MAXIMAL TRANSFERENCE AND SUMMABILITY OF
MULTILINEAR FOURIER SERIES

LOUKAS GRAFAKOS AND PETR HONZIK

ABSTRACT. We obtain a maximal transference theorem that relates almost ev-
erywhere convergence of multilinear Fourier series to boundedness of maximal
multilinear operators. We use this and other recent results on transference
and multilinear operators to deduce LP and almost everywhere summability of
certain m-linear Fourier series. We formulate conditions for the convergence
of multilinear series and we investigate certain kinds of summation.

1. INTRODUCTION

Transference is a powerful tool that reveals equivalent and often unexpected
reformulations of certain estimates. The study of transference of boundedness of
linear operators has been pursued by several authors; for brevity we only mention
the pioneering work of de Leeuw [5] that was beautifully placed into a framework
of a general theory by Coifman and Weiss [4].

As an application of transference and some basic functional analysis, the LP
convergence of Fourier series of LP functions on the circle T is equivalent to the L?
boundedness of the Hilbert transform H on R. Likewise, the almost everywhere
convergence of the Fourier series of a function on T whose p'" power is integrable
follows from the LP boundedness of the maximally modulated Hilbert transform

H.(f) = sup |H(M*[)|,
£eR

on LP(R), where M*® f(x) = e*™%% f(z) and H is the Hilbert transform; the passage
from the circle to the line here follows from the maximal transference theorem of
Kenig and Tomas [11].

It is natural to investigate analogous reductions of the problem of convergence
of multilinear Fourier series on T™ x --- x T™ to the boundedness of multilinear
operators on R™ x --- x R™. It turns out that such reductions are possible and
are easy consequences of a rich theory of multilinear transference. Multilinear
transference has been studied by (in chronological order) Murray [15], Grafakos
and Weiss [9], Fan and Sato [6], Blasco [1], and Blasco and Villaroya [2]. These
articles are concerned with transference of operators that are linear in each variable.
In this work we discuss transference of maximal multilinear operators analogous to
that obtained by Kenig and Tomas [11] for maximal linear operators.

As an application of transference (and some basic functional analysis), one can
use the boundedness of the bilinear Hilbert transforms

1) Half £2)(@) = 2o, [ filo = Ofa(o +an)
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obtained by Lacey and Thiele [12], [13] to deduce the LP convergence of the bilinear

Fourier series
Z gAl (m)g/\Q(n)e27rz(m+n)z

[m4n|<N
[m—an|<N

as N — oo and vice versa. Here « is a fixed real number, g1, go are functions on the
circle T, and f1, fo functions on the line. We note that the aforementioned conver-
gence can also be obtained via the boundedness of the bilinear conjugate function
obtained in Fan and Sato [6] using transference. Likewise, we can use maximal
multilinear transference to obtain almost everywhere convergence for multilinear
Fourier series. Details on these applications will be given at the end of this paper.

We will be working with indices 1 < py,--- ,p, < 00 such that
1 1 1 1
(2) -=—+—+-+—>0.
p P11 P2 Pm

We say that a function B € L*°((R™)™) is an m-linear multiplier, or lies in
Mo, ps.om.p(R™), if the m-linear operator

—~ — 2mi(30 &)
3) TB<f17--~,fm)(a:)/( Bles, - & 6)  Fulba)e

déy ... dém,

satisfies, for some constant C', the estimate

ITe(f1s- s fm)lle < Cllfillzes - [ fmllLom

for all smooth compactly supported functions f; on R™. When all p; < oo this
means that Tp admits a bounded extension from LP'(R") X --- x LPm(R™) to
LP(R™).

We define the class My, p,... p,..p(T") in the same way. (We identify T with
[0,1].) We say that a sequence b € [*°((Z™)™) belongs to Mp, p,.... p..p(T™), or is
an m-linear multiplier on T", if the operator

@) Solgr,-gm)(@) = > bk, k) Gi (k1) - o (ki )€™ 2 B
ke(zn)m

initially defined for trigonometric polynomials g;, extends to a bounded opera-
tor from LP'(T™) x --- x LPm(T™) to LP(T™). The spaces Mp, ps.... p...p(R™) and
Mo, pa..pm.p(T7) are easily seen to be Banach spaces (or quasi-Banach spaces
when p < 1) with respect to the norms (resp. quasi-norms when p < 1) defined by
the corresponding operator norms. We will use the notation

1Bl My, o p®) = I TBI Le1 (R) 5 5 Lom (R7)— Lo (R7)
IO M oy .o o (@) = [1SblL21 (7)o Lom (T2) Lo (T 5

for these multiplier and operator norms.

We introduce the dilation operator D f(x) = f(Rz) for R > 0 whenever f is
a function on R™. The following proposition summarizes a few basic properties of
multilinear multipliers. The simple proof is omitted.

Proposition 1. Let by,bs € My, 1, .. p(R") and b € My, (R™) for some 1 <

PlyeersPn <00 and 0 < p< oo satisfyingp—ll+p%+~'+pi:%. Then
(a') Tb1 + sz = Tb1+b2 € M;vlapza-uwmap'
(0) T, (oo, T ()s ooy r) = Thy@ib € Mpy pa,....pm.ps» Where ®; represents product

in the variable i, that is (b1 ®; b)(x1, ..., &m) = b1(z1,. .., Tm)b(z;).
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(c) The dilation operator D leaves the norm of a multiplier invariant, i.e.

1D | 0

P1,P2,-sPm,P H 1||MP1,172 ,,,,, pmp°

2. TRANSFERENCE OF MAXIMAL MULTIPLIERS

The main result of this section, Theorem 2, concerns transference of maximal
multipliers. This theorem will be a key element in obtaining almost everywhere
convergence for certain multilinear Fourier series. A similar result is mentioned as
a remark (without proof) in Fan and Sato [6] for maximal dilations of multipliers.
For the applications we have in mind, we need a slightly stronger version of this
theorem that allows an arbitrary family of multipliers.

We fix a set I' and a set of b, € L®((R™)™) indexed by a € I'. We also fix
indices p1,...,pm that satisfy (2) and we assume that T} is a bounded m-linear
operator from LP*(R™) x --- x LPm(R™) to LP(R™). Then, for f; € LPi(R") we set

N(fryos fm)(@) = sup [T (fr- o fn) (2)]

We make a similar assumption for S, and for g; € LPi(T") we set

M(g1,...,9m)(zx) = SlélE|Sba<glv~--agm)('r)| :

We will need the following lemma from the measure theory whose easy proof is
omitted. (See [7].)

Lemma 1. Let A be a family of measurable functions on a measure space X.

Suppose that

<C < o0.
{FCflS:l;'pﬁnite} || JsflelngLp(X) > 00

Then for every f € A there is a measurable function g¢, such that f = gy a.e. and
sup g¢||, ., <C.
H fea fHLP(X)

We introduce the following notation
Gpe(w) =e 710

which will be used repeatedly in the sequel. We note that for all continuous func-
tions g on T™ we have

(5) e [ g@)Greade = [ gla)da.

We now state and prove the main result of this section, a transference theorem
for maximal multilinear multipliers. In the case m = 1, a slightly weaker version of
this theorem was obtained by Kenig and Tomas [11].

Theorem 2. Let 1 < p1,...,pp <00, 0 < p < 00, where p%-i-p%—i-“--&-l% = %,

and let by, € L2 ((R™)™), where oo € T'. Assume that every by, has a Lebesgue point

at every k € (Z™)™. Suppose that for all f; € LPi(R™) we have:
IN(frs- s fm)llLe@ny < Cllfille@ny - | fnll Lom @n)-

Then for all g; € LPi(T™) we have:

M (g1,. .. vgm)”LP('Jl‘") < Cllg1llLe (Tm) "~ ||9m||me(1rn)-
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Proof. Let us fix ai,...,ap in the index set I'. In view of Lemma 1, it will be
enough to prove the boundedness of the following operator

M°(Q1,....Qm)(@) = sup |y, (Q1,...,Qm)()].

In analogy, for trigonometric polynomials Q1,...Q.,, we define

NQ1,...,Qm)(@) = sup |To, (fi,--, fm)(@)|.

s oy

We shall first obtain the boundedness of M for trigonometric polynomials Q.
We observe that for linear monomials

P]({E) _ e27rikj»:v
we have

Sp(Pry. .., Py)(@)Gpe(z) =

TP1

= Coe™™" / b(ky, ..., km)e_sT‘&_kl‘z e T Gk | 2mi(E S e,
R™)

where Cy = /p7 - - p?,. If we set

gj(x) = Pj(2)Gp, (2),
we can write
Tb(glu cee 7gm)(x)

= Coe™™" / B(Er,. .. Em)e 210 Rl® o= TE Gl 2mi(E; &) g
( n)7n

and compare the two operators as follows:

1S5 (Prs oo P ) (2) G e (2) = Po(91, -+, gm ) ()]

< bl / e g
{Ee(R)™: [E]>r}

_ 1 Im
+C's mn/ b(ki,....km) —b(——= + k1,..., —— + kyn)|dn,
{ne®m)™: |n|<re} ‘ ( ) (\/pl VPm )l

where r > 0 is arbitrary. The first term above tends to 0 as r — oo while the second
one tends to 0 as ¢ — 0 whenever k is a Lebesgue point of b. We can extend the
same estimate to trigonometric polynomials @); by linearity. Taking the supremum,
we obtain

IM(Q1,. .., Q) (®)Gpe — NY(Q1Gpy ey, QmGyp,, )(T)] < 0

Using (5) we deduce

(1) 4+ r™"0.(1)

/”b sup  [Sp, (Q1,- -, Qm)(z)|Pdx

a17---abo¢k
= lim &" / sup  |[Sp, (Q1,...,Qm)(®)Gpe(z)|Pde.
e—0 R bay - sbay, K
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The function M°(Q,...,Qm) is bounded by some constant K, so

lim g™ / sup |Sbn¢i (Q1,...,Qm)(2)Gp (x)Pdx
e—0 R™ bay,eesb

sVay

< Koi(1)+ lim 5”/ sup [y, (Q1,...,@Qm)(2)Gpe(z)|Pdz.
" RN {|z[< B} bay '

=0 JRen{jz|< 2} bay ey bay

After we deduce the estimate

en / Sup [Sh (Qur- . Q) (@)Gpe ()Pl

2| <& bay ..., bay,

< R™o1 (1) +r"™"0:(1))

—|—€”/ . sup |Tbai(Q1Gm’E,...,QmGpm,E)(w)de,

oy reba,

we take R and r such that the first term above is negligible and finally obtain

”MO(le KRR Qm)”LP(T")
< limsupe™||[N(Q1Gyp, e, - - -, QunGp,, o) Lr(Tm)

e—0

< Clim sup 8n/p1 ”QIGPME ||Lp1 e En/pm ”QmGpme ”me gn/p’

e—0

S Cll@ullzer -+ 1@mllLom -

This proves that the operator M? is bounded for trigonometric polynomials.

To extend the boundedness to general LP/ functions g;, we first recall that the
linear operator Sy, is well defined and bounded on LP' x --- x LP~ for any o € I'.
This implies that whenever trigonometric polynomials Q;; — g¢; in LP3(T™), we
have

S Q115+, Qma) = S, (91,5 9m)
in LP?. We can now can use the trivial estimate

|M0(91, e ,gm)(m) - MO(Ql,la .. '7Qm,l)(‘r)|

k
< 1Sb,, (Quis - Q) (@) = Sb, (g15- -, ) (@)]
i=1

and take the LP norm to obtain the required estimate for general functions g; € LP7.
O

We make a couple of remarks. It is possible to define the multilinear multiplier
even in the case when some p; = co. The multiplier then, of course, extends only
to the closure of the set C§° in L*°. It is possible to prove the above transference
result in this setting, using an arbitrary cutoff function in place of G ,,. When
p > 1, the proof can be trivially extended to regulated maximal multipliers, where
by is regulated, if b, (x) = limy, ¢, * b, for any point z € Z"™ for some aproximate
identity ¢,. Key to this is the following lemma, which has been proved for bilinear
multipliers in [1].

Lemma 3. Assume the hypotheses of Theorem 2 and also that p > 1. Let ® be in
LY(R™™). Then for any by = by, * ®,... ,bx = by, * ® we have

| sup [To.(q1,- -5 @) (@) | Lrn) < Cl P L1 (RR)

1-ees0k
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for Schwartz functions q1,...,qm, where C' is the constant in Theorem 2.

Proof. To prove this result, we need to use the linearization introduced in [11].
Clearly, if we write

| sup Ty, (q1,-- - qm)(@)] || Lr(&n)

bi,y...y by

= H||(Tb1 (Q1; .. 'an)v ce. 7Tbk (qh e aQTI’L))”l;O Lo (Rm) 5

we can express the second norm as the supremum over all Schwartz functions
b, by with || 325 |hilll Lo (gny < 1 of the expression

‘/ ZTbi(qlv~~’vqm)(x)mdx

By Parseval’s identity, this is equal to
/ S b€ )T (1) G () (S &)A€ -+ by

The claim then follows by expressing b; as b,, * ®, applying Fubini’s theorem, and
applying the assumption that the maximal operator NV is bounded on products of
Schwartz functions. O

To obtain maximal trasference in the oposite direction, one has to impose some
aditional condition on the set of the multipliers. For example, a standard condition
is that the set of multipliers {b, }, contains all dilations of its elements.
Theorem 4. Let 1 < py,...,pm < 00, 0 < p < 0o, where p%+p%+...+;l%m = %,
and let by, € L= ((R™)™), where a € T'. Assume for every b, and R > 0 we have a
B €T such that b, = DRbg. Let any b, has a Lebesque point at every k € (Z™)™
and let us assume that it is Riemann integrable over any rectangle.

Suppose that for all functions g; € LP3(T™) we have:

1M (g1, gm)llLecry < Cllgillzes (ony -« - [|gmll Lom (Tn)-
Then for all f; € LPi(R™) we have:

INCfis oo fm)llee@ny < Cllfillzer @y - | fm |l Lom (me)

Proof. Again, in wiev of the Lemma 1 it is enough to prove the boundedness of the
operators N°. Moreover, a limiting argument similar to that in Theorem 2 shows
that it is enough to work with smooth compactly supported functions ax. One can
check that for any Riemann integrable bounded function b we have

lim DR 'S 1, (DRay, ..., DRay)(x) = Ty(ar, . .., am)(2),

R—o0

where the right hand side (which is well defined for large R) is a Riemann sum. For
the maximal operators this implies

N(as,..., am)(@) < lim inf DR M(D"®ay, ..., DRa,,)(z)

and the claim follows. O
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3. TOOLS TO STUDY CONVERGENCE

Before we turn to applications of transference of maximal multipliers to conver-
gence of m-linear Fourier series, we discuss a couple of useful results in the study
of convergence. We begin with a general theorem that formulates an equivalent
condition for the LP convergence of multilinear multiplier operators on the torus.

Theorem 5. Fiz 0 < p < oo and Z;":l 1/p; =1/p, 1 < p; < co. Suppose that for
each R > 0 there is a compactly supported sequence bg € 1°°((Z™)™) and a sequence
b e 1°(Z™)™) such that for any k € (Z™)™ we have br(k) — b(k) as R — oo.
Then the sequence Sy, (g1, - -, gm) converges in LP(T™) for any g; € LPi(T") if and
only if there exists a constant K < oo such that

(6) sup [[b&lr,, by g < K-
R>0

Moreover, if (6) holds for some K < oo, we must have

||b||MP11P2 Pm P S K

,,,,,

and Sy (9153 9m) — Sp(91,- -+, gm) in LP(T™) for all g; € LPi(T™). (Here S
denotes the unique bounded extension of the same operator.)

Proof. We deduce (6) by a repeated application of the uniform boundedness the-
orem. Each operator Sy, corresponds to a compactly supported multiplier and is
therefore bounded. From the convergence we see that for each {g;}; we have a
constant Cy, .y, such that

1565 (91, -+ gm)llze < Cg,y,

for any choice of R. Now we fix go,..., ¢, and apply the uniform boundedness
theorem on the family of linear operators Sy, (-, g2,...,gm), indexed by R. This
gives us a constant Cy, .. 4.,

||SbR('7g27 s agm)HL“ —rr < 0927"~;g'rn'

In other words, we obtained a family of operators Sy, (g1/|g1]/Lr1 5" - - - s Gm ) indexed
by R and g;. We use the uniform boundedness in the second variable and proceed
by induction. This way we deduce the existence of a constant K < oo such that

|Lp§K.

1S6r (g1/Ng1llors - g/l gmll Lom)
Let us now assume (6). Then clearly for any choice of trigonometric polynomials
{Q;};, Fatou’s lemma gives
196(@1, - Qu)l[Le < Hminf [[Sp Q- -, @)l < Kl|Qullzes - Qi Lo

which means that S extends to a bounded operator on LP! X --- x LP™ with norm
bounded by K.

Fix now g; € LPi(T") for each 1 < j < m. For any ¢ > 0 we may take
trigonometric polynomials {Q;} such that

1Q; — gjllri <e.

The Fourier transform of a trigonometric polynomial is compactly supported, which
means

HSb(le .. 7Qm) - SbR(Ql, cee 7Qm)||LP — 0.
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We can pick Rj such that the above quantity is less than € for R > Ry and then
write
||Sb(gl7 v agm)_SbR (917 v 79771)”[117
<Cp(l[Sba(g1s-- 1 9m) = Spr(Q1y- -, Qm)llLr
+ [190R(Q1, -, Qm) — Sp(Q1, - -+, Q)| e

+ ||Sb(Q1> cee 7Qm) - Sb(gl7 cee ,gm)HLP)-

The middle term on the right is controlled by e, while the remaining two can be
estimated using multilinearity by the usual transformation

Sp(Q1s- -, Qm) = Sp(91, -+, 9m) =5S(Q1,...,Qm — gm)
+ Sb(le---an—l - gm—lagm)
+ = S(g1 — Q1. 9m)-

These terms all have LP norm estimated by some constant multiple of Ke. The
same works for Sp,. The result follows by triangle inequality (or quasi-triangle
inequality when p < 1). O

Next we obtain a result allowing us to derive almost everywhere convergence for
multilinear operators from the boundedness of a corresponding maximal operator.
Let (X, 1), 1 <j <m, (Y,v) be measure spaces and let 0 < p; < 00, 0 < ¢ < 0.
Suppose that D is a dense subspace of LPi (X, u) for all j. Suppose that for every
e > 0, T. is an m-linear operator defined on LP* (X1, 1) X -+ X LPm (X, fy,) with
values in the set of measurable functions on Y. Define a sublinear operator

(7) T*(fh"':fm):Sl>110)|T6(fla-~-afm)|'
Then we have the following result.

Theorem 6. Suppose that for some B > 0 and all f; € LPi (X, u;) we have

(8) IT(frs oo fmdlaee < Bl fillzos - || finl[£om
and that for all h; € D
(9) lir%Ts(hla~~7hm):T(hh”'vhm)

exists and is finite v-a.e. and defines a multilinear operator on D™. Then for
all f; € LP(X, p;) the limit (9) exists and is finite v-a.e. and defines a bounded
multilinear operator T from LP'(Xy) X --- x LP(X,,) to LL°(Y) that uniquely
extends T defined on D™.

Proof. Given a tuple (f1,..., fm) in LPt X --- x LPm we define its oscillation at the
point y € Y as
O(f1,- s fm)(y) = limsuplimsg)lp IT-(f1y ooy f) W) — To(f1s ooy frn) ()]

e—0 60—

We will show that for all (f1,..., fm) in LP?* X --- x LPm and § > 0, we have

(10) v({y €Y1 O(f1,.-., fm)(y) > 6}) = 0.

Once (10) is established, given (f1,...,fm) in LP* x .-+ x LPm we obtain that
O(f1,---, fm)(y) = 0 for v-almost all y € Y, which implies that T.(f1,..., fm)(y)
is Cauchy for v-almost all y and it therefore converges v-a.e. to some multilinear
operator T'(f1,..., fm)(y) as € — 0 that extends T defined on D™.
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To approximate O(f1,..., fm) we use density. Given 0 < n < 1, find g; € D
such that ||f; — g;jllr»s < n. It is easy to see that for some constant C' we have

(11) O(fla7fm)§0(gla7gm)+CZO(¢1aa¢m) v-a.e.,

where ¢; is either f; or f; — g; and the sum is taken over all finitely many possible
combinations of expressions of this sort in which at least one ¢y is fr — gr. Since
T(q1,---,9m) — T(g1,...,9m) v-a.e, it follows that O(g1,...,gm) = 0 v-a.e. We

can therefore pointwise control the oscillation O(f1, ..., f,n) by a sum of oscillations
of tuples of functions in which at least one entry has small norm.
Now for any § > 0 and any tuple (¢1,...,¢m) as above we have
v({O(@1,...,0m) >0}) < v({O(¢1,...,0m) > 6})
< @2Bli1llzrer ---llpmllLom /8)*
< C(f1s--os fm) (2B/0)T 07,

where C(f1,..., fm) is a constant depending on the functions f;. Letting n — 0
and using (11), we deduce (10). We conclude that T.(f1,..., fim) is a Cauchy se-
quence and hence it converges v-a.e. to some T'(f1,..., fm). Since |[T(f1,..., fm)] <
|Tw(f1s- -, fm)], it follows that T is a bounded operator (with norm at most B.) O

4. MULTILINEAR FOURIER SERIES

We now discuss applications of the preceding results. We consider an open
connected set £ C R™" which contains the point 0 in its interior. Define the
m-linear Fourier partial sum

Pg(gl,...,gm)(x) = Z E(kl)-..Em(km)e%i(kﬁ”'*km)'m
(k1 kom ) ER-(ENZM™)

which naturally converges to g1(x) ... gm(z) whenever g1, g, . . . g, are smooth func-
tions on T™. The summation here is taken over all lattice points inside the R-fold
dilate of the set E and the convergence is understood as R — oo. We will use trans-
ference to study the LP and almost everywhere convergence of this series whenever
the g; lie in some Lebesgue spaces. In view of Theorem 5, the LP convergence of P
is a consequence of the uniform boundedness of the family of multilinear operators
{Pg tr>0. Transferring these operators to R™, reduces matters to showing that
xg lies in My, ., (R"™) (for the LP convergence problem) and that the maxi-
mal operator supysg|Tyy.z| is bounded (for the almost everywhere convergence
problem). Here N - E is an N-fold dilate of F and T is defined in (3).

We consider the case in which the set F is a polygon in R? with finitely many
sides. We prove an easy geometric lemma, which allows us to write this polygon as
a difference of finite unions of triangles.

Lemma 7. Let D C R? be a closed polygon with finitely many sides. Then we can
find two finite sets Ty, 7o of closed triangles each of which has two sides parallel to

azes, such that
TeT TeT>
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Proof. Clearly, we can divide any polygon into finitely many triangles. Consider
such a triangle and denote it T. If T' does not have any sides parallel to the first
coordinate axis, the orthogonal projection of its vertices on the second axis consists
of three distinct points and the straight line parallel to the first coordinate axis
passing though the middle of these three points splits T" into two triangles 7" and
T" which have one side parallel to the first coordinate axis.

Let T” have vertices A, B, C, where the line AB is parallel to the first coordinate
axis. If no remaining side of T" is parallel to the second coordinate axis, let X be
the point of intersection of the line passing through A and B and of the line passing
through the point C and parallel to the second coordinate axis. The triangles AXC
and BXC have two sides parallel to the coordinates, and we have

Xapce = Xaxce T Xpxo or
Xape = Xaxe ~ Xpxe or
Xape = Xaxe T Xpxe a.e.

So this procedure splits T to at most four triangles, which we place in 77 or 75
according to the sign they inherit by the previous identities. O

We now discuss the problem of the convergence of bilinear Fourier series summed
over lattice points inside dilates of polygons in R2. Let us fix such a polygon D.
Apply Lemma 7 to obtain sets of triangles indexed by the sets 7; and 75. It follows
from the work of Lacey and Thiele [12], [13] that the characteristic function of any

triangle in R? with no side parallel to the antidiagonal y = —z lies in My, p, »(R)
where 2/3 < p < 00, 1 < p1,p2 < oo and 1/py + 1/p2 = 1/p. (If the triangle has
a side parallel to the antidiagonal y = —x, then the same conclusion is valid with

the additional restriction that p > 1.)

Using Lemma 7 we conclude that the characteristic function of a polygon D in
R? with no side parallel to the antidiagonal y = —z is a bounded bilinear multiplier
in Mp, p,p(R) where 2/3 < p < 00, 1 < p1,ps < o0 and 1/p1 + 1/p2 = 1/p.
Moreover, part (c¢) of Proposition 1 says that any dilate of D is also a bounded
bilinear multiplier (with the same norm). We can now take a suitable increasing
sequence or R, such that D dilated by R,, contains no lattice point in its boundary
and such that there is exactly one R!, between R, and R,; such that the dilate
of D by the amount R, has a lattice point in its boundary. We can also arrange so
that the dilate of D by R; contains only the zero lattice point. This choice of our
sequence ensures that for any R > 0 there is an n such that Pg = Pfgﬂ. Thus the
characteristic function of any dilate of D has a Lebesgue point at every lattice point
and we can apply both the transference theorem in [6] and Theorem 5 to obtain the
boundedness of each of the operators P]?n. We conclude that Pg (91,92) — q192 in
LP(T) for any g1 € LP*(T) and go € LP2(T) where 2/3 < p < 00, 1 < p1,p2 < 0.
Precisely we have the following.

Theorem 8. Let2/3 < p < o0, 1 < p1,pa <00, 1/p1+1/pa =1/p and D C R? be
a polygon that contains 0 in its interior and has no side parallel to the antidiagonal
y = —x. Then for g1 € LP*(T) and go € LP*(T) we have

PR(g1,92) — g192  in LP(T)

as R — oo.
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Using a similar argument we can also obtain a theorem in which the summation
is taken over lattice points in a dilate of a disc.

Theorem 9. Let 1 < p <2, 2 < p1,p2 <00, 1/p1+1/ps = 1/p and let U be the
unit disc in R%. Then for g1 € LP1(T) and go € LP*(T) we have

PH(g1,92) = g192  in LP(T)
as R — oo.

Theorem 9 easily follows by applying the previous reasoning to the characteristic
function of a disc in R? and using the fact that this function is an M, ,, ,, bilinear
multiplier on R x R. For the last result we refer to [8].

We now pass to an application of the maximal transference Theorem 2. Let E
be a polyhedron in R containing the origin. One would like to known whether the
expressions Pg (91,--,9m) converge almost everywhere to the product ¢; ... ¢gm, as
R — oo whenever g; € LPi(T). The previous analysis reduces this problem to the
LPr x --- x LPm — [P boundedness of the maximal operator defined on R x --- x R

TP (fro. o ) (@) = sup / /ﬁ(fn...ﬁn<5m>e2’f”<&+'"+fm>dgl...dsm‘

N>0
(%5 )eE

which is a variant of a multilinear Carleson type operator. In the forthcoming
publication, Muscalu, Thiele, and Tao (see [16] for the Walsh case) show that the
following so-called bi-Carleson operator

C.(f1, fo)(@) = sup / / (e Fale) i@t de dey

N>0
§1<€2<N
maps LP*(R) x LP2(R) into LP(R) for all 1 < p1,ps < oo with 2/3 < p < o0

whenever 1/p; + 1/ps = 1/p. Let us introduce a bilinear multiplier operator S, on
T x T by setting

S(g1,92)(x) = Z gi(nl)g\z(n2)62ﬂ'ir(nl+n2)

ni<ngz

for all g;, g2 smooth functions on T. The operator Sp is a version of a discrete
bilinear Hilbert transform and admits a bounded extension (also denoted by Sp)
from LP*(T) x LP2(T) to LP(T) via bilinear transference; see Fan and Sato [6] when
1<p1,p2 <00,2/3<p<oo,and 1/p; +1/ps =1/p.

Using the aforementioned result concerning the bi-Carleson operator, Theorem
2, and Theorem 6 we deduce the following:

Theorem 10. Let 1 < p1,p2 < 00 with 2/3 < p < oo whenever 1/p1+1/p2 = 1/p.
Then for g; € LP3(T) we have

S G()Ga(ng)ePTED) 5y (g1 g) ()
ni<nz<R

as R — oo for almost all x in T.

For our next application, we let again D be a polygon in R? containing 0 in
its interior with no side parallel to the antidiagonal y = —x. We are interested in
showing that the operators P£ (g1, g2) converge a.e. to the product g;g» whenever
g1 and go are LPi functions on the circle.
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We can reduce the boundedness of the operator T2 to that of C, in the following
way. We first write D as a union of at most four polygons each contained in one of
the four quadrants and without loss of generality we may work with the part of D
in the first quadrant. Using Lemma 7 we can break D as a difference of two finite
unions of triangles with two sides parallel to the axes. Applying translations in
Fourier space (modulations in time space), we may assume that all of the triangles
that appear in the decomposition have an acute angle at the origin. This way we
can pointwise control T2 by a finite sum of operators of the form (for some ¢ > 0)

C«(f1, f2)(w) = sup

N>0

// FL(€0) Fa(&2)e?™ @172 g, gy .

0<€1<c&2<N

Using the boundedness of this version of the bi-Carleson operator, Theorem 2, and
Theorem 6 we obtain the following:

Theorem 11. Let D be a polygon in R? with no side parallel to the antidiagonal
y = —x that contains 0 in its interior. Let 1 < p1,pa < 0o with 2/3 < p < o0
whenever 1/p1 +1/ps = 1/p. Then for g; € LPi(T) we have

PE(g1,92) — 9192

almost everywhere on' T as R — oo. If D has a side parallel to the the antidiagonal
y = —x, then the same conclusion is valid whenever p > 1.

The preceding result may be viewed as a bilinear analogue of the Carleson-Hunt
theorem [3], [10] on the almost everywhere convergence of Fourier series of L
functions on the circle (with respect to polygonal summation).

Another analogue of the Carleson-Hunt theorem can be obtained using recent
results by Li and Muscalu [14] who showed that the maximal operator obtained by
considering the supremum of all the shifts of a Coifman-Meyer multiplier o on R™
is LP(R) bounded. (Taking o(§) = Xx(0,00) When m = 1 yields the Carleson-Hunt
theorem). The Coifman-Meyer symbols are those satisfying

1091 - 9% g (€1, .. Em)| < Coyooy (|61 - + |5m|)—(|a1|+~-+|am|)

for all sufficiently large multiindices a4, ..., a,,. The associated maximal operator
is defined as the supremum of the operators |T,_| over all z € (R™)™, where o, =
o(- + z). The result of [14] then says that this maximal operator is bounded from
LPr(R) x --- x LP»(R) to LP(R) for any p; satisfying (2) with 1/m < p < occ.
Combining this theorem with Theorem 6 and Theorem 2 yields the following result:

Theorem 12. Let o be a Coifman-Meyer multilinear multiplier on R™ which is
continuous at zero and let 1 < p; < 0o, 1/m < p < 0o be such that (2) holds. Then

lii%Ta'(-+z)(f17 B fm) = To’(fh CER ] fm)
almost everywhere and
l% So(-Jrz)(gla cee 7gm) = 50(91, cee agm)

almost everywhere for any f; € LPi(R™) and g; € LPs(T").
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