WEIGHTED NORM INEQUALITIES FOR MAXIMALLY MODULATED
SINGULAR INTEGRAL OPERATORS
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ABSTRACT. We present a framework that yields a variety of weighted and vector-valued
estimates for maximally modulated Calderén-Zygmund singular (and maximal singular)
integrals from a single a priori weak type unweighted estimate for the maximal modulations
of such operators. We discuss two approaches, one based on the good-A method of Coifman
and Fefferman [CF] and an alternative method employing the sharp maximal operator.
As an application we obtain new weighted and vector-valued inequalities for the Carleson
operator and also for a related maximally modulated operator with quadratic phase studied
by M. Lacey. We obtain that these operators are controlled by a natural maximal function
associated with the Orlicz space L(log L)(logloglog L). This control is in the sense of a
good-\ inequality and yields strong and weak type estimates as well as vector-valued and
weighted estimates for the operators in question.

1. INTRODUCTION AND MAIN RESULTS

In this article we will be concerned with estimates for maximally modulated Calderén-
Zygmund singular integrals on R™. A Calderén-Zygmund operator is a linear operator T
which is bounded from L?(R") into itself such that for f € LS°(R"™) (essentially bounded
functions with compact support), we have

Tf(x)= . K(z,y) f(y)dy, a.e. © € R" \ supp f.

The kernel K : R" x R"\ {(z,z) : = € R"} — C is assumed to satisfy the following
standard conditions

co
and
y_y/’l'
K (z,y) — K(z,y")| + |K(y,2) = K(y,2)| < co ’l_y’nLT |z —yl > 2]y -9,

for some cg, 7 > 0. Associated with T there is a truncated operator 1. and a maximal
singular operator T, defined as follows:

L@ = [ K@y TS = s TA@)

e>0
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Suppose that we are given a family ® = {¢q}aca of measurable real-valued functions
indexed by an arbitrary set .A. Then we can define maximally modulated versions of T" and
T, associated with ®. First we define the modulation operator

M¢af($) — 627ri¢a(x) f(x)
and the “Carleson”-type maximal modulated singular integral of T with respect to ®:

T%f(x) = sup | T(MP f)()].

This definition is motivated by the Carleson operator in which T is the Hilbert transform
and the family ® consists of the linear functions ¢,(y) = ay with a € R. We also define
the (maximally) modulated maximal singular integral associated with 7" and ® via

T2 () = sup sup (1. (MO ) (o) =supsup | [ K(awg) 700 fy) dy.
e>0 acA e>0 ac Al J|z—y|>e

The purpose of this article is to present a framework that yields weighted and vector-
valued estimates for T® and T® from a single a priori weak type estimate for T®. Our
main approach is based on the good-A method of Coifman and Fefferman [CF| although
we discuss an alternative approach using the sharp maximal operator. We note that in the
special case where T is the Hilbert transform and T® is the Carleson operator, boundedness
on LP(w) for w in A, was obtained by Hunt and Young [HY]. Below we sharpen and extend
such weighted estimates to more general maximally modulated operators.

1
We denote by M the Hardy-Littlewood maximal operator and by M, f = M (| f |T) " where

0 < r < 00. A non-negative locally integrable function w is said to be in A,, 1 < p < oo, if
there exists some constant C' such that for every cube @ (with sides parallel to the coordinate

axes) we have
<L612| /Qw(x)dx> <Kl2| /Qw(x)l_p/ dx)pil <C.

Letting p — 1 we analogously define the A; class

(’é‘ /Qw(:c)dx) lw | gm0 < C-

The smallest constant C for which the condition A,, 1 < p < oo, holds is called the
Ay characteristic constant of w. We also recall that Asx = (J,5; 4p. These classes were
introduced by Muckenhoupt in [M] to characterize the boundedness of the Hardy-Littlewood
maximal functions on weighted Lebesgue spaces LP(w) = LP(w dx). The reader is referred
to [GR] for a comprehensive account of these topics.

We have the following theorem.

Theorem 1.1. Let T be a Calderon-Zygmund operator and let ® a family of measurable
real-valued functions. Assume that T® maps L"(R™) into L™(R") for some 1 < r < oo
with norm ||T(I)||LT4,LT,00. Then, for any w € Ay there exist positive constants Cy, g, that
depend only on w, and o that depends on T,co,r, and |T®||pr_preo, such that for all f in

U LP(R™), for all 0 <y < 9, and for all A > 0 we have
1<p<oo

(1) w{TPf >3\ M.f <y} < Coy"®w{TPf>A}.
Using (1) and standard techniques we deduce the following weighted estimates.
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Corollary 1.2. Let T and ® be as before. Assume that T® maps L"(R™) into L™ (R™).
Then for every w € Ay and 0 < p < 0o there is a constant C that depends on p,w,n,cy, T,
and ||T®||Lr_ o such that the estimates below hold

(2) IT®fllowy < ClIMefllLo),
(3) IT® fllprec) < CIMyfllpooe ),
(4) T2 fllrwy < ClIMefllzow),
(5) T2 fllpcwy < ClIMeflloeo ),

with the understanding that these estimates hold for all functions f for which the left hand
sides of the displayed inequalities are finite. Consequently, it follows that T® and T map
LP(w) into LP(w) for all p > r whenever w € A, /.. Moreover, T® and T map L"(v) into
L™ (v) for allv € A;.

There is a way to obtain Corollary 1.2 bypassing the good-)\ inequality of Theorem 1.1.
Namely, using the sharp maximal function M#, one can show that

(6) M#(T?f)(x) < C M, f(z)

which implies all the previous estimates of Corollary 1.2. For the sake of completeness, we
will discuss this alternative approach as well. The latter idea has been utilized by [RRT]
in the study of Carleson-Sjolin operators; the terminology refers to maximally modulated
operators in which the family ® consists of the functions ¢,(y) = a - y, where a € R™.

We would like to point out that Corollary 1.2 is weaker than the good-A inequality con-
tained in Theorem 1.1. Nevertheless, some recent results obtained in [CMP], [CGMP] show
that from the single estimate

(7) IT® fll o) < Cop(w) [Myfllzo), — forall 0 <p < oo, w € A,

one can extrapolate and obtain all the conclusions of Corollary 1.2 in the scale of Lorentz,
Orlicz spaces, and other rearrangement invariant function spaces. However, here we prefer to
deduce these estimates as a corollary of the powerful good-A inequality of Theorem 1.1. This
inequality provides a precise pointwise estimate for the level sets of a maximally modulated
singular integrals and it therefore subsumes all possible norm estimates; more importantly,
it is of intrinsic interest and yields structural information about such operators.

One advantage of the extrapolation results in [CMP] is that ¢?-valued estimates follow
from (7) without use of Banach-space theory for Calder6n-Zygmund operators, as in [RRT].
Thus, from (2), (4), and [CMP] we obtain the following:

Corollary 1.3. Let T and ® be as before. Assume that T® maps L"(R™) into L™>°(R").
Then for every w € As and 0 < p,q < oo there is a constant C such that

H(?ﬂmq);

1

oo < C(Z00577)°

J

LP(w)

and
1

Lo ) <C H (Z(Mrfj)q) !

J

)

Lp:>°(w)

(S sy’
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for all sequences of functions f; for which the left hand sides are finite. Consequently, for
every q >,

[(Siresie)
H(; 15[,y <€ H@ 1)

for all sequences of functions f; in LP(w) (or L"(w) if w € Ay). Moreover, all the above
estimates also hold for T® in place of T®.

, forallp>r, we Ay

1
o <l

and

A
Lr(w) for allw e Ay

We note that the two last estimates in Corollary 1.3 could also be obtained as a conse-
quence of the Banach space approach developed in [RRT] suitably adapted to our framework.

Our next goal in this article is to improve the previously known results when estimates
near L' are known. Let us explain the motivation for this problem.

We have seen in Theorem 1.1 and Corollaries 1.2, 1.3 that a maximally modulated singular
integral operator T® mapping L"(R") into L"*(R") is controlled by the maximal operator
M,. From the proof of the good-A inequality, or from the approach based on the sharp
maximal function, we see that M, was chosen because T'® satisfies a weak type estimate
in L". In general, one would like to replace M, by a better maximal operator as close
as possible to the Hardy-Littlewood maximal operator (which does not control maximally
modulated singular integrals.) This would require to study the boundedness of T® near L.

Let us consider the Carleson operator, that is the operator

2mia
Cf(x) = sup |p.v. /R ¢ yf(y)dy‘

a€R r—Yy

acting on functions on the real line. Using the notation previously introduced, ¢ = HY1()
where H is the Hilbert transform and W;(1) is the family of one-variable real polynomials
of degree at most 1. It is well known that C is bounded on LP(R) for all 1 < p < oo.
Then, we know that C can be controlled by M, where p can be taken arbitrarily close to
1. But p cannot be taken equal to 1 as C is known not to be of weak type (1,1). But
there is big gap between M and M, p > 1; all maximal operators associated with Orlicz
spaces between L! and LP, such as L(log L) or L(log L)(loglog...log L), could serve the
purpose of controlling C and other maximally modulated singular integrals in the good-A
sense previously described.

For C some estimates near L', better than L?, are known. Let us write S* for the discrete
analog of C on the torus, that is, for the supremum of the partial sums of a Fourier series
in the torus. In [Sj] it was proven that S* maps L(log L)(loglog L) into L*°. There is a
general extrapolation result (in the spirit of Yano) which says that a sublinear operator that
satisfies a restricted weak LP estimate with constant (p—1)"" as p — 17 is indeed bounded
from L(log L)™(loglog L) to LY (see [Sol], [So2]). Lately Antonov [An] sharpened the best
known result known for S* showing that C maps the Orlicz space L(log L)(logloglog L) to
L1 (see also [Ar]). Recently [SS] have provided a general extrapolation principle that works
for several maximal operators which, in particular, gives another proof of the aforementioned
result of Antonov concerning S* and also yields some positive results for the Walsh-Fourier
series and for the halo conjecture.

In this work we exploit these kind of ideas to obtain a better maximal operator controlling
C. We are going to get a general result for 7% only assuming an appropriate growth in the
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constant of the restricted weak LP estimate of such an operator. We will see in particular,
that the operator M og 1)(10gloglog 1) controls C and also a similar maximally modulated
singular integral with quadratic phase (see Section 2 below). Observe that this operator
is pointwise smaller than all the M,, p > 1, hence our estimates are better than those
previously known.

Next we introduce some notation about Orlicz spaces. For a complete development of
this topic the reader is referred to [RR], [BS]. Let T : [0,00) — [0, 00) be a Young function,
that is, a continuous, convex, increasing function with Y(0) = 0 and such that YT (t) — oo
as t — oo. By definition, the Orlicz space Ly consists of all measurable functions f such

that
/ T (W;)U dx < o0, for some A > 0.

The space Ly is a Banach function space if it is endowed with the Luxemburg norm

I = W7l =t {05 [ ¢ () o <),

For example, if Y(¢) =P for 1 < p < oo, then Ly = LP. Another classical example is given
by Y(t) =t (1 +log™ t), properly speaking, Y(t) is the convex majorant of ¢ (1 +log™ ¢). In
this case Ly is the Zygmund space Llog L. Let us define the following localized version of
the Orlicz norm: for every @,

1 fllr. :inf{)\>o;ml)’ /QT (\f(;?)!) do < 1}.

Note that || f||v,o = ||f||LT(Q,%)‘ We also define the maximal operator associated to this
space as:

My f(x) = sup || fl|r,q-
Q>

For example, if Y(t) = t* we have M~ f(x) = Myf(x) since for every cube | f|/r,q is the
LP-average of f over Q.
We need to introduce a little bit more of notation: for any cube Q C R™ we consider the

probability measure dug(z) = X%? dz and we define the localized operator

Tgf(w) = Tq)(f XQ)(QU) XQ(@-
Let us also set ¢, (t) =t (1 +log™ 1)™.

Now, we state the main result of this article. We only work with convolution type oper-
ators but analogous results could be obtained for general nonconvolution linear operators.

Theorem 1.4. Let T be a convolution Calderdn-Zygmund operator and ® = {¢a}aca be
a family of twice differentiable real-valued functions such that for each o € A and for each
cube Q we have

[$allze(@) + IVéalle(q) + 1D*¢allL=(q) < C(Q,a) < .

Assume that either A is countable or that there exists a countable subset Ay C A such that
for almost all x € R™ we have

T®f(z) = ilelg\T(M%f)(fC)! = sup |T(M% f)(z)].

acAy
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Suppose that for some C >0, m > 0 and for all 1 < p < 2 and measurable sets A of finite
measure, T® satisfies the following restricted weak type estimate

1
1 C \" AP
® o o0 > A < (555) 55
Let Yo (t) = t (1 +1og™ )™ (1 4 logt logT log™ t). Then for all 0 < p < 0o, w € As, and
all functions f for which the left hand side below is finite we have the estimate
9) IT® fll 2o (w) < C | Mo, fll 1o ()-

Moreover, all the estimates (1), (3), (4), (5) and the vector-valued inequalities contained in
Corollary 1.3 hold for M~,, in place of M,.
Furthermore, (8) can be replaced by the weaker condition

(10)  pofe: TEO)@) > A} = nofr € Q: T (X)) > A} < L (n(A)).

for any cube Q C R™ and for all measurable sets A C Q, where Cy is independent of Q).

The proof of this result is based on some sort of Yano’s extrapolation procedure inspired
by [SS]; see Theorem 5.3 in Section 5 (Subsection 5.2) for more details. This result will
provide the following estimate

TS fllLroc(@uug) < C NIt

which will be used to yield the corresponding good-A inequality. For the approach based on
the sharp maximal function, the latter estimate will yield a substitute for (6):

M?(Tq’f)(x) < Cs Mr,, f(x), whenever 0 < 4§ <1,
where Mg%g(m) = M#(|g|5)(x)1/5.

Remark 1.5. Note that for t > 1 we have that ., (t) < t" for 1 < r < oo and therefore
| flltn.o < 2| fller@ which gives My, f(x) < M, f(x). Thus, Theorem 1.4 is an improve-
ment of previous theorems in which only a single L -estimate was assumed.

Remark 1.6. We show that (10) is weaker than (8) and thus it suffices to work with estimate
(10) in the proof of Theorem 1.4. To see this we first notice that (8) implies

1
1 1 Co \™ |A|»
o THOC@ > A = [ e Qs T 00w > A < ()"
which in terms of the probability measure g can be written as
b (G0 \" no(A)r
. ® P 0 HQ
(MQ{»”U-TQ(XA)(JU) >)‘}) < <p—1) b\
Taking in particular p =1+ (1 — log ,uQ(A))_1 we obtain
@ ) LGy m 1
palr: TEOD@ > A} < pole: TEOXD@) > A}r < 0 (p— 1) pg(4)»
cr 1 Cl'e
= L em(ua(A) ne(A)r ™ < == om(ug(4))

since /,LQ(A)%il <e. Therefore we have shown that (8) implies (10).
September 10, 2003.
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We organize the paper as follows. In Section 2 we present some applications of our
main results. In Section 3 we give a proof of the good-\ estimate in Theorem 1.1. Section 4
contains the alternative approach based on the sharp maximal function. Section 5 is devoted
to show Theorem 1.4 and the general extrapolation procedure that leads to it, whose proof
is given in Section 6.

2. APPLICATIONS

Before discussing the proofs of our results, we turn to some applications. Let us denote
by W;(k) the family of all one-variable real polynomials of degree at most & defined on R.
Using the notation introduced earlier, the Carleson operator C is H ¥1(1) where H is the
Hilbert transform. It is known that C is bounded on L"(R) for all 1 < r < co. Then we have

ICllzrw) < C 1M fll Lo (w)
forall 1 <r < oo,all 0 < p < oo and w € Ayx. We also have the corresponding good-A
estimate in Theorem 1.1, all the estimates in Corollary 1.2 and the vector-valued inequalities
in Corollary 1.3. The same estimates are valid for C, in place of C. As a consequence, for
1 < p,g < oo and for w € A, by taking 1 < r < min{p, ¢} sufficiently close to 1 so that
w € Ay, we easily obtain

Il <Clilow, (Sl
J

Lr(w)

Lp(w) =¢ H<Zj: ‘qu>é

The first of these estimates first appeared in [HY] and the second in [RRT].
It is a well known fact [H] that C satisfies the following restricted weak type (p,p) result
1
L p* \" 1Al
(11) H{z:C(x4)(x) > A}r <C —
p—1 A
for A > 0, 1 < p < 2. This means that we can apply Theorem 1.4 with m = 1. We then
obtain the following theorem that improves the results of [HY] and [RRT].

Theorem 2.1. Let C be the Carleson operator and Y(t) =t (1+log™ t) (1+log™ log™* log™ t).
Then, for all 0 < p < 0o and w € Ax we have

HCfHLP(w) <C HMTfHLp(w)’ H (Z |ij|q)‘11
J

)

LP(w)

o=l

and

1CF || e () < C 1Mot £l oo ) H (Z |ijq>;
J

LP:20 (w) =0 H(ZJ: ’MTfj‘q);

for all functions f or sequences of functions f; for which the left hand sides are finite. As
a consequence, writing M3 = M o M o M we get

ICfll Loy < CIIM? Fll 2o () H(waj’q);
j

LP>°(w)

Lr(w)

1
LP (w) =¢ H (; |M3fj|q> '
and also the corresponding LP>*°-estimates. Furthermore, all these estimates hold with C, in
place of C and the corresponding good-\ inequality is valid.
The inequalities with M3 are proved by observing that Y(t) < ¢ (1+log™ ¢)? and therefore
My f(z) < Mpog )2 f(z) = M? f(2).

September 10, 2003.



8 LOUKAS GRAFAKOS, JOSE MARIA MARTELL, AND FERNANDO SORIA

Remark 2.2. Note that in terms of the iterations of the Hardy-Littlewood maximal function,
M3 s, so far, the best known iteration that can be written on the right hand side. As
mentioned before, with M such result is not true. Getting M? would be equivalent, somehow,
to the fact that Fourier series of functions in L(log L) converge a.e., since M? = M og1)-
This remains an open question at the moment.

Remark 2.3. We can obtain a formulation of Theorem 1.4 in terms of iterations of the
Hardy-Littlewood mazimal function. Note that Y(t) <t (1 +logt t)™*! and, as before,

M’rmf(l') < ML(logL)m+1f(x) ~ Mm+2f(x)>

where M™%2 is the operator M iterated m + 2-times. Hence, as a consequence of Theorem
1.4, we also obtain the estimate

IT® fll oy < CIM™ 2 f|| Loy
and all the associated good-\ and vector-valued inequalities.

A recent theorem of Lacey [L] says that the maximally modulated singular integral

p.V./f<y)€2ﬂi(ay+by2) dy
R

H‘I“@)f(m) = sup pr—y

a,beR

is bounded on LP(R) for all 1 < p < co. One can extract from the proof in [L] that this
operator also satisfies the corresponding restricted weak type inequality (11). Therefore, we
have the following result concerning the operator HY1(2):

Theorem 2.4. Let Y(t) =t (1 + log™ t) (1 +1log™ logt log* t). Then, for all 0 < p,q < o
and all w € As we have

LY@ oy + 1P Fll oy < C 1M SNy,

and
() (50, < (S )

for all functions or sequences of functions for which the left hand sides are finite. All these
inequalities are also valid with LP*°(w) in place of LP(w) and the corresponding good-\
estimate (1) holds. (As before, we can replace My by M?3.)

As a consequence we obtain that for every 1 < p,q < oo and every weight w € A, we have

1 fll oy + ISP Flivy < ClE Lo
for all f in LP(w) and also

(St (S0 1)
7 J

for all ¢1-valued sequences {f;}; in LP(w).

LP(w)

Lr(w)

Lp(w) = CH(;UJ.\‘I)‘IZ

To prove Theorem 2.4 we just need to apply Theorem 1.4 with m = 1. The claimed
estimates can be easily obtained using the formulation in terms of M3, noting that M3
is bounded on LP(w) for w € A, and also satisfies the corresponding weighted vector-
inequalities (applying the known estimates for M three times).

September 10, 2003.
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Next we turn to higher dimensional analogues of Theorem 2.4. We suppose that {2 is an
odd integrable function on S™"~! and we introduce a singular integral operator Tq, by

tof@) =p. [ HA jo - y)ay

for f sufficiently smooth. We denote the family of real polynomials of n variables and degree
at most k by

U, (k) ={P(y): Ply) = > ey}

lvI<k
where ¢, are real coefficients indexed by multi-indices v = (y1,...,7v,) in R™. We consider

the maximally modulated operator T, Ynk) and we seek bounds for it. To study this operator
we introduce the directional maximally modulated singular integral operator associated with
U, (k) along the direction of a unit vector € as follows:

p.v./ flz— 7“9)62”“/’(5”’_’"0)ﬁ
R

Hy"®f(@) = sup g

PeW, (k)

where f: R” — R and © € R". A simple argument using a suitable orthogonal transforma-
tion reduces the LP(R™) boundedness of He ") to that of Hel"(k) where e; = (1,0,...,0).

For instance in the case k = 2, to obtain the boundedness of Heln(Q) we write ¥ (x—rej) =
Gzs.....zn (X1 —7) as a one-variable polynomial of degree at most 2 with coefficients depending
on x2,...,x,. Then we have

HH;Iin(z)pr / // H\Pl $2,-..,xn))(xl)pd:vld:rg...dxn

Rn—1
and the latter is controlled by a constant multiple of || f||7, by the boundedness of H¥1(2)
on LP(R), see [L], applied in the first variable.
We now employ the method of rotations to write

T () < ;/Snl Q6) HYP f() do.

v, (2)

We can therefore obtain the boundedness of T,
conclude the following result:

as a consequence of that for HY1(2), We

Theorem 2.5. Let Q) be an odd and integrable function on S"~ 1. Then for every 1 < p,q <
oo and every weight w € A, there is a constant C = C(p,q,w) such that

175" fllo gy + 1T P Fll oy < ClF o)
holds for all f in LP(w) and also

(S ) ], ., + (S )’

holds for all sequences { f;}; in LY, (w).

Lr(w)

1
<o|[(Xir)’
L) ij 1451
Finally we consider the operator defined by
U (k)

T, f(x)= sup
Yew, (k)

F) eI K (@ — y) dy]
Rn

September 10, 2003.



10 LOUKAS GRAFAKOS, JOSE MARIA MARTELL, AND FERNANDO SORIA

where /W) — g (y). In view of the trivial estimate

[y[™
fg"(k)f(.l“) < ngn(k)f(x)
(2)

we conclude that all weighted and vector-valued estimates that hold for Tg " are also valid

for Tvg ») At this point it is unclear to us whether boundedness for fg »®) holds when

k > 3 even in the unweighted case. However, it is worth mentioning a recent theorem of
Stein and Wainger [SWa] stating that if the family ¥,, (k) is replaced by the subfamily ¥,,(k)’
consisting of all polynomials in ¥,,(k) with no linear term, then the corresponding operator

T, 5 n0) g LP(R™) bounded for all 1 < p < oo. This result should be compared with our
observation that the operators TV;)II " are I? bounded (even on weighted spaces) with no
restriction on the linear terms. It is unclear at this point how to combine these two results
to obtain the boundedness of Tvg n(k) for all £ > 1.

Finally we note that Theorem 2.5 can be also extended to the case where ) is even
and of class Llog L(S™!). To achieve this we need to know that for such €, TS\)II " g
LP(R™) bounded for all 1 < p < co. This result requires explicit estimates from the proof of
Carleson’s theorem [C] and can be obtained by a modification of the proof given for linear
phases in Sjdlin [Sj].

Naturally Theorems 2.4 and 2.5 can be extended to polynomials of degree k provided an
a priori LP estimate is known to hold for HY1(*), This would allow us one to replace ¥, (k)’
by ¥, (k) in the theorem of Stein and Wainger [SWa|. But this seems to be a difficult task
and is rather elusive at present.

3. PROOF OF THE GOOD-\ INEQUALITY (1)

We fix fin |J LP(R") and consider the open set
1<p<oo

Q={T?f(z) >} =@,
J

where @; are the Whitney cubes. We define Q7 = 10 VvnQ; and Q" =100 \/ﬁQ;, where
a (@) denotes the cube with the same center as (Q whose sidelength is al(Q;); here I(Q;) is
the sidelength of @Q;. These Whitney cubes satisfy that the distance from @); to Q¢ is at
least 2¢/n1(Q;) and at most 4y/nl(Q;) and therefore Q7 must meet Q°. We so fix a point
y; € Q°NQ;. For each j we write

] o
f=h+ri= X+ Xigeo)e -
We now claim that it suffices to show that :

(12) ‘{a:er:Tf)f(x)>3)\, Mrf(x)gfy)\}‘gCn’yT‘Qﬂ.

Once the validity of (12) is established, we use standard properties of Ao, weights and there
exist g, C2 > 0 (that depend on [w]4,, and the dimension n) such that

w{z € Q; : TT f(x) > 3X\, My f(z) < yA} < C2 CL 7" w(Q;).

Then a simple summation on j gives the desired estimate.
Then we prove (12). We may assume that for each cube Q; there exists a z; € Q; such
that M, f(z;) <y A, otherwise there is nothing to prove. Then,

{z€Q; : TPf(x) >3\ My f(z) <y A} <)+ 1
September 10, 2003.




WEIGHTED INEQUALITIES FOR MAXIMALLY MODULATED SINGULAR INTEGRALS 11

where
Iy = [{zeQ: TPfix) > A\ Mpf(2) <yA},
I = [{eeqi: TP fl(x) > 2\ M, f(z) <y A}
To control the first term we need to observe that T also maps L"(R") into L™*°(R"). To
see that we use that T is a Calderén-Zygmund operator and thus it satisfies the Cotlar
estimate T,g(z) < C Mg(z) + C M(Tg)(z) and then
To(M® f)(x) < C MM f)(2) + C M(T(M® f))(z) < CM[(z) +C M(T? f)(=)

which yields T2 f(z) < C M f(z) + C M(T?®f)(z). Using the fact that M maps L">(R")
into L"°°(R™) and that T® is of weak type (r,r) it follows that T2 is bounded from L"(R"™)
to LM (R™).

Now we estimate I3 as follows:

. C , i
B o< Heer i@ >N < g [ IR@rascSE o [ e
J J
M, f(z)"
< oMIEG) g <oy

Next we are going to show that I2 = 0 if we take ~ sufficiently small and consequently
{z € QTP f(2) > 3\ My f(z) Sy A} < Iy + 1% < Cv[Qy,

which yields (12).
Take € > 0 and ¢, € ®. Then, for every x € (),

| To(MP fL) (@) = To(M® fL)(y;)| < L1 + Lo + L,

where

L= / K (2,9) — K ()] |2 () dy,
|y17
L= / ¢ (2, )] | £ (9)] dy,
lyj—y|<e<|z—y|

Lo~ | 15 )] ) dy.
lz—y|<e<|y;—yl

Since y ¢ Q7", x,2; € Q; and y; € Q] we have

3 ly—el 5 < <%0

47 ly—y;| — 4 41 7 [y—=z] ~ 39
We estimate L;. Note that |y — zj| > 49n¢(Q;). Besides, the smoothness of K leads to

x —y;i|" . 1
o< | co'g’ﬁwfgo<y>|dy<cz<@>7/
y—yl>e 1€ =Y

ly—z;|>d0me(@y) [y — 2"t

@< ly — 2] <40

|f(y)] dy
< CMf(z),

where for the last inequality one has to break up the integral into dyadic annuli and sum
up the geometric series. For Ly, note that |y — z;| < 2¢ and then

. C
Ly < /| O\ ()] dy <

n -n
yi—y|<e<|z—y| ‘iL‘ - y‘ € ly—zj|<2e

|f(y)|dy < C M f(z).
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Finally, for Lz we use that |z —y| > 3¢/4 and |y — z;| < 40¢/39. Thus,

C
L< [ Ll S [ iwldy < CMiG).
lz—y|<e<|y;—yl ’.’L’—y| 5 |y—le|S%€

Collecting the three estimates we therefore obtain

| Te(MP fL) (@) = Te(MP L) ()| < C M f(2;)

and consequently
(13) TP flo(w) < T f3(ys) + C M f(2)).

Now we want to replace the first term in the right hand side by T2 f(y;). We can do that
but we get some extra terms M f(z;). We claim that

(14) [T (M f1) ()| < T2 f(y;) + C M [f(2).

To show this estimate we first let R% be the smallest number and R{ be the largest num-

ber so that B(y;, R]) C QF* C B(y;,R3). If ¢ > Rj then Q%" C B(y;,¢) and hence

T.(M?e fgo)(yj) = T.(M® f)(y;). In this case (14) is trivial. On the other hand, if e < le,

then T, (M® f2)(y;) = T (./\/l% f2)(y;). So, it remains to consider the case R} < e < RJ.
1

We use that Q" C B(y;, R}) and hence Thi (M o f1V(y;) = Ty (M? f)(y;). One can
] 2 2
easily see that |y — y;| > % R} and thus

[To (M fL) ()] = ITe(M%fio)(yj)—T 1 (MO FL) (7) + Ty (M ) (3)]

I ()| dy + T2 f(y;
= /<yy y|<R}] \ﬂf—y\n Fealy)ldy + T 3)

g/’ O\ f(y)] dy + T2 f(y;)
R}<|yj—y|<R)} |z — y|

5/n
/ f(y)| dy + T2 fy;)
ly zj\<2R]

C
<
< CMf(z)+T2f(y)),

(R))"

where in the penultimate estimate above we have taken into account that

3 3
<2R’ —yl >y —yi| > ——R)
ly ly = yjl < 2Ry, e =yl = 71y —yil = 07

_ZJ|—394

Then we have proved (14) which together with (13) yield T2 f2,(z) < T2 f(y;) +Co M f(z;).
Recalling that y; ¢ 2 and that M, f(z;) < A~ we observe that

T2 fI(x) < A+ Co M, f(z) <A+ Cov A,
forevery x € Q;. f 0 <y <y = Co_l, then Tf)fgo(x) < 2\ and so
= [{z € Q;: T2 fi () > 2\, M, f(z) <y A} =0| =0,
as desired.
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4. AN ALTERNATIVE PROOF OF COROLLARY 1.2.

As we mentioned earlier, Corollary 1.3 can be obtained as a consequence of the good-\
inequality (1) using standard techniques. There is however an alternative approach based on
the sharp maximal function that leads to similar estimates. We discuss here this approach.

Proposition 4.1. If T® maps L"(R") into L">°(R"), then for every f € LX(R™), we have
M#(T?f)(@) < C M, f(x).

Proof. We fix x and some cube @) > z. We write xg for the center of Q. We split f as
follows

f(@) = fi(@) + fol@) = f(2) Xg-(2) + [(2) X (@) (2)-
where Q* =2/nQ. Set ag = Tq)fg(fEQ). Then,

el / 7% 0) — aaldy = g7 [ s [T0M% )0)] = s (700 o))l

< |Q| / sup [T(MP 1)(s) - T(M%ﬁ)(fﬁQ)‘dy

< — [ sup [TMPf) ()| dy+ — [ sup [T(M® fo)(y) — T(M® fo)(zq)| dy
|Q| QacA |Q‘ QacA
1 1

= — [ T2 dy + — T(M®e T(M®e dy =1+ 1I1.
,Q‘/Q R dy+ gy [ s [T o)) = TP o)) dy = 1+

For the first term we use the hypothesis on 7®:

I < Tq) 7,00 n r! n T n
= ‘Q| ” f1||L (R )H XQ ||L 1(Rn) ’Q‘ ||f1HL (R ‘Q|

_ r C M, f(z).
,Q*‘ Idy S M, f(x)

The estimate for 11 follows from the smoothness condition assumed on the kernel of T'. Let
y € Q and o € A. Then,

[TMP f2)5) = TM* 1) a0)| < [ 1K(0.2) = K(aq )] ()] d:
c M z)|dz < CY ; z)| dz
< [ e < cuQ) [ 7(2)

|z — xq|™tT l—agl>val@) 12— zqQ|"tT
< CMf(z) < M, f(z),

where the penultimate estimate follows by breaking up the integral in dyadic annuli. There-
fore, IT < C' M, f(z) and

1
= / 1T% f(y) — ag|dy < C M, f(z),
Q[ Jg
which leads to the desired estimate. O

Remark 4.2. We point out that the weak type (r,r) assumption on T® has been only used
in term I to control T® fi = T®(f XQ*) in the cube Q). Indeed, the same estimate remains

true if the assumption that T® maps L™(R™) into L™>°(R™) is replaced by a corresponding
local version

ITS fllzreo (@) < Collfllzr (@)
September 10, 2003.
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for all cubes Q@ C R™ with Cy independent of QQ, where Tg denotes the localized operator
given by Tgf(x) =T%(f XQ)(QS‘) xq(x). In this case we have that

I == <I) T * roo * 7n/1 n r %
‘Q,/ fily ‘Q| 178 Fllree o 11 Xo e ‘Q, O llrign Q)
< CM,f(x

We now deduce Corollary 1.2 from Proposition 4.1. We show that for all 0 < p < co and
w € Ay estimates (2) and (4) hold while we leave the proofs of (3) and (5) to the reader.
For these estimates to make sense we should assume that the left-hand sides are finite. As
we observed in the proof of the good-\ inequality we have

T2 f(z) < CMf(x) +CM(T®f) ().

Also, by the Lebesgue differentiation theorem we have T®f(z) < M(T®f)(z) for a.e x.
Therefore, it suffices to show that

(15) M(T® f)(z)P w(z)de < C M, f(z)P w(x) dz,
R” R"

for all 0 < p < 00, w € Ax and f € L°(R™). Let us fix f € L with supp f C B for
some ball B, 0 < p < oo and w € Ay. Without loss of generality we may assume that w is
bounded since otherwise we may replace it by wy = min{w, k} € A, whose characteristic
constant is uniformly bounded by the A, characteristic constant of w. In this way, wy
is bounded and if we get the desired estimate for w; with no dependence on k we can let
k — oo to obtain (15). We will see that this assumption is only used to assure that a certain
quantity is finite. We can also suppose that the right hand side of (15) is finite because
otherwise there is nothing to prove. Then, by Proposition 4.1 we have

M(T® f)(z)P w(zx)dz < C M#(T? f)(z)P w(z) de < C M, f(z)P w(x) dz,
whenever the left hand side is finite. Note that the first estimate arises from the well-known
Fefferman-Stein’s inequality

Mg(z)Pw(z)de < C M7 g(z)P w(z) dx
R R
for all 0 < p < 00, w € Ay, and whenever the left hand side is finite (see [FS]). Therefore,
we only have to show that the left hand side of (15) is finite. Recall that we have also
assumed that the right hand side is finite which implies
w(z)

(16) 00 > RnMrf(a:)pw(:c)dsz(f) /Rn(l—i—m)nrp

Note that if y € (2 B)¢ then T® f(y) < C(f)/(1 + |y))* = C(f) h(y) and then

I = [ ME* Xap)@P e de < C(f) [ Mba)p () ds
Rn R"

1+log™ |x|\P w(x)
<o [ (i) vwws<ew [ () =
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by (16). On the other hand,

11 M(T® f Xy 5) (@) w(z) dz < C T2 (w)d
= X wlx X — W\ X
(4B)e 2B = Jupe (14 z[)nP
< P @ prp w($)
< O1Xan W ooy T Wiy [, e
< C|BI7 |fIIFripn / &)ndx < 0.
B ey ] TR

Finally, since w is bounded, for ¢ > max{r/p, 1},

M= [ M X)) 0(@) do < [l o) BT 1M X )
Since ¢p > r > 1, then M is bounded on LP(R"™). Next, Proposition 4.1 implies that

IT%glBmo®n) < C |9/l Lo rr), g € L°(R™),

which by interpolation with 7% : L"(R") — L">°(R") gives that T® is bounded on L*(R™)
for all r < s < oo. In particular, since pg > r, T® is bounded on LP(R™), which eventually
yields

T < CHw”LOO Rn) ’B‘q HTCPfHLqp (Rn) <C ”wHLC’o R™) ‘B’q HfHLqp (R™) < 0.

Collecting these three estimates we conclude that

M(T® f)(z)P w(x)de < T+ 1T+ 111 < oo,
]Rn

as desired.

5. PROOF OF THEOREM 1.4

As mentioned in the introduction, Theorem 1.4 will be proved by using some Yano’s
extrapolation type result inspired by [SS]. Unfortunately the results in [SS] cannot be
applied to T® or its localized versions. We need to suitably adjust the ideas from the
articles [SS], [Sol] and [So2] to derive the desired inequality. The following theorem is quite
crucial in our work and its proof is postponed until later in this section (Subsection 5.2).

Theorem 5.1. Under the hypotheses of Theorem 1.4, for every cube Q) and every function
in Ly (Q) we have that

1T Fllproe(@uuo) < C A m @
where C' does not depend on Q).

To prove Theorem 1.4, we will first focus on the approach with the sharp maximal function.
Afterwards, we will sketch the proof of the good-\ approach.

We are now going to obtain the pointwise estimate for M;ﬁ(T ® f) when 0 < 6 < 1, where
M g(x) = M#(|g|°)(x)"/°.

Proposition 5.2. For every f € L2°(R"™) we have Mf(T‘I’f)(:r) < Cs M, f(z) whenever
0<d<1.
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The proof of this result is given below in Subsection 5.1.

We now deduce Theorem 1.4. We want to obtain (9) and the analog for T.F. Since T is
a Calderén-Zygmund operator we have the following Cotlar estimate

Teg(z) < C(6) (Mg(z) + Ms(Tg)(x)), 0<d<1.
We apply this estimate to g = M® f and take the supremum over a € A. This gives
(17) TP f(x) < C(6) (M[f(x) + Ms(T® f)(x)) < C(8)(Mr,, f(x) + Ms(T® f)(x)),

since t < Y(¢) for all ¢ > 0. In view of the Lebesgue differentiation theorem we have
T®f(z) < Ms(T®f)(x) a.e.. It therefore suffices to show that Ms(T®f) is controlled by
My, f (in norm). Then, if 0 <0 < 1,0 < p < oo and w € Ay, we use Proposition 5.2 to
obtain

MAT )P wie)de = [ MT ) @)f wia) do

Rn

< C / M*(IT f19) ()} w(z) d
Rn

= C . MF(T® f)(2)P w(z) dx

< ¢ [ My, f@)w()ds.
R

From this we eventually deduce the required estimates
IT® fll 2o (wy < C 1M, 1l o) IT2 1l Loy < CNIM,, £l o (w)-

Then by the extrapolation results in [CMP], [CGMP] we get the analogs in LP*°(w) as well
as the vector-valued estimates. These extrapolation results also yield estimates in Lorentz
spaces, Orlicz spaces, and in other rearrangement invariant function spaces. This completes
the proof with the approach based on the sharp maximal function.

The good-\ approach relies on a slight modification of the argument given in Section
3. We follow the same steps changing M, f by My, f at any place it occurs adopting
the same notation. Note that at the very end of the estimate of I2, we used before that
M f(x) < M, f(x). In this case M f(x) < M~,, f(z) since t < Y(t), and so I2, = 0. Thus, we
only need to change the estimate of I} since this is the only place where the boundedness
of the operator T® is used.

We fix 0 < 6 < 1 and use (17) to observe

[ < [z eR":Tf(2) > A} < [{z € R : C(0) (M f](x) + Ms(T® f3)(x)) > A}

< [z e R™: C(6) Mf(x) > A/2}| + [{x € R : C(6)Ms(T® f])(x) > \/2}]
= |Ex\|+ [F)l
We estimate the first term:
C : C C
B <5 [ 8@l < 1M < § 1)1 M, f5) < iRl

where in the last inequality we have used that z; € Q; with My, f(z;) < yA. For |Fyl, a
little bit more of work is required

. C .
B = {zeR": M(T?f") (@) > CA} < 55 /F T* W)l dy
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C ; ; C
= S rtReras [ P ay) = 5 (i ).
PGy P2y

To treat term B; we pass to the local operator TQ‘I)Q%*:
J

. 5 -5 116
B = C/F T3 ) dy < Cs | A" [| Tigee 3| 71,00 ey
A

CIE'"12Q5*° HTfQ;*ng(sLLoo(zcg;*,uz

4 - 9
CIQP IR II£15, 205

C1Qj1° |Fx|" ™0 M., f(2))°
ClQ;1° 1A' (v A)°,

Q)

IN

IN N

where we have used Kolmogorov’s inequality and Theorem 5.1. As before, it is crucial to
note that the previous constant C' does not depend on the cubes. We deal with term Bs as
follows: for y € F) \ 2 Q7" we have

2m Co

N4 < i / s

TR < | K2l < /Q .

J

C Mf(z) < C M, f(z) < CAA,

y —z|"

IN

since z; € Q; C Q7. Thus By < C'[F)| (v A\)?. Collecting the estimates for By and By we
eventually obtain

C _
[Py < o (By + B2) < C11Q;[° [Fal'™°4° + C2 | Fy|+°.

Take v such that Cy+® < 1/2. Since |Fy| < oo (this follows by using that M and T® are
bounded in LP(R™), here we may have to consider functions that are in some LP(R™) for
p>1), we get

IFA| <2C1|Q;]° |[FAl' ™00

which yields |F\| < Cv|Q;| and therefore I; < C~|Q;|. This completes the proof of
Theorem 1.4 using the good-\ approach.

5.1. Proof of Proposition 5.2. We proceed as in the proof of Proposition 4.1. We fix x
and a cube Q > . We split f = f1 + fo as in that proof and define ag in the same way.
Then

0] /Q}IT fW)I° = lagl’ldy < & /Q\T f(y) — ag|’ dy
! @ s i Do _ ba d
< 1] /QT fi(y) dy+|Q‘ QEEE‘T(M £2) (W) — T(M® o) (20)| dy

1 1 5
< jor LW s (g [ s TOM% ) - T g | )

acA
= Is+ (I1)°,

For II, as in Proposition 4.1, we observe that I < C M f(x). Notice that M f(z) <
My, f(z) and then we get the desired estimate. Now we have to analyze I5 and this is
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the only part where the boundedness of the operator is used. Note that fi = f X~ and
therefore

n C
Is < (2v/n) /Q TS f(y)° duge(y) < 13 HTélf||‘5Ll,oc(Q*,#Q*> < CslIf11%, .00

< Cs My, f(z)°,

where we have used that 0 < < 1, Kolmogorov’s inequality, Theorem 5.1, and also that
x € @ C Q. (Note that the constant is independent of the cube (.) Thus we have seen
that

1
Ql /Q T f(y)° — lag|’| dy < Is + (I1)° < C Mr,, f(x)’,
which yields the desired estimate. O

5.2. Proof of Theorem 5.1. Behind the main estimate claimed in Theorem 5.1 there is a
general result in the spirit of [SS]. We state it precisely:

Theorem 5.3. Consider a mazimal operator S* f(x) = sup; |S; f(x)| such that each S; is a
singular integral operator given by a kernel sj(x,y) which is defined away from the diagonal

x = y. For any cube @), we set S’éf = S*(f XQ) Xg and in an analogous way we define

S;q whose kernel is S?(x,y) = 3j(z,Y) Xgxq(T,y). For any cube Q, we assume

(a) s?(x, ) € LYQ, ug) for a.e. z € Q.
(b) 3?(-,y) € LYQ, pg) uniformly iny € Q.
(c) Given € > 0, there exists 6 = (e, j,Q) such that
[ 158~ sl duo(e) <. whencver s~ el < 6, .2 € Q.
Q

(d) For all AC Q and X\ > 0, and for some m > 1,

ol s S0 (@) > A} < o (gl) = L gt (1 + g

where the constant Cy does not depend on the cube Q.

Then, there exists a constant C, independent of QQ, such that for all functions f in Ly, (Q)
we have

qu(A) ) m’

||822f||le°°(Q,,uQ) <C ”fHTm,Q =C HfHL(logL)mlogloglogL,Q-

We will give a proof of this result in the next section. In the rest of this section, we apply
Theorem 5.3 to derive the desired estimate in Theorem 5.1.
We would like to use this extrapolation result for the maximal operator Tg (x). Notice

that the kernels are €27 %) K (z — y) Xoxo(%,y) which because of their singularity may
not belong to L'(Q). We avoid this difficulty by defining

T f(x) = sup |T((¢'%0) = %) £()) ()],
acA
and analogously its localized version Tg’ . Note that we have incorporated the factor 2

into the function ¢, to make the computations cleaner. Using the notation of Theorem 5.3,
S* = T® and, by hypothesis, we can assume that A is countable. Then, we have

(18) T f(w) = T f(2)] < sup T (%) f()) (2)] = ITf (),
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and the same holds for the localized operators. Since T is a Calderén-Zygmund operator, it
is of weak type (1,1). Then, for any cube @ and for every A C @ we have

ol ToO)(@] > A} < 1 [{a € RS IT0)@I > M < § 151 < 5 pmla().

where C' does not depend on ). This estimate, (10) and (18) yield

palr: TEO@) > A} < § om(a(4),

where C'is independent of the cube ). This means that property (d) in Theorem 5.3 holds.
Let us fix some arbitrary cube ()¢ and « € A. The kernel of TC(QI)o is

Ka(x,y) - Kgo(x7y) - (eid)a(y) - ei(ba(x)) K(l‘ - y) XQOXQO(xv y)'
Next, we have to check that K, (x,y) satisfies (a), (b), (¢). The first two go as follows: if
T € Qp, then

/Q Ka(z,9) dugy(y) < col|Vdallie(on Qo™ /Q o~y dy
0

0

IN

_ 1
¢ | Véall Lo (qo) en |Qol 17 < o0,

which gives (a). In the same way, we get

14l

sup [ |l )| dhgy (z) < e0[Veallzmian) e Qol 17 < x,
y€Qo / Qo

and (b) holds. The verification of (¢) requires more work. We fix € and we have to find § > 0

such that

/ | Koz, y1) — Ko(2,92)| dug, () < &, whenever |y; — y2| <6, y1,y2 € Qo.
Qo

Note that it is sufficient to prove the same estimate with dz in place of ug,, and that 0
might depend on the cube Qp. We fix ¢ > 0, set By = B(0,1/n¢(Qo)) and define the
function H(z) = |z| K(z) xp,(z) € L'(Boy) because |K ()| < co|z|™™. Then, there exists
h € C§°(Byp) such that

€

e 1
0<er < — 5
16 [|A]l oo (By) Coa |Qol

Then, for y1, y2 € Qo,

/ |Ko(z,y1) — Ko(x,y2)| dx

0

with Gy, = [|Véal7x(gq) + 1D all o (o)-

— / \Km,yl)—fca(x,yzndw/ Kol 1) — Kola, o) de = A+ B,
Qa

B
where

Qa = QoNB(yi,e1) N By, 1), QB = Qo \ (B(y1,€1) N B(y2,€1)).

We start with A and define
et %a(y) _ gida(z)

O(z,y) = XQOXQO(xvy)'

|z =yl
September 10, 2003.
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Hence,

Ko(z,y) = O(z,y)H(z —y) = O(z,y) (H(z —y) — h(z —y)) + O(z,y) h(z — y)
= I(z,y)+1I(z,y).

Note that for any y € g, we have

/ I y)ldr < [ Véalze(on /Q H(z —y) - bz — y)| dz

0

€
< [IVéallLe (o) / |H(z) — h(z)|dz < %
Bo
and therefore, for y1, 2 € Qq,
€
(19) / 1@, y1) = I(z, )| do < 5.
Qa

On the other hand, for y1,y2 € Qo
(20) / |[1I(z,y1) — 1I(x,y2)| dx
Qa

< / 10, 1) |h(z — y1) — h(z — yo)| da + / Ih(z — )| 10z, 31) — O(z, 32)| dx

Qo Qa
< |IVéallneo (o) IVRI Lo (B [Qol Y1 — y2| + ([l Lo (Bo) /Q |O(z,y1) — O(x, y2)| dz.
A

Then we have to estimate the last displayed integral. Let = ¢ {y1,y2} such that x € Q4 =
QoNB(y1,e1)NB(y2,e1). Using the order 1 Taylor expansion for the function g(y) = €' ¢®)
centered at x we obtain

‘O([I}, yl) - O((IZ, yQ)‘

Y1 — Y2 — T L9
< v _ 2 1D%gu | e - -
= ’ ga(w)’ ‘yl _ JE‘ ’yZ _ :ZZ’ + 2 ” ga”L (Qo) (‘yl HJ‘ + ’yQ .%'D
< |IVallze@y) Im(yr — ) = m(y2 — )| + | D?gall L (Qo) €1
< IVoallre (o) Im(yr — x) — m(y2 — z)| + Cy, €1,

where m(z) = xp,(z) - #/|z| € L'(R"). Then,

/Q |O(x,y1) — O(x, y2)| dx < [|[Vall Lo Qo) / Im(y1 — x) — m(y2 — x)| dx + Cy, €1 Q0|
A

Qo
< [ Valle(gn /R m(z + o — 1) — m(2)] d= + Cy, 21 Q0.
We fix

_ £ 1
16 [|h| oo (Bo) I Vdall Lo (qo)

Since m € L'(R™) we can use the properties of the translation operator in this space and
there exists 47 > 0 such that

€2

/ |m(z + Az) —m(z)| dz < &2, whenever |Az| < 6.
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WEIGHTED INEQUALITIES FOR MAXIMALLY MODULATED SINGULAR INTEGRALS 21
Thus, if |y1 — y2| < 61, we have
/Q 10(2,11) — O, y2)| d < [ Vdall1=(0n &2 + Con €1 1Qol <
A

We set

s
817l oo (By)

5 . {5 £ 1 }
A =minq d1, -
8 [[Véall Lo (@) VAl Lox (o) |Qol
and, for |y; — y2| < 4, the latter estimate plugged into (20) yields
| 1) - 1) do
Qa

3

19
< s oo - Q)G All o (myy 4
< IVoallLo(@o) IVAI Lo (o) 1Qol ly1 — w2l + |1l (QO)SH}LHLM(BO) <3

This and (19) provide

A = / ’Ka(xayl)_Ka(mny)’dx
QoNB(y1,e1)NB(y2,£1)
< [ e - Iepldos [ 1) - )| do
Qa Qa
< £
27

whenever |y; — ya| < d4.
Let us get a similar estimate for B. We break up Qp as follows

Qs =Qo\ (B(y1,£1) N B(y2,1)) = (Qo \ B(y1,21)) U (Qo \ NB(y2,¢1)) = Qp U Q%.
and then

p< [
Q

We we are going to get an estimate for By, for By we only have to switch y; and 2. Let
Y1, Y2 € Qo be such that |y; — y2| < e1/2, x € QY. Then |z — y2| > £1/2 and so = # y1, Y.
We estimate the difference of the kernels:
‘Ka(mayl) - Ka(flﬁ,yQ)‘
< et®al®) _ ei¢a(yz)| |K(xz —y1) — K(z — )| + ‘ez‘%(yz) — ei%(yl)’ |K (z — y1)]
< 2|K(z —y1) — K(@ — y2)| + [[Voall (o) [y1 — vl [K(z —y1)].

Note that |z — y1| > €1 > 2 |y1 — y2| and therefore we can use the regularity assumed on the
Calderon-Zygmund kernel K to obtain

|Ka(x,y1) - Ka(x>y2)| dzr + /2 |Ka(a:,y1) - Ka($7y2)| de = Bl + B2-
Qb

1
B

1 —wel” =l
z — gy ot = © e

|K(x—y1) — K(z —y2)| <o

On the other hand, by the size condition of K we have
€o €o
K-y << ——m—< —
Hence,

Bi< 2 [ K@)~ K —w)lde+ Vol il [ |KGe =) ds
1

1
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2¢9 | Qo - IV@allLe(ge)co [Qol
< el e ly1 — o
51 81

whenever |y; — ya| < e1/2. If we set

e € en |:8 5?+T ]1/7}

27 8 [|[VéallLe(qo)co|Qol” 18 2c0|Qol

and we assume that |y; — y2| < dp, we have proved that B; < £/4. In a similar way we also
obtain that By < £/4 which yields

OB :min{

B<Bi+DBy< %, whenever |y; — y2| < dp.

Putting all together we have shown that given ¢ > 0 there exists 6 = min{d4,dp} (that
depends on a, Qq, ¢) such that, for y1, y2 € Qp we have

/ |Ko(z,y1) — Ko(z,y2)|de < A+ B < g, whenever |y; — yo| < 0.

0

This gives (¢) in Theorem 5.3. This concludes the proof that all conditions of Theorem 5.3
apply to Tg . The conclusion of this theorem therefore yields

1T Fllproe(@uug) < C I m @
where C' does not depend on Q. O
6. PROOF OF THEOREM 5.3

The proof of this theorem is inspired by [SS]. The exact formulation of the theorem in [SS]
does not exactly apply to our setting and in this section we suitably modify the arguments
given in [SS] to obtain the proof of Theorem 5.3. It is crucial for us to obtain localized
estimates that do not depend on the cube, otherwise our arguments will not work.

We fix an arbitrary cube Qp. Given N > 1 we write Sy f(7) = supi< <y S f(x)| and we
use the notation SR,’QO for the corresponding localized operators.

The proof splits in the following steps:

Step 1: Given a bounded function 0 < f € L'(Qo, ug,), the sequence {ay}x with ag =0
and a = 22" for k > 1, and € > 0 there exists kg > 1, so that f(z) < ag,, and a simple

function h:
ko [e'e]
h=) ok Xp, =)ok X5,
k=1 k=1

such that
(Z) F.C G = {l’ S Qo Dag—1 < f(x) < ak}, k>1.

(i) [ £(@) duay(e) = [ (o) dugy () = ar iay ().
Gy G

(i) /Q 5% 00 (f — 1)) dpgy(z) < c.
Note that Ff, = G, = @ for k > ko.

Step 2: For h as above

Qo {x + SH,h(x) > A} < %(1 + /Qo Y0 (f) dMQo) <1 + log (1 +
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where C' does not depend on @y nor on €.

Step 3: |15, fllL1=(Qoug,) < CllflIvm,q, for all f € Ly, (Q, pg) and where C' does not
depend on Q.

Proof of Step 3: By the monotone convergence theorem, it is enough to fix N > 1 and
obtain estimates for S§, o, with C' independent of N. Notice that |- HL1’°°(Q07MQ0) is a quasi-

norm and |- [v,,,¢ is a norm for the Banach space Lr,, (Qo; f1Q,)- On the other hand, Sy o,
is a sublinear operator, thus it suffices to show

1500 Fllt(Qo.uqy) < €

(with C' independent of Q) for any function 0 < f € Ly, (Qo,pq,) with || flrv,..0 < 1.
On the other hand, without lost of generality we can assume that f is also bounded: set
fM(z) = f(x) when f(z) > M with M some fixed large number, then by (b),

N
o, SN0 f M (@) dug(z) < ;/QO S50 ()| dug, (z)

N

< Yo ([ bPeldiam) [ 156 di,0

j=1 y€Qo
< C(Qo,N) ||fMHL1(Qo,;LQO) — 0, as M — oo

So, we take f a non-negative bounded function such that || f||r,, o < 1 which implies

(21) /Q Toulf) gy < 1.

Let € > 0 to be chosen. Let A > 0 and 0 < nn < A\. We apply Step 1 with € = ne. Then
S¥.00f () < S¥.0,(f = h)(x) + Sk g, h(x) and

hao{ Skignf@) > A} < higo{: Skcgu(F — W(@) > 1} + g {2 Shgyhla) > A —n}
1o c
E HSN,Q()(f - h)HLl(QO,MQO) + )\f

L g+ Co €+ Co Co
— = —_—
no A= A=n A
Note that in the second estimate we have used Chebichev’s inequality for the first term and
Step 2, with (21), for the second. The third estimate is (ii¢) in Step 1. We would like to

point out that Cy is independent of (Qy. In this way, we have shown that

IN

IN

as 1n,e — 0.

HSZgOfHLLoo(QO,MQO) < (o
as desired. OJ

Proof of Step 2: Let us recall that ¢,,(t) = t(l + log™ %)m We are going to use the
log-convexity of the L1* norm (see [SWe], [K]), namely, if {g;} is a sequence of functions

such that ||gk”Ll,oo(Q0”uQ0) < Cp and {fk}k is a sequence of non-negative numbers then

(22) IS Bl < 6 CoN({Bih)
k

Ll’OO(Q07N’Q0)
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where
> 5
N ({Br}r) Z/Bk <1+log 3 )
Note that
XF, 1
PV sy €
‘ @o Qom(lu’Qo(Fk)) L1:2°(Qo,1qq) Pm (NQO( )) H QO(XFk)HL (Qosrqq) 0

where we have used (d) and Cj does not depend on (Qp. Thus, we can use (22) to get

Zk: ak Pm(HQo (Fi)) S5, (XFk>

‘;Om(/‘LQO (Fk))
6 CoN ({ar om(be)},)

where we have written by = pg,(Fy). We are going to modify the functional N in the
following way: let {fx}r be a non-identically-zero sequence of non-negative numbers. Let
B =k Bk > 0. Then using the submultiplicity of ¢1,

= L. o = 1 @ 1 1
N({Bi}r) = ﬁz <1+1gﬁ/ﬁ> ﬁ%:so (5) ﬂ@( )Zw (Br)
- (1+log+Zﬁk) ({5he)

150 2l Lo (Qongy) <
Ll’OO(Q()v/J'Qo)

IA

where N({Bk}k) = ;. ©1(Bk). In this way,

1880l 1 @oay) < 6Co (1+ 108" 3" arom(be) ) N ({an om(b) o)
k

Lemma 6.1. Let m > 1, there exists Cy, Co —that only depend on m— such that for any
sequence { [} with 0 < B < 1 we have

Y2 on(B) < G (1 +3 2% okm 519),
k=1

k=1

S o2 om(B) < O (1 + 322 9k m(1 4 log k) ﬁk>.

k=1 k=1
Lemma 6.2. Let h be the function defined in Step 1. Then,

—-m T T - 2k okm o m-+1 T 7).
2 /Qorm(m ) (o) 3 i (i) 2 2 (1-1og) < 2 /QOTm(f( )) diigy ()

We will prove this auxiliary results later. Recall that we took ap = 22° and wrote
b, = pg,(Fy), which satisfies 0 < by, < 1 since pg, is a probability measure. We use the
first estimate in Lemma 6.1, and Lemma 6.2 to get

S akomlby) < Ci (1 +y 2% zkmbk> < (1 +3 22 26 (1 1 log k) bk)
k k=1 k=1

< Cpmtt! (1 v [ Twlf) duQO).

Qo
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On the other hand, by the second estimate in Lemma 6.1, and by Lemma 6.2,

N({awem®)he) = Y 0122 omltn) < O (1+Z22’“2km(1+1ogk)ﬁk)

k=1 k=1

IN

Oy 2+ (1 +/ Yo (f) dqu).

0

Thus,

150l L1 (Qoug,) < 6C0 (1 +log™ Z ai (Pm(bk)> N ({ak @m(br)})
e

< C<1+log <1+/0Tm(f)ducgo)> (1+/ Tm(f)dqu),

0
as desired.

Proof of Lemma 6.1. Both estimates are proved in a similar way. Set

1 1

Then, using that ¢; is an increasing function,

v = Z22k¢m(ﬁk>éz22k¢m(zzkzlw)

kel kel

oo
k 1 k
= 2% gy (1 leg" @2
k=1

=1
C, Zﬁ
k=1

IN

On the other hand,
k k 1\m
2= 3 () = > " e (1 4+ 10" )

kell kell

S22 B (1 +logt (22" 28 k2)>m
k=1

IN

IN

oo
O Y22 2km gy
k=1
Thus,
oo oo
> on(B) =T+ 3T <0y (14327 2 ),
= k=1
where C] only depends on m.
We indicate how to obtain the latter estimate. Since both 1, @, are increasing we have

2= 3 01 (2% om(Bh) Z¢1<2 90m(22k2kmk2>> Zwl(kﬂ)

kel k=1

. 1+logk
Cn >~ —
k=1

IN
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On the other hand,

sl _ Z @1(22’@ @m(ﬂk)) — Z o1 (22’“ Bk (1 + log™ ﬁl)m>

kell kell

Z o (22k 8, (1 n log+(22k okm k2))m)

kell

Z ©1(Cm 22" ghm Br)

kell

1

Crn Y 2% 2kmﬁk<1+log 7)
2k ok

kell 22728 By

Crm Z 22" 25 5 (1 + log™ k?)
k=0

< Gy 2% 25 B (1+ log™ k).
k=0

IN

IN

IN

IN

Collecting the estimates for ©! and %!/ we get the desired inequality. O

Proof of Lemma 6.2. The first inequality is trivial: the sets F} are pairwise disjoint (since
the Gy’s are) and therefore

2~ / Tou(h)dug, = 27 / T (3 ak X ) gy =27 3 Tnlan) iy (Fi)
Qo Qo k=1 k=1

o0
= 27" Z 1o (Fr) 92" (1 + log™ 22k)m (1 + log™ log™ log™ 22k)
k=1

oo
< N oo (F) 2% 26 (1 + log k).
k=1

For the second estimate we use (i7) in Step 1:

S iy (Fi) 2% 247 (1 + log k) = Z/ F(@) dpgy(2) 26 (1 + log k)
k=1

To finish we only have to notice that

Gi={recQ:0< f(z) <4} Gr={r€Q:2" < fla)<2¥}, k>2
and thus, for x € Gg, we have
ok <2 (1+1log™ f(x)), 14logk < 2(1+log™log*log™ f()).

Hence, since the sets Gj, are pairwise disjoint

ZuQO (F,) 22" 28 (1 + log k) = Z ) 2F™ (1 + log k) dug, (z)
k=1

< gmtl Z ) (1 +1log™ f(x))™ (1+log* log™ log™ f(x)) duq, («)
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< gmil / T (£(2)) dpigy ().
]

Proof of Step 1: This step is an extension of an approximation lemma in [SS]. We will
prove it for completeness. It is clear that since f is bounded, f(z) < ay, for all z € @y and
for some ko > 1. Fix € > 0. Let {Q;} be a finite family of dyadic subcubes of @y, which all
are of the same fixed generation (that is, they all have the same side length). The generation
that we are considering is taken in such a way that the length of the diagonal of any of them
is smaller than 0, for some § > 0 to be chosen. Let G = {z € Qo : ar—1 < f(z) < ap}.
Note that Gy, = @ for k > ko + 1. Since,

| @) duoy(e) < awpiay(Grn Q)
GrNQ;
there exists F,i C Int(Q;) N Gy, such that
| @ duay(e) = av oy ().
GrNQy

We define Fj, = UZF,é and note that Fj, = O for k > kg + 1. Our simple function is

00 ko
=D ok X, =)ok X,
k=1 k=1

Conclusion (7) holds by construction. The same occurs for (i7):

/G RCEZICIEDY /G o o)) = S (D) = ooy ()

= h(z) dug,(z),
Gy

by the disjointness of the sets {F}}; and also of {G}}. So we only have to prove (iii). We
proceed as follows

N
[ Sl — 1) @) < Z /Q 1504( = )e)] dii(+)

-2,

N ko

DHWA

j=1 k=1 GWQZ
N ko

- 332

=1 k=1

/Q sj(z,y) (f(y) — h(y)) dy‘ dpg, (z)

IA

(z,9) (f(¥) = arx Xpiy) ) dy‘ dpq, (x)

(sj(@.y) = si(@.m)) (f(¥) — ax X2 () dy‘ dpqy (2),

GrNQy

where y; is the center of (J; and the last equality holds because

/ (f(w) = ax X g1 () dy = |Qol (/ F(y) dpg,(y) = akqu(F;i)> =0.
GLNQ; GrNQy
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Take,

By (¢),

LOUKAS GRAFAKOS, JOSE MARIA MARTELL, AND FERNANDO SORIA

3

2 N1Qol 11110y
for each j = 1,..., N, there exists ; such that

€0

/ |sj(x,y1) — s;(x,y2)| dug, (z) < o, whenever |y1 — y2| < &5, y1,92 € Qo.
0

We choose 0 = min{dy,...,0n}. Since y; is the center of @; and y € Q; we have that
ly — yi| < diag(Q;) < § and so

Thus,

/Q|sj<x,y>—sj<m,yl>|dqu<:c>Seo, j=1,. N,
0

SN,Qo (f = h) () dpgy (x)

Qo

N ko

< ZZZ/GWQZ |f(y) — ax Xpé(y)\dy/Q0 |5j (2, ) — s5(z, u1)| dpg, (x)

j=1k=1 1

IN

ko o
o N ;;/Gml (f() +ar X (y)) dy =2e0 N ;;/Gml fy)dy

< 280 N|Qol [1f1£2(Qo.ng,) = €
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