RESTRICTED WEAK TYPE VERSUS WEAK TYPE

LOUKAS GRAFAKOS AND MIECZYSLAW MASTYLO

ABSTRACT. We prove that translation invariant multilinear operators of restricted weak
type (1,1,...,1, q) must necessarily be of weak type (1,1,...,1,q). We give applications.

1. INTRODUCTION AND THE MAIN RESULT

Let X be a normed (or quasi-normed) linear space of functions defined on a measure space
(M, ). A linear (or sublinear) operator 7" defined on X and taking values in L?*°(N) (weak
L% of a measure space (N,v)), 0 < g < oo, is said to be of restricted weak type (X,q) if
there is a constant C' such that for every characteristic function x4 in X (A is a measurable
subset of M) we have

(1) 1T ()l Lace vy = Sup [/\ v({z € N [T(xa)(@)] > A})s] < Cllxallx -

In the special case where X = LP(M) we say that T is of restricted weak type (p, q). A pair of
restricted weak type estimates are powerful enough to often imply strong type estimates on
intermediate spaces. Restricted weak type estimates are usually easier to obtain than strong
type estimates as the functions involved are bounded and two-valued instead of arbitrary
measurable.

The general question we are concerned with is under what conditions on X and 7" does
the restricted weak type (X, q) estimate (1) imply the full weak type estimate

(2) 1T () o (vy = Sup Moz € N o |T(f)(@)] > AD)7] < C'[Iflx

for all functions f in X. Here C’ is a constant that is allowed to depend only on C, ¢ and
the space X. It is known that a general linear operator T of restricted weak type (p,q) is
not necessarily of weak type (p, q). Stein and Weiss [SW] considered the linear operator

(0.)
S(f)(=) Zw_l/q/o y P f(y) dy,
defined for functions on (0, 00), to indicate that a restricted weak type (p,q) property does
not necessarily imply the corresponding weak type (p, q) property. Here 1 < p,q < oo and
p' is defined by 1/p+ 1/p’ = 1. A remarkable theorem of Moon [M] however, says that if
a convolution operator on L!'(R™) is of restricted weak type (1,¢), then it must necessarily
be of weak type (1,¢q). This theorem is also valid for maximal convolution operators:
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Theorem (Moon [M]) Let Sj, j = 1,2,..., be linear operators on L*(R™) each of the form
S;(f) = f =K, for some K; in L'(R"™) and let

Sy(f) =sup |S; ()]
j>1

If Sk is of restricted weak type (1,q) for some q > 0, then S, must be of weak type (1, q) with
constant independent of the quantities ||K;||p1.

The hypothesis that each K; is integrable may seem very strong. In most applications,
nevertheless, one can work equally well with an integrable truncation of the kernel K; and
obtain restricted weak type estimates independent of the truncation. Moon’s theorem then
yields weak type estimates independent of the truncation and passing to the limit (using Fa-
tou’s lemma for weak spaces) one obtains weak type estimates for the actual operator. Here
is an example: Let I, be the usual fractional integral operator on R™ given by convolution
with the kernel |x|~"T®. We can use the previous theorem to show that I, maps L'(R")
to L™/ ("=2)(R") when 0 < a < n. (Using duality and interpolation, this fact implies
that I, maps LP(R") to L9(R"™) whenever 1/p —1/q = a/n.) Using Moon’s theorem it will
suffice to show that the operator given by convolution with the truncated integrable kernel
|| 7" X |y < s of restricted weak type (1,n/(n — a)) (with constant independent of the
parameter B.) But this amounts to showing that for some dimensional constant C,, and all
measurable sets E, F' with finite Lebesgue measure (denoted by |E| and |F'|) one has

3) /F [E & — 1]y dt da < Cy |E| [F["/°

for all B > 0. Applying Fubini’s theorem and noting that [ [z —t|7"**dz < C, |F[™M for
all z in R"™, (3) follows.

In this work we prove a multilinear version of Moon’s theorem. Our result will also be lim-
ited to multilinear “convolution” operators which are usually called “translation invariant”
in this context. These are multilinear operators of the form

@ TG d)@ = [ K um)0) - ) v

where the kernel K (z,y1,...,ym) has the form Ko(z —y1,...,2 —ypn) for some function (or
distribution) Ky of one less variable. As in Moon’s theorem we will work with a supremum
of translation invariant operators. Inspired by the linear case we introduce the following
terminology: we say that that a multilinear (or multi-sublinear) operator T is of restricted
weak type (pi1,...,DPm,q) if for all measurable sets E1,... E,, of finite measure we have

1 1
(5) IT(XEqs - XBw )| Laoe < ALEL[PL . | Epy|om
for some positive constant A. Here is our main result:

Theorem 1.1. For j = 1,2,..., let T; be an m-linear translation invariant operator on
LYR™) x --- x LY(R™) with kernel an integrable bounded function K; on (R™)™ and let

Te(f1, -5 fm) =sup |T(f1, -, )]
i>1
Let 0 < g < 0o. If Ty is of restricted weak type (1,...,1,q), then Ty must be of weak type
(1,...,1,q) with constant independent of the quantities ||K;||r1, || K| po-

We prove this theorem in the next section and we discuss a few applications in the last
section.
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2. THE PROOF OF THE MAIN RESULT

Let us denote by C.(R"™) the set of all continuous functions on R™ with compact support
and by S(R"™) the set of all simple functions each of which is a finite linear combination of
characteristic functions of compact connected sets.

Let us fix an m-tuple (f1,..., fm) of nonnegative functions in S(R™)™. Once the required
estimate is proved for such functions, it is easily extended for all complex-valued functions
using multilinearity (with an extra factor of 4™ in the constant.)

Since S((R™)™) is dense in L*((R™)™), given an € > 0, there are exist functions H; in
S((R™)™) such that

€
H, — Ki||;x < .
1 = Kl < e T AT ee - )
Setting
Tj(fl,-..,fm): R Hj(m—yla-..,iL‘—ym)fl(yl)"'fm(ym)dyl.”dym’
we have

|I11J(f17’fm) - f](fla 7fm)|
- | Rmn[Hj(IL“—2/1,...,:C—ym)—Kj(x—yl,...,x—ym)]fl(yl)...fm(ym)dyl,._dym‘
fillzoe - | ol | K5 — Hllzo < g.

Let us fix a positive integer J. For any fixed A > 0 and all positive integers j, 1 < j < J,
the continuity of H; implies the existence of a > 0 such that for any connected set I in
R with

IN

diam(I) = sup{|x —y| : x,y € I} <,

we have
A
6 H;(y)— H(z)| <
) e A T FRR T P8
whenever y,z € I for all 1 < j < J. (We will use boldface letters for points in R™".)
For each i € {1,...,m} we write R" as a countable disjoint union of connected sets I; 1,
such that

diam(Iy g, X -+ X Iy g,,) < 0.

Since each f; is a simple function, we may write

fi®) =) i Xy,
k;

There are only finitely many nonzero «; j, and we set oy = n}ﬂax(ai,ki) foralli e {1,2...,n}.

We clearly have a; = || fi|| -
For each 1 < i < m and k; we pick a subset F; ;, of I; ;. such that

(7) |y k| = i [ L |-
We now set Ei = Ukl F@kw k = (k‘l, ceey k‘m), Fk = Fl,kl X 'XFm,k’ma Ik = 117/61 XKoews XImng,

and using (7) we note that for all ¢ in {1,...,m} the following is valid:

;| | = ZO‘2|F‘1J€1| = Zai,ki|li7ki| = | fillr -
k; k;
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Let x € R™. Setting x° = (z,...,x), for each j € {1,2,...,J} we have

Tj(f1, .., fm)(x) = Tj(a1XB,, - - -, mXE,,) (@)]

> Tk Xty - Ok XE i) () = T3 (Q1XE, -2 OmX By ) ()
Fom

]

k1
= ZZ al,k1"'am,km/ H]-(xo—y)dy—ozl...am Hj(xo—y)dy‘
k1 Km Iy Fyx

I
N

.. Z }al,kl . am,km ‘Ik‘ Hj(XO — yk) — 1 ...0n ‘Fk‘ Hj(XO — yL)‘

k1 km
= ZZ }al BUe Y, \Fk\Hj(XO —Yk) —Q1...Qp ‘Fk‘Hj(XO —Yi()‘
k1 km

for some yx in Iy and y; in Fy, as a consequence of the mean value theorem. In the last
identity we used (7). As the diameter of the set x° — I is at most §, using (6) we obtain
that the last displayed expression above is at most

S S on e [F A _ 2
< 20 il Ml 2

k1

Combining the results of the previous calculations we obtain

~ A€
S ’Tj(QIXElvvamXEm)|+§+§
e A ¢
S ’T](a1XE177amXEm)|+§+§+§
A
< ozl...amT*(XEl,...,XEm)+§+€,
and from this we deduce that
A
®  |{ s Ll > A+ e} < (1T oxm) > 51
1<5<J a1 ... 0y
Using our assumption that the operator T} is of restricted weak type (1,...,1,q) we conclude

that the last expression in (8) is at most
(A|Er| ... |Epl 201 ... amX™ ) = A Allpr - fmll A ™)

Letting J — oo and € — 0 we obtain that T satisfies the required weak type estimate for
all functions f1,..., fm in S(R").

It remains to consider general functions in L'(R™). As the operator T, is not linear,
this extension is not automatic. Until the rest of this proof, we fix functions fi,..., fi, in
LY (R™).

Using the multilinearity of the T} we can easily show that there is a constant C' (depending
on m variables) such that for all integrable functions f;, g; satisfying ||f; — g;l/zr < 1 we
have

IT5(frseee fin) = Tion, s gm) Lo S IEG Ol - W fmll) [ 1 = gill ] -

=1
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Let J be a fixed positive integer. For any given 0 < e < 1 we can find functions g; (depending
on g,J) in S(R™) such that

15 =gl < <2 [max (LOUfllLr - fnll ) sl . N )]
Then for each j € {1,...,J} we have

H]—'](flﬂ .. 7fm) - ,Ij]'(gla v 7gm)||L1 < 52 )
which, via Chebychev’s inequality, implies that the set

B = {ITj(fis- - fm) = Tj(gn, -, 9m)| > €}
has measure at most €. Denoting B(J) = U}]:1 Bj, for all x ¢ B(J) we have
ligjﬂ}UL-~,ﬁM\Slngﬂ}@h-n,mM\+6f§TAmj~wgm)+€-
It follows that
legjﬂﬂfbnwfmﬂ>~k+sH < {Tu(g1s- - 9m) > A} +|B(J)]

J
< (A Mgrllp o llgmll)” + 3 1B
j=1
-1 2 2y)?
< (AT UAN A+ Ul +63) " + e

Letting first ¢ — 0 and then J — oo we conclude that

{Tu(frs- s ) > A < (AN fllpr o fnllen)

Remark 2.1. Suppose that K; = 0 for all j > 2. Then the assumption that Ky is in
L>®((R™)™) can be dropped. In this case, the following is valid: If Ty is of restricted weak
type (1,...,1,q), then T1 must be of weak type (1,...,1,q) with constant independent of
the quantity ||K1||z1. Indeed, in this case, the passage from S(R™) to L*(R™) follows by a
simple density argument in view of the (multi)linearity of Tj.

3. APPLICATIONS

Let H be the Hilbert transform and F' be a measurable subset of R of finite measure. It
is shown in [SW] that

) e e R [H(r)@)] > A =

e—ﬂA

for all A > 0. Observing that this function is at most a multiple of A~! and using Moon’s
theorem [M], we conclude that H is of weak type (1,1). Although a precise identity is
not known in the m-linear case, an estimate that captures the whole essence of (9) for
multilinear Calderén-Zygmund operators is contained in a forthcoming publication by Bilyk
and the first author [BG]: Let Tp be a translation invariant m-linear Calderén-Zygmund
operator on R" x --- x R" (see [GT] for the pertinent definitions and for a short account of
the general theory). Then there is a constant C' (depending only on m and n) such that for
all sets Fi,..., F,, of finite measure we have

(10) {ITo(xFrs - > xE )| > A < C (IR [Fnl) ™60,
April 1, 2004.
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where
AUm when A < 1

A =
9N {e‘cA when A > 1,

and c is another constant that depends only on m and n. In particular, the previous estimate
implies that Ty is of restricted weak type (1,...,1,1/m). Applying Theorem 1.1 we deduce
that Tj is of weak type (1,...,1,1/m); this fact is already contained in [GT] and we discuss
here an alternative approach.! There is a small technical issue concerning the kernel of Tj
that needs to be addressed here; this argument provides a typical illustration of the way
one handles problems of similar nature in the application of Theorem 1.1. The kernel of an
m-linear Calderén-Zygmund operator is a distribution Ky of mn real variables that coincides
with a function satisfying

m
Kozt wm)| < ACY oy —ay)) ™"
ij=1

for all (z1,...,z,) away from the diagonal in R™" and also satisfying an analogous estimate
for its gradient. As Theorem 1.1 requires K to be integrable, we will have to consider the
integrable truncations

€ —
KO (.’El, e ,CEm) = Ko(l‘l, ey xm)X52§|x1|2+---+|xm|2§s_2

of Ky defined for ¢ < 1. Estimate (10) also holds for the operator 7§ with kernel K§ with
constant independent of ¢; applying Theorem 1.1 we deduce that the 75’s are of weak type
(1,...,1,1/m) with constants independent of . Passing to the limit and using Fatou’s
theorem for weak type spaces we obtain that Ty is of weak type (1,...,1,1/m).

For a second application, we consider the mixed-homegeneity fractional integral operator

J&L_«wmw(fh---jf%ﬂ(w):=l/; "’Jét [T fite = t)(al - - [t ) Vs -

We have the following:
Proposition 3.1. Assuming that 0 < min(y1,...,vm) < n/v. The operator Ly, .. -, ~ maps
LY(R") x --- x LYR™) into L7 (R™), where = max (Y1, ..., %m)-

To be able to apply Theorem 1.1 we will insert the truncation |ti| + -+« + [t < N in
the kernel of the operator and will obtain estimates independent of N. Using Theorem 1.1
and a simple characterization of weak LP, it will suffice to show that for all measurable sets
F,Eq,..., E, of finite measure one has

(11)// / (yﬂf—tlhl+~--+‘x—tmhm)_“*dtl---dtmd:cﬁCIEly_,,yEmHF‘l—%
FJE; -

for some constant C' > 0, where the extra assumption |z — t1]| + -+ + |z — t;n| < N was
conveniently dropped at this point. We apply Fubini’s theorem and a simple estimate to
bound the left hand side of (11) by

/ / /’w—tjolu’yd(ﬂdtl...dtm
Eq m JF

IEstimate (10) can be derived without the weak type (1,...,1,1/m) property of Ty. For simplicity, in
[BG] it was proved using this property but we point out that this was not necessary.
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where v, = = max(y1,...,vm). As [ |z — tjo| *"dx becomes largest when F is a ball of
radius |F|'/™ centered at tj,, this integral is easily seen to be at most a constant multiple of

|F\1_%, and this clearly implies (11).
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