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Uniform bounds for the
bilinear Hilbert transforms, I

By Loukas GRAFAKOS and XIAOCHUN L1*

Abstract

It is shown that the bilinear Hilbert transforms
dt
HogF0)(@) = pv. | fla—atlgle—5)

map LP*(R) x LP2(R) — LP(R) uniformly in the real parameters «, 3 when
2<p,pp<ooandl<p= IJIZITPSQ < 2. Combining this result with the main
result in [9], we deduce that the operators Hi , map L*(R) x L®(R) — L*(R)
uniformly in the real parameter a € [0, 1]. This completes a program initiated

by A. Calderén.

1. Introduction

The study of the Cauchy integral along Lipschitz curves during the period
1965-1995 has provided a formidable impetus and a powerful driving force for
significant developments in euclidean harmonic analysis during that period and
later. The Cauchy integral along a Lipschitz curve I' is given by

Cr(h)(z) = —— pv /wda

2ri - JpC—2

where h is a function on I', which is taken to be the graph of a Lipschitz
function A: R — R. Calderén [2] wrote Cr(h)(z) as the infinite sum

N (i) (i A) @)

2
& m=0

~

where z =z +iA(z), f(y) = h(y +iA(y))(1 +iA (y)), and
(A(:E) - A(y)>m @) 4,

r—y r—y

)

Calf3 A)(a) = pov. [

R
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reducing the boundedness of Cr(h) to that of the operators Cp,(f; A) with
constants having suitable growth in m. The operators C,,(f; A) are called the
commutators of f with A and they are archetypes of nonconvolution singular
integrals whose action on the function 1 has inspired the fundamental work
on the T'1 theorem [5] and its subsequent ramifications. The family of bilinear
Hilbert transforms

Hey, o, (f1, f2)(z) = p.v. /Rf1($ —aqt) fa(z — ant) %7 ai, a2, € R,

was also introduced by Calderén in one of his attempts to show that the com-
mutator Cy(f; A) is bounded on L?(R) when A(t) is a function on the line
with derivative A’ in L. In fact, in the mid 1960’s Calderén observed that
the linear operator f — Ci(f; A) can be written as the average

1
Co(f: A)(x) = /0 Hyo(f, A)(z) dar,

and the boundedness of C(f; A) can be therefore reduced to the uniform (in «)
boundedness of Hj . Although the boundedness of C1(f; A) was settled in [1]
via a different approach, the issue of the uniform boundedness of the operators
Hi o from L?(R) x L°(R) into L?(R) remained open up to now. The purpose
of this article and its subsequent, part II, is to obtain exactly this, i.e. the
uniform boundedness (in «) of the operators H; ,, for a range of exponents that
completes in particular the above program initiated by A. Calderén about 40
years ago. This is achieved in two steps. In this article we obtain bounds for
Hi o from LP'(R) x LP?(R) into LP(R) uniformly in the real parameter o when
2 <p,py<ocand 1 <p= ’flTp;Q < 2. In part IT of this work, the second
author obtains bounds for H; , from LP*(R) x LP*(R) into L(R), uniformly
in o satisfying |a — 1| > ¢ > 0 when 1 < py,po <2 and 2 < p = b <1
Interpolation between these two results yields the uniform boundedness of Hi 4
from LP(R) x L>°(R) into LP(R) for § < p < 4 when « lies in a compact subset
of R. This in particular implies the boundedness of the commutator Ci( -; A)
on LP(R) for % < p < 4 via the Calderén method described above but also has
other applications. See [9] for details. We note that the restriction to compact
subsets of R is necessary, as uniform L” x L*® — L? bounds for H; , cannot
hold as o« — £o0.

Boundedness for the operators H; , was first obtained by M. Lacey and
C. Thiele in [7] and [8]. Their proof, though extraordinary and pioneering,
gives bounds that depend on the parameter «, in particular that blow up
polynomially as « tends to 0, 1 and +0co. The approach taken in this work is
based on powerful ideas of C. Thiele ([10], [11]) who obtained that the H; ,’s
map L?(R) x L2(R) — L“*(R) uniformly in «a satisfying |o — 1| > ¢ > 0.
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The theorem below is the main result of this article.

THEOREM. Let 2 < p1, po < o0 and 1 < p = p’l’lTp;Q < 2. Then there is a

constant C = C(p1,p2) such that for all f1, fo Schwartz functions on R,

sup HHocl,ag(flny)Hp < CHlep1||f2sz-

a,02€ER

By dilations we may take a; = 1. It is easy to see that the boundedness
of the operator Hy _, on any product of Lebesgue spaces is equivalent to that
of the operator

(ﬁ,h>—»[L/Lfﬂgﬂzmy¥“@+mwuwax%}@nwdsdn,

where 14 denotes the characteristic (indicator) function of the set A. More-
over in the range 2 < pj, po < oo and 1 < p = % < 2, in view of duality
considerations, it suffices to obtain uniform bounds near only one of the three
‘bad’ directions o« = —1,0,00 of Hy _,. In this article we choose to work
with the ‘bad’ direction 0. This direction corresponds to bilinear multipliers
whose symbols are characteristic functions of planes of the form n < éf . For
simplicity we will only consider the case where é =2 m € Z*. The argu-
ments here can be suitably adjusted to cover the more general situation where
2am < é < 2+ ag well.

For a positive integer m, we consider the following pseudodifferential op-
erator

() Tulh@) = [ [ FORmET D gy (o) de
and prove that it satisfies

(1.2) [T (f15 F2)lp < Cllfillp, [ f2lps

uniformly in m > 2290 where p1, p2, p are as in the statement of the theorem.
The rest of the paper is devoted to the proof of (1.2). In the following
sections, L = 209 will be a fixed large integer. We will use the notation |S| for
the Lebesgue measure of set S and S¢ for its complement. By ¢(J) we denote
the center of an interval J and by AJ the interval with length A|J| (4 > 0)

and center ¢(J). For J, J' sets we will use the notation

J<J <= supzx < inf z.
The Hardy-Littlewood maximal operator of g is denoted by Mg and M,g will
be (M|g|P)}/P. The derivative of order a of a function f will be denoted by

D%f. When LP norms or limits of integration are not specified, they are to
be taken as the whole real line. Also C will be used for any constant that de-
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pends only on the exponents pi, p2 and is independent of any other parameter,
in particular of the parameter m. Finally N will denote a large (but fixed)
integer whose value may be chosen appropriately at different times.

Acknowledgments. The authors would like to thank M. Lacey for many
helpful discussions during a visit at the Georgia Institute of Technology. They
are grateful to C. Thiele for his inspirational work [10] and for some help-
ful remarks. They also thank the referee for pointing out an oversight in a
construction in the first version of this article.

2. The decomposition of the bilinear operator T,

We begin with a decomposition of the half plane n < 2™¢ on the &-7 plane.
We can write the characteristic function of the half plane n < 2™¢ as a union
of rectangles of size 27% x 275+ as in Figure 1. Precisely, for k,l € Z we set

TP (k1) = [27F21),27F (21 + 1)), TS (k1) = [27Fm (21 — 2), 27K m (21 — 1)],
JB k1) =275 @ +1),27%20+2)], JP (k1) =27k (21 —2), 27 k@1 - 1)),

Tk = [27F @ +1),27%20+2)], JF (k1) = 27521 — 1), 27k @)

We call the rectangles JI(T)(k:,l) X JQ(T)(k,Z) of type r, r € {1,2,3}. It is
easy to see that

b<zme =3, D (L0 (€)1 ()

keZ leZ

L5 ) Ly ey (1) + Ly 1y (O Ly gy (1))
which provides a (nonsmooth) partition of unity of the half-plane n < 2™¢.
Next we pick a smooth partition of unity {\Ilgl) (&,m) }i1,r of the half-plane

n < 2™¢ with each \Ilg"l) supported only in a small enlargement of the rectangle

Jl(r)(k:,l) X JZ(T)(k:,l) and satisfying standard derivative estimates. Since the

functions \IJ,(:l) (&,m) are not of tensor type, (i.e. products of functions of £ and
functions of ) we apply the Fourier series method of Coifman and Meyer [4,
pp. 55-57] to write

V&) = D2 @Y (€)(®,) ()
neZ?
where |C(n)| < Cy(1+ |n|?)™™ for all M > 0 (n = (n1,n2), |n|?> = n? +n3)

and the functions (I)gf’)alm and (I)g:l)c,l,n are Schwartz and satisfy:
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A n=2"¢ /’1:2777572777,7/?‘#1

rectangle
of type 3

rectangle | rectangle
of type 1 | of type 2

0 = arctan(27"")

rectangle size
9=k y 9—k+m

A 4

Figure 1: The decomposition of the plane n < 2™¢.

(2.1)
D7) 1,,) ) < Call + Inl)* 2, supp ({7} ,)™ € (1+ 2725 (k, 1),
(7)) (§) = e €D on (1 — 2728) )k, 1),
(2.2)
D@ 1,0)) < Call + Inl)* 257 supp (9 )™ € (1+ 2724557 (k, 1),
(B 1,0)" () =TT o (1= 272057 ),
for all nonnegative integers o and all » € {1,2,3}. In the sequel, for notational
convenience, we will drop the dependence of these functions on r and we will

concentrate on the case n = (ny,n2) = (0,0). In the cases n # 0, the polyno-
mial appearance of |n| in the estimates will be controlled by the rapid decay
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of C(n), while the exponential functions in (2.1) and (2.2) can be thought of
as almost “constant” locally (such as when n; = ny = 0), and thus a small
adjustment of the case n = (0,0) will yield the case for general n in Z2.

Based on these remarks, we may set ®; . ; = ®; 1,0 and it will be sufficient
to prove the uniform (in m) boundedness of the operator T, defined by

(2.3)
Ty, (f1, f2)(x ZZ/ / FUE ()™ EM2G 1 (6) o oy () dEdy

keZ leZ

The representation of T, into a sum of products of functions of ¢ and 1 will be
crucial in its study. If follows from (2.1) and (2.2) that there exist the following
size estimates for the functions ®q ;; and ®g ;.

(2.4) |®1ka(2)] < On27F(1 4 27F|]) ™
(2.5) |P2pa(@)] < On27M™ (14 274 )N
for any N € Z". The next lemma is also a consequence of (2.1) and (2.2).

LEMMA 1. For all N € Z™, there exists Cny > 0 such that for all f €
S(R),

27k
. <
leZ
27k+m
. <

leZ

where C is independent of m.

Proof. To prove the lemma we first observe that whenever ®; € S
has Fourier transform supported in the interval [2] — 3,2] + 3] and satisfies
sup; || DY®;||oo < C,, for all sufficiently large integers «, then we have

) W<
(2.8) SO ®) (@) < Cn / 1+|:C—y| ~dy.

l€Z

Once (2.8) is established, we apply it to the function ®;(z) = Qk(IDLk,l(Qk:n),
which by (2.1) satisfies yDa@(gﬂ < (4, to obtain (2.6). Similarly, applying
(2.8) to the function ®;(z) = 28"™®y ;. ;(28"™z), which by (2.2) also satisfies
|DY®,(£)| < Ca, we obtain (2.7).
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By a simple translation, it will suffice to prove (2.8) when x = 0. Then
we have

Z |(f * ;)(0)?
leZ
f(=+) N T N
_Z /21 3,214-3] (W) (y)((]_ A)Nq)l>(y) dy
e YL
<zgzz/l 3,20+3] ( 1+4772’.|2)N) (y)

FW)?
= COn / 1+47r2|y| dy““/(ﬂy) 4. =

2

dy / (1 = A)VE(y)Pdy

3. The truncated trilinear form

Let ¢ be a nonnegative Schwartz function such that J is supported in
[—1,1] and satisfies 1)(0) = 1. Let ¢y (x) = 27%(27%2). For E C Rand k € Z
define

(3.1) Ep = {z € E : dist(x, E°) > 2F},

(3.2) ip(®) = Lmye xve)(®), and  Yop(x) = Y3(®) = Y1 k—m(T).

Note that 1y i, Y2k, and 93 depend on the set E but we will suppress this
dependence for notational convenience, since we will be working with a fixed
set I/. Also note that the functions 2 and 3 depend on m, but this
dependence will also be suppressed in our notation. The crucial thing is that
all of our estimates will be independent of m. Define

(3.3) B for f3) = ZZ/HW (f; + ;1) (2)da

keZ leZ

where for any o > 0, ®3; depends on @4 ;; and ®5;; and is chosen so that
it satisfies

(3.4) ]DO‘CI>/3\M| < ¢golk—m), supp% c(1+ 2_2L)J§T)(k',l), and
pa =1 on T (k1) = =1+ 27277 (k1) = (1427017 (1),

for all nonnegative integers . (The number r in (3.4) is the type of the
rectangle in which the Fourier transforms of ®; ;; and ®3; are supported.)
One easily obtains the size estimate

(3.5) |®350(2)| < C27FFm(1 4 27F+m|g[)=N
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Because of the assumption on the indices p1, po, there exists a 2 < p3 < oo
such that 1 + —|— > 1. Fix such a p3 throughout the rest of the paper. The
following two lemmas reduce matters to the truncated trilinear form (3.3).

LEMMA 2. Let 2 < py,p2,p3 < 00, p_1 + -+ 5 > 1, and | fillp, = 1 for
fi €S and j € {1,2,3}. Define

3

E = U{m € R: M, (Mf;)(z) > 2}.

Then for some constant C' independent of m and f1, fa, f3,
|AE(f17f27f3)’ < C.

Lemma 2 will be proved in the next sections. Now, we have
LEMMA 3. Lemma 2 implies (1.2).
Proof. To prove (1.2), it will be sufficient to prove that for all A > 0,

{2 : [T (f1, f2)(x)] > A} < OX " mms

whenever || fi|lp, = || f2llp, = 1. By linearity and scaling invariance, it suffices
to show that
(3.6) {a : |Tp (fi, fo)(2)] > 2} < C.

Let E = J7_{x € R: M, (Mf;)(z) > 1}. Since |E| < C, it will be enough
to show that

(3.7) {a € B TR, (f1, f2) ()] > 2} < C.

Let G = E°() {|T%(f1, f2)| > 2}, and assuming |G| > 1 (otherwise there is
nothing to prove) choose f3 € S with || f3||z~(g) < 1, supp f3 C E€, and

la T’r%(flaf?)
|G|V | TR, (f1, f2)

f3—

-1
P Iz

< min{1, ||T(f1, f2)

Note that for the f3 chosen we have | fs],, < 2 and thus the set
{z € R: My, (M f3)(x) > 2} is empty. Now define

3
(3.8) Afr, fa, f3) = ZZ/H fi* @) ) (w)dz.

keZ leZ

Then by Lemma 2 it follows that

1/ps 0 o Tm(h o)
IGIV/Ps < <Tm(f1,f2), |G|Y/Ps |TO(f1, f2)]

> < AU for fo)— A (fos fou F)|4C.
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Therefore, to prove (3.7), we only need to show that

(39) ‘A(f17f27f3)_AE(f17f27f3)| SC
whenever || f3]| o (ge) < 1 and supp f3 C E°. To prove (3.9) note that

(3.10)

3
|A(f1, f2, f3) — Ar(f1, fa, f3)] < ZZ/ 1—H¢jk ) [T @) (@)dez|
7=1

kEZ IEZ
But recall that 1 ), = 13 1, hence

- H%k ) < 1= p(@)] + 21 = Pop(@)].

Thus the expression on the right in (3.10) is at most equal to the sum of the
following two quantities

1
2

(3.11) Z/H—wlk |H<Z|fg*q)jkl ) sup | f3 * @3 k()| dz,
keZ !

1

2

(3.12) 2Z/|1—¢2k yH(Zm*@M )Slllp|f3*fl)37k7l($)‘dx.

keZ
Using (2.6) and the fact that p; > 2, for any point zg € E¢, we obtain

1 ok o
P )z < d
O 1A+ @yp(e (/‘fl (1+27F|z — gy y>

leZ

<C (1 + 2 F dist (z, EC)> .
Similarly, using (2.7) and the fact that ps > 2 we obtain

O 1fe+ @apa(@)?)F < € (14275 dist(x, B9))
leZ

By (3.5) and the facts that || f3|f~(ge) <1 and supp f3 C E,

-N
(3.13) | f3 + @3 0(z)| < Oy (1 + 27k ist(z, EC)>
for all N > 0. Therefore, (3 11) can be estimated by

1
2| JoarE Y a5

1
<c/ __dy < C|E| < C.
,; (11 2-Fdist(y, )2
2k <dist(y,E°)

Similar reasoning works for (3.12). This completes the proof of (3.9) and
therefore of Lemma 3. O
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We now set up some notation. For k,n € Z, define Iy, = [28n, 2% (n + 1)]
and let
P1 k() =(Lr, , * ¥r)(2),
Gjkn(x) =(11,, * Yrp—m)(x), when j € {2,3}.
Next, we can write
(3.15)

3
Ap(f1, f2. f3) = ZZ/H

keZ ez’ j=1

(3.14)

(Z Gj ke (T)0j6(2) (f5 * ‘I’j,k,l)(x)> dz.

neZ

For an integer r with0 <r < L,let Z, = {{ € Z : { = kL+r for some k € Z}.
Also for S C Z, x Z x Z, we let Sp; ={n € Z: (k,n,l) € S} and define

(3.16)

Aps(fi far fa) =) Z/ > Gikm@) k(@) (f * Bjag)(z) | do.

3
k:eZ,n lEZ,,, ]:1 nGSM

For simplicity we will only consider the case where m € Zg. The argument
below can be suitably adjusted to the case where m has a different remainder
when divided by L. We will therefore concentrate on proving Lemma 2 for the
expression Ag s(f1, f2, f3) when m € Zy. To achieve this goal, we introduce
the grid structure.

DEFINITION 1. A set of intervals G is called a grid if the condition below
holds:

(3.17) for J,J €G, if JNnJ #0, then JcCJ or J C.J.
If a grid G satisfies the additional condition:
(3.18) for JJ €G, if JSJ, then 5JC.J,

then it will be called a central grid.

Given S C Z, x Z x Z, and s = (k,n,l) € S we set Iy = I, ,. For each
function ®;;; and each n € Z we define a family of intervals w; s, s = (k,n,[)

€ S so that conditions (3.19)—(3.25) below hold: Say that @(5)@(7]) is
supported in a small neighborhood of a rectangle of type r = 1. Then we
define w; s such that

(3.19) le(wi,s) =27 %20+ 1) < 527527k,
3.20 c(was) — 272l — 3) <5.27L27Fm and wey = wsy,
? 2 I b

(3.21) supp% Cuwjs for je{l,2},
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(3.22) supp(I)/g\M C[-1+2)a,—(1+27™)b), where [a,b) = w3,
(3.23) (14 27227k < w4 < (1+10-275)27F

(3.24)

(14 272E) 2 hm < | < (142272 (1 5. 27Dya7km for 5 € (2,3},
(3.25) {wjs}ses is a central grid, for j e {1,2,3}.

These properties are trivially adjusted when @(ﬁ)fb/g;l(n) is supported in
a small neighborhood, a rectangle of type r = 2 or r = 3.

As in [7], we prove the existence of w; ¢ by induction. If S is nonempty, pick
so = (k,n,l) € S such that k is minimal and define S = S\{s¢}. By induction,
we may assume that for any s’ € S’ there exists a wj; ¢ so that the collection
of all such intervals satisfies (3.19)(3.25). Now we try to define w; s, so that
(3.19)—(3.25) still hold. Let [a1,b;) be an interval with length (1 4 2725)2F
which contains supp d)/la And for j = 2,3, let [a;,b;) be an interval with
length (1+2-272L)27%+™ which contains supp <I>/]k\l By (3.22), we know that
supp <I>/3;l C [-(14+27™)ag, —(14+27)b3). Define wj s, 1 as the union of [a;, b;)
and all intervals bw; o with s’ € S’ which satisfy dist(w; ¢, [a;,b;)) < 2|wj«|
and wj g be the next smaller interval in S. Inductively we define w;,; for
I > 1. Let wjs, = Ujsq Wjsot- It is easy to verify conditions (3.19)—(3.25) for
Wj,s,- This completes the proof of the existence of a grid structure.

Furthermore, we have the following geometric picture for wj .

LEMMA 4. Fors,s' € S and w; s # wj ¢, the following properties hold:
(1) If wi,s C wiy, then wjy < wjs and %|wj,s/| < dist(wj s, wj,e) < 2|wa,y|
for j =2,3.

(2) Ifwjs Cwjg forj=2,3, thenwis < wie and %]wlysr] < dist(w 5, w1,s)
< 2‘0)175/‘.

Proof.  For simplicity, let us assume that the w; are associated with

rectangles of type 1.
wie =27 @ - L"), 272+ 1+ L7Y),
wie =27 -LH, 27 M@ +14+L7Y),
was = [27F™(Q21 —2 — 207 27 ™ (21 — 1 4 2071,
and wy g = [27F M —2 — 207 27t — 142071

For (1), note that if w; s & wi,s, we have 27K - LY <27F2l - L7 <

27kl + L7V 4+ 1) < 27¥(2' + L71 +1). Thus, 21’ < 2¥ k(20 — L= 1) 4+ L~}

and 21 + L7t + 1 < 2 ¥(2' + L7! + 1). By this, we have 27¥+m-1 <

o ktm(2] — 2L 71 —2) —27FHm (21 — 14207 1) < 27K+ mFL which proves (1).

We omit the proof of (2) since it is similar. O
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As in [10] we give the following definition.

DEFINITION 2. A subset S of Z, xZ xZ, is called convezif for all s,s” € S,
s'€Zy xZ xZy, je{1,2} with I, C Iy C Iy and wj ¢ C wjy C wjs, We
have s’ € S.

It is sufficient to prove bounds on Ag g for all finite convex sets S of triples
of integers, provided the bound is independent of S and of course m.

4. The selection of the trees

DEFINITION 3. Fix T'C S and t € T. If for any s € T, we have Iy C I;
and wj s D wj, then we call T a tree of type j with top t. Now, T is called a
mazximal tree of type j € {1,2} with top t in S if there does not exist a larger
tree of type j with the same top strictly containing T'. Let T" be a maximal tree
of type j € {1,2} with top ¢ in S, and i € {1,2}, i # j. Denote the mazimal
tree of type © with top t in S by T.

LEMMA 5. Let S C Z, X Z X Z, be a conver set and T C S be a marimal
tree of type j € {1,2} with top t in S. Then T is a convex set.

Proof. Let s,s" € T, s € Z, x Z X Zy, i € {1,2} with Iy C Iy C Iy and
wi s Cwig Cwis. Then s’ € S by the convexity of S. Since s # s”, it follows
from Lemma 4 that ¢ = j. Using that Iy C Iy C It, wj; C wj s C wjg, and
the maximality of T', we obtain that s’ € T', hence the convexity of T follows.

O

LEMMA 6. Let S CZ, xZ X Z, be a convez set and T be a maximal tree
of type j € {1,2} with top t in S. Then S\(T'UT) is convex.

Proof. Assume that S\(TUT) is not convex. Then there exist s, s” €
S\(TUT), s eTUT, i€ {1,2} with I; C Iy C Iy and w; v C wi g C wjs.
If & € T, then Iy C I; and wj; C wj . Since s is not in T, we have i # j.

By Lemma 4, we have dist(w;;,wi ) < 2|wj¢|. Since bw; ¢ C w;s we have
wit C wis. Thus s € T, which is a contradiction. O

For a given subset T' of S we define T}, ; to be the set
{neZ: (knl)eT}.

If T is a tree of type j for j € {1,2,3} and k € Z,, then there is at most
one | € Z, such that T} ; # (). If such an [ exists, then let T}, = T}, and
Q17 = @1 Otherwise, let T, = () and ®; 7 = 0. For brevity, we write
(k,n) € T if and only if there exists an [ € Z, with (k,n,l) € T. Thus
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identifying trees with sets of pairs of integers, we will use this identification
throughout.
Therefore, if (k,n,l) € T', we can write w; k. pn; = W)k = Wj k1, and

41) Apr(fi, fo, f3) = Y /H (Z Bk ()5 1 (2 )(fj*%km)(m) dz.

kEZ, = n€Ty

Let t = (kr,n7,lr) be the top of T. We write I = Iy, n, and wjr = W)k, 7-
For a tree T of type 2 (or 3) with top t and k € Z,, define ka,T and Qj_’k’T
by

0. 7(8) = (k-1 — Pk 1) (E)leza,cw, ) ()

—

0 k(&) = (Pjg—r1 — ®jar) (E)le<ayelw, ) (€),

where a; = 1if j =2 and aj = 1427, if j = 3. Let ¢*(z) = (1 +2%) V. In
accordance with the definitions of ¢, 1, and 1;; we define the functions

(4.2)

U1 (x) = (U * Yp)(x),  ¥p(x) = YTk (z), when j € {2,3}.

(4.3)
PLin(®) = (A1, xVR)(@), G5 pn(®) = (1r,, *Yg_p)(x), when j € {2,3}.

Let Ay be the set of all connected components of Ej\Ejr. Obviously Ay is
a set of intervals. Observe that if J € Ay, then 2% < |J| < 28+L and |J, Ay is
a set of pairwise disjoint intervals. Define

Apr={J €Ay :J C Iyymirn, for some (k+m+L,n)eT},
and for J € Ay 1 define
(4.4) pry(x) = 1% Y5(x), where ojf(z) = 27%*(272).
Throughout this paper fix 0 < n < L1 (23:1 p%. — 1) minje{m’g}{]%}

and let

H= {(17j71)7(27171)7(3>1>1)}

e

1

J

U(Q {(2,2,v), 23,1/),(3,2,1/),(3,3,V)}>.
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We now describe a procedure for selecting a collection of trees T, il and

; by induction on p and [. Let S_1 =S, and for u > 0 let

S =Su-1\ U U(Tﬁ,i,j,zufﬁ,i,j,z)

(i,5,v)€H 120

uw

where Tu il T:Z ;1 are defined as follows:

Let [ > 0 be an integer and assume that we have already defined T, MEREY

T”ij)\for)\<l If one of the sets T" ”/\,TM]AW1th/\<l1sempty, thenlet

“w
=T = = (. Otherwise, let F denote the set of all trees T of type 4

potsgol T
which satisfy condltlons (1)—(8) below:

(1) For (i,j,v) € H,
(45) TCSM 1\U ,uz,jAU ZJ/\
A<l
and T is a maximal tree of type ¢ in S,_1\ U( i3 U I“J)\)

(2) If (4,74,v) = (1,1,1), then for (k,n) € T, one of the following inequalities
holds:

(4.6) 65 kntt (1% D), = 272750 I l2,

> 27w I |

an | 2

(bT,k,nwik( —Emielwr e DO (fy ok Dy ) (- )>

(3) If (4,5,v) = (1,2,1) or (1,3,1), then

as

(4) If (4,4,v) = (2,1,1) or (3,1,1), then one of the following inequalities
holds:

1

Z qujk'nq’z)]k‘(f *¢]kT H )2 Z 242_#j|‘[kT,TLT|%‘

(k,n)eT

(19) ( ) Hd»i‘,k,nwik(fl*@Lk,ﬂui)?>242‘4—1|IkT,nT|%.

(k,n)eT

(5) Ifi = 2o0r3,j = 2o0r 3, v = 2, then there exists k € {—L,0, L, 2L, 3L, 4L}
such that, for (k,n) € T, one of the following inequalities holds:
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(4.10) H(b;k%,nw;,m%(fj * q)j,kﬂé,l)‘b >272 k]2,
(4.11) |7 k¥ bk (S5 L hsmrig) | =272 " [ Tinl2,
(4.12)

_ K
> 27w | I |

/
¢>{,k,n¢;k+m+i€ <€27T'LC(wj,k+m+z%,T)(') (f * (I)j ktmk, l)( )> ,

(6) Ifi=2o0r3,j=2or 3, v=3, then
(4.13) ( Z 165 5 ¥hn (f5 % 05 ) ||2) > 2427 Iy ]2
(k,n)eT
(7) Ifi=2o0r3,j=2or 3, v=4, then
(4.14) ( Z 165 15k (F5 % 05 1) ||2) > 24077 | Iy |
(kn)eT

(8) Ifi =2o0r3,j =2or3, v =5, then there exists k € {—L,0, L, 2L, 3L, 4L}

such that
(4.15) (Z Z Hpk mJ(f *(I)] T H )2 > 242_”Lj|IkT,nT|%.
k JEAk_m.T

If no such trees exist, in other words if F = (), then we set TV

T /i’ gl = = (). Otherwise, we select T il and T v, R follows

gl =

(9) Tt (i,,v) € {(1,2,1), (1,3,1),(2,2,4), (2,3,4), (3.2, 4), (3,3,4)}, then se-
lect TV, ., € F such that for any T € F,
(4.16) wj,T # wiT.

u'LJZ

Let T

ivij, be the maximal tree of type 7/ with top t in

M 1\U uzy)\U ,])\

A<l

where ¢/ =2 if i =1, ¢ = 1if i € {2,3}, and ¢ is the top of T}/, ..

(10) TF (i, ,v) € {(2,1,1), (3,1,1),(2,2,3), (2.3,3), (3,2,3), (3,3,3)}, then se-
lect T””l € F such that for any T € F,

(4.17) wjry, . £ Wi

Iy}
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Let T

ivi . be the maximal tree of type 7/ with top t in

Su-\J @i U Th )
A<l

where ¢/ =2 if i = 1,4 = 1if i € {2,3}, and ¢ is the top of T}/, ..

This completes the selection of trees. Observe that as a consequence of

Lemma 5 and Lemma 6, we have that S,,, T

il and T:ijl are convex.

LEMMA 7. For u >0, (i,j,v) € H,

Hyts3,50

(418) Z ‘I . | < 021077PJM2M
l

where C' is independent of m.

Let 2 < q1, ¢, g3 < oo with qll + q% + q% = 1. Then we have

LEMMA 8. Let p >0, j € {1,2,3}, T be a tree of type j and T C S,; then

1

(4.19) Apr(fi, fo f3)] < C27m2” Grt e o 1) if j = 1.
And if T is a convex set, then

(4.20) Apr(fi, fa f3)] < Co 27 T w s w | I if j = 2,3,
where C,Cy, are independent of m.

The core of the proof consists of the proofs of these lemmata. These will
be given in the next section. We now state and prove one more lemma which
will allow us to conclude the proof of (1.2), assuming the validity of Lemmas 7
and 8.

LEMMA 9. Let >0, T C Su—1 be a tree of type j € {1,2,3}, P C S,_1,
and T(\P = 0. Suppose T is a mazimal tree in T|JP. Then

Agryp(fis f2, f3) — Ap.p(f1, f2, f3)| < [AET(f1, fo, f3)]
+C2mg” Gt T )

where C' is independent of u, P and T.

Proof. Notice there exists at most one [ such that T ; # 0 and T is a
maximal tree in T'(J P; now,

A ryp(fi, f2, f3) — Aep(f1, fo, f3)| < |[Aer(f1, f2, f3)] + Z /|Ak($)|d$,

k<kr
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where Aj, satisfies

(4.21)

Au(a)] < <

(1 + 2= *dist(z, 017))N

’:]u

( S @@l <1>j,k,T<x>|),

=1 *ne(PUT)s

and (PUT)r = (PUT)x if there exists an [ such that T;, # (), and
(PUT)r =0 if such an [ does not exist. Thus we have

[ 14ue)ido

C
= Z (1-|_2 kdist (g, 0Ir))N ’

il

Z A1 1k (f1 % Prp )

LOC(Ik,n/)

> ntik(fi* ®in)

L2(Ik,n’)

e(PUT)x
Note that, since P|JT € Sy—1,
D Olkatin(fix @i
ne(PUT)x Lo (I )

< CH‘ﬁ,k,n"%,kfl * ‘I)l,k,THé H(flff,k,n"%Z’f,ke_%ic(wl’w)(')(fl * <I>1,k,T)(‘))/H§
<C27MY T

where n” € (P|JT) is so that it minimizes the distance to n’. And

< 02T I,
LZ(]k,n’)

Z (bjknw]kz(f *(I)]k:T)

e(PUT)x

Hence we obtain

\Agryp(fi, f2, f3) — Mg p(f1, fa, f3)]

C'2—"19 (ﬁ"‘plQ"‘L)#Qk
<|Ae7(f1, f2, f3)| +
k;anZeZ 1 + 27 kdist (I, 0I7)) Y

<|Aex(f1, f2, f3)| + C27H2 (1’1+E+5)“’IT’-

This concludes the proof of Lemma 9. O
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We now deduce the proof of (1.2) using assumed Lemmas 7 and 8, and
Lemma 9.

1,12 Ll
‘AES(flaf2af3 Q1 2" pl p2 (I2+p3 “ g |IT711|
PRER
l

(4,9,v)€H p=0

ro Y S Gty |
l

(i,4,v)€H p>0

<0 Y Y o Gt taeglomgn

(i,4,v)€EH p=>0
Z Z 2 s 25 2 Hel0np;
—|-Cq1 2 m P2 az ' p3 az’/l QIUNIPIQH
(i,4,v)€H p=0
< Cpy paps < 00

It remains to prove Lemmas 7 and 8. This will be achieved in the following
sections.

5. Some technical material

In this section we prove a variety of technical facts that will be used in
the proofs of Lemmas 7 and 8 presented in the next sections.

LEMMA 10. For any (k,n,l) € S there exists the following:

(5.1) 163 n(Fr % @ri)l|, <O inf My ()|l 2,
! 1
(5.2) ’ ngTIM( —2miclwrr)O)(fy * P 1) (- )) <Cxénf M fi(x) I n|" 2,
(5:3) 167 k(% @D, < Cllnl?,
ot (e 2micwi)() ’ -1
(5.4) 1¢1,k,nw1,k (7m0 (fr 5 @1)()) || < Cllenl ™
2

Proof. Since ¢7 , ,(z) < C (1 + 27 dist(z, Ikm))_N we obtain

2
|67 o (f1 % (I)l,k,l)Hz <C <zg[1f Mf1($)> [Tk -
This proves (5.1). Now observe that
(e72miclercdC (£ 5 By 1) () (2)

= /fl(y)ezmc(wl”“’l)y(q’l,k,l(‘)eQWiC(wl”“”)(')),(Jf —y)dy,
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and
(@10 (-)e 2O ()] < C 2721+ 27F|2]) 7.

Using this estimate and a similar argument as before we obtain (5.2).

We now prove (5.3) assuming that I, C FE; otherwise (5.3) follows
immediately from (5.1) and from the fact that M fi(z) < My, fi(z). Pick
a number A > 1 such that Al;,, C E and 2AI;,(E° # (. Then by

i p(2) < (1427 kdist(z, B) 7", we have

2
16 T (frx @1p0)|; < €AY A <$Egg§ Mmﬁ(m)) Tl < Cllgnl.

This completes the proof of (5.3). The proof of (5.4) is similar. O

Applying the same idea and the fact that the Littlewood-Paley square
function is bounded from L? to L?, we can prove the following.

LEMMA 11. For any tree T of type 1 and any j € {2, 3},

69 (X Il ) S it Mafyolie

(km)eT

(5.6) ( > \\¢§,k,n¢§,k(fj*‘Pj,k,T)Hg> < Cllig ]2

(k,n)eT
Similarly we obtain the following lemmas whose proofs we omit.

LEMMA 12. For any tree T of type j, j € {2,3},

60 (X (ot s eanl) £ inf Mool

(k,n)eT

(5.8)

‘ 112\3 .
(3 bt (200t < 01} | V€ it oo,
(kn)ET 2 rEr
(5.9)

' M2\ 3 )

( S [henl? ¢ik,nw1:k(em(“lw)("(fl*cbl,k,ﬂ(')) ) < Cllym |,
(k,n)eT 2
(5.10) ( ) Hﬂ,k,nwmfl*@Lk,T)Hi) < Clliy .

(k,n)eT
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LEMMA 13. For (k,n,1) € S, k € {—L,0,L,2L,3L,4L}, and j € {2,3},

(5.11) “¢;,k+l~c,n(fj* o ktE,l H2<C mf M2fj( )‘I’fvn’%’
(5.12) 167 kon (f % @ g, < C inf ij( O ER
(5.13)

<C inf Mfj(x)|In| "2,
Ielk,n

. Y /
¢T,k,n (€—2mc(wg‘,k+m+k,z)( )(f] * (I)j,k—&-m—i-fal)(')) )

(514) |’¢]k+kn¢]k+k(‘f *(I)]k;+kl H2<C|Ikn|
(515) H¢>(1(,k,nw;k+m+f€(fj * q)j7k+m+]:;7l) HQ < C’Ik7n|§7
(5.16)

. / .
¢T,k7n¢;’k+m+,}; (6—27TZC(W_7,k+m,+k‘L)(') (f] * (I)j,k—&-m—i-l;:,l)(')) H2 < C|Ik,n|_§.

LEMMA 14. For a convex tree T of type j, j € {2,3},

(5.17) ( 3 |\¢j’k’n(fj*0jkTH> <O inf M) Tey

(k,n)eT
(5.18) <Z 16510 (f5 % 0. 1)| )2<Cme2fy( Wr e |7,
(kn)eT
(519) ( Z “¢]knwjk *ejkTH> <C‘IanT‘
(k,n)eT
(5.20) < > Hquknwjkfj*f);m}i) < Cl|Ipy e |

(k,n)eT

LEMMA 15. For k € {—L,0,L,2L,3L,4L}, let T be a tree of type j, j €
{2,3}; then

(5.21) (Z > Hpka(f*qzkH;’T)H;) <C inf Mo f; ()l Iy e |2,

k JEAw_—m,T

522 <Z Z H’Ok mJ(f *(I)]k—i—fc,T)H3> SC’IkT7nT|%

k JEAq_m.r
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Proof. We prove (5.22) first. Since

2 1 |fi(w) P2~ dy
- KON < d
Hpk m, g (fj * ],k+k,T)H2—/(1+2k+mdist(x’J))N/(1+2k+m‘x_y)N x

2
f;(jL]|< inf A4§j}($)> S;(jL]L
ze8J

we have
S ekma i@ ppB<CY S > TI< Oy,
k JeAkf'm,T k JeAk}fﬂ’L,T

because the union of Ag_,, is a set of pairwise disjoint intervals. We now prove
(5.21). We have

j{: j{: Hpk—n%J(j} *<D$k+th)”% f;ljl +‘l)27

k JEAN_ 1
where
D :Z Z |2k, ((f12r,) * q’j,kH},T)‘ g’
k JEAN_ 1
D, :Z Z | P, s (f5L(212)e) * (Dj7k+]:;,T)H§‘
k JEAN_ 1

It is easy to see that

2
Dy < Clfptanl < Cltrl  inf Moo
To control Dy we have to work a bit harder. For any zg € I,

S e (il * @)

k JEAw_m,T
. —k+m o 2
Yy O [,
Pl (1+2-F+mdist((2I7)e, J))N ) (1+2-Fmdist(z, J))N+2
ClJ| . ?
< f Mot
<2 D (1+2 - Frmdist((217)°, J))N <£ng 2f9($)>
k JEA
2 2
<cY ¥ W (jnf Map)) <l (nf fio)
which proves (5.21) and thus completes the proof of Lemma 15. O

The following lemma is just a version of the boundedness of the Littlewood-
Paley square function from L*° to BMO. Its proof follows standard arguments
and is also omitted.
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LEMMA 16. Let j € {2,3} and T C S be a convex tree of type j. Then

(5.23) [ 054 (Fi % @jna) o, < €
2\ 3
(5.24) H ( Z O eV (fi % (Rjn—r,7 — ®jaT)) >
neTy

where C' is mdependent of m and BMO denotes dyadic BMO.

<C,
BMO

6. The size estimate for the trees

Having proved all these preliminary lemmas we now concentrate on the
proof of Lemma 8. This section is entirely devoted to its proof.
We begin by showing (4.19). For a tree T of type 1 and T C S,,,

(qun Dy By

nETk

|AET f17f27 d(l)

sup Z D1 k1, (f1 % PrgT) H
neTy 00
NE
H(Z Z(bjknw], *q)JkT) )
Jj=2 neTy 2

<C sup H¢1,k,n¢1,k(f1*(I)lyva)Hoo2_%2_£|IT"
(k,n)eT

Observe that
67 g5 6 (Fr* @rger)||

1
2

A

< |0} g7k (f1 % Prir)]2 (¢1kn¢1k€_2m(w1” (fl*q)lkT)()>l

< 027w

2

Thus we have
(A (fr, f2. f3)| < oo~ Gt

This completes the proof of (4.19) for trees of type 1. We now turn our atten-
tion to the proof of (4.20). Let

Z szkn 1/]zk )(fz *(I)i,k,T)(x)a
neTy
for i = 1,2,3. Then we write the sum ;- f1xforf3k as

Z fl,kf2,k+m+Lf37k+m+L+ Z Z fl,k(f27k+];f37k+]; - f2,k:+l~§+Lf3,k+I::+L)'

keZ, k€Z, kez,
0<k<m



UNIFORM BOUNDS FOR THE BILINEAR HILBERT TRANSFORMS, 1 911

Note supp J/C\Ik C w1 k,T, SUPP J/C\2,k+m+L C w2 ktm+L,T, and —supp J%,k-l—m-&-L C
W1 ktm+L,T + W2 k+m+r,7- Since T is a tree of type 2 or 3, by Lemma 4, we
have W1 k+m+L,T < W1 kT and diSt(w17k+m+L7T,ka7T) > ’ka’L|/8. Therefore,
we have (Wi kymtr,7 + Wokimtr,r) < (WikT + W2ktmr,r), Which implies
—SUpP f3 k+m-+L < SUPP f1,k + SUPP f2 k+m+r- Thus,

/Zflk ) foketma-1(2) f3 ktmtr(x)dr = 0.

Therefore, it is sufficient to consider

Z Z fire (f2,k+1?:f3,kz+ic - f2,k+/%+Lf3,k+12+L)'

kGZT ’;€~Z0
0<k<m

We write this term as

> fljk_;;> (forfsk — forrrfaprr) = I+ Lo+ I3 + Iy + I,

keZ, ];?€~Z0
0<k<m

where

5L (for = foptr)(f3 e — f3p+L),

Il
&M
M

&
Il
7N 7N N N VRS

el
|?/;xm
|/\ N

o
I

(foprr — fokrer)(fak — f3h+1)s

M

-
m
N
3
M
|/\ N

I/\ bl

o
m
N
3
I/\ T
Bl
I/\ N

=
I

Jok+or(far — far+L),

M

,k

o
m
N
3
I/\ T
Eal
I/\ N

&
I

Jor — fok+r) f3k+or-

M

foct)
focs)
ot ) = Joasa)faass — foasar)
)
focs)

ol
m
N
I/\ bl
Bl
I/\ N

Therefore,

Z firi (Z\f2k—f2k+L|> (Z|f3,k_f3,k+L|2>2

kGZo k
O<k<m

N =

|| < sup
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and thus for q% + qiz + q% =1and 2 < ¢, ¢2,q3 < 00, we have
(6.1)

3 1
/ |I1(x)| dz < || sup Z ka_’; H (Z \fik — fj,k+L|2>
k€Zo,0<k<m qr j=2 k 4
’ :
<Co| DAl TI (Z | fik — fj,k;+L!2>
k a1 j=2 k q;

where the L? norm estimate above is a consequence of the Carleson-Hunt
theorem [3] and [6], since the Fourier transforms of f; ;’s have disjoint supports.

To control the product of the last three terms in (6.1) we will need the
following lemma.

LEMMA 17. Let 1 >0, j € {2,3}, T be a tree of type j and T C S,,; then

(6.2) |\Zf1,ku2 < 02 Iy,

(63) H —2mic(wi,r) Z fl k HBMO < g2 pl X

Proof. The proof of (6.2) follows from the selection of trees (in particular
(4.9) which fails for g — 1), since

HZf1kH2 = HZ Z A1 k0 V1k(f1 % P1T) H2

k neTy

<30S [ranthrnlfy * ®rag)||s < 027 |17,

k nGTk

We now prove (6.3). Let J = [2¥/n;, 2% (ns + 1)] for some k; € Z and

define Ty := {(k,n) € T : I ,, C J}. Then
77 inf/ D Grrm(@)rg(@) (1 Pygr) (@) 2T — ol dy
I emyer

<Ji+ Jo2 + J3,

where

dz

Z O1 k(€)1 k(2) (f1 % Prpr) (2)
n)€eT,

1
1 ke () V1 (2) (f1 * Prgr) ()| do

2
,1 Jy J

=137 J| inf / Z O1kn (1)UL(0) (f1 % D) (eI — ¢

(k,n) eT k>ky

dx.
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Since T’; is a union of trees of type 2 or 3, we have

ME

J1§|J|—%( ) H<f>i,k,n¢ik<f1*<1>1,k,T>H§) <co ¥,

(k,n)eT,

which proves the required estimate for J;.
For Jy, we use (4.6) (which fails for g — 1) to obtain

e Lo 2
J<C2 g Y . Ngcz
i, (1 + 27 Fdist(J, Ir.,))
k<k;

Finally we can control J3 by

/

which is equal to

/J Z <¢1kn<) Y1()(f1 % @1per) ()

(kn)eT
k>k;

Z <¢1,k,n(')¢1,k(')(f1 * ‘Pl,k,T)(-)e2”“(“’1’”(')> (z)| dx

(k,n)ET
k>k;

/
" eZWiC(wl,k,T)(')eQﬂi(c(wl’T)c(wl’k'T))(.)> (x) dx.

Thus we obtain the estimate J3 < J31 + J32, where

Ja1 = / Z

(kn)eT k>k,

¢1,k,n(')¢1,k(')(f1 * <I>1,1<:7T)(')E_MC(WI"“’T)('))/ (v)|dx,

J32 = C/ Z DLk (T)1 k(1) (f1 % By g 7) () 2Ticlwrr)e

T (kn)eT k>k,

X (c(wir)—c(wi k)| de.

Since T' is a tree of type 2 or 3 it follows from Lemma 4 that |c(wir) —
c(wi k)| < 2|lwi k7| Thus we have

1 2713 . .
Jz2 < C|J|2 Z (14 27 *dist(J, I, )N |67 etk (fr % @rger) |,
(kn)eT k>k,; s dkn

s |Ikn|_ e
< 02w |2 > - <C27 .
=5 1+2 dist (J, I n)) N

Similarly, we prove J3; < CQiﬁ, by using (4.6) and (4.7) (which failed at the
step ¢ — 1). This completes the proof of (6.3). O
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Now interpolate between (6.2) and (6.3) to obtain

(6.4) H 3" k| < C2 i),
k

q1

1
where C' is independent of q1. Next we write (34 [fjx — fikrrl?)? as

(=

k

1
2)5

D Giknin(fi * Qi) = Y GikrrmCirer(fi* jpirr)

neTy nET,yr

which we control by I1; + I12 + I13, where

2\ 3
I = <Z > Gikrratiprr(fi* (®ier — Pjprrr)) )
k nETk+L
2\ 3
Iy = <Z Z i kL Wik — Vikrr)(fj * PjrT) )
k neTk+L
2\ 3
_[13 = (Z <Z d)j,k,n - Z ij,k—‘rL,n)wj,k(fj *(I)jvva) ) .
k n€Ty n€Tkyr

By (4.13) and (4.14) we obtain

[M11l]2 < ( >

(k+L,n)eT

¢j,k+L,n¢j,k+L (fj * (‘I)j,k,T - ‘I)j,kJrL,T))

1
2)2
2

_w2 1
Thus by Lemma 16 and interpolation, we have ||I11|, < C2 7% |Ip|% , where
C' is independent of ¢;. As in [10] we observe that

<027 % |Ip)3.

Vi — ikl Slpe \Eeomir * Pheml + LBy * (Vkem — Yk—me1)]

2
SC Z pk—m,J'
JEAL _m

Introduce sets V" ={n €Ty : n+1¢ T} and V,, ={ne€Ty: n—1¢ T}
Then we have

> GikrLn(Win — Yikir)

n€ET 1

2
< Z b ket Lo Z Pi—m,J T Z ikt L Vi L

nGTkJrL JeAk—m,T HEVI:;_LUV,C:_L

C

* *
+ n; Pjkt Lkt L (1 + 2=F+Ldist(Ir 1, (2I7)¢))N
k+L
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Using this, (4.15), and (4.10) we obtain ||I12]/2 < CQfﬁ\IT]%. which provides
an L? estimate for I;. We now obtain a BMO estimate for I1o. For any
I = [2krny, 2k (ny +1)], we have

inf/|I12 — cf’dx

¢ JI

2
—c

Z Dj kL (Vik — V5, k1) (fj * DjkT) dx

nET,yrL

and we control the last expression above by the sum [}, + I}, where

2

Iy = ilclf/ Sl DD bikrLa@ @ik — k) @) (f* Pjpr) (@) —clda,
Il s kr+m n€Tkyr
2
Iy = ilgf/ Do Y Gikrra@ Wik — isrr) @) * Qi) ()| —c|de.
S i<k m  neTig
Using (5.23) we can estimate I7, by
2\ /
C|I? H (( > Gikrra(Wik — Gikrn) () * ‘I’J‘,k,T)6_2”1'”(”*”)(‘)) )
k>kr+m n€Th41 0o
<cup . oM o< oc.
k>kr+m
Also using (5.23) we obtain the sequence of estimates
2
B[ 3 Y burnal@in — b )@+ Sr)a)| da

k<k1+m ’I’LET]C+L

3D IED Sl (TS E e

k<kr+m JEA,_,

2—k+m
<
—C Z Z // 1+27k+m|x7y|)Ndydx

k<ki+m JEA,_m,J () 210

—k+m
tC D 2 // 142 k+myx— gy e

k<kr+m JEAg_,n,J () 21=0

I
<C Z Z ’JH_C Z 1+2—|k—i|-m‘I)N

k<kr4+m JEA_m,JCHET k<kr+m
Q(k—m)N

171N

<cli+ciu >
k§k1+m

<.

Thus we have proved that ||I12]|pmo < C. Then by interpolation, we obtain

(6.5) [T12llq, < C2 7% |Ip|%,
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where C' is independent of ¢;. For I3,
2 3
I Iis)l2 < (ZZ ‘( > ikn— Y ¢j,k+L,n>¢j,k<fj % D g 1) )
k n’ neTy nETJH,L Lz(Ik,n’)
1 * * 1 _ - 1
< I£3) =+ H¢j,kT,nij,kT(fj * (I)j7kT7T)H2 < [§3) + C27MHQ »; |IT|2>
(1)

in view of (4.10), where we set I}5’ to be the expression

{ Z Z Z Pjen — Z Djk+Lon

1
2

k#kr n' n€Ty nE€Thy 1, L (I, )
TR
* *
|| Y S kntiu(fi* Pip) } :
T L2(I,. 1)

Note that by (4.10),

2 2u
> Gkntia(fi * ®ir) < O272M2 w5 I .
nETk Lz(lk,n’)
Thus,
Iy < C2W2_P_j< S MDD bk — Y bikrim 2k>
k<kr n' "l neTy, n€Tyir Lee (I nr)

We next observe that

> ikn— > GiktLn

neTy, nET,4 1

< Y hkerat D> Gk

n€Wi+1 ”GVI:-—*-L UViie

where
neZ: (k,n) ¢ T but there exists }

Wi = { (k4 L,n") € T such that Iy, C Iyir

Note that by the convexity of T the set U, U,ew,,, {Zkn} is a set of pairwise
disjoint intervals. Hence, we have

Weerv (S5 8 Herali,)

k<kr n' neWyir

1

+ Cznu2_7j< Z Z Z 2k”¢;k+L,nHL°°(Ik,n/))
k<kpr n’ TLEV;;:_LUVIC:—L

1

502”“21%(2 ool + > D !Ik,n!>2

k<kr n€Wjir k<kr nevktrL UViie

<C27MY v I3
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Therefore, we obtain
N 1
||113||2 < C27NMHQ vy ’IT|5.

By an argument similar to that used for the BM O estimate of I12, we obtain
that ||I13][mo is at most a constant. Therefore interpolation yields

(6.6) [ T13llg, < C2 % |Ir|%,

where C' is independent of ¢;. We conclude that (6.4)—(6.6) imply

1 2

IRl < G2~ ortea o 1),
Similarly for j =2 and j = 3,
Il < Co 2w o a1,
Now we write
Iy = I + Lug + Inz + Lua,
where

Iy = Z < Z f17k_;;>f2,k:+2L

keZ, keZo
0<k<m—3L

< Z 3 k+- L3 k+L(f3 % (P31 — (I)S,k—i-L,T)))a

nET}H»L

Iy = Z < Z f17k_]}>f2,k+2L

keZ, jgezo
0<k<m—3L
< > Oshirn(sn — Yspir)(fz* ¢’3,k,T)>a
nET,yr
Lg=Y_ ( > fl,k;;)f2,k+2L
keZ, k€Zo
0<k<m—3L
< > bskn— Y ¢3,k+L,n> Y3k (f3 * P3 k1),
neTy nET,yrL

Iy = Z < Z f17k_1})f2,k+2L(f3,k — f3k+L)-

KeZ, N kez,
m—3L<k<m
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Next we observe the following three set-theoretic inclusions: supp fQJH_QL C
W2 k42L5

supp ( Z ]?lk,;) C U Wi ko and

!‘%GZO jéezo
0<k<m—3L 0<k<m—3L

A
—supp ( > Oshrrntsprn(fsx (Papr — (I)3Jc+L,T))>

nETk+r
C (wik +wo ) \(Wi kL + wWoksL)-
Since by Lemma 4
U Wy gk T wekter CWiktL +WoktL,
jﬂEZo
0<k<m—3L

we obtain that the function I;; has vanishing integral. For I,

Z f1,k—1§:

jvEZo
0<k<m—3L

(>

keZ,

(x

keZ,

[I42| < sup
keZ,

1
2

Z O2 k4L (V2 — V2 k+1L)

nETk+L

| fo * <I’2,/r<;+2L,:r|2>

Z 3 k+L.n (V36 — V3 keL) :

n€Tk4r

| f3 * ‘I’s,k,T|2>

As for the estimates regarding Iy and I15, we have

> fuk

kEZ,

(>

keZ,
2 .1 2

Iz

< C’q12_(ﬁ+1’2 a2 T ps qs)]IT].

[ 1a2l1 < Cy,

q1
1

3
| f2 * ‘1’2,k+2L,T\2>

D> Gonirn(Won — Yopir)

nET k41

q2

1
2
| f3 * ‘1>3,k,T\2>

> GsktrnWse — Ysrir)

n€ETkyr

g3

As in the estimates for Iy and I3, it is easy to obtain

1Ll < Cp2~Grtoaastoss)| 1.
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In I, the index k runs through three values. We estimate each of the three
summands separately. For k € {0, L,2L} we have

S i hemeiokron(fax = faprr)]

kEZ,
1 1
2 ? 2 °
< {Z \f1 k—ma i f2.k+2L] } { > fsk — fanesl }
kEZ, kEZ,
from which it follows

[ Laall1 < C< Z “fl,km+;}f2,k+2LH§> ’ H( Z | fa ) — f3,k+L|2) )

keZ, kEZ,

2
— L_A'_L
<2 G, ”3)|IT| ksup H‘Zsik,nw;,mm—iéwL(f?*(I)2,k+m4%+2L)Hoo‘
RIS

Note that

* * ~
(k?rlzl)IéT H(bl,k,n%,mmfmn(h * s em-iean)lloo

1
< C sup |‘¢T,k,n¢;’k+m_;+2,;(f2 * ®2,k+m71~€+2L)H22
(kn)eT

2

2

. H (¢>{’k’n¢;k+m_%+% (e_Qﬂ'iC(wz,ker—chrZL,T)(')(f2 N ‘1)2,k+m—1?:+2L)(')))/
<0272 s
Thus, we obtain [[I44]|1 < 02*"“2_(i+$+$)“|lﬂ. Hence,
IEally < Cou2” Gr o) | g

and a similar estimate is valid for ||5]|;. This completes the proof of (4.20).

7. Counting the trees, Part 1

Having established the proof of Lemma 8, we now turn our attention to
Lemma 7. The proof of this lemma will be presented in this and in the next
two sections. In this section we prove (4.18) for

Ggve |J {652y L)

i,j€{2,3}
We will need the following separation lemma from [7] and [8].
LEMMA 18. Let S C Z3, s € S and I;,ws € J such that

1) %|IS||WS| < |Is < 2[Is||ws|, for s,s" € S.

W

2) {Is}ses, {ws}ses are grids.
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3) If s £ &, then Is( Iy =0 or ws(ws = 0.

AlU
For any A> 1, then S = < U Sl> US" where
1=1

4) For1 <1< AW ifs s’ € S;ands # s, then (Al xws) (Aly xwg) = 0.
5) > || SCG_A > sl

ses’ s€eST

We give two more definitions. For s € S C Z3,

2m xz —1y)2™
Ty o= [ g () o
and
N o —yl2m \ Y
(7.2) ¢i(z) = /I A (1 + 7|Is| > dy.

Since ¥*(z) = (1 + %)™, we clearly have
2mdist(z, Is))_N
||

Then we have the following almost orthogonal lemma.

|6s(2)] < 2V |¢5 ()| (1 +

LEMMA 19. Let S € Z3, s € S and Is,ws € J. Define the counting
function of S by
Ns(z) = 1p,(x),
ses
and for m >0, let &5 € S(R) be such that supp@ C ws and
|@s(x)] < C2™ |71 (1 + 2™ I ).
Let S, I, ws satisfy 1), 2), and 3) below:

1) 2m7t < || |ws| < 2mFL

2) {Is}ses, {ws}ses are grids.
3) (Al X ws) (Aly X wg) =0 for s,s" € S, s’ # s for some A > 1.

Then
D lles(f * )3 < Cn(1+ [NsllowA™ ™)1 £115.

SES

and for any J € {Is}ses,

1 2
5 lon(£ + 22)1B < CulJINGIE L+ Wslloa™) (1 D(001)(0))

seS
I,cJ
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where Cy is independent of m. And if m =0,

2

< On(1+ Vs llooA™™) 1 113,

2

2 || b (efQWiC(ws)(')(f % (ps)(.)>/

SES

and for any J € {Is}ses,

S ILP

SES
I.cJ

2

bs (20 (@) ()

2

HNsHoo

}{ir}fMg(Mf)}2.

Proof. We may assume that S is a finite set. Let Asf(z) = ¢s(f * @5)(2),
then A*f(x) = (fd,) * ®s(z), where ®,(z) = ®4(—z). Thus, we have

STIAAIE =S (ALAL £ < 1Y ALAS I fll2 = Bl fla-

ses ses ses

< OnlJ|INs 12 {1+

Assume || f||2 < B; otherwise there is nothing to prove. Notice that

B>=> " (AiAf, AL Asf)

seS s’eS
<OY A+ D IAflz D 1A« AL As fll2
seS ses S'€S:s'#s
<CB|flla+Y_IIAsfl2 Y A ALl As fll2 := CB| f]l2 + O.
seS s'€S:s'F#s
Note that Ay A% f(z) = [ K(x,y)f(y)dy, where

K(z,y) = 65 (2)(®s % Do) (@ — )4 (y)-

It is easy to see that K(x,y) = 0 if ws[wy = 0. We claim that

2m| I |2
(7.3) || AgA*| < Cn I' . <1+

2

2mdist (I, Iy)
| s |

-N
) , if I < 2|14

| 5]

Now we prove (7.3). Notice that

2m]—/ 2md't[ IS/ _N
/!K(x,y>da:§cN ‘s‘(HM) |

|| | Ls |
Similarly, we have

2mdist (I, Iy) > -

[l aldr < e (14 25



922 LOUKAS GRAFAKOS AND XIAOCHUN LI

Thus by Schur’s lemma, we obtain (7.3). Hence

0<2) [1Asfllz Y 1A« AL As fI12

SES s'eS
s'#s

wsCwyr

m|[, |3 Ay
<CY ALl > 21| |As /1l2 )N+2'

ses ves  sl? (1 | 2rdist(Ls, L)
s'#s 1]
wsCwyr
Notice || Asf|l2 < C2™inf,e;. Mf(x)|]s|%, where C' is independent of m. The
proof of this fact is the same as the proof of (5.1). Therefore, we have the

estimate

23m|[£/
o<c inf M inf M
- S;JQI 1) sze;s <1+2mdist(15,15,))N+2 aclenl /(@)
s'#s I
wsCwgr
<CA™NS inf Mf(z) Y / M/() Sdz
zel, 1. dist(x,1)
ses s'eS s (1"‘ T)
S/¢S s
wstS/
<ca™ Y [ (0L @)* ds
ses s
SCAN/les(x) (M(Mf)(x))?dz < CA™N|NsllooBIIfl2-
seS

Thus, we have obtained B < Cn(1 + A™Y||Ns|lso)|lfl2 and

(7.4) Y IAFI3 < On (L + AN (INslloo) 1 £113-

ses

If we set Jy = 2||Ng||&J, then

1

5 2 AFI3 < D0 1AL + D 1As(fLgo)l3 = Gi + Ga.
seS sES s€S
I.CJ I.CJ I.cJ

First we use (7.4) to obtain
G1<COn(1+ AV Nslloo) 104 13

< ONLTIINS IR (1 + AN [Wslloo) { inf M £}

Notice that dist(y, Is) > ||Ns||&]J| if y € (Jn)¢. Thus,
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Ga< > /|<z>s

seS:I,CJ

f(y)fbs(x —y)dy| dx

c

<C D) NSl mef /\¢ )|dx

seS:I,CJ
<C ) INsll (mef) I < CIMf1Z00 < ch|(1nfM2(Mf)) .
seS:I,CJ

Therefore,

N 2
ST A3 < OnINIINGIZ (1 + A [N lo) (insz(Mf)(w)> .
zeJ

seS:I,CJ
The proofs of the last two statements of this lemma (m = 0) are entirely
similar. This completes the proof of Lemma 19. O
We now turn to the proof of (4.18) for
{G.5mre U (.42 J{a1,10}
6,j€{2,3}

We only prove the case (i, j,2) if i,5 € {2,3}. The proof for the case (1,1,1)
is similar. Let F; ;0 = UATy, .} N7 ,.(2) = Xrer,, 11.(2), and

1
N}ii 72(1’) = Sup 170 Z |IT|
e JG{ITZTGJ'—L]’_VQ} |J’ TGJ: .
Jox ba2
IrcJ
It is sufficient to prove
(7.5) INE, Ll < C210margh,

Since N, ,, is integer-valued, to prove (7.5), it suffices to show that there
exists 0 < € < 7 such that, for any A > 1,

(7.6) {z € R:Nx,,(x) > \}| < C.2l0mingn\12pie=75

since % — 12pje > 1. Take F' C F; 2 such that Nz (z) = min{N7x, ,,(z), A}.
See [7 ] Then,

o € RN () 2 A} = [{o € R N, (1) > A}
Let A = )\°. By Lemma 18, we have F/ = Aw L FUF", where:
1) for T,7" € Frand T" # T, (AIr x wir) (Al X wir) =0, and

2) D orer | < Ce 4 >rer 1.
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Applying Lemma 19 with S := {(kr,nr,lr)}rer, Ns := Nz, I, == Ip,

Ws 1= wWyT, Qs 1= ¢;kT+l?:nT’ d, = <I>j7kT+l;7T, N = é, we obtain for J €
{IT T e f.l},
% 2
Z "Qﬁj’kTJr,;,nT(fj * @ i)l
TeF
IrcJ

< OV 15 (1 + IV llooA™5){ inf Mo (0 f7)}
gC|J|A€{n}fM2(ij)}2,

since N7, < Np < A
Assume that T' € F; satisfies (4.10). Then we have

Z |I |<022n‘“2f’_l; Z ”d)* - ¢* ~(f,*q)‘ 5 )H2
Tl= ikt Ve k3 * L ek r)l12

TeF; TeF,
IrCJ IrCcJ

< 0229 | T\ (;1615 Mg(ij)(z)>2.
Hence, we obtain
NE () < €227 ) (My(M f;)()?
Since p; > 2, using [7] we obtain
[Nz, < CING Iz

< C22ﬁﬂ2p_l;)\€"M((ij)2)Hﬂ < 022w2p_j)\6||fjH;27_7 < C2PM2% ),

Thus,
. > < npj o )\ 6pje—= .
HxER Nfl($)_A10+1}‘_C2 2K\
Therefore,
AlO )\ )\
;> < > v > ——
N 2 )\H_ZH HNE = A10+1H + HN]E = A10+1H

< C2Psngu\12pe=5 4 ONOSTL | Npy ||y < C2MPinom\I2PiE— T

Here we used the fact that Nz, is integer-valued in the estimate [Nz |1 <
INE, ||z]g This completes the proof of (7.6).
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8. Counting the trees, Part II

In this section, we prove (4.18) for
4
G.jv)e (J <{(1,J} 1), (6,1, 1)} [J{G, 4, v)}) :

i,7€{2,3} v=3

First, we need the following almost orthogonal lemma, whose proof is similar
to that of Lemma 18 and is therefore omitted.

LEMMA 20. Letl € Z, T, C Z3, S = U2, T1, s € S and I ,ws € J. Let
A>1, and

Ns(x) = Z L, ().
1=1

Also let , be in S with supp @, C w, |Bg(x)| < OC2™|I |~ (142 |I| =)~ N.
Suppose that S, I, ws satisfy the following:

1) 271 < Ll < 27,
2) {ws}ses is a grid and {Is}ses is a dyadic grid,
3) for s,s' € Ty, if Iy = Iy, then s = §'; and (8.1), (8.2), and (8.3) below
hold:
(8.1) Al C I7, for any s € Ty,

(8.2) ifseT,s €Ty, l#1, and ws C wy, then ws = wg orly, NIy =1,
and
(8.3) for s,s' € T}, we have either wy = wy or ws Nwy = 0.

Then there is the inequality

(8.4) D lgs(f @3 < On(1+ [NsllaoA™™) 1 £113,
seS

and for any J € {I1,}724,

(8.5)

1 2
S ol + @)1 < OnIINGIE QL+ Wsllea ™) (inf 20001 0))

se U T
LIy CJ
where Cy is independent of m. And if m = 0,

SoIE o (e w0 )

seSs

2
< On(1+ [NsllooA™™)1 113,
2
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and for any J € {I1,}7°,,

Z I, H¢s (e—mz‘c(ws)(-)(f . q>5)('))/H2

2
se UT

LI, CJ

HNsHoo

< ClJINs 15 {1+ } (inf (M 1)),

We now return to the proof of (4.18) for

4
G5v) e |J ({40, 61L0}) J{6G50)}).
i,j€{2,3} v=3
We only prove the case (1, j,1) for j € {2,3}. The proof for the case (i, 1,1)
for i € {2,3} is similar. Let 71 ;1 = |, Tﬁ,l,j,l’ Nz, (x) = ZTefl,j,l 17, (),

and

1
M@= sw 5 3 il
' Je{Ir:TeF1 1} | | TeF1 i1
Jozx ITC:f

It is enough to prove that
INF, . [l < C2t0mPkan,

But since N7, ,, is integer-valued, it is sufficient to show that there exists
0 < & < n such that, for any A > 1,

(8.6) {z € R:NF,, () > A} < C2!0msngn\12nie= T

since & — 12p;e > 1. Take F' C Fi 1 such that Nz (z) = min{ N7, (), A}.
Then we have

{z €R:Np(2) > Nl = [{z € R: N, (@) > A}
Define a partial order on the set {Is}ses X {ws}ses by setting
Is X ws < Iy X wgr
only when I, C Iy and wy C ws. For T € F', define
TN — {s € T': I x w1 is minimal with respect to <},
={seT:I,n(1—-2"YIp =0},
O max {s € 79 . I, x w1,s 1s maximal in T? with respect to <},

= {s € T\T™" : 2°X°|I| > |I7|},

Tnice T\ Tmm U Ta U T)\
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We aim to apply Lemma 20 with S = [z TV A = N, Ng = Ng,
Iy = Ip, ws = WjkT, 05 = gb}‘,k,n, &, =7, and N = % We check (8.1)—
(8.3). Note that (8.3) holds because T' € F' is a tree of type 1. And the
subtraction of 7% and 7?9 makes all s € T" satisfy AI; C I, which is (8.1).

Now we check (8.2). Assume T, 7" € F/, and s € T, s’ € T" with w; s C
wjs and wjs # wje. Since T is a tree of type 1, we have wir C wi.
By Lemma 4, we have w;, < wjr, dist(wjs, wjr) < 2|wss|. Notice that
Swjs C wjs and wjp(\wjs # 0. Thus wjr C wjs. Again by Lemma 4, we
have wy 7 < wiy and dist(wy 7, wi,e) < 2|wi,e|. Since there exists s” € T’
such that s’ € (T")™" and 5wy ¢ C wy g, we have wy e Nwir # 0. By the
maximality of 7" and (4.16), we know I () Iy = (), which is (8.2).

For J € {Ip : T € F'}, Lemma 20 gives

2
B0 X% 1ol )l < N (i M005) )

TEF! (k,n)eTrice
IrCJ
By (4.8), for any T' € F/,

| <2727 3 65 kntbia(f * Qi3

(kn)eT
<2782 N 165t x @ir)ll3
(k,n)€Tmice
+278275 Z |65 k1 (f *Djkr)I3
(k7n)€Tmin
427520 |5 r(f o+ @) 3
(kn)eT?
+27820 N 08 (5 @) 13-
(k,n)eT>
Note that by (4.10),
_2w-=1)
D R R R TTRSI P S e R
(e (kmyeTm

_2(p—1)

<o 2=No™ " | Ip| < 2327w | Iy

By (4.8) we also have

_2(pm-1) _2p
S NGt (fix )3 < D 227 L] <2727 7 I,
(k,n)eT?® (k,n)€T0 max
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Therefore, we conclude
(8.8)

Ip) <270 > 65 Wk (F5 % Qi) 13+ 27727 > (1655 05k (f % i) 13-
(k,n)€Tmice (k,n)eT>

Now observe that in view of (4.10),
2(u=1)
S i o3 S Y 27T g
(k,n)eT> (k,n)eT>
< 232721197 15 (logy A° + 5)| 7.
Hence, if logy A° < 227 we obtain
(8.9) Ir) < C2% > 1655 k(s x i) 5.
(k,n)€Tmice

From (8.7) we deduce

2p 2
(8.10) Z |I7| < C275 ||\ <%2§M2(ij)(x)> :

TeF'
IrCJ

This gives N& (z) < C’EQP_:)\S (My(M f;)(x))?. Since p; > 2, when logy \* <
2277#7

(8.11) INF 2 < CIINE |2 < Co2% X°

The situation where log, A° > 22"# is similar. By using a similar method, we
obtain

)\1+2s

(8.12) ||_/\/‘}.,Hp] < C. 2,,7 )\125 +C. 211_7 < C. 2p7 /\125

when log, A* > 227, Using (8.11) and (8.12) we deduce

)\1+25
< €20 \1%

(8.13) INE o < Co2% A2 4 CL2m

for any A > 1. Hence, |[{z € R : Nz (z) > \}| < C.2#\P¢=% | which implies
(8.6).

The proof for (i,7,v) € U; jeqa3) UL_3{(i,5,v)} is similar. We only check
the following separation condition for trees:

Let Fi ;. =, Ty, ;, and

(@Wik—r.1 = Wipr) " = (@h-rr —wirr) [ le(wir), o),

(Wih—£1 = wikt)” = (@jh-r,1 = wikr) [ (=00, c(wjr)]-
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LEmMA 21. Let (i,5,v) € U; jea5) Up—s{(@.5,0)}, T,T" € Fijo, (ki) €
e (K n') € (T, Suppose that T #T', k' + L < k < kr, k' +2L < kg,
and that either v =3 and

(Wik—rr = Wipr) " [\ Wik L1 —wip )™ #0,
orv =4 and
(Wjk—LT — WjkT)” m(wj,k:’—L,T’ —wip ) # 0

Then Ik:’,n’ mIT = @

Proof. For simplicity, we only prove the case (i, j,v) = (2,2,3). The other
cases are similar. Assume I () I7 # (. Since

(wah—r,7 — wo )" [ \Wopr—raw — wop )" # 0,

there exists (k”,n”) € (T')™" such that ws 1 C wo kv 7v. By assumption, we
have Iy pr X wo o 7 < IT X wo k. 7. It follows from the maximality of 7', that
we chose T" before T.

By (4.17) and ws g, 7 (w2,kp 77 = 0, we have wy g7 < wak,, 7. Note
that

diSt(WZT/, (w27k/_L7T/ — w?,k/7T')+) Z 2- Q_k/_L 2 2. 2L|w27k7T|,

by the convexity of 7", the central grid structure of {wa 7}, and the known
fact that dist(wa, 1, (Wop—1,17 — wapr7)h) < 2L|w27k7T|. This contradicts that
Wy kp T < W2k, 1. Therefore we have Iy, ()Ir = (. This completes the
proof of Lemma 21. O

9. Counting the trees, Part III

In this section, we prove (4.18) for 7,7 € {2,3} and v = 5. Here we will
need the following almost orthogonal lemma whose proof we omit since it is
similar to that of Lemma 18.

LEMMA 22. Let F be a collection of trees of type i and
Q:={(k,JT):keZ,TecF,JeN_mr}

For q € Q, define Ayf(z) := pg(x)(f * ®y)(x), where py and O, are functions
satisfying

(9.1) 19q(2)] < cN(1 n \J|_1dist(:z:,J))7N,

-N —~
(9.2) | Dy ()] SC’N\J]_1<1+]J\_1]$\> and supp @, C wy,
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where wy = wj 1. Assume furthermore that

(9.3) (AT x wy) (VAT x wy) =0,
whenever q,q' € Q with q # q'. Let Ne(x) = > e r 11, (x). Then,
(9-4) D 1A f13 < O+ [INFlloe A=) F1I3-

q€Q

And for I € {Iy : T € F},

" 2
03) X 14413 < CHINEIZ( + Nollwd ) (inf Ma011)) )
qe@
q=(k,J,T)
JCI
We now prove (4.18) for 4,5 € {2,3} and v = 5. Let F; ;5 = |, Tiﬂ.’j’l,

Nfi,j,S ($) = ZTG]:{,,]‘,S 1IT (33), and

1
Ni @)= sup o D7 (o7l
\Js JE{ITZTG]:i,j,S} ‘ | TEF ;5
Jox [TCYJY

To establish (4.18), it will be enough to prove [Nz, . |li < C2!9Pi#2# and for
this it will suffice to show that there exists 0 < € < 7 such that, for any A > 1,

(9.6) {z € R: Ng,, (x) > \}| < Co2l0mingr\12pie=5

i

since N, , , is integer-valued and since % — 12p;e > 1. Take F' C Fj 5 such
that Nz (z) = min{Nz, (), A\}. Then,

{z € R:Np(@) 2 M} = [{o € R: N, (&) = A,
Assume A > 2" first. Let A = )¢,
Q ={(k,J,T): k€ Zy,J € Ny, T € F'}
and ¢ = (k, J,T) € Q', ¢ = (K, J,T') € Q. But if ¢ # ¢/, then
(J X Wjk+L,7) ﬂ(J/ X wjp4rr) = 0.

In fact, otherwise we would have J = J', k = k and wjpirr = wjptr,1
by the grid structure. By J € Ap_p, 7 () Ak—m, 17, we know that there exist
(k+L,n) € Tand (k+L,n’) € T" such that J C Iy () Ik+L,n which implies
n = n’. Therefore, T and T’ contain a common element (k + L,n,l). This
contradicts the maximality of 7" and T".

By Lemma 18, we have Q' = Uf:li Q;UQ", such that

(AJ X C()j7k;7T) ﬂ(AJ/ X Ldj’k/,T/) = @)
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for 1 <1< AY g#¢,q,¢ €Q), and

(9.7) doscet Yl

qeQ” qeQ]
q=(k,J,T) q=(k,J,T)

Applying Lemma 22, we obtain, for I € {Ip : T € F'},

2
08 X ol * )l < G (i Ma0I5)(0))

qEQ;
q=(k,J,T)
JcI

where k € {-L,0,L,2L,3L,4L}. Thus, using (4.15), we obtain

S <020 S5 S ok (5 )IB

TeF' TeF' k JEAk_m,T
IrCI IrCI

<C2% 3 lokema(f5 % @) I3

qEQ’
q:(ka 7T)
JCI

A0

<027 Z Z | Pk—m,7 (f5 * (I)j,k+l%,T)Hg

I=1 qeQ;
q=(k,J,T)
JCI

+C2%i Z | k=7 (fj * ‘I)j,k+l},T)||§

qu//
q=(k,J,T)
JCI
21 2 21
w1 TINE [ ) p—j
< C.275 |I|A 5<31£1£M2(Mf])(x)) +02n > ||
quN
q=(k,J,T)
JCI
20 2 2\
< C.275 [T|AMe <ianM2(ij)(x)) + 027 |1
FAS (&
Therefore,
)\
(9.9) NE(2) < C A (Mo (M f)(2))* + C275

er’
Since p; > 2 and supp./\/ﬁ, C Uper I,

2
Pj

INF

2p 2n )\
o S ORIz < C2n N 02 S| | Ir
TeF
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By (4.15) and (5.21), we have for T € F, i}lf M f; > 6’27')&1, which gives

(9.10) U Irc{e e R: Myfj(a) = C27 7 }.
TeF'

This in turn implies ‘ UTe P IT‘ <O < C/\%. Therefore, we have for A > 2"+

2 2 N1y 2u
(9.11) INF |2 < Ce279 NP 4 €27 =y < G279 A%,
2 e
Finally, for A > 27,
(9.12) [{z € R: Np(2) > A}| < 2P

If A < 2" applying (9.5) with A :=1, Q := @', and N = 1/¢ we obtain

2

913) 3 ok (5 P, i)l < CITIATE <i2§M2<ij><x>).
qeQ’
q:(kaJ7T)
JCI

By (4.15), for A < 27

20 2
(9.14) > Ip| < €20 [T|AMF <ian’M2(ij)(:z:)> .
7;€C]'—I' xre

Thus, & () < 027 A (My(Mf;)(2))? for A < 29 from which we conclude
(9.15) We s < WGl < C20 AT+ < 0222 )¢

Hence, for \ < 2

(9.16) {z € R: Np(2) > \}| < C22Wsror\s %

Combining (9.12) and (9.16) we obtain for any A > 1,

(9.17) {z € R: N (z) > A} < C22mwirgr\12pie—

which implies (9.6). This completes the proof of Lemma 7 and thus of estimate
(1.2).
We refer to [9] for an application of the results of this paper.
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