Boundedness of Paraproduct Operators on RD-spaces

Loukas Grafakos, Liguang Liu and Dachun Yang*

Abstract Let (X,d, ) be an RD-space with “dimension” n, namely, a space of ho-
mogeneous type in the sense of Coifman and Weiss satisfying a certain reverse doubling
condition. Using the Calderén reproducing formula, the authors hereby establish bound-
edness for paraproduct operators from the product of Hardy spaces HP(X) x HI(X) to
the Hardy space H"(X), where p, ¢, r € (n/(n+ 1), 00) satisfy 1/p+1/q = 1/r. Certain
endpoint estimates are also obtained. In view of the lack of the Fourier transform in this
setting, the proofs are based on the derivation of appropriate kernel estimates.

1 Introduction

The theory of Calderén-Zygmund singular integrals on Euclidean spaces and the real
variable methods subsequently developed are of fundamental importance in harmonic anal-
ysis and of wide use in partial differential equations, several complex variables, operator
theory, potential theory, and other areas.

Paraproduct operators on the Euclidean space R™ (cf. Stein [23, pp.302-305]) play a
crucial role in establishing the original proof of the T'1-theorem of David and Journé [8].
For locally integrable functions f and g on R"™, the paraproduct operator Il is defined by

(1.1) Hr(f,9) =) (V% ) (@j-3%9),

JEZ
where ® is a radial Schwartz function satisfying supp(f C{€eR": 0< ¢ <1} and
:I\D(f) = 1 whenever [¢] < 1/2, ®;(-) = 2/"®(27.) and ¥; = &; — &;_; for all j € Z. We
observe that an alternative but equivalent way of expressing (1.1) is

(1:2) o(fig) = YWy (2 % (@55 % 9))
_ JEZ
where the Fourier transform of ¥ is supported in {{ € R™ : % < |€] < 2} and is equal
1 9

to 1 on the annuals 3 < |[{| < . For all p, ¢, r € (0,00) satisfying 1/p + 1/q = 1/r,
Grafakos and Kalton [10] proved that I, is bounded from the product of Hardy spaces
HP(R™) x H1(R™) to the Hardy space H"(R™) (here HP(R"™) = LP(R"™) when p € (1, 00));
they also proved several endpoint estimates, when some indices are equal to 1 or co. Many
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of the results in [10] are proved by a variant of the classical method of Coifman and Meyer
[4, 5], expressing the bilinear multiplier as a sum of products of linear multipliers via
Fourier series. The study of paraproducts falls within the general theory of multilinear
operators developed by Coifman and Meyer. Parproducts arise in numerous situations
involving productlike operations and have been systematically studied in several articles;
in addition to the aforementioned articles of Coifman and Meyer, see also [2, 19, 13, 14, 10|
and the references therein.

The main aim of this paper is to extend the boundedness results in [10] concerning
the paraproduct operators to the setting of the so-called RD-spaces. The lack of Fourier
transform techniques in this setting forces the introduction of a new approach in the study
of this problem. This approach is based on suitable kernel estimates, inspired by those
obtained in [14] for products of three wavelets.

Recall that X is called an RD-space if it is a space of homogeneous type in the sense of
Coifman and Weiss [6, 7] and it also satisfies some reverse doubling condition; see [17, 16]
or Definition 2.1 below. Spaces of homogeneous type present a natural setting for the
Calderén-Zygmund theory of singular integrals; see, for instance, [7]. It is well-known
that structures of spaces of homogeneous type encompass several important examples in
harmonic analysis, such as Euclidean spaces with A..-weights (of the Muckenhoupt class),
Ahlfors n-regular metric measure spaces (namely, u(B(z,r)) ~ r™ for allz € X and r > 0),
Lie groups of polynomial growth (see, for instance, [1, 25, 26]), and Carnot-Carathéodory
spaces with doubling measures (see [22, 20, 21, 24]). All these examples fall under the
scope of the study of RD-spaces introduced in [17, 16].

Function spaces on spaces of homogeneous type including RD-spaces have been widely
studied. Assume that X" is an RD-space with “dimension” n; see Remark 2.2 (i) below.
Han, Miiller and Yang [17] established a theory of Triebel-Lizorkin and Besov spaces on X
In [16], Han, Miiller and Yang also established a Littlewood-Paley theory of Hardy spaces
HP(X) for p € (n/(n+1),1]. These Hardy spaces are further proved to be coincided with
some of Triebel-Lizorkin spaces in [17], and the characterizations of these Hardy spaces
on RD-spaces via various maximal functions are also given in [11].

It should be mentioned that atomic Hardy spaces HE, (X) for all p € (0, 1] on spaces X
of homogeneous type were first introduced by Coifman and Weiss [7]. Moreover, Coifman
and Weiss [7] further established a molecular characterization for H. (X). Under the
assumption that X is an Ahlfors 1-regular metric measure space, Macias and Segovia [18]
obtained the grand maximal function characterization for H%, (X) with p € (1/2,1] via
distributions acting on certain spaces of Lipschitz functions; Han [15] established a Lusin-
area characterization for H%, (X') with p € (1/2,1]; Duong and Yan [9] characterized these
atomic Hardy spaces in terms of Lusin area functions associated with certain Poisson
semigroups.

Paraproduct operators on RD-spaces naturally appear in the extension of the classical
T'1-theorem of David and Journé for these spaces; see [17, Theorem 5.56]. Paraproducts
on RD-spaces have the form

(1.3) P(b,g) = D; (D;(b)S;(g)),

JET
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where b € BMO (X), g is any “smooth” function, {S;}jez is an approzimation of the
identity (see Definition 2.3 below), D; = S; — Sj_; for all j € Z, and {Ej}jez is the
sequence of operators appearing in the Calderén reproducing formula (see Lemma 3.4
below) which possess similar properties as those of {D;}ez. For any b € BMO (X), it is
proved in [17, Theorem 5.56] that P(b,-) is a singular integral with a standard Calderén-
Zygmund kernel (see [17, pp. 166-169]) and bounded on L?(X).

Motivated by the definitions given in (1.1), (1.2) and (1.3), we define paraproduct
operators on X as below.

Definition 1.1 Lete; € (0,1], 2 > 0, €3 > 0, € € (0,€e1A\e€2), {S}}jez and {A;}jez be two
(€1,€2,€3)-AOTIL ’s. Set D; =S; —Sj_1 and E; = Aj — Aj4 forj €Z. Let B, v € (0,€).
The paraproduct operator 11 is defined by setting, for all f € (G§(8,7))', g € (G§(8,7))
and ¢ € X,

(1.4) (f,9)(x) = Y E;(D;(£)Si(9) (@).
JEL

In Definition 1.1, (€1,e€2,€3)- AOTI is the abbreviation of the approxzimation of the
identity of order (€1, €2, €3), where (€1, €2, €3) in some sense measures the “smoothness” of
Sk; (G§(3,7)) and (G§(3,7))" are the distribution function spaces on X. See Section 2
below for the appropriate definitions.

At this point, the series in (1.4) is formal and we will show its convergence in the proofs
of our main results. Moreover, it is easy to see that if f € BMO (X) and g € L>®(X),
then the series in (1.4) converges in (G5(5,7))'.

The main result of this paper concerns boundedness of IT on products of Lebesgue and

Hardy spaces and is stated below. For convenience, when p € (1, 00), we sometimes denote
LP(X) by HP(X) since they coincide; see Remark 2.6 (i) below.

Theorem 1.2 Let € be as in Definition 1.1 and the paraproduct operator I1 be as in (1.4).
Assume that p, q, r € (n/(n+€),00) satisfy 1/p+1/q = 1/r. If max{0,n(1/r — 1)} <
B, v <€, then I1 is bounded from HP(X) x HY(X) to H"(X).

We describe the main ideas used in the proof of Theorem 1.2 in Section 3 below. By ap-
plying the inhomogeneous discrete Calderén-Zygmund reproducing formula (see Lemma
3.6 below) we decompose each D;(f)S;(g) into the sum of “smooth” functions and we
reduce the estimate for |[II(f, g)||grx) to that in (3.10) below. To prove (3.10), we re-
spectively apply the homogeneous discrete Calderén-Zygmund reproducing formula (see
Lemma 3.4 below) to break up f and the inhomogeneous discrete Calderén-Zygmund
reproducing formula (see Lemma 3.6 below) to break up g. Then we use Lemma 3.8
and Proposition 3.2 below to bound these summations with some maximal operators (see
(3.23) below). The desired result is obtained via the Fefferman-Stein vector-valued max-
imal function inequality; see (3.26) below. In addition, we point out that some basic
estimates presented in Lemmas 2.7 and 2.8 and Remark 2.9 below are used throughout
the proof.

Some endpoint estimates regarding boundedness of paraproduct operators as in (1.4)
are also proved in Section 4, via the singular integral theory on RD-spaces.
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Theorem 1.3 Let € be as in Definition 1.1 and II be as in (1.4). Assume that q €
(n/(n+e€),00). If max{0,n(1/q—1)} < B, v < €, thenII satisfies the following boundedness
estimates:

(a) BMO(X) x HI(X) — HY(X), where H1(X) = L1(X) for g € (n/(n+¢€),00);

(b) BMO(X) x HY(X) — L'(X);

(¢) BMO(X) x L®(X) — BMO(X);

(d) BMO(X) x LYX) — LY (X);
(e) HI(X) x L>®(X) — HY(X), where HI(X) = L1(X) for g € (n/(n+€),00);
(1) TMX) x T2(X) — Lho2(X).

Remark 1.4 Indeed, Theorems 1.2 and 1.3 still hold if in (1.4) we relax the assump-
tions of E], Dj; and S; to the following' E; satisfies (i) and (ii) of Definition 2.3 and
Sy Ej(w, x d,u( ) =0= [, Ej(z,w)du(w); D; and S; satisfy (i) and (iii) of Definition
23ande i(z,w) dp(w) = 0

To the best of our knowledge, Theorems 1.2 and 1.3 are also new even when X is an
Ahlfors n-regular metric measure space.

The paper is organized as follows. In Section 2, we review notation, the notions of
RD-spaces, approximations of the identity, spaces of test functions, the Hardy spaces, and
a few basic estimates. Theorems 1.2 and 1.3 are proved in Sections 3 and 4, respectively.

We make some conventions on notation. Let N = {1,2,.--}, Z; = NU {0} and
R, = [0,00). Denote by C a positive constant independent of the main parameters
involved, which may vary at different occurrences. Constants with subscripts do not
change through the whole paper. We use f < g to denote f < Cg. If f < g < f, we then
write f ~ g. For any a, b € R, set a A b = min{a, b}.

2 Preliminarlies

We begin with recalling the notions of the space of homogeneous type in the sense of
Coifman and Weiss [6, 7] and the notion of RD-spaces [17, 16].

Definition 2.1 Let (X,d) be a metric space with a Borel reqular measure pu such that
all balls defined by d have finite and positive measures. For any r € X and r > 0, set
B(z,r)={y € X : d(x,y) <r}. The triple (X,d, u) is called a space of homogeneous type
if there exists a constant Cy € [1,00) such that for all x € X and r > 0,

(2.1) w(B(x,2r)) < Ciu(B(z,r)) (doubling condition,).

The triple (X,d, ) is called an RD-space if it is a space of homogeneous type and there
exist constants k € (0,00) and Cy € (0,1] such that for all x € X, 0 < r < diam (X)/2
and 1 <\ < diam (X)/(2r),

(2.2) CoX*u(B(x, 1)) < p(B(x, Ar)),

where and in what follows, diam (X) = sup, ,cx d(7,y).
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Remark 2.2 (i) For a space X of homogeneous type, by (2.1), there exist C3 € [1,00) and
n € (0,00) such that forallz € X, r > 0and A > 1, u(B(z, Ar)) < CsA\"u(B(z,r)). Indeed,
we can choose C3 = (' and n = logy C. In some sense, n measures the “dimension” of
X. When X is an RD-space, we obviously have that n € [k, 00).

(ii) It was proved in [17, Remark 1.2] that & is an RD-space if and only if X is a space
of homogeneous type with the additional property that there exists a constant ag > 1 such
that for all z € X and 0 < r < diam (X)/ag, B(z,aor)\B(z,r) = 0. Consequently, a path-
connected space of homogeneous type is an RD-space. See also [28] for more equivalent
characterizations of RD-spaces.

In this paper, we always assume that X is an RD-space and u(X) = oo, and set
Vs(x) = p(B(x,9)) and V(z,y) = p(B(z,d(x,y))) for all z, y € X and § > 0. It follows
from (2.1) that V(x,y) ~ V(y,x). The following approximations of the identity on RD-
spaces were introduced in [17], whose existence was proved in [17, Theorem 2.6].

Definition 2.3 Let 1 € (0,1], €2 > 0 and e3 > 0. A sequence {Sk}rez of bounded linear
integral operators on L?(X) is called an approzimation of the identity of order (e, €2, €3)
(in short, (€1,€2,€3) -AOTL ), if there exists a positive constant C such that for all k € 7
and all z, 2/, y and y' € X, Sk(x,y), the integral kernel of Sk is a measurable function
from X x X into C satisfying

. 1 2~ ke2 .
(1) 15k(2.9)| < Cy o Ve T rdmae
. . d(z,x’)1 1 9—kea
(i) 19k(2,y) = k(= 9)| < C =i oy Vo @ Ve Vs G+ 1o ol

d(z, ') < (277 + d(z,y))/2;
(ii) Sy satisfies (ii) with x and y interchanged;

(i) |[Sk(x,y) = Sk(@,y)] = [Sk(@',y) = Se(@', y)]| < C s g

—ke _
X S O VG @ gy Jor d@2) < 278 + d(x,y))/3 and d(y,y) <

(2% + d(z,y))/3;
(i0) [ Si(,w) du(w) = 1 = [ Sp(w,y) du(w).

With all the notation as in Definition 2.3, if {Si}rez is an (e, €2,€3)- AOTI with
bounded support, namely, there exists a positive constant C' such that S(z,y) = 0 when-
ever d(x,y) > C27% then {Sk}rez is an (e, eh, €5)- AOTI for all €, > 0 and € > 0.
Such a {Sk}rez is called to be an approximation of the identity of order e¢; with bounded
support (for short, e;- AOTT with bounded support); see [17, Definition 2.3] and see [17,
Theorem 2.6] for the existence of 1- AOTI with bounded support.

The following notion of the space of test functions on X was given in [17]; see also [16].

Definition 2.4 Let 21 € X, r € (0,00), B € (0,1] and v € (0,00). A function ¢ on X is
called a test function of type (x1,r,3,7) if there exists a positive constant C' such that

. r Y )
(i) ()| < Cvr(xl)jv(m,x) <T+d($17x)) for all x € X;

. B . gl o
(ir) |p(z) —(y)| < C (rﬁft?x?@) Vr(xl)jv(ml,m) (Hd(th)) forall z, y € X satisfying
that d(z,y) < (r +d(z1,x))/2.
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Denote by G(x1,r,03,7) the set of all test functions of type (x1,7r,0,7). If ¢ lies in
G(z1,7,8,7), its norm is defined by ||¢llge,,r 8,y = Inf{C : (i) and (ii) hold}. The
space G(x1,7,3,7) is called the space of test functions.

Fix x1 € X. Let G(8,v) = G(z1,1,0,7). It is easy to see that G(3,~) is a Banach
space. For any given € € (0, 1], let G§(3,v) be the completion of the space G (e, €) in G(3,7)
when 3, v € (0,¢€]. Then, it is easy to see that ¢ € G§(5,~) if and only if ¢ € G(3,v) and
there exist {@; }ien C G(e, €) such that lim; . || — dillg(s,y) = 0- If v € G5(8,7), we then
define [|¢[lge(s) = ll#llg(s,,)- Then it is easy to see that G§(8,7) is a Banach space and

for the above chosen {¢; }ien, [|¢llge(s,) = limioo [|9illg(5,4)-

Set go(acl,r,ﬁ,'y) = {go S g(oxl,r,ﬁ,yo) (@) du(z) = 0}. The space 905([3,7) is de-
fined to be the completion of G(e, €) in G(B,) as above, where € € (0,1] and 3, v € (0, €].
For ¢ € G5(8,7), we define [l (5. = l#llg(s.):

Denote by (G§(8,7)) and (gof)(ﬁ,'y))’ , respectively, the set of all bounded linear func-
tionals on G§(5,v) and G§(5,7). Define (f,¢) to be the natural pairing of elements

f € (G§(8,7)) and @ € G5(8,7), or [ € (G5(8,7))" and ¢ € G§(5,7).
Now we recall the definition of Hardy space on X; see [17, Definitions 5.8 and 5.14].

Definition 2.5 Let ¢; € (0,1], 2 > 0, e3 > 0, € € (0,61 A €2) and {Sg}trez be an
(€1,€2,€3)-AOTI. For k € Z, set Dy = Sy, — Sk_1. Let p € (n/(n+ €),00) and

(2.3) max{0,n(1/p—1)} < 5,7 <e.

Then the Hardy space HP(X) is defined to be the set of all f € (gog(ﬂ,’y))’ such that

(2.4) Il = H{ 3 ka<f>»2}1/2

keZ

< 00.
Lr(X)

Remark 2.6 (i) When p € (1,00), by [17, Proposition 5.10], the Hardy space HP(X)
coincides with LP(X) with with an equivalence of norms.

(ii) For p € (n/(n + €), 1], the definition of the Hardy space HP(X) is independent of
the choice of (e, ez, e3)- AOTI’s and of the distribution spaces (G5(3,7))" with 3 and ~
satisfying (2.3); see [17, Remark 5.9]. Moreover, it was proved in [28] that the spaces
HP(X) are also independent of the choice of € € (0,1).

(iii) With the notation of Definition 2.5, for any a € (0,00) and f € (G§(5,7))’, we
define the nontangential maximal function M, (f) of f by setting, for all x € X,

(2.5) Mo(f) (@) =sup  sup  [Sp(f)(Y)]:

kEZ d(z,y)<a2-F

see [12, Definition 2.9]. For any given p € (n/(n + €),00), it is proved in [12] that for all
f€(G5(83,)) with 8, v satisfying (2.3), the following holds:

(2.6) | £l ze 2y ~ IMal)llrx)-
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Recall that the centered Hardy-Littlewood maximal operator M is defined by setting,
for all f € L1 (X)and z € X,

B 1
(2.1 MU =309 57 e, O 0)

Coifman and Weiss [6, 7] proved that M is bounded on LP(X) for p € (1,00), and also
bounded from L'(X) to LY*°(X).

We conclude this section with some useful estimates (see Lemmas 2.7 and 2.8 below),
which are used throughout the whole paper. The proofs of the statements in Lemma 2.7
below are contained in [17, Lemma 2.1] and [16, Lemma 2.1].

Lemma 2.7 Let X be an RD-space, § >0, a >0, r >0 and 6 € (0,1).

(a) For all x, y € X and all v > 0, p(B(z,r + d(z,y))) ~ p(B(y,r + d(z,y))) ~
Ve(@) + V(z,y) ~ Vi(x) + Vely) + V(z,y) ~ Vely) + Vi, y).

<

xy))a du(z) < C uniformly in x € X and r > 0 if a > 0.
W) duly) < CM(F)(@) uniformly in € Lt (X) and

loc

(b) fx M(B(m,r}rd(x,y))) (T+d

—~

<

1
(c) fx w(B(z,r+d(z,y))) (T+d
xeX.

~

The following estimate is established in [17, Lemma 3.2].

Lemma 2.8 Let ¢; € (0,1], 2 > 0, e3 > 0, {Sk}rez and {Ax}trez be two (e, €2, €3)-
AOTI’s. Set P, = Sy — Si_1 and Qr = Ap — Ag_q for all k € Z. Then for any
0 € (0,e1 A €2), there exists a positive constants C, depending on €1, €2 and §, such that
the kernel of PyQy, denoted still by PyQy, satisfies that for all k, £ € Z and all x, y € X,

—|k—£l5 —(knL) 62
(28)  |PQu(ey)| < c 2 .
z,y)

= Voeteno) (@) + Vo enn (y) + V(z, y) \ 27(A) 4 4(

Remark 2.9 (a) Assume that {Qy}rez satisfy Properties (i) and (ii) of Definition 2.3,
{ Py} ez satisty (i) of Definition 2.3 and [}, Py(z,y) du(y) = 0 for all £ > k. By an argument
similar to the proof of [17, Lemma 3.2], we still obtain the estimate (2.8) with ¢ > k.

(b) Assume that { P} ez satisfy Properties (i) and (iii) of Definition 2.3, {Q } ez satisfy
(i) of Definition 2.3 and [, Qx(z,y) du(xz) = 0, for all k > ¢. Then by the symmetry and
(a) of this remark, we also obtain the estimate (2.8) with k& > ¢.

(c) If we only assume that {P;}secz and {Q }rez satisfy Property (i) of Definition 2.3,
then the estimate (2.8) with k£ = ¢ also holds.

3 Proof of Theorem 1.2

The whole section is devoted to the proof of Theorem 1.2. First we prove an auxiliary
lemma, which is a variant of [14, Lemma 1].
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Lemma 3.1 Let € € (0,00). Then there exists a positive constant C' depending only on e,
C3 and n such that for allw € X, r € (0,00) and R € (0,00),

J— 1 i 6
(3.1) J(w;rR) = /d(znyR Vo(y) + Ve(w) + V(y,w) <r+d(y,w)> )

: C“{<R>1} Vi(z) + vV<Ru(§)+ V(z, w) <T+d?x,w)>e'

Proof. Suppose first that R < 10r. In this case, if d(z,w) > 20r, then for all y € B(zx, R),
we have d(z,y) < 10r < d(x,w)/2 and hence d(y,w) > d(z,w)—d(z,y) > d(x,w)/2, which
together with Lemma 2.7 (a) implies (3.1). If d(x,w) < 20r, then by (2.1), we obtain

gy < (B, R) u(B(x, R)) r
Tt B < Blw ) S w(Blw,r +d(z, w)) (T+d($,w>> ’

which combined with Lemma 2.7 (a) yields (3.1).
Now we assume that R > 10r. In this case, we set

Air={ye X : d(z,y) <R, dy,w) > d(z,w)}

and Ap ={y € X : d(z,y) < R, d(y,w) < d(x,w)}. Using Lemma 2.7 (a), we obtain

/Al Ve(y) + Vr(i;) +V(y,w) <r + dry, w)>€ dp(y)

< Vr(2) ( r )E
~ Ve(x) + Ve(w) + V(z,w) \r +d(z,w))

To estimate the integral in (3.1) over the set Ag, we consider the following two cases. If
d(z,w) < 2R, then by (a) and (b) of Lemma 2.7, we have

/Az Vr(y) + Vr(i}) + V(y,w) <7“ + dry, w))e du(y)

Vr(x) R €
SR LB+ ) <r+d<x,w>> ’

which implies the desired estimate. If d(z,w) > 2R, then d(y,w) > d(x,w)/2 whenever
y € Ay. Thus,

/Az Vi(y) + Vr(i}) +V(y,w) (r n d?y,w)>€ dp(y)

< V() ( r )E
~ w(B(x,r +d(z,w))) \r +d(z,w)/)

Combining the last three formulae above yields that (3.1) holds when R > 10r, which
completes the proof of Lemma 3.1.
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For the sake of simplicity, in the sequel, we use the following notation: for any given
€€ (0,00),j€Z and all z, y € X,

62 Ko 1 ()
. (Js zy) = . )
PO V(@) + Vass () + Vi, y) \ 277 + d(, y)
Using Lemma 3.1 and borrowing some ideas from [14], we obtain the following result.

Proposition 3.2 Suppose that {Gi}rer, {Ak}rez and {Sk}rez are measurable functions
from X x X — C satisfying that there exist positive constants C, a and o such that for all
ke€Z andz,y € X, Gyp(z,y) = 0 whenever d(x,y) > a2 and

(3.3) |G, y)| + [Ax(z, )| + |Sk(z, y)| < CKy(k; z,y).

Then for any given o’ € (0,0), there exists a positive constant C depending on C, a, o,
o' and C3 such that for all j, k, 0 € Z satisfying ¢ > max{k,j} and all z, z, w € X,

(3‘4) /X Gg(ﬂ?, y)Ak(y7 Z)Sj(:% w) dﬂ(y) < 6(’CU(k’; Z, Z) Ko (.77 €T, w)'
Proof. By the support condition of {Gy}sez, (3.3), Lemma 2.7 (a) and (2.1), we obtain

(3.5) /X Go(, y) Ay, 2)S; () du(y)
< / 1 1
~ d(z, y)<a2 £ ,LL(B(ZE 2= )) ,U,(B(Z, 27k + d(y¢ Z)))

<2 Frdly, 2 >U n(B(w, 2—j1+ d(y, w))) <2—j fdj(y,w)>a dnly)

= —ta 1
Z; 279)) p(B(w,2'77))

1 27F 7
ae<it (B(z,2°% +d (2—k d ) d(y),
dep<er”l 1w(B(z, 278 + d(y, 2))) +d(y, 2)
where the notation d(y,w) ~ 2!~/ means that 2077 < d(y,w) < 2¢=7F! for + > 1 and
d(y,w) < 27 for t = 0.

Fix t > 0. If there exists y € X satisfying that d(z,y) < a27¢ and d(y,w) < 28771,
then we have d(z,w) < (a + 2) max{27¢, 2=} < (a + 2)2!7 since £ > j, which further
implies that 277 + d(z,w) < (a + 3)2!77. By this, Lemma 3.1 and Lemma 2.7 (a), we
obtain that the last formula in (3.5) is bounded by a constant multiple of

i gto 1 p(Bw, 27 + d(@, w)) 1o

30 20)  wBw.29)

. ! < 2 >
p(B(w, 277 +d(z,w))) \277 + d(z,w)



10 Loukas Grafakos, Liguang Liu and Dachun Yang

a2t 7 w(B(x,a27%)) 2~k 7
X max , 1 ,
2k w(B(z,27F +d(z,2))) \27F + d(z, 2)
where ¢’ € (0,0). We now use 277 +d(z,w) < (a+3)2'7 again, o’ € (0,0), (2.1) and the
fact ¢ > k to bound (3.6) by a constant multiple of

(3.7) Z 2717217 Ko (55 2, w)Ko (s @, 2) S Kot (55 2, 0)Ko (K; @, 2).

Combining (3.5), (3.6) and (3.7) yields (3.4). This finishes the proof of Proposition 3.2.

Next we recall the cube constructions on X', which provide an analogue of the grid of
Euclidean dyadic cubes on spaces of homogeneous type; see Christ [3].

Lemma 3.3 Let X be a space of homogeneous type. Then there exists a collection {QF C
X: k€Z, ac Iy} of open subsets, where Iy, is certain index set, and constants § € (0, 1)
and Cy, C5 > 0 such that
(i) (X \ UaQE) =0 for each fized k and QF N Qg =0if a# B;
(i1) for any «, B, k, £ with £ > k, either Q% c QF or Qg NQEE =0;
(iii) for each (k,a) and each £ < k, there exists a unique (3 such that Q% C Q%;
(iv) diam (QF) < C46* and each QX contains certain ball B(z*, C56%), where 2F € X.

In fact, one can think of Q¥ as being a dyadic cube with diameter rough 6* centered
at z%. In what follows, for simplicity, we may assume that § = 1/2; see [17].

In the sequel, we use the following notation. For k € Z and 7 € I, we denote by Qlﬁ’y,
v=1,2,---,N(k,7), the set of all cubes Qf,ﬂo C QF, where QF is the dyadic cube as in
the Lemma 2.7 and jg is a positive integer satisfying

(3.8) 270y < 1/3.

Denote by 25" the “center” of Q%, and by y=" any point of Q%" .
The following discrete homogeneous Calderén reproducing formula is proved in [17,
Theorem 4.11].

Lemma 3.4 Let ¢; € (0,1], e2 > 0, e3 > 0, € € (0,e1 A €2) and let {Py}rez be an

(€1,€,€3)-lo- AOTL. Set G, = Py, — Py—1 for k € Z. Then for any fized jo satisfying (3.8)

large enough, there exists a family of linear operators {ék}kel such that for any fized
Ve Qﬁ’y withk € Z, T € I, andv € {1,2,--- |N(k,7)}, and all f € (ég(ﬁ,y))’ with (3,
€ (0,¢) and r € X,

N(k,T)

=505 N w@EGrla, g )G (E),

keZ Telk v=1

where the series converges in (C:O(ﬂ, v))'. Moreover, the kernels of the opemtors {ék}keZ
satisfy properties (i) and (ii) of Definition 2.3 with ¢; and ez replaced by any € € (¢, e1A\e2),
and fXGk: w, x) dp(w) —O—IXGk z,w)dp(w) for allk € Z and x € X.
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The inhomogeneous discrete Calderén reproducing formula (see [12, Theorem 3.3])
stated in Lemma 3.6 below, and established in [17] in the case ¢y = 0, is a main ingredient
in the proof of Theorem 1.2.

Definition 3.5 Let €1 € (0,1], e2 >0, €3 > 0 and lo € Z. A sequence {Sk}72,, of linear
operators is said to be an inhomogeneous approximation of the identity of order (€1, €2, €3)
(for short, (e1,€2,€3)-lo-AOTL ), if Sk satisfies (i) through (v) of Definition 2.3 for all
ke{ly,lo+1,---}.

Lemma 3.6 Let ¢; € (0 1] €g >0,e3>0, ¢ € (0 €1 N 62) and by € 7. Let {Pk}kEZ be
an (€1, €, €3)-lo- AOTL. Set Gy, = Py, and Gy = Py, — Py_1_for k > £y + 1. Then for any
fized jo satisfying (3.8) large enough, there exists functions Py, (x,y) and {Gk(x Y41
such that for any fized yf” € Q]T” with k > bg+1, 7 € Iy and v € {1,2,--- ,N(k,7)},
and all f € (G5(8,7))" with 8, v € (0,€) and x € X,

N(£o,7) _ )
o Pio(x,y)d o Py, w) du(w
F(@) Z > { [ Paten) u<y>}{M(Qﬁo,y) g Pt ) )}
N(k,T)

N Z ST @G,y G () (W)

k= £0+1TEI)€ v=1

where the series converges in (G§(5,7)). Moreover, ﬁgo and ék for k >ty + 1 satisfies
(i) and (ii) of Definition 2.3 with €1 and ez replaced by any ¢ € (e,e1 A €2), and for
al z € X, fxpﬁo w,r)dp(w) =1 = fXPgO z,w)du(w) and fXGk w,z)dp(w) =0 =
[ Gr(z,w) du(w) when k > L.

Remark 3.7 The constant C' appearing in (i) and (ii) of Definition 2.3 for ]550 and
{Gr}72y, 11> depends on jo and ¢/, but not on fy; see [12, Remark 3.4].

The following technical lemma proved in [17, Lemma 5.3] is also crucial in the proof of
Theorem 1.2.

Lemma 3.8 Let ¢ > 0, k', k € Z, and ylﬁ’y be any point in Qlﬁ’y form € Iy and v =
1,2,--- ,N(k,7). If r € (n/(n+ €),1], then there exists a positive constant C depending
on r such that for all a* e C and all z € X,

ZZ (Qk) 1

rel), v=1 Vo-wrnm () + V(x,ylr“’y) (2*<k’Ak) + d(:z:,ylﬁ’”)y

9—(k'Nk)e

k
jar”|

7

r 1/r
ol
Tel, v=1

where C' is also independent of k, k', 7 and v.

< 02[(k Ak)—k]n(1— l/r{ (
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Proof of Theorem 1.2 Let €1 € (0,1] and {Pp}scz be an €1- AOTI with bounded sup-
port. Set Gy = Py — Py for all £ € Z. For any N € N, f € HP(X) and g € H1(X), we

consider
9)= Y Ei(D;(£)S;(9))-
l7I<N
Suppose for the moment that Iy (f,g) is a Cauchy sequence in H"(X). Then IIx(f,g)
converges in H"(X) as N — oo to an element of H"(X) that we will denote by II(f, g).
To prove Theorem 1.2, by (2.4) and Remark 2.6 (ii), it suffices to show that for all N € N,

(3.9) 1T (F, )31y ~ H{ S 1Gy (T (£, )2 }1/2

LeZ

L ()
24 1/2
H{ ™ GuE; (D;(1)S5(9)) }
EZ
. Hf”HP X HgHH‘Z(X)

l7I<N
Indeed, if (3.9) holds, then we can use Fatou’s lemma to pass the limit to II(f, g) and
obtain the boundedness of II from HP(X) x H1(X) to H"(X).
Now we prove (3.9). For any j € Z, applying Lemma 3.6, we obtain that for all x € X,

(Dj(f)Sj(g)) ()

Y {/ ) | o [ PDADS @) e

Tel; v=1

Lr(X)

+ Z > Z (Q) G, y**)Gi (D;(£)S;(9)) (4)

k=j+171€l;, v=1

holds in (G§(3,7))’, where y’ﬁ’l’ is an arbitrary fixed point in Qlﬁ’y, all {ék}k2j+l have
vanishing property and P; with no vanishing property. Consequently, we have

Y GeEj(D;(f)S5(9)) (@)

l7I<N

N(.7) N .
=>. 2 > { | CeEP(@.2) dﬂ(z)}ﬂ(@,y) / o DDA @)() di(2)

l7|I<SN Tel; v=1

Y S S S QGG G (D)5, (0) ()

|7|I<N k=j+17el, v=1
=77 + 78
1 2

In this way, the proof of (3.9) reduces to the estimate

aw g}, e}

SN ey llgll acay-
Lr(x)
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We first prove that [[{Se 25122y S 1 lmeullgllimsr- Lemma 3.4 yields
that for all w € X,

k‘l /

(3.11) -y ¥ z QE DG (w, )G () (Ye™).

kK'eZ T el =

Using Lemma 3.6 again we obtain that for all w € & we have

N(5,7") X
3.12) S w,z)d - PV () dul =
( ZI 2 {/ By, 2) du(z )}m i >/iv’7” ,(9)(2) du(2)

N(k// l/)

+ Z S Y w@)SG (w )G () .

K'=j+11"eln v'=

Thus, forall k > j+1, 7€ [y and v € {1,2,--- ,N(k,7)}, in view of (3.11) and (3.12) we
may write

(3.13) Gi(D;(f)S;(9) (")

N(k, /) N(JT // //
=2 > X X X Q)G (D)
k'eZr'el,, v'=1 t'el; v'=1

N(k‘/,T/) ) N(k”,‘l‘//)
+3 oo XY > w@men")
WeLr'ely v=1 k'=j+11/€ly v'=1
XGk/(f)( k/ ’)Gk”( )(yf,, )Gk (D Gk"( k v )Sjék”('vyﬁ//’y )) (yf—?,l/)

=J1+ Jo.
Now we estimate Jo. For any given o € (0, €1 Aea), by Remark 2.9 (a) and (b), we have

~ K it . K
|D3Go(w, )| S 270 K, (G AR w, ).

Since k” > j, using Remark 2.9 (b) we obtain that

~ k" i k" v
G ()| £ 275K K G w0

From these two estimates and Proposition 3.2, we deduce that for any given o € (0, €] A€2),

(3.14) ’Gk (Djék,(-,y’j’”')sjék,,( yEr ”)) (")
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< 27 Moo=k e jo (G A K By Ko (s g B,

which further implies that

Jy < Z i 9—li—Kloo—|i—k"|o

K E€Z k"=j+1
N(K' ")
xS W@ Kol MK yEY )G () ()
T'el,, V=1
N(k" ")
xS ST W@ Ko vE s ) Malg) ) b
el v'=1

where a € (0, 00) is arbitrary and M, is as in (2.5) with Sy, there replaced by Py. Moreover,
from Lemma 2.7 (a) and Lemma 3.8, it follows that

(3.15) Jo < Z Z 9—li—K'loo=|i—k"|oo[(iAK)=K'In(1-1/60) o (i —k")n(1-1/5)

K e€Zk'=j+1
kl /) 1/9
0
7 k7
Sml Y z G0 x| 65
/
T'El T
k” /l 1/(S

0 kv
XQkx,V” (y‘r7 ) y

T

IV SR SR ITRATD

el v'=1

where 0, 6 € (n/(n+ 0),1]. Due to the arbltrarlness of yk, Ve Qk/ v and y]::,/ v e Qﬁx’yu,

we obtain that (3.15) still holds if |Gy (f )(yT/ )| and \Ma(g)(yf/, v )] are, respectively,
replaced with

Gu(HEEY)

inf

Kok and inf |Ma(g)(y7'”’
v EQT/,I/

k" /l k}// 1

Q/l

Therefore, for all z € X, by Lemma 3.3 (i), we have

N(K' ")

BlyM| Y > inf

kv
T'el,, V=1 yl Q/

0

G HEE)

Yoot | () =M (1GR(NI°) (2):

!

Similarly, for all z € X,

N(k,// 7,7_//)

M Z Z k” //inékll’u/l

T”e[k,, V=1 y// € vy

k,// l/” 6
Ma(9) (")

x| () < M(Mal0)]’) (2)
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Inserting this and (3.16) into (3.15), and invoking the fact

(o]
S g ikl ik In-1/8) < q,

k' =j+1
we finally obtain that
(3.17) 3y £ 3 g Kl GAR) K In1-1/0)
k'€Z
M (e () @} M (Mato)?) 659}

The estimate of J; is similar to that of Jo. In fact, an argument similar to (3.14) yields
that for all z € Q7 ,

~ k' = it . K. .
‘Gk (Dij'(-,yT/ )Sij(nZ)) (yE)| S 2707 Ro K, (G A K gyt ) Ko (s v, 2).

7
J,V
/)

Moreover, by Lemma 2.7 (a), it is not difficult to see that for all z, yi Ve

!

(3.18) Ko (33 457, 2) ~ Ko (G5 y5°, 970,

with equivalence constants independent of yi’,l,’“ and z. From Proposition 3.2, it follows

that for any fixed y%’,',ju € i’,l,/”, we have
(3.19) [ G (DiGuole )8, Pi.2) (657 d(2)

-

VY] i . v K . v g
S 27T QIYY Ko (A K 4B 45 ) Ko (55 w5 0.

From (3.8), the definition of Qi’,lf’/ and Lemma 3.3 (iv), we deduce that for any given
a € [1/3,00),

1 7
(3.20) WG [ P0G )| < Malo) )

T !

Applying (3.19) and (3.20), and following the same argument as that in the proof of (3.17),
we also obtain that J; has the same upper bound estimate as in (3.17).

Combining the estimates of J; and Jg yields that for all j € Z, k > j+ 1, 7 € I and
vel{l,2,--- ,N(k,7)},

(3.21) |Gr(D;()Si(9)) (47")

< Z 9—|i—K'lo+[(iAk) =K In(1-1/6)
k'eZ

Anm (16w n) w0} M (Malo)?) 659}



16 Loukas Grafakos, Liguang Liu and Dachun Yang

Now we estimate Z2. Using (a) and (b) of Remark 2.9, we obtain that the kernel of
G(E; has the same size condition as those of 2_|j_£“’Ej/\g. By this and (j A ¢) < k, we
further apply Remark 2.9 (b) and obtain that for all j, ¢ € Z, k > j+ 1, 7 € I} and
ve{l,2,--- N(k,1)},

(3.22) GgEjék(fL‘, ykny| < g liztog=lGAD—klo ko <(] N0 NEk; x, yf”)
< 9 l—tog=li=klo o (i Al z,yFY).

Combining (3.21) and (3.22) yields

o0 N(k‘,‘l’)
1ZN| < Z Z Z Z Z 9~li=tog=li=klog=li=klo+{GAR)=K]n(1=1/0) |, ( QR

|7|SN k=j+1keZrel, v=1

Kol 10508 {M (G 0)) 0}

1/6
{M(IMalg)) )}
Then using the arbitrariness of ylﬁ’y € Qf’”, Lemma 3.8 and a similar argument as that
used in (3.16), we obtain for any given A € (n/(n+ o), 1],

2SS0 S S ol tlogrli-klog-li—k loGAK) K (1-1/0)9lGAD-Kn(1-1/Y)
Ij|<N k=j+1k'€Z

M2 bl it [ {M(6uor) e}

NZ k,v
rel, v=1 Y €Qr

sty o)

<Y S 3 rlinflog-limHog—li—KloHGAW)KIn(1-1/0)5{(iA0-Hn(1-1/3
ljI<N k=j+1k'€Z

A ([ (oenn)] " [ (mator)] Y @}

which combined with the fact 72 . 9~ li=kloglGAO—kIn(1=1/2) < ol(1A)=jln(1=1/A) implies
that

(3.23) 1z < Z Z 9=li—Lo+[(GA)=jIn(1=1/X) g =i —klo+[(GAK)—=kIn(1-1/6)
ljI<N K eZ

A ([ (o)) [ (mater?)] Y e}

From this and Hoélder’s inequality, we deduce

(3.24) > |z = 3 { > 2wl[an(mmg|jk'|[an<1/91>1]

ez teZ L j|I<N K ez

2/0
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% Z Z 9—li—tllo—n(1/A=1)]g—[i—K'|[c—n(1/6—1)]
JEL K€L

st ([ (o) [ (Mato?)]) 0}

It is easy to verify that

S 3 ol n/A-Dlg-li-k e -n1/6-1)] < ¢
§I<N k'ez

2/A

and
Z Z 9—li—tlle—n(1/A=1)]g—|i—K'|[c—n(1/6—1)] <1.

(€Z [jI<N

Inserting these two estimates in (3.24) yields

329 S Y [ (o)) e maor)] Y @]

LEZ k'eZ

Since o € (0,1 A €2) and p, ¢, 7 > n/(n + €), we can choose n/(n+0) < § < (g A1),
n/(n+o) <0< (pAl)andn/(n+oc) <A< (rAl). Thenr/A>1,p/6 >1and q/d > 1.
Using (3.25) and the Fefferman-Stein vector-valued maximal function inequality on spaces
of homogeneous type (see [11, Theorem 1.2], [17, Lemma 3.14] or [21, (2.11)]) together
with Holder’s inequality, we obtain

1/2
(3.26) {Zzgﬂ}
= Lr ()
r 76 VSRS A
S {Z m([m (1)) (M (a0)] )] }
kez LT/2(X)
- 12/60 a5 M? 7
= {Z M(1Ge ()] M (Mal9)))] }
Kez ’ LriA )
_ TS
~ {Z M (rak,<f>|9)_2/9} M(Mao)")]”
k'eZ Lr)
) ) 1/2
< {Z M(1Gu(nl’) 2/9} | (tato)]
KeZ i Lr(X) Li(Xx)
1/2
<|{ Sievnr} |Mal9)la2) S 1 vl
kel Lr(X)
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where in the last step we used (2.4) and (2.6).
To obtain (3.10), we still need to show

(3.27) =z |2}1/2

LeZ

S W ey 9l maae) -
Lr(X)

Observe that once we have obtained

(3.28) |2V S 303 27t HGAO (-1 N g li-Klo+HGAK) K In(1-1/0)
JEL K€L

o ([ (Gen)] " [m (Mator?) ) 0}

then (3.27) follows just by arguments analogous to those used in the proof of (3.24) through
(3.26). To prove (3.28), by an argument similar to (3.22), we use Remark 2.9 and obtain
that for a certain o € (0, €1 A €2),

1/x

(3.29) |GoE;j Pj(x,2)] <2701 K, (5 A 6 2, 2).
Notice that for all j € Z, 7 € Ij, v € {1,2,--- ,N(j,7)}, z € X and all 2, Yt e QL
(3.30) Ko(GNE; 2, 2) ~ Ko(d AL 2, y27).

Therefore, the combination of (3.29) and (3.30) yields that for any fixed 2" € Q%"

(3.31) GoB; Py (w,2) du(2)| S 2717 u(QI¥) Ko (j M 65 2, y3)

‘ Vild
-

with constant independent of yi’” S Q]}’”.

For any z € Q%" the estimate of P;(D;(f)S;j(g))(z) is similar to that of (3.21). In
fact, using (3.30) and proceeding as for estimates of J; and Ja (see (3.13) through (3.21)),
we also obtain that for any fixed " € Q%" and all z € Q%"

(3.32) |P(D;(£)S;(9)) ()| S S 27 FIrtGAR)—KIn(1-1/0)
k'€l
1/8

A (16e) @} M (Ma@)) @i}

where the constant is independent of z, yl’” € Qj}’y and j € Z.

We insert (3.31) and (3.32) in the expression for ZY. Using an argument similar to
that used in the proof of estimate (3.23), we obtain that (3.26) also holds for Z&¥. The
details are omitted. Thus (3.27) holds for Z{. Therefore we prove that (3.9) holds.

We still need to verify that IIn(f, g) is a Cauchy sequence in H"(X). Indeed, by (2.4)
and Remark 2.6 (ii), it suffices to show that for all N, M € N and N < M, when N — oo,

2}1/2

— 0.
Lr(Xx)

1Tar(f.9) = ON(f, Ol Er () ~ H{ >

LeZ

Y GE; (Di(£)S;(9))

N<|jl<M
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To see this, observe that it suffices to show that when N — oo,

N 1/2 N 1/2
(3.33) Z‘ 1 ] L(X)+ Z| 2 2|

Lel LeZ

— 0.
Lm(X)

We show (3.33) by proceeding as in the proof of (3.10) but with Z| JI<N there replaced by
> N<|jl<m- and we obtain

Z ‘Zév _ ZS/I}Q < Z Z 9—li—K'|lo—n(1/6—1)]

Lez k' €Z N<|j|I<M

([ ()] [ ()] ]

Then we divide the summation over k£’ into two parts: Z‘ k|>Ny2 and Z| K|<N/2- Observe

that for all £’ € Z, Do N<ljl<M 2~ li=Kllo=n(1/6-1] < 1 and in particular, if [E'| < N/2 we
have -
Z 9~ l=Klo—n(1/6-1)] < 9=Nlo—n(1/0-1)}/2,

N<|jl<M

From these, we further deduce that

> |2y |

ez
< 5 (o] ) o]
|k/|>N/2
2/
49~ Nlo—n(1/6-1)]/2 Z [M ([M <|Gk'(f)|9)r/9 {M <[Ma(g)]5)]*/5> (:c)} /

k'eZ

This combined with an argument similar to (3.26) yields that

1/2
li ZN g2
N<]\41,I%~>OOH{%| 2 2 |

= 0.
Lr(x)

Likewise, limy s, N—oo [{D pez 1ZY — Z*}/?||1r(x) = 0. Hence, (3.33) holds and we
obtain that ITx(f, g) is a Cauchy sequence in H"(X') whenever f € HP(X) and g € HI(X).
This finishes the proof of Theorem 1.2.

4 Proof of Theorem 1.3

We begin with some known results related to singular integrals on spaces of homoge-
neous type; see [6]. Let T be a linear operator bounded on L?(X) with kernel K, which



20 Loukas Grafakos, Liguang Liu and Dachun Yang

is locally integrable on X x X \ {(z,z) : © € X'}. Assume that for any f € L>®(X) with
bounded support and = ¢ supp f,

(41) T5() = | K) i) duty)
Moreover, there exists positive constants C' and o € (0, 1] such that for all z, y € X,
(42) K(w.y)| < Ot

. r,y)l = ;

Vi(z,y)
and that when d(z,2") < d(x,y)/2,
d(z,z')’

@3 K@) - K@)+ K (.0) - K(.a) < 0 es)

d(z,9)7V (2,y)

Using the Calderén-Zygmund decomposition method, Coifman and Weiss [6, pp. 74-75]
proved that if T satisfying (4.1) through (4.3) is bounded on L?(X), then T is bounded
on LP(X) for all p € (1,00), and also bounded from L!(X) to LV>®(X).

Recall that any locally integrable function f is said to be in BMO (X)) if and only if

£ lmsio00 = sup /!f _ fuldulz) < oo,

where the supremum is taken over all balls B of X’ and fp = u( 5 [ f(y) du(y); see [7] for

more details. For the operator T" as above, by using the boundedness of T on L?(u) and
the regular conditions of its kernel K, and proceeding as in [23, p. 156, Proposition 1], it
is easy to see that 7" is bounded from L>*°(&X’) to BMO (X).

Recall that T*1 = 0 means that for any f € L?(X) with bounded support and
S f =0, [, Tf(x)du(x) = 0. The following boundedness of T" satisfying (4.1)
through (4 3) on the Hardy spaces HP(X) was established in [27, Proposition 3.1].

Lemma 4.1 Let T be a linear operator bounded on L*(X) with kernel K, which is locally
integrable on X x X \{(z,x) : © € X'} and satisfies (4.1) through (4.3). Moreover, assume
that T*1 = 0. Then T is bounded on HP(X) for all p € (n/(n+ 0),1], where o is as in
(4.3).

Proof of Theorem 1.3 To show (a) through (d), we temporarily freeze b € BMO (X).
By (1.4), the operator II(b, -), namely,

)= B (D(0)85(9)) (x)  for all g € (G5(8,7))'
JEZ
has kernel

(x,v) Z / (x,2)Dj(b)(2)Sj(2z,y)du(z) forall z,y € X.

_]_700
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It was proved in [17, Theorem 5.56] that II(b, -) is bounded on L?(X) with operator norm a
constant multiple of [|b|| gyo (), and moreover, TI(b,-)*1 = 0, the kernel K} is a standard
kernel satisfying that there exists a positive constant C' such that for all z, y € X,

4.4 K < C|b ;
(44) Ko, < Clbl o oy 77—y

and that when d(z,2") < d(x,y)/2,

d(z, ')

(4.5) | Ky (7, y) — Kb(x’,y)| + [Kp(y, z) — Kb(yﬂf/)‘ < C||bll Bmo (X)W‘

We remark that to obtain (4.5) we only need the regular condition of E; with respect
to the first variable and the regular condition of S; with respect to the second variable.
Using these facts and the previous discussion in this section, we know that (a) through
(d) of Theorem 1.3 hold.

Now we show (e) of Theorem 1.3 for the case p € (1,00). Forany N € N, f € LP(X) and

g € L=(X), set IIN(f, 9)(x) = X2\ j<n DeEj(D;(f)S;(9))(x). By Remark 2.6, Lemma 2.7

(c) and (2.8) together with Holder’s inequality, we have that for N, M € N and N < M,
S| T omwinsie

2}1/2
€eZ " N<|jlsM

S| T m(pinsio)

ez | N<[|j|<M

1/2
s{ ) IM(Dj(f)Sj(g))l2}

N<|jl<M

(4.6) TN (f5 9) = s (f; )l Lo )

Lp(X)

2}1/2

Lr(X)

Lr(X)

Furthermore, the Fefferman-Stein vector-valued maximal function inequality on X and
sup;ez [157(9) |l oo (x) S lgllLoo(xy imply that the last quantity in (4.6) above is bounded
by a constant multiple of

{ = bwswr }1/2

N<|jl<M

S gl e (ay
Lo ()

Y

Lr(X)

{ ¥ s }1/2

N<|jl<M

which tends to 0 as N — oo. This shows that IIy(f,g) is a Cauchy sequence in LP(X)
and, hence, IIx(f, g) converges to an element in LP(X’) which we denote by II(f,g). The
previous argument also proves that

1/2
I D < 9l {Z \Dj<f>\2} < 1l gl

jEz
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To show (f) and the remaining part of (e) of Theorem 1.3, we freeze the second function
g € L>®(X). Proceeding as in [17, Theorem 5.56], we obtain that the kernel of II(-, g), say

Kywy)= Y /X Ej(z, 2)D;(=,4)5;(9) (=) du(2),

j=—o00

is also a standard kernel satisfying (4.4) and (4.5), with [|b]| gno (x) there replace by
9l (x)- Then using the arguments in the beginning of this section and Lemma 4.1
together with the boundedness of II(-, g) on L?(X), we obtain (e) and (f) of Theorem 1.3.
This finishes the proof of Theorem 1.3.

Remark 4.2 From (2.5) and the existence of an 1- AOTI with bounded support together
with the independent of € of HP(X') (see [28]), we deduce that the Hardy space HP(X) is
well defined for all p € (n/(n+ 1),1]. From this, we deduce that the results of Theorems
1.2 and 1.3 are valid for p, ¢, 7 € (n/(n+1),00).
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