hn*trg ., which together with (3.7) implies that ¢s_1(xsj,) > 0. Thus, by (2.7),

,VC'SS'(xyl) TO ‘
I > AO’(l —O')S 1 47" T's,j9 \"”'$,J0 ( ) Sﬂsrs,jo (.’L'S’jo,(L')

Vigio (@s0)  \Tsjo
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S Ac(l — o)t 1 < 7o )6
- Cg2¢ Vio(z0) + V(z0,z) \ 1o + d(z0,2) )
On the other hand, by (3.7) and Lemma 2.4,

I < ACgCgO‘(l — 0')8_1 ( 70
= Vio(zo) + V(zo,x) \ 10 + d(z0,

)>€max{n562, (1+ H?fl)*e?}.

From the assumption on 7, it follows easily that

A
Cyg2¢

— AC3Cy max{n®?, (1 + Hn_l)_Q} >1,

which together with the estimates for I and II yields that when x € () »,,,

o(l—o)t 70 €
we(@) 2 Vio (o) + V(zo, ) (7“0 + d(xo,x)> ' (3.8)

Thus, by (2.1) and the fact that (C) holds for s — 1, we obtain that when x € € ),

_ x) — ws(x (1—-0)* "o ‘
gos(.%') - 905_1( ) s( ) = Vm(aﬁo) +V(x0,$) <TO +d($07$)> .

Let now x ¢ Q, »,,. Notice that (C) holds for s — 1. From this and (3.3), we deduce
that

ps(7) = ps1(z) — ws(@)

(1 U)sfl 0 ‘
< A Vio (z0) + V (20, 2) <7“0 + d(wo’”r))

_ 1 To €
AC5Cy0(1 — o)t
+AC3Ch0 (1 = o) Vo (o) + V(zo, 2) (7‘0 + d(xo, x)>

(1-0)® < ro >E
= Violzo) + V(xo, ) \ro +d(zo,2) )

where in the last inequality, we used the fact A\ + AC3Cy90 < 1 — ¢. Thus, we obtain a
desired upper bound of ;.

Let us now show that ¢, has the desired lower bound also by considering two cases:
x ¢ Qs _n, and z € Qy _»,. For every z,; satisfying ps_1(zs;) > 0, by (3.6) and an
argument similar to the proof of (3.7), we have B(zsj, Hn* lrs ;) N (X \ Qs _»,) = 0.
From this, Lemmas 2.3 and 2.4 together with an argument similar to the estimates for 1
and II, it follows that when = ¢ Qg _»,,,

o(l — o)t 0 €
l0) S T Viae ) ( T d(xo, x>> | (3.9)

Therefore, (3.9) and the lower bound of ¢, yields that when = ¢ Qg _»,,,

_ ) — o) > — (1-0)° To <
‘105(33) _90571( ) s( )Z Wo(xo)~l—V(xo,a:) (To—l-d(l‘o,l‘)) 3 (3.10)
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and the validity of (C) for s—1 together with (3.3) and the assumption Ag+AC3Cq0 < 1—0
implies that when z € Q _»,,,

SOS('CC) 2 Sos—l(x) - Ws(x)

(1 . U)sfl T0 ‘

_A 1—o0)t
C3C90( o) Vio(20) + V (20, x) (7”0 + d(o, x))

B (1—-0)° 0 ¢
= Vio(xo) + V(z0,2) <r0 + d(xg,x)> ’

which together with (3.10) further yields the desired lower bound of ¢,. This finishes the
proofs of (C) and (D).
It follows from (C) and (D) that for all x € X,

= i—1 VCMWU(%J) ro \°
p(z)=Ac> > (1-0) i <> Syirs; (i, T). (3.11)
i=1 j=1 Ti,j (:CZJ) Ti,j
Set
¢ o1 Vewin (Tig) (19 \€
¢L(l’) = AUZ Z (1 — O') Ei}jm <r> Sn"n',j (l‘z,],l')
i=1 {Ginir; j<L1} TR "

By (A) and (1.2), it is easy to see that the series in @, has only finitely many terms. To
verify that (3.11) holds in G§(8, ), it suffices to show that ®, converges to ¢ in G§(3,y) as
L — oo. Notice that for any i and j, Sy, | (zij,) € G(m;j,n'rij,€,€). Thus @1 € G(e, €)
since it has only finite terms. Now it remains to show

A [l = @rllGao,ro,67) = 0.
To this end, we write

> . V. ip. L4 4 €
p(z) = @p(a) < A0y > (1- U)z’lei,'w ( - > Sy ; (i g )

A
A s T
i=1 {jlﬂiri,j>Li} Tz,]( 17]) 2y

© . VC i (‘TZ ) T €
—1 4M° T4, ) 0 ) .
+ Ao Z Z (1 — U) EZ‘?]‘W ( ) Snlri,j (fL’rL’J, x)

i=L {jinir, ;<Li} i T
= ok (z) + i (x).
Let us first prove that <I)1L converges to zero in G(zg, o, 3,7) as L — oo. Notice that

e >~ and 7, ; = ro + d(x; j, x9). By the size condition of S; and Lemma 2.4, we obtain
that for all x € X,

e ) i\ T Vi (l‘ ) v
1 i—1 [ Tom Can'r;, %, 70 ) .
ol sy X 0o () B () s )

. , _ ri o
=1 {j:nir; ;>L7} B
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1— e—y 1 Y
P G ( i > . (3.12)
L= — (1 — o)n 7 Voo (x0) + V(z0,2) \ro+ d(zg, x)
For any x, y € X satistying d(z,y) < (ro + d(xo,x))/2, we write
P (z) — PL(y)]
.- 1 Ve, (@ig) (10
< AUZ Z (1 - U) 1477—7]" o |Sv7iri,j (xi,jvw) - Snirw' (xig'ay)’
; . Ve -(‘rz ]) Ti,5
=1 ]EW,E 2,7 . )
D IDIED 3 SR N 2]
i=1 jEWf i=1 jEW? i=1
where
Wi={jeN:nry;> L d,y) < (n'rij+dlx, z:5))/2},
VVZ2 ={jeN: niri,j > L, d(z,y) > (nin,j +d(x,xi5))/2, d(y, xi;) > d(z,z5)}
and

WP ={jeN:g'ri; > L dz,y) > (n'ri; + d(z,2:5))/2, d(y, z:;) < d(z, z;5)}.

By the regularity of Sy, , Lemma 2.4 and n'(ro + d(zi j, z0)) > L', we obtain

i—1 VC477”"2‘,J' (i) <7"077i>67 <T0>7

1
i 3 j;v:g(l ?) Vis s (i.5) Li Ti,j
o 1 ( d(z,y) )61 < 1T )EQ
V77i7"i,j (.Ti,j) + ‘/;71‘741_7]_ (33) + V(:L‘Z',j, I) Uiri,j + d(:cm', l‘) niriJ + d(xm', SU)
< <(1 - 0)776‘”‘61>i 1 < d(z,y) >“ ( ro >”
~ L Vio(x0) + V(zo,2) \ 10 + d(z, 20) ro + d(zg,z) )

By the size condition of Sy, ., d(z,y) > (nirij + d(z,2,4))/2, d(y,zi;) > d(z,2i5),

rij = ro and Lemma 2.4,

y__ VC 17i7‘i (‘/L‘ZJ) TO ¢
i—=1_ Al i,y 3 7 <> |:S77i7"z’,j (IZ’J, x) + Sniri,j ($i,j7 y)}

2352(1—0) Vi (i) -
jEW.Q Ti,5 Lij T%J
< Z (1- U)i—l <7ﬂ077i>6_7 (740>7 VC477i7“i,j (xi:j) (d(xay)>61
o L rig)  Ve(@ig)  \ 1o
X L ( ‘ '3 >62+61
Voire ;@i ) + Vigir, (@) + V(@i g, 2) \n'rijj; + d(zij, )

() s (i) (i) -
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From the assumption d(z,y) < (ro + d(zg, x))/2, it follows that
ro + d(zo,x) ~ ro+d(y,z9) and Vi, (xo) + V(zg,x) ~ Viy(xo) + V(z0,y), (3.13)

which together with the definition of W3 and an argument similar to the estimation of Z?
yields that

VA <(1 — z)ﬁ;—%q )Z Vio (20) jle(ggo,x) <7“0 i(zlg(’go),%))q <7’0+;€$073«")>7'

By the estimates of Z!, Z? and Z3, we obtain that when L is large enough and satisfies

i 7

L7 > (1 —o)n 74,

(1—o)p < d(z, y) ))“

O (2) — L(y)| <
| D7 () RIS L= — (1 — o)== \rg + d(xo, x

o Vs dees))
Vio(z0) + V(zo,x) \ro + d(z0,2) )

which together with (3.12) implies that imz oo | P |G (z0,r0,8,7) = O-
Now we consider ||®7 g By the size condition of S, - and Lemma 2.4, we
obtain that for all x € X,

00 . , ~
Bl 53 S0 ()

i=L j Ti,5 (xl,j) TiJ

x Ve, (i) ( 0T ) “
Viire ;@i g) + Vigp, (@) + V(@i g, 2) \nirij + d(zij, x)

nrij

I(),T(),ﬁ,’)’) :

1 o v
<(1-o)t : 3.14
S(1=-0) Vo (o) + V(zo, x) <r0 + d(xo,x)) (3.14)
For any x, y € X satistying d(z,y) < (ro + d(xo,x))/2, we write

9% () — 1(y)|

= i VC s -(xi7j) 70 €
<Ao)y Y (L—o) T () (S (@i, @) = Sy (1, )]
“ ) Vi .(g:”) Tij
i=L ]EW? ,J ) )
A 1> =Nz + 7,
i=L jgw? i=L jEW? i=L
where ‘
Wi ={j eN:d(z,y) < (n'rij +d(x,7:5))/2},

and

W? ={jeN:d(z,y) > (niri,j +d(x,xi5))/2, d(y, zi ;) < d(z,2;5)}
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For any i € N and k =4, 5, 6, by d(z,y) < (ro + d(zo,))/2, (3.2), (3.3) and (3.13),

28 < )l ) S 0= ) gty (gt ) - (69

The regularity of S, ; and Lemma 2.4 show that

Z;L S Z (1 . O')iil VC477iTi,j (x'h]) <TO>E ( 4 d(l’,y) )61
et Veig(@ig)  \rig/) \n'rij+d(zig,x)

x ! ( n'Ti )EQ
Vniri,j ($l,]) + ‘/;71‘7"1'73' ("'U) + V(xi,j7 x) ni,r'l'J + d(xi,j7 SU)

: <177_610>l Vo (20) ‘&V(xo,x) (ro —i(calchyo), gy:))61 <7"'()—|-le?(1;0,$)>5' (3.16)

For any j € W2, we have d(y, z; ;) > d(z,z; ;). From this, the size condition of Shir, ; and
Lemma 2.4, we deduce that

. VC i (ZL‘Z ) 7 € d(x y) €1
72 < E 1 — g)i— 1 anri; hd 2 70 ‘ ’
PR 2 Uma) ey niri g+ d(xi g, )

jews vy (Tig)  \Tig

1 i “
y < 'y )
Vniriﬂj (:Ei,j) + n'ri (l’) + V('Zi,ja x) n'rij + d(‘r’i,ja .I)

(5 vetves (i) (rritam) - 010

By an argument similar to the estimate of Z?, we obtain

15 (%) v v (rhies) (weitem) 69

The geometric means of (3.16) and (3.15), (3.17) and (3.15), (3.18) and (3.15), respectively,
give that for all € N and k =4, 5, 6,

Zas <177_ﬂa>i Vio (0) +1V(900,33) <7"0 i(g(’g(?ax»ﬂ <7“0 + ;?LUO’””))W.

Using this and the assumption 7° > 1 — o, we obtain, for all z, y € X satisfying d(z, y) <
(ro + d(zo,x))/2, the following estimate:

17 () — @7 (v)| < <17’_50>L Vro (%0) jV(mo,m) (ro i%{i},@)ﬂ (ro + ;€x07$)>7,

This together with (3.14) yields that limz e |97 [|g(zo,r0,8,) = 0- Therefore, we obtain
imyz oo |91 lG(20,r0,8y) = 0 and thus limp . [[®Llg(,,1,84) = 0, which implies that
(3.11) holds in G§(53,7).
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Set
oo J(%) Vi s . €
_ i1 C4n’m,~(xw) 70 _
V= ZZ(I —0) V.. <; ) (r- > O 5 i 5):
i=1 j=1 i \Liyj i,

where §(, ) is the Dirac measure of point (z,7) € X x R;. Notice that for any given i
and j, by Property (B) above, we have

[(Syie, @igs ) I < Mo(f)(ig) S [F(0'rig, mig, [Mo(£)]*xs,,)]

Then, by this and (3.11),

co () Ve in (i) € 9
< _ i—1 " Canir; ;\Tij 7"70 F i o 1/2 N
(ol £ 33 0= (22) [F (e s ol x|

- /XxR+ [F (T’ T [MO(f)]l/zXB(z,cmﬂ ’ dv(z, 7).

Denote by [log, o] the largest integer no more than log, ro. Since 75 ; > 79, we then have

1% 5 (7"0)E Z 2_tEV2f (xO)_l Z (1 - O-)iVsziri’j (xi,j)(s(aci’j,nim,j)
t=|logy 70 ]+1 {i,7: 2t71ST‘Z‘7j<2t}
=(ro)* > = 2. (3.19)

t=|logy ro]+1
If 2071 <p; ; < 2!, then for any z € B(z; ;,Can'r; j), we have
d(z,xo) < d(z,mi,j) + d(xi,j,xo) < 27’1'7]' < 2t+1,

which implies that B(z;;, Can'rij) C B(z,271). From this, it follows that for any
(x,r) € suppwy,

F(Tv Z, [Mo(f)]l/QXB(:r,C’M)) < F(T, Z, [Mo(f)]l/z)(B(xo,Q”l))' (320)
By (3.19) and (3.20),
(oSt Y 2 [ [P (na M rpa)] duer). (320
t=_log, ro xRy

We claim that for any fixed §p € (0,log, (1 — o)), there exists a positive constant Cs,
independent of ¢ such that for all x € X and r > 0,

(n+d0)/n
Wm)) o (3.22)

v (B(z,r) x (0,1)) < Cs, <V2t(:no)
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Assume this claim for the moment. By this claim, (3.21) and Lemma 2.2, we have

0o (n+d0)/n

1

f.o) S (ro)° 2t / Mo(f) (@)™ F00) dpy (e

RAELNP VI el SR )
(n+d0)/n

< [M (Mol ) ()| ,

where in the last step, we use (r9)¢ >, llogy o |+1 27t < 1. Thus the desired conclusion of
Proposition 1.7 holds.

To finish the proof of Proposition 1.7, we still need to verify the validity of (3.22). For
any r € X and r > 0, set

W= {(i,7) : ot-1 < rij < 2t nirm <r d(z,z ;) <r}.

For any (i,7) € W, since Cy < 1, we have B(x;;, Can'r;;) C B(z,2r), which further
implies that

Z VC477¢7"1',]' (‘,L'Z'J) S ‘/;“(33) (323)
{5:(G,7)eW}

If (i,7) € W, then 2¢ < 2r; ; < 2rn~". From this, we deduce that for any 2 € B(zo,2"),
d(z,x) < d(z,20) + d(zo, i) + d(zij,x) <20+ 28 4+ < (4~ + 1)r,
and thus B(x,2') C B(x, (407" + 1)r). Moreover, by (1.2),
Var(20) S (407" + 1)V, () S 07"V (). (3.24)
Combining (3.19), (3.23), (3.24) and the assumption dp < log, (1 — o) yields that
vi(B(z,r) x (0,7))

= [Var (9:0)}1/ >, (1= o) Veuyin; (i) dd(a, ; mir, )
B(I,T)X(Ovr) {7;7]': Qt—IST—L‘,j <2t}

—in T do/n
S Ve (xo)}fl Z (1- U)iVCwim,j (i5) <77VT()>

(i EW Ver (o)

< < Vi(a) ><"+‘50>/"Z <1 —0>i < < Vi(@) )“’*‘SOV”
~ \ Vat(zo) = ndo ™~ \ Vae (o) ’

which implies the claim, and hence completes the proof of Proposition 1.7.

Remark 3.1. By the proof of Theorem 1.6, we need the assumption p > n/(n+dy), while
in the proof of Proposition 1.7, we also need dg < logn(l — ). Thus, Theorem 1.6 holds
for any p € (n/(n +log, (1 — 0)),00]. In fact, Theorem 1.6 and Proposition 1.7 hold for
allo >0 andn >0, ifo,n, A>0in (3.1) and H > 0 in (3.5) satisfy the following
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five inequalities: H < 1/3; Oy < H; n < 1 -0 < 07 ﬁ — AC3Cy max{n<, (1 +
Hy )2} > 1; and

H \°© H \" AC5Cyo
- <1—0g— .
(1—H> +<1—H> [
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